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Abstract. The present work aims to extend the parameterisation of homogeneous ice nucleation introduced in Dolaptchiev
et al. (2023) by incorporating variable ice mean mass and generalizing the approach under different conditions. The proposed
method involves introducing an empirically derived correction to the parameterisation based on a large data set of parcel model
simulations to account for the mean ice particle mass variations. The method is validated against ensemble simulations using
time-resolved double-moment ice microphysics, showing a mean deviation of less than 16%from-the reference-solution, with
robust performance across a range of conditions. The uncertainty of the extended-proposed parameterisation is evaluated for the
increasing integration time steps. The method remains computationally efficient and produces sufficiently accurate results, even
with larger time steps, making it suitable for integration into numerical weather prediction and climate models. It is shown that
the generalized approach not only provides a good representation of individual nucleation events but also effectively captures
the statistics across the ensemble data. The prediction of the ice mixing ratio is also assessed against the reference full-double-
i i1t is demonstrated thatthe-integration-of-the-system

ratio, the system equilibrates toward the reference solution within a few time steps. This refined parameterisation offers a more
accurate prediction of ice number concentration and ice mixing ratio and is not limited to gravity wave-induced-wave-induced

moment system results.

perturbations and can be supplemented by other relevant dynamical effects, such as large scale motions or even turbulence.

1 Introduction

Cirrus clouds correspond to up to 30% of the total cloud cover;-hewever; however, they are still not well understood and their

overall impact on climate in particular on the radiation forcing remains highly uncertain
¥e.g. Gasparini et al., 2018; Joos et al., 2014; Boucher et al., 2013). The albedo effect and the greenhouse effect of these clouds
are similar in magnitude, meaning that the microphysical detailssach-as-, such as the number and shape of the ice crystals, can

significantly influence their net radiative effect ¢}

Y Kramer et al., 2020; Matus and L’Ecuyer, 2017; Wang et al., 2020; Zhang et al., 1999). Some studies also indicate the indi-
rect effects of cirrus clouds on future climate {e-g—Gettelman-etal-2042))(e.g. Gettelman et al., 2012), which occurs mostly

due to increases in ice crystal concentrations due to homogeneous nucleation from anthropogenic sulfur emissions.
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These microphysical characteristics of cirrus are affected by a complex interaction of the small-scale cloud processes and
various-interactions-with-the-the dynamics of the surrounding atmosphere. Observations suggest that gravity wave (GW) dy-
namics significantly impact the properties and life cycle of cirrus clouds (Kéreher-and-Strém-(2003);-Atlas-and Bretherton(2023)

Vertical velocity perturbations, associated with gravity waves, turbulence, or other processes, lead to the homogeneous freez-

ing of aqueous solution droplets Keep-et-al+2000); Bavmeartner-et-al+2022)-attewer(Koop et al., 2000; Baumgartner et al., 2022; Kirc

at low temperature conditions in the tropopause region. The effect of the-gravity waves and other local dynamical processes on

the nucleation has been widely investigated ﬂﬂh&ﬂig#ﬁhffﬁwﬁﬂapfeaehe&fefdeseﬂp&eﬁeﬁuuhzm different approaches to

describe the updrafts. Those interactions are studied, for examplei

2

in Dinh et al. (2016) and Kircher and Podglajen (2019) utilizing a stochastic approach, in Jees-et-al-+2008)-Joos et al. (2008)
using a GW linear theory, and using the large-scale grid-resolved updraft velocity alongside with-sub-grid-seale-turbulenee
indueed-subgrid-scale turbulence-induced updrafts in Zhou et al. (2016).

Based on the results from Baumgartner and Spichtinger (2019) studying the homogeneous nucleation due to constant updraft
velocities, Dolaptchiev et al. (2023) is-has extended the asymptotic approach to incorporate GW dynamics. The present work
complements Dolaptchiev et al. (2023) and has been designed te-for further usage in connection with GW parameterisations for
a more realistic representation of GW-cirrus interactions in coarse-grid models. Recently, transient and lateral-propagation ef-

fects have been introduced into GW parameterisations

parameterisations—bear—the—potential-to—previde—(Kim et al., 2021; Achatz et al., 2023; Voelker et al., 2024), offering further
R‘l@&l@lﬁ& a more realistic @me&&&mﬁ@%eﬁu&ﬁeﬁemﬂﬁmmwfwmm

ave The mean mass variability of
the ice particles has a significant effect on the cloud ice number concentration prediction, which is also observed in numerical
parcel model simulations in Dolaptchiev et al. (2023). The influence of a cloud ice particle size uncertainty in a climate model
was assessed in Wang et al. (2020) )-and illustrates the sensitivity of the surface precipitation to the change in particle effective
radius s-due to the larger energy imbalance, as well as spatial variability of short and long wave radiation. The effects of

variable mass become more prominent in the-eonditions-of-conditions of a higher number of pre-existing ice particles. Finally,

it was previously shown (Gierens et al., 2003) that the deposition (or accommodation) coefficient, controlling the growth of ice
crystals in the kinetic regime, largely affects the nucleation process, while at the same time being dependent on the radius or
mass of ice crystals.

The current work focuses on generalizing the approach introduced in Dolaptchiev et al. (2023) to include mean mass vari-
ability for a wide range of initial conditions, e.g., dynamical forcing and environmental conditions. The asymptotic approach
is supplemented by an empirical correction whieh-that can be used for various forcing representations. The proposed method
is not restricted to the GW-indueed-GW-induced dynamics and can be used for any kind of air motion, as e.g., large-scale
updrafts or even turbulent fluctuations. This work is also relevant for a further implementation into a global numerical weather

prediction (NWP) model, where it can be coupled to the dynamical parameterisations (e.g., GW and turbulence). However, due
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to the generalized formulation of the approach and robustness for larger time steps, it can also be applied to climate models

with large time steps.
The article is organized as follows: The-Sect. 2.1 provides a brief overview of the approach used and the motivation for its

generalization. Sections 2.2 and 2.3 describe the chosen approach for constructing the parameterisation and technical details of
the used data-setdataset. In the Sect. 3, the proposed parameterisation with eerreetions-correction is verified against reference
calculations, and the range of applicability is tested based on ensemble calculations. Concluding remarks can be found in
Sect. 4.

2 Theory and methodology
2.1 Double-moment approach to ice physics representation coupled to GW

In the present work, cirrus clouds are modeled using a double-moment bulk microphysics scheme (Spichtingeret-al(2023b)
)-that-assumes—a—(based on Spichtinger et al., 2023a) that assumes an unimodal ice mass distribution function, where first
and-second-the zeroth and first moments of the distribution function are ice mixingratio-¢;—and-iee-number concentration
n; and ice mixing ratio g;, respectively. Ice crystals are assumed to have a spherical shape, which simplifies the descrip-
tion of the properties. The mentioned assumption is reasonable for very small, newly nucleated ice particles formed through
homogeneous nucleation. However, as ice particles grow through deposition, their shape becomes more complex, introducing
some uncertainty in the calculations. For consistency, we maintain the same shape assumption in deposition calculations,
acknowledging that this introduces a certain error. Although a more sophisticated shape approximation would be beneficial for
studying ice growth dynamics, this does not affect the developed correction and goes beyond the topic of the current study;

former nucleation parameterisations also assume spherical ice particles at their early stage of life (see, e.g., Kidrcher and Lohmann, 2002; Re
. The ice physics scheme used here is described in Spichtinger-and-Gierens{(2009);-Spreitzer-et-al+(2047)-Spichtinger and Gierens (2009); ,

with the addition of sedimentational-sedimentation sinks. The influence of Lagrangian pressure and temperature variations, e.g.,
due to GWs, on homogeneous nucleation and as well as mean mass variability, are incorporated in Dolaptchiev et al. (2023).

The resulting system of equations for n;, g; and saturation ratio over ice .S reads:

%%’? = Jexp(B(S - 5c)) + ;W, (1)
DaDa _ pS”D(q q) 1/3(5 —1)Tn; + JexpB(S — S.)imJ exp (B(S - Sc)> 4 190avy) )
Dt Dt p \nn; — p 0z

DS _ —D(q%)l/g(s )T — P Jexp (B(S - sc)) - le”( Li _ CP) 3)
Dt nn 7 DE\TR, R

Here saturationratio-the saturation ratio over ice is described as S = z’)’—”, Py is the water vapor pressure, py; is the saturation
AARRREC RIS si

pressure over ice, p is the pressure, 7 is the mean mass of newly nucleated ice particles, J is a homogeneous nucleation
rate, including also the number concentration of solution droplets, B is a nucleation parameter, S, is a critical saturation
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ratio, D is a deposition-eoefficient-growth coefficient, including the diffusion coefficient and the Howell factor, v;,,v, are
sedimentation velocities, 7" is the temperature, p is the density, 7 is the Extner-pressureExner pressure, L; denotes the latent
heat of sublimation, ¢, is the specific heat capacity of air at constant pressure, I?, is the ideal gas constant for water vapor, and
R is the ideal gas constant for dry air, respectively. The values of the used parameters are presented in Table Al. In general
formulation, the critical value of the saturation ratio over ice is temperature dependent; in the current work, the value is kept
constant while other studies (such as Spichtinger et al. (2023a)) show an insignificant influence of S on nucleation processes.

Equations (1)-(3) are written in terms of material derivative DQt, i.e., all quantities are described following the motion of air
parcels. Right-hand-The right-hand parts of the system of equations describe the ice crystal growth due to the deposition of
water vapor, the formation of new ice crystals through homogeneous nucleationand-, and the sedimentation of the ice crystals
due to gravity. The later-latter is not included inte-in the consideration further because of the much larger sedimentation time
scale (see Dolaptchiev et al. (2023)).

In Baumgartner and Spichtinger (2019)realistie-, detailed air parcel simulations are conducted using a box model and a bulk
microphysics scheme (based on Spichtinger and Gierens, 2009), showing that for various environmental conditions, assuming
a constant mean mass is generally valid during-ltong-periods-over the duration of the nucleation. However, in case of pre-existing
ice particles just before nucleation, when the saturation ratio exceeds one, the ice crystals’ mean mass increases, leading to
a higher deposition rate. This increased deposition affects the saturation ratio over ice (as a sink), which in turn influences

the number of nucleated ice crystals, reducing the actual nucleation rate. Given that it is crucial to include these effects in the

current model, where the mean mass of ice crystals can be determined from the relation #¥mea==¢; w This is achieved
by incorporating the evolution equation for ¢; and substituting m{t)=-¢/m-m(t) = ¢;/n, in the diffusional growth term.

Time scale separation is employed in Dolaptchiev et al. (2023) to assess the different processes and link the ice physics
equations with the effects of GWs. The details of the coupling between the processes’ time scales and assumptions to the GW
theory are presented in the Appendix.

Further study is done considering the ice physics of a single air parcel influenced by GW dynamics, adopting a Lagrangian

framework. In this case, material derivatives in the system of equations are replaced by time derivatives % = %.
As shown in Dolaptchiev et al. (2023), considering only dominant processes, the system of Egs. (1)-(3) can be reduced to

the following form:

dn dn;

E\d\i — JeXp(B(S - Sc))’ (4)
dgdg;  p psi (qa\"?

A _ P As L4 -1 .

o PinVD <n&> (S—1)Tn,, 5)
ds _ q 4i Y3
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Where-A forcing term F'(t) is-a-fereing-term-incorporating constant background updraft and GWs dynamics is written in the
following form

gL; .
F(t)= W (woo + zj:wj cos(w;t + ¢>j)>.,

where g is the acceleration due to gravity, wog is a constant background updraft, 1;, £2;, ¢; are the vertical wind amplitude,
frequency, and phase of GW number j. It is worth mentioning that the application of the full system of Egs. (1)-(3) is not a
standard approach, whereas the reduced system (4)-(6) is close to the reduced model in Baumgartner and Spichtinger (2019),
and variations of it are commonly used in NWP and climate applications, however including the ice mass concentration.
Referring to the previous results from Dolaptchiev et al. (2023), in the case of constant mass, the asymptotic technique can
be applied in-order-to obtain the prototype parameterisation—The-nueleation-eventis-parameterization of the homogeneous
nucleation process. By employing asymptotic expansions, the authors systematically decompose the governing equations
into different scale regimes corresponding to the key microphysical processes: nucleation and deposition. In the nucleation
regime, where supersaturation rapidly increases due to gravity wave-induced cooling, they derive an analytical solution for the
evolution of ice crystal number concentration. In the growth (or deposition) regime, where ice crystals grow primarily by vapor
deposition, the governing equations are solved separately under the assumption of gradual saturation adjustment. The solutions
from both regimes are then matched using asymptotic matching techniques. This approach results in a reduced analytical
expression for the number of nucleated ice crystals per nucleation event, explicitly linking it to wave parameters (such as

frequency and amplitude) and background atmospheric conditions (such as temperature and humidity). The nucleation event is
roughly determined where the saturation ratien-ratio reaches the critical value S, and the predicted value for the ice number

concentration is found from:

SCP (to) . Scl (tO)

—gs - — N if Npre < —F5 o
1/3 pres pre 1/3 )

Nﬁpost = Dm " "T(S.—1) Dm: "T(S.—1) (7

Npre, otherwise.

e = 10712 N5 Npos
kg is the reference mass the value, 1,,.¢, 72,05 are the ice number concentrations before and after the nucleation event, ¢y is
the time of a nucleation event when S = S.. Note that nucleation already occurs for values of S close to 5., see asymptotic

In Dolaptchiev et al. (2023), the asymptotic approach was extended to account for the variable mass in the depesition
eoefficient—in-depositional growth coefficient in (5), (6) under the regime of slowly varying ice mixing ratio ¢; during the
nucleation event. In such a case, the different processes can be decoupled, and only n; undergoes a quick change during the
nucleation regime.

Numerical studies of the reduced system (4)-(6) based on a simplified parcel model showed several possible regimes relevant
for-to the nucleation process (see Fig. 1). One regime under-the-conditions—of-at high values of the pre-existing ice crystal
number concentration (shown in Fig. 1 in black) follows the same tendency as a constant mass case. The evolution of parameters

can be separated into three phases (see Baumgartner and Spichtinger (2019)), where the nucleation part is-deseribing-only-the
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Figure 1. Evolution of the ice number concentration n;, ice mixing ratio saturation ratio over ice S and mean mass of ice particles

kg™' and higher values of

W%@j;kg—l. The blue line corresponds to the critical saturation ratio, dashed lines mark the time of the nucleation
1

= ¢;/n; calculated based on system (4)-(6). Two cases of initial conditions: low pre-existing ice nin;; = 10°

event, where § = S, in red for the case nipy = 102 kg™, in black for the case npie = 10" kg™

describes only the phase of rapld change of ice number concentration. Evolution-of-the-ice-number-conecentrationn;tee-mixing

the saturation ratio and ice mixing ratio change slowly during this short time, and therefore can be assumed te-net-not to

vary during this phase. However, conditions of low-to-zero pre-existing ice number-concentrations—(shown in red) lead to
a different behaviour-behavior due to the depesition-growth coefficient change. Assumptions of the time separation for the
nucleation regime do not hold, since the ice mixing ratio is changing on the same time scale as the ice number concentration.
The extension to be proposed here aims to cover the whole range of initial conditionsalewing-to-use-, allowing the use of the

parameterisation accounting for mass variability independently from the regime.
2.2 Correction of the depeosition-growth coefficient for variable mean mass

In the present studywe-are-utilising-, we are utilizing the previously obtained result for the constant mass case (7). This approach
would allow for a clear physical relation between Npgsranen,,..;, the initial number concentration 7;,,;;, and the forcing term
F (1) at the point £, of the nucleation event. It would also account for different background conditions for temperature by
design. Since mass variability ehanging-the-depesition—changes the growth coefficient directly, as one can see from (6), the
straightforward solution is to correct the depesition-growth coefficient in the constant mass parameterisation to a factor 5

representing the mass at the point of the nucleation event. The corrected parameterisation has the following form:

S F(t . S F(t
2 < 1/(30) - nprea if npre < < 1/(30)

tpost = Pmess) TS D(mess) T(Se-1) ®)

Npres otherwise,
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Figure 2. Evolution of the-#¢-5:77-1,,¢;, S, m in the reduced system (4)-(6) case and in the pre-nucleation regime, solving (5), (6) with
assumption of #-=-#mr=-eomstn; = Ny = const. The blue line corresponds to the critical saturation ratio, the dashed lines mark the

where BM%%@W&W%%MMMW@%

165 representing the effective mean mass of the ice crystals at the start of {-%);#r-is the time-of the nucleation eventand-Gy—-{to)s
Ay="nfto)._

In order to find the the-desired-deposition-coefficientdesired growth coefficient, one needs to define the parameters -which

that can be used for the correction. Figure 2 shows the evolution of the parameters calculated from the reduced system (4)-

(6) and known pre-nucleation regime parameters, which can be used for deriving the correction and parameterisation. Here a

170 pre-nucleation regime is defined as solution of the (4)-(6) system in the regime, where initial ice number concentration stays

constant, which leads to solution of Egs. (5),(6) with n = n;,;; = const decoupled from Eq. 4. Sharp changes in the ice mixing

g0

ratio and mass in ease-of-the case of a reduced system make it impossible to approximate the necessary gg-or—*—quantities

M%\from pre-nucleation regime values itself. Thereforethe-correction-te-the-depesition-coefficient, the introduced

effective mass is approximated based on a large data set. Variables which-that can be used in the approximation include the

175 forcing term at the point of the nucleation event F'(¢), nittal-number-the initial number concentration n;,,,and-, and the mass
m™ predicted from the pre-nucleation regime, assuming no change in ice number concentration before the nucleation event.

The exact eorrection-my-effective mass m,y ¢ is determined from the results of the full system, such that the constant-mass

approach leads to the observed N5, Assuming a known evolution of the parameters during the nucleation event, Eq. (8),

under the conditions allowing for further nucleation, can be solved for #mg=mess:

QSCF(f()) 2ScF(t0) ’
(Se — 1)) ’ ®

180 eff =
mQ’\f;f ((Npost + Npre)D(SC - 1) (npost + np’re)DT

where to, Npres Nposr yres Npost are known from the resolved full system (1)-(3). A similar approach was used in Baumgartner and Spichti
where the increase of the ice mass during the nucleation was found to be linear with a slope proportional to some constant

mean mass.



Next, we discuss the construction of the data set from the-ensemble-caleulations-based-on-ensemble simulations based on
185 Egs, (1)-(3)disregarding , disregarding the sedimentation process. This simplification can be justified by the small sizes of ice
particles during and shortly after the nucleation event. The variability during the nucleation event depends on the initial condi-
tions, such as ice number concentration, ice mixing ratio, or mean mass of ice particles, and on the gravity-waves-GW forcing.
Since we want to represent the nucleation process itself, the initial saturation ratio is set to a value of S(t =0) = 1.4, close to
the critical value. Other initial conditions are varied randomly using a uniform distribution in logarithmic space, i.e., log(1n1)
190 in physically meaningful ranges motivated from-the-paper—{Krimeretal(2646))by observations (Krdmer et al., 2016): we
choose 10™kg ™ < njpie(t =0) < 107 kg™, and 10716 kg < mypean(t =0) < 10712 kg. The lower bound for the initial
number concentration is chosen to represent the conditions of the low-to-no pre-existing ice, which can occur in applications
to the global NWP models.
Construction of the forcing is done based on the output from the global ICON medel(Zingletal(2045))-coupled-with
195 &(MMWWWMW%WW&WGW parameterlsatlon Multi-Scale Gravity Wave
Model (MS-GWaM) (Bé6lont (Boloni et al., 2

. This parameterisation is based on WKB-theory(B&lont-et-al(2021)-and-Wentzel-Kramers—Brillouin (WKB) theory and is

implemented using Lagrangian ray volumes, which are considered as carriers of the GW fields” wave-action density (Boloni et al., 2021)

. The current version of the MS-GWaM allows to account for convectively generated GWs and GWs generated from processes
200 other than convection or flow over mountains. Influence-The influence of the GWs generated by the mountains is incorpo-
rated by using eriginal-scheme-(Lott-and-Miller (1997))-incladed-in-the original scheme (Lott and Miller, 1997) included in the
ICON model. For constructing the forcing term, we utilize ICON version 2.6.5-nwpl, with 120 vertical levels and at horizontal
resolution R2B5 (~ 80 kan);-the-km). The initial conditions are taken for the 1st of May 2010, and the model is integrated
forward for 3 weeks, accounting for 2 weeks of spin-up. Information on subgrid-scale gravity wave related vertical wind per-
205 turbations is retrieved from MS-GWaM using the ray volume with the maximum vertical wind amplitude per cell and the
corresponding frequency. In order to cover the variety of possible forcing term configurations, the following cases are included

in the data set construction:
1. Large-scale vertical velocity from ICON run wyy, in such a case the forcing term reads: F'(t) = Cp%%woo;

2. Single-A single GW from MS-GWaM with maximum wind amplitude « within the cell, the corresponding frequency w

210 and initial phase ¢ which is picked randomly: F'(t) = cgé 2 cos(wt + ¢);

3. Superposition-A superposition of GWs, where the main GW is taken from the MS-GWaM and other GWs have ran-

domly varying amplitudes A;, frequencies w; and phases ¢; independent from the main GW and rescaled in the-a

way, that the total momentum flux added is +mPalmPa, similar to approach used in Dolaptchiev et al. (2023): F'(t) =

cgzg ';2 cos(wt + )+, Cg% ATQ cos(w;t + ¢5);

215 4. As in case 2 in the presence of (large scale) background updraft wo:

F(t)= c:}{z% (woo + 1w cos(wt + ¢)> ;
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5. Asin case 3 in the presence of (large scale) background updraft wgo:

F(t)= %%{% (woo +wcos(wt +¢) + 3 Cg?{ 7z cos(w;t + ¢J)>

It is worth mentioning that the GW diagnosed from the MS-GWaM model dominates in cases 3 and 5 due to the larger

amplitudes of the vertical velocity perturbations.
Distributions of the targeseate-large-scale vertical winds and vertical winds from the GW's used for constructing the forcing

are presented on-the-in Fig. 3 (a, b). The probabilities for the corresponding frequency w are also presentedinFig-—3-, as well
as those for the calculated GW momentum flux puw for the considered GW —(see Fig. 3 (c, d)). The data is taken from the
instantaneous output of the global ICON simulation at the-altitadesfrom-9-altitudes from 8 to 14 km, most relevant for cirrus

formation. While this range does not explicitly cover the full tropical tropopause layer (TTL), including altitudes up to 18 km,

we note that the selected range captures the majority of ice formation conditions observed in the Upper Troposphere/Lower
Stratosphere (UTLS). Moreover, the vertical velocity distributions in this range are comparable to those at higher altitudes,
and the proposed parameterization is additionally tested under conditions representative of stronger forcing (see Appendix C).
These tests suggest that the approach remains robust and physically consistent even beyond the original range of sampled data.

It is seen in Fig. 3 that laree-seale-updraft-is-varied-the large-scale updraft varies in range from -0.2 ms~! up to 0.4 ms™—!,

where in the majority of the cells, vertical velocity is close to zero. Therefore, we include cases 2) and 3) without the large-scale
updraft when creating the dataset. Vertical wind perturbations w obtained from the GW parameterisation show stronger ver-

tical velocity, with a rare maximum above +2 ms~!. Corresponding frequencies w are sampled in a range between Coriolis

—! and buoyancy frequency N =2-1072 s~! in the tropopause region and the form of the w spec-

parameter f =107% s
trum resembles the Desaubies form (Orretal+2646))(VanZandt, 1982). It is worth noting that the resulting momentum flux
based on the highest-amplitude ray volume is aligned with the observational statistics obtained from the balloon measurements
Hertzog-et-al+2042))-(Hertzog et al., 2012) and previously calculated momentum fluxes from the MS-GWaM parameterisa-
tion (Kim-et-ak+(2021))-Therefore(Kim et al., 2021). Therefore, the total momentum flux considered lies in the physical range,
and the forcing term applied in the parcel simulations is ret-overestimatedrealistic to some degree. Further support for the
realism of the applied conditions comes from Fig. 3 b, where the PDF of gravity wave-induced vertical velocity perturbations
w. The spread and frequency of occurrence show a good agreement with available observations from balloon measurements

The variation of vertical velocities used in the construction of the forcing is sampled from the wide range of conditions,
including the large updrafts up to 10 ms™*, Because of the general model formulation, one can add the vertical velocity
contributions to the forcing term based on other information provided by the model, for example, by the turbulence scheme.

However, such an extension of the forcings is not tested in the current work.
The exact eorreetion-my-value of the effective mass my is found from Eq. 9(9) based on the ensemble calculations for

~ 2-10° nucleation events;; the results are shown in Fig. 4. The data set is created using random initial conditions for n;, g; and

various GW forcing configurations as discussed above. The internal variability of the data is quite high, especially depending
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Figure 4. Exact-mo-The exact m. s correction depending on the initial number concentration (a) and on the forcing term value at the nucle-
ation event point (b). Blue markers correspond to calculations with appreximately-same-tnitiat-n;constant 1n;y;¢, black markers correspond
to ealenlation-calculations made with approximately same-constant values of F'(to).

on the forcing term at the point of the nucleation event. However, by fixing certain parameters (blue and black markers), one
can see the-a clear dependence of #mgfrom-mess on the chosen parameters. Variability-over-The variability with the forcing
term is much larger, whereas under the conditions of smaller initial number concentrations#g—, 1. stays nearly constant.
The dependence on the forcing term is decaying with large variability for smaller values of the forcing at the point of the

255 nucleation event. The increase of the mass with an increase of the initial number concentration is connected to the fact that

re-existing ice suppresses the nucleation process, hence, the number of newly nucleated ice crystals is smaller. Because the
initial ice mean mass is quite high, and the new particles are four orders of magnitude lighter, the recalculated mean mass

10
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would increase if more pre-existing ice is present. The observed behavior of the mass in dependence on the forcing term is the
opposite, it decreases with increasing F(fg). A larger forcing term at the point of the nucleation is associated with the larger
updrafts leading to a faster change in the saturation ratio over ice. The depletion of the water vapor via deposition in such
conditions is ineffective, leading to smaller mass values.

2.3 Mean mass fitting for parameterisation

In the present section, we consider options for approximating the dependence of ##g-1m.r; based on the parameters known
from the pre-nucleation regime. Since the evolution of the ice mixing ratio g; evelution-is not captured in this regime (due to
r-growth coefficient and 7;), we propose to fit a
function depending on the known parameters, such as initial ice number concentration 7;,,; and forcing term at the point of
the nucleation event F(to), to the ensemble simulations results. These parameters are selected based on the definition of the
correction given in Eq. (9), and their relevance is further supported by the clear dependence observed in Fig. 4. where only a
slight spread is visible in cases with fixed 1, and F'(fo).

Based on the created data set and relative-behavieurof-mg-the relative behavior of m, ;¢ in dependence on n;,;; and F'(t),

an approximation to the data is feundderived. The non-linear least squares method is applied to fit an assumed function to the

known data from the ensemble simulations. The method requires to suggest a certain functional dependency on the parameters.

Given the data set behaviourbehavior, the chosen simplified function is:

mggﬂ (F(tO);ninit) = exp(a1 +a2F(t0)1/3 + agni/?’ + a4nith(t0)1/3). (10)

nit

The mean error for m, sy during the target data set reproduction is around 30%fer-, which translates into a mean error of ~
10% in radius, for the set of ~ 2 - 10° nucleation events with different GW forcing representations.
As an extension, a more complex dependency on n;n;:, F'(t9), and involving one more parameter m™*, defined from the

pre-nucleation regime, is introduced and tested. The results showed an improvement compared to the fit-easepreviously

introduced fit (10); see the corresponding figures and discussion in the Appendix B. Mean-errorfor-While the use of an
advanced fit improves the prediction of the effective mass (1m, the ice number concentration prediction-is-reduced-only
by-after nucleation (n,,s:), Which is the primary target of the parameterization, is already well captured by the simple fit.

The more complex approach yields only a marginal improvement of about 2% in the mean error. Besides, the advanced fit
adds more complexity to the calculation, requires the use of an additional parameter and because of the additional terms used

can lead to diverging results in cases out of sample range with regard to the reference data used for the parameter optimiza-

7, oiven the efficiency and robustness of
the original simple fit, we recommend its use and present all further analysis based on this version.

tion.Thereforeres
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3 Results. Evaluation of the Model

Further results are shown for an independent data set consisting of 490 nucleation events +-in order to validate the chosen fit.
Initial conditions for n; and m; were created randomly, and the forcing term is based on ICON simulation is different from the
one used for the construction of the fit. In the following, we will first asses the proposed fit. This will be followed by stability

and accuracy tests, depending on the time step chosen for the integration of the Egs. (5)-(6) in the parameterised case.

We acknowledge that developing a parameterization based on a limited dataset is inherently challenging and introduces
certain limitations. The considered conditions are representative of the UTLS region and are specific to the processes as
captured by the ICON model. As a result, extreme or anomalous cases may be underrepresented. Nevertheless, we argue
that the physically grounded formulation of the proposed parameterization. along with its robustness to variations in forcing,
allows it to provide reasonable predictions even outside the original fitting range. To support this claim, we validated the
parameterization on an independent dataset and included results for selected test cases with unusually strong vertical velocities
in the Appendix C.

3.1 Extended parameterisation

Comparison-A comparison of the application of the chosen fit (10) and the exact effective mass calculated from the nucleation
event simulations is shown in Fig. 5. Pireet-A direct comparison of predictions with the exact values for #g1m,. sy shows a
good agreement ef-for the major part of the data points. Nonetheless, the fit is not able to capture the higher possible #gme sy
values at higher inittal-rzvalues of 1,,,;. Fig. 6 shows the exact post-nucleation ice number concentration and the one ;-obtained
with the use of the extended parameterisation (8). The underestimation of the #g-m. ¢ values at higher values of pre-existing
ice number concentrations leads to an overestimation of the ice number concentration as shown in Fig. 6.

Referring to the Fig. 5, the most frequently occurring cases of #-m, ¢ ¢ in the range between 1073 kg and 10~!2 kg, and
the corresponding final M55, in Fig. 6, in the range between 10° and 10, are successfully represented by the chosen
fit (10) and the corrected parameterisation (8). However, the outlying extreme cases are poorly captured due to the simplicity
of the fit. The overall behaviour-behavior of the fit stays similar to the exact data;-therefore; therefore, with decreasing n;p,ir,
the prediction for the #g-mg; stays nearly independent from 7, (see Fig. 5 (a). The cases with an increased forcing term
correspond to the smaller values of #5-1m,y ¢, increasing the final prediction for 55104 in the exact data, and the same
behaviour-behavior is captured by the fit.

To assess how well the chosen approach represents individual cases, the deviations of mg-and-Npss—1m. ¢, effective ice
particle radius R and 1, from their exact values are calculated. The effective radius is calculated based on the effective

1

mass as follows: R,;p = (270 )° The robability density function (PDF) of the deviations is presented in Fig. 7. Here

the deviations are calculated as AM = (Mpredicted — Mezact)/Mezact - 100 %, with M= Nposz M = e, Ref 2 post-
The mean errors for mg-ane-Npss1e s and 1,4 predictions are 24% and 16%ecorrespondingly—, respectively. Despite the

substantial deviation in effective mass, the prediction for the effective radius shows a good agreement and the mean error
is only about 10%. More importantly, 90% of the error for the prediction of the ice number concentration lies below 37%.
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Figure 6. Post-nucleation ice number concentrations defined from the full system and prediction from the constructed parameterisation with

correction (10).

320 Majerity-The majority of the individual cases are represented sufficiently well, whereas outliers and poorly captured events
with deviation-in-Vpssr-a deviation in 1, above 50% correspond to less thatthan 10% of the distribution.
For a better understanding of the prediction deviations, we also consider the PDF of the exact parameters and the approx-

imated ones in order to asses-assess the ability of our fit to capture the statistical properties of the data-setdataset. Previous

ensemble simulations using constant mass parameterisation (Pelaptehiev-etal«(2023))-by Dolaptchiev et al. (2023) showed
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Figure 7. Probability density functions for deviations of the o1, Re sy and Npssr1pest predictions from the exact solutions. Vertical
lines correspond to the 90th, 50th, and 10th percentiles of the distribution.

that while individual events can vary significantly, or even be missed, the statistical quantities-properties for the ensemble still
align well.

Comparisons of the PDFs for the mass—mng—correction—effective mass mery and the predicted ice number concentration
and-the-tee-mixing ratio—after-thenueleation—event-are shown in Fig. 8. Here-the-predictionfor-the-tce-mixing ratio—¢—is

deh ad o ha o A ad m nd—pred o I a A o A matar 1ron—tece—nmbe OREAR 1o N\
ac oda Sanv. atea d ana—pred

The PDF of the predicted mass from Fig. 8§ at the point of the nucleation exhibits a slight underestimation of the mean value,

due to the inability to correctly predict larger #g-1m, ¢ (also shown in Fig. 5). For the same reason, the tail of the distribution
is shorter, and the maximum value has a mismatch of approximately one order of magnitude. The lower values of g, s s are
represented better, and the minimum values are in the same range. Comparison-A comparison of the PDFs of the ice number
concentration shows a good correspondence of major statistical indicators, such as mean, maximum, and minimum values.
However, the extended parameterisation gives occasional overestimation of Mg, Values for larger fereing-term-values
values of the forcing term and underestimation of the Np55:-12;,04; in cases of small forcing (see the right panel in Fig. 6). The
comparison-of-

Apart from the values of n;, the prediction for the ice mixing ratio PDFs-can-be-considered-asrough-estimation-of-the-g; 5

ineconsisteney-diseussed-aboveis made based on the estimated mass m.¢¢ and the ice number concentration n,,.;, calculated
using the corrected parameterisation, via ¢; = Mt Mpost. SUch an approach contains some physical inconsistencies because
the approximated ice mean mass m differs from the mean mass after the nucleation event, which is supposed to be used.
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to the mean of the distribution.

However, even

the estimation gives a suitable approximation for the

further simulation of g;. FurtherFurther, the evolution of the parameters for two isolated cases is presented oa-in Figs. 13 and 14

to show the ¢; prediction relevance.
3.2 Influence of the time step

The results shown in Sect. 3.1 are conducted using the same time step for the solution of the full system (1)-(3) and coupled
system (5),(6) employed in the parameterisation. Such a decision is made in-erder-to keep the results comparable without
introducing further uncertainties. However, the major goal of the parameterisation is to increase the numerical performance,
especially by using larger time steps as in coarse resolution models, e.g., NWP and climate models. Therefore, the following
section is devoted to the depiction of the uncertainties and evaluation of the results under different used-time steps.

The investigation of the stability of numerical integration and applicability of the defined approach is done based on a data
set with 6 GWs and a constant background updraft wgo. One of the sources of uncertainty is the accuracy of the detection
of the forcing term at the peint-time of the nucleation where S = S.. The nucleation event can be misplaced, changing the
defined time of the nucleation event ¢(, depending on the time step used for the calculation of the saturation ratio evolution (6).
Caleutation-The calculation of the forcing term is sensitive to the changes in ¢y, which leads to further errors in the estimation
of the F'(ty) and other parameters.

Further, the deviations of the predictions from the exact values AM are calculated as mentioned before in Sect. 3.1 for the

, M = F(tg), meg s, Npost- First, in Fig. 9 we compare deviations in the forcing
F'(to) when solving slow-scale processes for .5, g; based on system (5) sand (6) with five different time steps choices. In Figs.

considered parameters

pos

15



365

370

375

380

385

1s 30s 60s 120s 240s

40

201

AF(to), %

030 03 030 03 -030 03 -030 03 -030 03
density

Figure 9. Probability density function of the deviation of detectedfrom-the parameterised-approach-deviation between the parameterized

forcing term F'(to) and the corresponding value detected from the exact full-system-full-system solution in %. Horizontal bars correspond to
maximums-the 90, 50, and 10 percentiles and-minimum-of the distribution.

9-11, horizontal bars represent percentiles of the distribution to illustrate data variability. Note that in several cases, the 10th
ercentile lies near zero and may not be easily distinguishable in the plots due to scale limitations. The smallest chosen time

step of one second gives the exact solution, whereas longer time steps lead to deviations from the exact prediction. Such
deviations may influence the estimated #g-1m¢¢ via errors introduced in ¢ and F(to) determination. However, the crucial
impact it would have on the Ny, prediction by directly changing F'(to) in the formula (8). Maximum differences
above 50% occur rarely and are associated with outliers, for instanceeases—where-, some cases where the nucleation event is
missed with the usage of the larger time step. One ofsuch-eases-such case is illustrated further in this section in Fig. 13. Mean
deviations in the forcing term corresponding to the case of 30 seconds-time-step-is-second time steps are 2.6%, and the 90th
percentile is 3.5%. The mean and the 90th percentile of the PDF are doubled with doubling the time step and rise up to 15%
and 31% for the largest considered time step of two minutes. Considering the exact differences instead of relative errors, it is
found that larger time steps mostly lead to an underestimation of the forcing. Hence, because of the direct relation to the ice
number concentration, one would expect underestimation of the Np5s-with-inereasing-the-n,,,,; with increasing time step.

Uncertainties from the detection of the forcing term then lead to a variation in g1,z ¢, considered in Fig. 10. The overall
error we introduce by using the fit is illustrated by the first PDF when the same time step as in the full system is used. Additionat
The additional deviation introduced by differences in F'(ty) leads to a variation of about 2-3% in the mean error of #gmey ¢,
which is negligible compared to the overall error introduced by the fit.

Comparing the error of the ice number concentration prediction from the exact solution in Fig. 11, one observes the increase
in the errors when going to higher-larger time steps. The mean and 90th percentile of the distribution stay nearly the same when
increasing the time step from 1 second to 60 seconds. The increase in mean error becomes larger for a time step dt = 120 sand
at-, and at a time step dt = 240 s it becomes closer to 50%. We conclude that one can use a time step of 60 seconds without a

significant error increase. To estimate the quality of the new parameterisation, one can compare the mean errors to the relative

accuracy of measurements (Krimer-et-al-(2016;2020))Mean-errorachieved-with-using(see, e.g., Kramer et al., 2016, 2020).
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The resulting mean error using a time step of 60 seconds is of the same order as the accuracy of measurements, which is about
20%(uebke-et-al(2016))—Therefore15% (c.f. Luebke et al., 2016). Therefore, the proposed approach and chosen time step
is-suffictent-are well-suited for the representation of the process.

In order to check the dependence of the statistics on the time step used in integrating equations (5),(6), the comparison of
the PDFs of #g:Nposrand-¢; M and nposr s shown in Fig. 12. The overall shape of the approximated PDF of mass the-my
m. sy agrees with the exact solution. However, the case with the largest time step of two minutes shows underestimated-y
an underestimated m, sy minimum for several orders of magnitude. This leads to poor representation of the cases with higher
Nposr Nipest_and consequent overestimation of the Npgsr1p0s; Maximum (see Fig. 12 middle-lower panel). Predictions of the
ice number concentrations are not far from the exact full system results if one compares the center of the PDF. The peak of the
predicted Npo57 1o PDFs stays in the range of 2% difference compared to the full system for all the parameterisation cases.
However, the prediction made with-using the largest time step eonsidered-substantially overestimates the maximum 557

Npost value. It is worth te-mention;-mentioning that the ice number concentrations obtained with the parameterisation and full

system are in the range of the observed quantities for the homogeneous nucleation (Krimer-et-al2020))(Kramer et al., 2020).

Further, we present two nucleation events cases in order to directly compare the evolution and parameterisation prediction

with different time step-steps (see Figs. 13 and 14). By the-means of such comparison, one can make an additional conclusion
on the correctness and possibility of use of g; as mentioned earlier and assess numerical stability of the method under different
time steps. Initial conditions for the presented cases are picked from the ensemble calculation with 6 superposed GWs with the
presence of a background updraft.

Both cases do not show any difference between the reduced system (4)-(6) and the full system (1)-(3). The corrected pa-
rameterisation (8) is tested for larger time step-steps of 30, 120, 240 s, omitting the case with the smallest time step. The first
case in Fig. 13 illustrates that parameterisation-even-with-larger-time-steps-the parameterization gives a good agreement with
the full system, even with larger time steps. The evolution of the saturation ratio over ice, ice mixing ratioand-mass-are-, and
mass is aligned with the full system results after some time following the nucleation event. Predietion-The prediction of the
ice number concentration is not that exact for cases with larger time steps, but the difference is still in the range of 30%. After
the prediction of g; using the mg-and-Npssrmery and nyoe from the parameterisation one can see that integration is done
without numerical problems. Evelution-of The evolution of the ice mixing ratio ¢; shows a jump due to the nucleation process,
followed by a short relaxation period, after which the g; prediction is adjusted and overlaps with the full system result.

The second test case presented in Fig. 14 has been picked on purpose to show several possible outcomes of using the
parameterisation and the consequences of usage of larger time steps. The evolution of the slowly-varying parameters such
as S, q;,m is captured relatively well by the parameterisation with the time steps of 30, 120 seconds. The largest considered
time step, however, leads to smaller variations in the saturation ratio and hence the nucleation event is not captured by the

parameterisation.
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The parameterisation using a time step of 30 seconds gives a sufficiently good agreement with a deviation from the exact
solution not larger than 22%. However, even though the parameterisation with 2-minutes-a 2-minute time step predicts the
nucleation event, the difference in the final ice number concentration is increased to 46%. Other variables and the evolution
of the slowly varying part is-are described well in cases where the nucleation is captured as such. Considering different cases
and referring to the representation of the PDFsthe-, a time step of 60 seconds can be suggested for parameterisation for the
optimal result. Further increase in time step leads to the-deerease-of-aceuracya decrease in accuracy, and in cases of a-the largest
time step of 4 minutes, even to a wrong representation of the process, where some events are not captured. Such behaviour is
observed due to the fact that the pre-existing ice grows too fast, depleting the available water vapor and thus preventing the

saturation ratio te-inerease-te-from increasing to values triggering the nucleation.

4 Conclusions

A-This study aimed to extend the applicability of the nucleation parameterization Dolaptchiev et al. (2023) to a broader range
of atmospheric conditions. Specifically, it addressed the regime of low pre-existing ice, where the rapid evolution of the ice
mixing ratio limits the validity of the asymptotic approach used in earlier work. To overcome this limitation, a generalisation

of the parameterisation derived in Dolaptchiev et al. (2023), including the effect of variable ice mean mass, is proposed in

the article. Compared to the constant mean mass assumptionas
the-introdueed-, the proposed approach has the advantage of incorporating a physically grounded correction to the depesition
oethicientis-dictated-by-the-underlyingphysical-differenee-in-the-deposition-coefficientgrowth coefficient, reflecting the actual

variation in ice particle growth under different conditions. The considered method allows te-include-the-for the inclusion of the
mean mass variation, which leads to a better representation of the predicted ice number concentration distribution.

The new approach is validated against ensemble simulations based on the full double-moment scheme, showing a good
agreement with the exact solution. The representation of individual nucleation events is stfficient-done with reasonable
accuracy, and the mean deviation from the full system is less than 16% for the ice number concentration, which is similar
to the usual accuracy of measurements. A vast amountof-cases-isrepresented-welinumber of cases are represented accurately,
but the substantial differences remain for the extreme cases of the high forcing term values. The probability density function
of the occurring #-n,; determined from independent ensemble simulations captures the major statistical characteristicssueh-as-,
such as the mean and the center of the PDF.

Because of the computational efficiency demand for the-N'WPs-applicationNWPs and climate applications, the effect of
uncertainties resulting from large ice microphysics time steps in the proposed extended parameterisation is assessed as well.
The optimal representation of individual nucleation events combined with the sufficiently well captured statistics of Npssr
Tpest Occurrence is achieved with the dt = 60 seconds. This recommendation is comparable with-to the fast physics time step

of about 4 minutesused-in-large-seale N'WP-meodel, typically used in NWP models. Evaluation of the numerical effectiveness

shows that parameterisation is several times faster than the solution of the full system with the-a time step of 1 second.
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Furtherresearch-involvesimplementation-Given the strong agreement of the proposed approach-fordeseribing-homogeneous

Nirmer: Aa ha D+a ] A NAA P o o Racidac ha o

‘Fhe-method with resolved physics, its robustness, and sufficient accuracy, the approach is now ready for further application
parameterizations, thereby enhancing its integration into operational systems. For instance, the detailed representation of local
subgrid-scale GWs dynamical fields impacting cirrus clouds is-ptanned-te—can be incorporated using the Multi-Scale Gravity
eterisation. Additionally, this coupling approach can be supplemented-by-the-extended to other relevant dynamical effects, e.g.,

turbulence.

Code and data availability. The air parcel model source code and Python scripts for processing and plotting the data are available on Zenodo
at https://doi.org/10.5281/zenodo.14244119. Data set from ICON simulation used in the construction of the initial conditions for the parcel
model, as well as all output data used for plots, can be found on Zenodo at https://doi.org/10.5281/zenodo.13819511.

Appendix A

Coupling of the ice physics processes to the GW theory is done under the assumptions of mid-frequency and high-frequency

GWs, where the GW time scale T, is tied to the Brunt-Vaisala frequency N = %Z—Z by the following relation:
T, = ! =0,1; =0.1
w EﬂiN’ /8 — U e=0u.1l,

where 8 = 0 characterizes the high-frequency and 5 = 1 the mid-frequency GW time scale, ¢ is an introduced small parameter

used for defining the distinguished limit in the asymptotic analysis. For instance, the characteristic time scales in the condi-

tions of the troposphere, where N = 1072 s~1, are T}, = 100 and T, = 1000 seconds for the high and mid-frequency waves,
-1

respectively. The diffusional growth time scale is estimated from 7y = (Dmi/ 3%%0%) and has a value of about
~ 340 seconds. Here, n. is the reference ice number concentration, m. is the reference mean mass of ice particles. Given the

characteristic time scales and expanding the Exner pressure 7 in terms of a small parameter ¢ one can write the following
expression for the derivative of 7 (Pelaptehiev-et-al-(2023))(Dolaptchiev et al., 2023):

Dr 940 DT’ N dw
— =Tt ew—o,
Dt Dt dzg

(AL)

Poo

Y Achatz et al., 2017, 2023), 7 is the Extrer-Exner pressure of the hydrostatically balanced reference atmosphere, ? is the gas
constant for dry air, and 7 describes the fluctuations due to the wave field.

R
where 7 = (L) =0 corresponds to the strong and o = 1 to the weak stratification case {Achatzet-al{(2017,2023)
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As shown in Dolaptchiev et al. (2023), applying the scaling analysis, one can neglect the first term on the right-hand
right-hand side in Eq. (A1). In ease;-the case where the leading order vertical velocity is solely due to a single GW, w in

the second term of Eq. (A1) can be written as
w = || cos(wty + ¢).
For a superposition of j gravity waves, the following expression applies:

w="Y " || cos(Qwte + b)-
J
Here w;, Q5w;, ¢; are the vertical wind amplitude, frequency, and phase of GW number j.
Substituting the following expressions in the Eq.(6) and also taking into account constant background updraft wo, the last
term can be written in the following form:
gL gLi

F(t
()= Q)R,,TOO cplt, 1%

R 72 Zw] cos(Qt + ¢;) + woo) , (A2)
where L; is the latent heat of sublimation, g is the acceleration due to gravity, ¢, is the heat capacity, R, is the gas constant for

dry air, %51 is the background reference temperature.

Appendix B

The parameter selection and limitations of the proposed fit are further evaluated using additional results obtained with a more
advanced fit formulation for m s ;. This version incorporates a third parameter, 7", and introduces a more complex functional
dependency, expanding the simple fit to a third-order polynomial and increasing the number of fitting coefficients to 17. This
extension is designed to better capture the spread observed in the dataset shown before in Fig. 4.

The PDFs of deviations of the 1. . mean radius of ice particle Ro, and 7,5, predicted with the use of the more complex

fit, from the reference are shown in Fig. B1. As mentioned in section 2.3, the improvement in the target parameter 7n,,s; iS

minor. The PDFs of predicted m and n ig. B2) indicate a better representation of the maximum and right tail

of the PDF of ice number concentration. Despite those improvements, the use of a more comprehensive fit is not considered
further, due to efficiency reasons and divergent behavior of the polynomials in the extreme cases.

Appendix C

In order to further quantify the proposed parameterization and test it for the larger vertical velocity perturbations, a set of
additional calculations was performed using the constant updraft and extreme amplitudes of GW-induced vertical velocity. The
results are compared to the commonly used homogeneous nucleation parameterizations such as Kircher and Lohmann (2002)
and a reference system (1)-(3) with resolved ice physics. The ice number concentration prediction is presented depending on
constant vertical updraft and w vertical updraft created by the GW (see Fig.C1). The proposed parameterization shows a good
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Table Al. Values or ranges for the physical quantities within the relevant ranges for the UTLS re-

AAAR A

gionBaumegartner-and-Spichtinger(2019); Dolaptehiev-et-al-(2023)), see also (Baumgartner and Spichtinger, 2019; Dolaptchiev et al., 2023)

Parameter Description Value or range

Too Reference background temperature 210 K

00 Reference background density 0.5 kgm™>

pi Ice particles density 920 kgm ™3 to 929 kg m 3
Poo Reference background pressure 300 hPa

J Parameter for the nucleation rate 49107 kg™'s7!

B Parameter for the nucleation rate 337

Se Critical saturation ratio over ice %48%0+6¢N1£

D Peposition-Growth parameter 431078 kg?/3s71K !
L; Latent heat of sublimation 28-10%J kgfl

& Specific heat of dry air 1005 Jkg 'K™*

R Gas constant for dry air 287 Jkg'K™!
Ry Gas constant for water vapor 416 Jkg T K™
Dsic Reference saturation pressure over ice 1Pa

Ne eharaeteristie-Characleristic ice number concentration 2-10% kg=?!

Me charaeteristie-Characteristic mean ice crystal mass 10712 kg

uy Mean mass of newly nucleated ice particles 10" kg

agreement with the traditional approaches and captures the larger n; for the larger vertical updraft, which was also found by
Kircher and Lohmann (2002) using a bin model. Cases where vertical updraft was forced by the GWs also show the same
behavior as the constant updraft, however, the validation is done against the resolved version. The extended parameterization
overestimates n; compared to the resolved physics, but the final predictions stay in the same order of magnitude and follow the
expected physical trend. Notably, the larger deviations occur primarily in scenarios with extreme vertical velocity perturbations,
up to 15 ms”!, which represent rare and highly energetic events in the UTLS region. Despite this, the parameterization
successfully captures the qualitative and quantitative response of the system under such conditions. This demonstrates both
the robustness and the flexibility of the approach, making it a reliable and efficient choice for representing a wide range of
atmospheric scenarios, including those with strong dynamic forcing.

Author contributions. AK and SD proposed the concept of generalization of the parameterisation. The extension was built based on the
collaborative work of SD, PS, and UA, utilizing data produced from the ICON model with the gravity waves parameterisation developed
within the group, under the leadership of UA. AK developed the methodology and conducted the investigation, defining the extended pa-

rameterisation with input from colleagues. The source code of the parcel model was developed by AK with the assistance of SD, scripts for
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Figure 10. Probability density function of the deviation of g1, predicted by fit (10) from exact mass calculated from the full system

using (9) in %. Horizontal bars correspond to the 90, 50, and 10 percentiles of the distribution.
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Figure 11. Probability density function of the deviation of g5 05+ predicted using fit (10) by (8) from exact mass calculated from the

full system in %. Horizontal bars correspond to the 90, 50, and 10 percentiles of the distribution.
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Figure C1. The ice number concentration calculated based on the proposed approach with the conditions of 7' =220K, time step of 10s
comparisons, the results based on the reference system (1)-(3) without sedimentation are shown for the GW forcing (ref. GW forcing). As a
reference for the constant updraft, the values from detailed microphysics calculations from Kércher and Lohmann (2002) are shown, where
the upper/middle/lower symbols correspond to an initialization of narrower/baseline/broader acrosol size distributions.
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