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Abstract. The self-potential (SP) method is a sensitive geophysical means to locate seafloor polymetallic sulfide deposits. A

reasonable SP forward modeling can provide a good foundation for inversion and interpretation of the measured data. We

propose a method to solve the analytical solution of the SP generated by regularly polarized bodies in layered media. Based on

the mirror image current theory, a new analytical formula was derived and clarified in detail for the models. We also discussed

the analytical solution of layered models with different numbers of layers through numerical computation. Furthermore, a lab-5

based oxidation-reduction experiment was conducted to record the SP data. These data were used to simulate the SP generated

by seafloor massive sulfide(SMS) deposits and assess the analytical solution previously. The result shows that the measured

SP data matches the analytical solution well. That demonstrates the correctness of the proposed method and the corresponding

analytical solution. It is significant to fast and precise forward modeling and inversion for SMS explorations.

1 Introduction10

Seafloor massive sulfide(SMS) deposit is an important strategic resource for its rich gold, silver, copper, zinc, and other high-

value metal ore (Mendonca, 2008). The research of submarine hydrothermal vents at the Galapagos in 1977 is the beginning

of the seafloor massive sulfide which continues today (Corliss et al., 1979). More than 700 submarine hydrothermal anomalies

have been discovered. And there are more than 100 areas with exploration potential up to now (Hannington et al., 2011).

The self-potential method is a passive source method and needs no power source during nature conditions (Guo et al., 2022;15

Fornasari et al.). The seafloor is a special redox interface. Electrical conductors formed by mineral deposits will generate an

electric current when they cross this interface. The SP survey has a unique response to this abnormal electric current and can

locate the SMS deposits quickly. Corwin was the first to attempt to measure the SP signal in marine minerals with an offshore

SP array and recorded an abnormal signal of up to 300 mV (Corwin, 1976).For instance, Safipour et al. recorded both horizontal

components of a known site containing an SMS occurrence and proved that the SP method is an effective exploration tool in20

SMS areas with hydrothermal activity (Safipour et al., 2017).Kawada and Constable observed SP signals of SMS with a deep-

tow handled an AUV respectively, which further proved the SP method is useful in SMS exploration (Kawada and Kasaya,

2017; Constable et al., 2018). Su et al. used an autonomous underwater vehicle to take a SP survey on the ultraslow-spreading
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Southwest Indian Ridge with a water depth from 1300m to 2200m. And a 3D SP tomography was used to reveal an ore-body

with a vertical extent of 100m (Su et al., 2022). The above researches suggest that the self-potential method contributes to25

seafloor massive sulfide surveys.

The forward methods commonly used for self-potential methods include numerical solutions and analytical solutions. The

numerical solution is a qualitative (or semi-quantitative) technique (Wei et al., 2023), which includes the finite element method

(Alarouj and Jackson, 2022; Bérubé, 2007), the finite volume method (Sheffer and Oldenburg, 2007), the finite difference

method (Xie et al., 2020a), the natural-infinite element coupling method (Xie et al., 2020b), the finite-infinite element coupling30

method (Xie et al., 2020c)and so on. Numerical modeling applies to any complex model. Xie et al. proposed a finite-infinite

element coupling method to calculate a 3-D numerical model of the marine SP from seafloor hydrothermal sulfide deposits

(Xie et al., 2021b).However, the result of numerical method is obtained by approximate calculation under a certain condition.

The solution of the stiffness matrix is complicated because of the affection of the field source. Take a sphere as an example,

the polarization intensity of its surface does not vary uniformly. And for the numerical method, the complex artificial boundary35

conditions also limit its development. Compared with the numerical method, the analytical solutions are strict formulas which

occur difficulty in solving the Poisson equation. In most studies, the polarization structure of ore bodies can be equivalent

to special geometry shapes. The analytical solution of polarized geometry body is significant in mineral exploration. Yungul

discussed the analytical solution of a polarized sphere and other researchers get the analytical solution of SP anomaly along

a profile passing over the centre of the sphere or to the strike of a horizontal cylinder (Yungul, 1950; Bhattacharya and Roy,40

1981; El-Araby, 2004). Murthy and Haricharan discussed the analytical solution of SP anomaly at any point on a profile

perpendicular to the strike of a 2-D inclined thin sheet (Satyanarayana Murty and Haricharan, 1985). Further, Biswas derived

the expression of SP anomaly analytical solution when the sheet parameters were described with respect to one edge of the

sheet and in terms of the X and Z coordinate of the top and bottom edge of the sheet(Biswas and Sharma, 2014). Dmitriev

derived the analytical solution of SP anomaly at point M on the surface due to a thick dipping body which could represent an45

ore body(Dmitriev, 2012).The above analytical solutions are 2D. In marine fieldwork, it’s difficult to locate the centre or the

strike of different geometric bodies. We proposed a 3D analytical solution based on the mirror image method for layered SMS

model.

2 The mirror image method of electric dipole

The mirror image method is based on the uniqueness theorem. It can be used to solve the electrostatic field problem such as50

some special problems of conductor boundary with point source or line source(Stephenson, 1990). The uniqueness theorem

states that there is only one solution in the electrostatic system when the boundary conditions are uniquely determined(Wang

et al., 2019). A SMS model which meets the uniqueness theorem is built as shown in Fig.1. XOY surface is the boundary

between the sea and the air. We suppose the depth of seawater is D and the depth of the seafloor is L. A three-dimensional

coordinate system is established with vertical sea level downward as the Z-axis. We use ε,µ, σ to denote the medium permit-55

tivity, magnetic conductivity and conductivity and use subscripts 0,1,2 to denote air, seawater and seafloor. We suppose there
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is an electric dipole P = Idl in any direction located at (x0, y0, z0), z0<D and the measuring point is at (x, y, z). If z ≤ 0,

the measuring point is in the air or on the sea surface.If 0 <z< H , the measuring point is in seawater. The horizontal electric

dipole is parallel to the plane z=0 and the vertical electric dipole is parallel to the z-axis. The following derivation process is

based on the example of a horizontal electric dipole Px = Ixdli.60

Figure 1. Sketch of SMS simplified model. The model includes air, seawater and seafloor. The Z axis points down towards the seafloor.

2.1 Potential equivalence of the sphere and the electric dipole

An uneven double electric layer forms on the surface of the polarized sphere. The potential difference ∆ε varies linearly with

the direction of polarization, which can be expressed as

∆ε=∆U0cosθ (1)

where ∆U0 is the maximum potential difference. θ is the angle between the polarization axis and the line from the measuring65

point to the sphere centre. This formula accords with the Laplace equation in spherical coordinates:

∂

∂R
(R2 ∂U

∂r
) +

1
sinθ

· ∂

∂θ
(sinθ

∂U

∂θ
) = 0 (2)

The general solution of potential can be solved as

U=
∞∑

n=0

(AnRn + Bn/Rn+1)Pn(cosθ) (3)
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Where Pn(cosθ) is Legendre polynomial of n, An and Bn is undetermined coefficient. Based on the boundary conditions:70

1) There is a potential jump on both sides of the sphere. When R = r0, we have:

∆ε=U2−U1 = ∆U0 cosθ (4)

Where U1 and U2 is the potential outside and inside the sphere.

2) The current density normal vectors are continuous on both sides of the sphere. When R = r0 we have:

1
ρ1

∂U1

∂R
=

1
ρ2

∂U2

∂R
(5)75

The sulfide potential anomaly caused by a sphere is obtained by the formula(Li et al., 2005)

U = M
cosθ

r2
,M =

2ρ1

2ρ2 + ρ1
r2
0∆U0 (6)

Where θ is the polarization angle, r is the distance between the measuring point and the centre of the sphere, ρ1 is the resistivity

of the medium, ρ2 is the resistivity of the sphere and ρ0 is the radius of the sphere. The scalar potential caused by a constant

electric dipole is given by the formula(He, 2012)80

U =
Idl
4πσ

· (−x)
R3

=−P0
x

R3
(7)

Where x
R = cosθ. In equation (1.6) and (1.7), R = r, P0 = M . So we get the potential distribution along the surface of a

uniformly polarized sphere is equivalent to an electric dipole.

2.2 Two layers of medium

When there is a two-layer medium model, we discuss the air-sea water model and the sea-water-seafloor model. In the first85

model, we suppose the location of the image of the source I
′
xdl is (x0,y0,−z0), when the measuring point is in the sea(z > 0).

It’s assumed that the whole space is filled with seawater. We have the scalar potential of the source and the image:

Φsea=
Ixdl(x−x0)

4πσ1R3
1

+
I
′
xdl(x−x0)
4πσ1R3

0

(z > 0) (8)

where r0 = (x−x0)i+ (y− y0)j+ (z + z0)k, r1 = (x−x0)i+ (y− y0)j+ (z− z0)k

If the measuring point is in the air(z ≤ 0), the location of the image of the source is (x0, y0, z0), which is coincided with the90

source. We suppose the whole space is filled with air. The combined dipole moment I”
xdl is

Φair =
I
′′
x dl(x−x0)
4πε0R3

1

(z ≤ 0) (9)

where r1 = (x−x0)i+ (y− y0)j+ (z− z0)k.

It can be obtained from the boundary conditions of the mirror image theory:

1) The potential of both sides of the surface is continuous( (Φsea|z→0+ = Φair|z→0−)). We have:95

I
′′
x

ε0
=

I
′
x + Ix

σ1
(10)
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2) The current normal vectors on both sides of the interface are continuous and satisfy the boundary condition j1z|z→0+ =

j0z|z→0− . We have σ1
∂Φsea

∂z

∣∣
z→0+ = σ0

∂Φair

∂z

∣∣
z→0−

. Because in the air σ0 = 0,only σ1
∂Φsea

∂z

∣∣
z→0+ = 0 can satisfy the

boundary condition,we have:

I
′
x = Ix (11)100

Using equations (10) and (11), we obtain

I
′′
x =

2ε0

σ1
Ix (12)

The above analysis shows the horizontal dipole has two situations when it is in the air-sea water model. If the measuring point is

in the sea, the location of the mirror image I
′
xdl is (x0,y0,−z0). If the measuring point is in the air, the mirror image coincides

with the source (x0,y0,z0) and the combined dipole is 2ε0
σ1

Ixdl.105

In the seawater-seafloor model, we can calculate like the first model. We suppose the electric dipole source Ixdl is at

(x0,y0,z0). If we measure in the seawater, we can get the mirror image σ1−σ2
σ1+σ2

Ixdl is at (x0,y0,−z0). If the measuring point

is on the seafloor, the mirror image is at (x0,y0,z0) which the combined dipole is equivalent to 2σ2
σ1+σ2

Ixdl. We supposed the

measuring lines are in the seawater and compared the solution result of the sea water-seafloor model and the 2D analytical

solution of the homogeneous half-space model. To verify the correctness of the mirror image method, we compare the 2D ana-110

lytical solution inhomogeneous half-space and the analytical solution of the seawater-seafloor model. Based on the derivation

above, the potential anomaly measured in the seawater of sea water-seafloor model can be expressed as:

Φ=
Ixdl(x−x0)

4πσ1[(x−x0)
2 + (−z + z0)

2]
3/2

+
σ1−σ2
σ1+σ2

Ixdl(x−x0)

4πσ1[(x−x0)
2 + (z− z0)

2]
3/2

(13)

The 2D analytical solution in homogeneous half-space can be expressed as(Xie et al., 2021a):

U=M · xcosa−h0 sina

(h2
0 + x2)3/2

(14)115

where M is the electric dipole moment, α is the polarizing angle and h0 is the depth of the electric dipole. The comparison

results and the error graph is shown in Fig.2. The error between the 2D analytical solution in homogeneous half-space and

the analytical solution of the mirror image method is 0.0156‰. It proves the mirror image method is correct in calculating the

polarization self-potential.

2.3 Three layers of medium120

The actual ocean environment can be reduced to a three-layer model consisting of air, seawater and seafloor. The source

“creates” countless mirror images among the three mediums. In the ocean model shown in Figure.3, the potential produced by

an electric dipole in the seafloor can be equivalent to the superposition of the source and an infinite number of mirror images.

We divide mirror images into four categories for their different locations and dipole moments.The locations and potentials of

these mirror images are shown in the table 1.125
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Figure 2. The comparison of the analytical solution of the seawater-seafloor model. The analytical solution of the mirror image method is

consistent with the 2D analytical solution.

Table 1. Locations and dipole moments of the source and mirror images

location Dipole moments The position vector between the measuring

point and the source

1 (x0,y0,2mD− z0)
(

σ1−σ2

σ1 + σ2

)m

Ixdl = ηmIxdli(m = 1,2, ...) r1m = (x−x0)i+(y−y0)j+(z−2mD+z0)k

2 (x0,y0,2mD + z0)
(

σ1−σ2

σ1 + σ2

)m

Ixdl = ηmIxdli(m = 1,2, ...) r2m = (x−x0)i+(y−y0)j+(z−2mD−z0)k

3 (x0,y0,−2nD + z0)
(

σ1−σ2

σ1 + σ2

)n

Ixdl = ηnIxdli(n = 0,1, ...) r1n = (x−x0)i+(y−y0)j+(z+2nD−z0)k

4 (x0,y0,−2nD− z0)
(

σ1−σ2

σ1 + σ2

)n

Ixdl = ηnIxdli(n = 0,1, ...) r2n = (x−x0)i+(y−y0)j+(z+2nD+z0)k
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Figure 3. Sketch of three layers of medium in SMS model. The yellow point represents the measuring point, the red arrow represents the

electric dipole and the black arrows represent mirror images of the source.

The scalar potential of the horizontal electric dipole Px = Ixdli at the measuring point for any dipole moment in the seafloor

can be expressed as

Φx(x,y,z) =
∞∑

m=1

[
ηmIxdl(x−x0)

4πσ1r3
1m

+
ηmIxdl(x−x0)

4πσ1r3
2m

]
+

∞∑

n=0

[
ηnIxdl(x−x0)

4πσ1r3
1n

+
ηnIxdl(x−x0)

4πσ1r3
2n

]
(15)

The expression of r1m, r2m, r1n, and r2n is shown in table 1. The electric dipoles in the other two directions Py = Iydlj and

Pz = Izdlk can be expressed by the same method. So we can get the potential of the electric dipole P = Ixdli+Iydlj +Izdlk130
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in any direction which can be equivalent to the superposition of the source and the countless mirror images:

Φ(x,y,z) = Φx(x,y,z) +Φy(x,y,z) +Φz(x,y,z) =

∞∑

m=1




ηmIxdl(x−x0)
4πσ1r3

1m

+
ηmIydl(y− y0)

4πσ1r3
1m

− ηmIzdl(z− 2mD + z0)
4πσ1r3

1m

+
ηmIxdl(x−x0)

4πσ1r3
2m

+
ηmIydl(x−x0)

4πσ1r3
2m

+
ηmIzdl(z− 2mD− z0)

4πσ1r3
2m


+

∞∑

n=0




ηmIxdl(x−x0)
4πσ1r3

1n

+
ηnIydl(y− y0)

4πσ1r3
1n

+
ηnIzdl(z + 2mD− z0)

4πσ1r3
1n

+
ηnIxdl(x−x0)

4πσ1r3
2n

+
ηnIydl(y− y0)

4πσ1r3
2n

− ηnIzdl(z + 2mD + z0)
4πσ1r3

2n




(16)

3 Numerical calculation of electric dipole potential distribution in SMS

We carry out the numerical calculation of the electric potential distribution of the dipole in any direction. We suppose the

seawater depth is 100 m and the seafloor extends indefinitely along the Z axis. The electric dipole simplified by spherical SMS135

is at the seafloor surface with location (0,0,100). The conductivity of the seawater (σ1) and the seafloor (σ2) is 4 S/m and

0.04 S/m and the dipole moment is 1 D. In the infinite summarization, the computation will end if the difference between the

adjacent terms is less than 10-10. We calculated the potential distribution of a horizontal dipole along the Y-axis, a vertical

dipole along the Z-axis and a tilted dipole as shown in figure.4. The result suggests the horizontal electric dipole reduces a

positive SP anomaly and a negative SP anomaly on either of it. The absolute values of the exceptions are equal. There is a140

positive anomaly caused by a vertical electric dipole. The tilted electric dipole produces a positive and a negative SP anomaly

like the horizontal electric dipole. But the absolute values of them are unequal because of the depth difference.

4 A experimental verification about 3D analytical solution of mirror image method

We built a system for self-potential measurements from a laboratory perspective (shown in fig.5) to prove the analytical solu-

tion. We built a flume, with a scale of 50cm×50cm×100cm, filled with sand and saline water to simulate the ocean environment.145

A sphere made of copper and iron was placed between the sand and the saline water (one half of the sphere is copper and the

other half is iron). The redox reactions occurred on the surface of the sphere with the electronic transfer. So we can control the

direction of the electric dipole by changing the polarization angle of the sphere. We measured the SP signal when the Cu-Fe

interface and the XOY plane were at an angle of 0° and 45° to simulate a vertical and a tilted electric dipole. SP signal results

shown in Fig.6 suggest the experimental result is in good agreement with the numerical solutions. The reduction reaction hap-150

pened in the iron hemisphere which generated a negative SP value on the iron side. Similarly, a positive SP value appeared

on the other side. Because the iron hemisphere was higher than the copper hemisphere, the absolute value of the negative SP

value was greater than the positive SP value. To verify the validity of the 3D analytical solution, we compared the middle line

of the measured data and the 3D analytical solution. The result is also shown in Fig.6. From these results, the 3D measured

data plane is in good agreement with the 3D analytical solution.155
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Figure 4. Analytical solution result and contour map of the different dipole. a horizontal electric dipole; b vertical electric dipole; c tilted

electric dipole with an angle of 45° from the XOY plane.
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Figure 5. Sketch of SP measuring system. A Fe-Cu sphere was placed in the interface of saline water and the sand. According to the time-

lapse data, the redox process was stable after 20 hours. We used the stabilized polarization data for analysis.
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Figure 6. Results of SP signals and comparison of the measuring data and analytical solution. a vertical electric dipole; b tilted electric

dipole; The gray frame represents the measurement system, and the red line is the middle measurement line.
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5 Conclusions

The 3D SP analytical solution from regularly polarized bodies in a layered seafloor model plays a key role in mineral ex-

ploitation and forward modeling of the SP method. So we used the mirror image method to calculate the 3D spatial analytical

solution. Based on a discussion about the equivalent relationship between a sphere and electric dipole, we derived the formula

of two-layer and three-layer models consist of different mediums by superposition of the scalar field generated by the source160

and mirror images in different mediums. The correctness of the mirror image method is proved by the comparison of the 2-layer

model and the analytical solution in homogeneous half-space. To prove the validity of the 3D analytical solution further, we

took an experiment which is built to simulate a simplified SMS model. By changing the angle of a Fe-Cu sphere interface and

XOY plane, we discuss different electric field distributions and compared the results of the middle line with the 2D analytical

solutions. The results show that analytical solution based on the mirror image method is effective for forward modeling in SMS165

exploration.
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