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Abstract. Data assimilation is used in a number of geophysical applications to optimally integrate observations and model
knowledge. Providing an estimation of both state and uncertainty, ensemble algorithms are ene-6f-among the most successful
data assimilation approaches. Since the estimation quality depends on the ensemble, the sampling method is a crucial step in
ensemble data assimilation. Among other options to improve the capability of generating an effective ensemble, a sampling
method featuring a higher polynomial order of approximation represents a novelty. Indeed, the order of the most widespread
ensemble algorithms is usually equal to or lower than 2. We propose a novel hybrid ensemble algorithm, the Gauss-Hermite
High-Order Sampling Hybrid (GHOSH) filter, version 1.0.0;-hi
i st S ication. In the mest-error-componentsdirections where the uncertainty is larger, the GHOSH
sampling-method-can-achievefilter’s sampling method achieves a higher order of approximation than in other ensemble based
filters, without increasing the asymptotic computational complexity that is comparable to the one of second-order deterministic

filters. To evaluate the benefits of the higher approximation order, a set of theusands-twin experiments of Lorenz96 simulations

has been carried out using the GHOSH filter and a second-erdersecond-order ensemble Kalman filter (SEIK; singular evolutive
interpolated Kalman filter). The comparison between the GHOSH and the SEIK filter has been done by varying a number of
data assimilation settings:ensemble-sizerinflation;-assimilated-observations;-and-initial-conditions. The twin-experiment results
show that GHOSH outperforms SEIK in most of the assimilation settings up to a 69%-70% reduction of the root mean square

error on assimilated and non-assimilated variables.
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1 Introduction

Data assimilation (DA) methodologies provide a conceptual framework to integrate the information contents embedded in
observations and numerical models, and plays a pivotal role in deriving accurate estimates of the state of earth systems compo-

nents and reducing the uncertainties of geophysical systems

Reeently;thanks- Thanks to the scalability of parallel implementations, the use of ensemble algorithms (e-g-EnKF Evensen-(1994)-
and-EnVarBannister(2047b))(see e.g., Vetra-Carvalho et al., 2018; Houtekamer and Zhang, 2016; Bannister, 2017a) have been

proposed to estimate uncertainty and improve assimilation skills in Kalman filters and variational methodologies. FurthermoreOn

the other hand, some of the strong points of the twe-approaches-ensemble and variational have been merged -leading-to-hybrid

filterse-g—Hamill-and Snyder(2000))in hybrid filters (e.g., Hamill and Snyder, 2000). Moreover, recent developments of
EnKF have been conceived to face increasing non-linearities and model complexity that are also related to the expanding
availability of observations and computational resources (see €.g.. Vetra-Carvalho et al., 2018).

However, the definition of the strategy for ensemble generation is not a trivial task (Meere-et-al-(2019))—Straightferward
Menteearlo—(see e.g., Moore et al., 2019). Straightforward Monte Carlo approaches are not usually a viable option in geo-
science applications, because they would require a too large number of ensemble members, and consequently, computational
effort. The number of ensemble members can be reduced by adopting deterministic {orsemi-deterministic)sampling-methods—
These methods provide anensemble mean-of future state sampling methods (as opposed to stochastic EnKF methods, see e.g. Carrassi et al
order of approximation of the filter or of its sampling method. Namely, in the case of a h*"-order approximation, the ensemble

has the property of providing a forecast mean with no error after-evolving-the-ensemble;-as long as the evolution function used
for forecasting (i.e., the model) is a polynomial of the-same-order-of-the-sampling-method—Indeed;the-use-of deterministic-o
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first h statistical moments of the uncertainty probability density function (pdf) before evolution (also called prior in Bayesian
At-the-same-time;mostMost of the models used in geoscience applications are based on systems of differential equations that
cannot be represented by a seeeﬂekefdefsgggg@vovrggg polynomial and in all of these cases the seeond-ordersampling-methods

second-order sampling methods provides a non-exact estimation of
the forecast mean, which is affected by an error strictly related to the error made in approximating the model by a second-order

polynomial. Furthermore, the second-ordersecond-order approximation is more effective the closer the ensemble members are

to each other ;thus;thelarger the-ensemble-spread-(i.e., small uncertainty), thus the higher the uncertainty the worse will be the

approx1mat10n error in the mean computatlon Since «

is often affected by a relatively high uncertainty in geosciences data assimilation applications, this approximation error may be
not negligible.

“the state estimation

A potential strategy to reduce this error is the use of a higher order of approximation, but this would require a larger

ensemble with respect to the seeond-ordercase-and-consequently-bigger-second-order methods and consequently larger com-

putational costs, given that a higher order of approximation implies a larger number of ensemble members to represent the

same error-subspaceuncertainty subspace'. For instance, second-order-second-order methods use an ensemble of 7 + 1 mem-

bers to span an r-dimensional error—subspace—{e-gsPham-(1996)uncertainty subspace (e.g., Pham, 2001), while it can be
proven (see Appendix C, Section C4) that 2r ensemble members are needed to achieve order 3 in the same subspace (an

¥(see e.g., Wan and Van Der Merwe, 2000; Ambadan and Tang, 2009; Luo and Moroz, 2009, for examples of third-order method with 27 -

The approximation order can be-inereased—further-also be increased by using properly weighted ensemble members. A

weighted ensemble based on multi-dimensional Gauss-Hermite quadrature rule (Mastrotanni-and-Milovanovie(2008))(Mastroianni and M

could arbitrarily increase the order of approximation, but always at the cost of a larger ensemble size to-andXGong(2000)

¥(Ito and Xiong, 2000). Weighted ensembles are also exploited in particle filter methods (Beequet-et-al-20+0))(van Leeuwen et al., 2019)

, where weights are used to evolve both the ensemble members and their probability.

In the present work, we propose a novel weighted ensemble method based on a new high-order sampling, that provides
ensemble mean estimates of order higher than 2 without increasing the number of ensemble members, and therefore without
major impacts on the computational cost.

The proposed high-order filter (as its sampling method) exploits a Gauss-Hermite-like quadrature rule, along with a prin-
cipal component analysis (PCA), and we named it Gauss-Hermite high-order sampling hybrid (GHOSH) filter. Members and
related weights are chosen in such a way as to guarantee accuracy of order higher than 2 for a subset of relevant-meodes(a

n  the space of the possible state vectors, the uncertainty subspace is the subspace

the smallest subspace that contains all the ensemble members). The uncertainty subspace was originally called error subspace

see Nerger et al., 2005, 2012, for an introduction to the error subspace concept), but in the context of this work it is more natural to interpret the ensemble as

a proxy of the uncertainty, avoiding unnecessary confusion with, for instance, the approximation error.

enerated by the ensemble members
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relevant-subspaee)principal modes, and no less than 2 for the remaining ones. The GHOSH filter exploits a hybrid approach

that considers the medel-uncertainty-deseribed-uncertainty as composed by a constant and a time-evolving part-based-on-the
evohition-of-an-ensembleensemble-based part.

The reliability of the new filter is proven first-in a large set of twin experiments based on an idealized model commonly used

to test DA methodologies Lorenz96; Lorenz-(1996))-and-then-(Lorenz, 1996). In a companion paper (Spada et al., 2024) the

new filter is tested in the much more complex and realistic marine biogeochemical application currently used in Copernicus

Marine CMEMS System - Salon et al., 2019), featuring assimilation of satellite observations.

Section 2 introduces the novel elements of the high-order sampling and Section 3 presents a synthetic description of the

GHOSH algorithm and its localized version.

ntrodueced{(Section-4)-and-thetrresults-presented(Seetton-3)The Lorenz96 numerical experiment is introduced in Section 4
and its results presented in Section 5. The algorithm and the experimental results are discussed in Section 6. Finally, additional

mathematical and algorithmic details along with examples are provided in appendices.

2 The high-order sampling

In this work we propose a novel method to sample the ensemble members in data assimilation applications. Compared to de-
terministic second-order square-root sampling methods (Carrassi-et-al(2648))(see e.g., Carrassi et al., 2018), the novel strat-
egy achieves a higher order of approximation without increasing the ensemble size. The strategy is based on the choice,
among all the second-order-second-order ensembles, of those that feature a higher order of approximation along the mest
relevant-principal components of the error-uncertainty (i.e., those directions where the ensemble spread is larger and the
approximation is consequently worse). To better understand the ideaGHOSH approach, Fig. 1 shows an errer-uncertainty
represented by a 3-dimensional standard normal distribution (in-shadew-the-spherical-errors-isosurfacespherical uncertainty
isosurfaces are represented by shadowed areas). Using the second-orderexact sampling(Pham-(1996))second-order-exact

sampling (Pham, 2001), 4 ensemble members (yellow points) are needed to represent the-aneertaintyproduced-by-this-errer
distributionthis uncertainty probability density function. In a xyz Cartesian coordinate system, the 4 ensemble members are

the vertices of a regular tetrahedron, and all the possible secend-order-second-order samplings correspond to a rotation of this
tetrahedron. With the appropriate rotation, the vertices draw (project) a square in the xy plane —Jn-this-way,-we-achieved-a-third
order-(Appendix C, Section C3.1), achieving a third-order approximation in the xy plane;-beeause-. Indeed, it can be proved



4 members in 3D:
2" order approximation

4 members in 2D:
3 order approximation

3 weighted members in 1D:
5% order approximation

Figure 1. 4 tetrahedron-shaped ensemble members (yellow dots) in a 3-dimensional space (top) represent a second-order approximation of a
standard normal distribution (in shadow the spherical isosurfaces). The same 4 members form a square in 2 dimensions (middle), producing
a third-order approximation. By projecting further into 1 direetion-dimension (bottom) and by assigning proper weights, they-become-a
fifth-order wetghted-ensembleapproximation is obtained.

proven that 4 square-shaped ensemble members provide a third-order-third-order approximation for a 2-dimensional normal

distribution (Appendix C, Section C2.4). Similarly, a further projection on a single axis returns 4 points or, as in the figure,
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only 3 points, one of which represents 2 of the original points. In the 1D case, the highest approximation order that can be
obtained using 4 members is still limited to 3, unless proper weights are assigned to each ensemble member. In fact, 4 weighted

members (or even only 3, see Appendix C at Section C1.3) are sufficient to reach an approximation order as high as 5 on the z

axis. Fmal—]y—what—we—ha%ﬂbiamed—ls—&ln summary, Fig. 1 represents a weighted ensemble with approximation order 2 in the

2yz 3-dimensional se torspace, approximation order 3 in the
xy plane and a«ﬁﬁh—efdeﬁ&ppfe*ﬂﬁaﬁewf) along the x axis —
This-means-(Appendix C, Section C3.2). Meaning that, if the z component of the distribution was less relevant than the x

and y components (e.g., a non-standard normal distribution with smaller variance on the z coordinate), then we-ebtained-a-third

order-approximationin-the-the GHOSH third-order approximation mitigates the approximation error in the x and y dimensions
where the spread is higher. And, if the variance is bigger-larger on x than y, then we-achieved-a-fifth-erder-approximation-the
achieved fifth-order approximation reduces the error more efficiently where the spread is maximum (x coordinate).

The idea described above can be generalized considering that any probability distribution (under reasonable hypothesis) can
be sampled with an arbitrary high order of approximation with a weighted ensemble that, in the special case of the Gaussian
distribution, is represented by the nodes and weights of the Gauss-Hermit quadrature rule (Mastretanni-and-Milovanevie(2008)
Y Mastroianni and Milovanovic, 2008, cap. 2). Once the approximation order (h larger than 2) and the ensemble size (r+1) are
fixed, the #h"-order weighted ensemble is computed for a relatively small s-dimensional subspace (s lower than r); then, a new
(r +1)-sized second-ordersecond-order weighted ensemble is computed such that its projections along the mestrelevanterror
direetions-uncertainty principal components coincide with the #h"-order ensemble. The resulting ensemble has a second-order
second-order approximation in the r-dimensional subspace and a %@E‘:order approximation in the s-dimensional subspace of
the mestrelevanterrorprincipal uncertainty directions. By comparison, a seeond-orderexactsecond-order-exact sampling (e.g.,
SEIK) with 7 4 1 ensemble members would provide a second-erder-second-order approximation for the whole r-dimensional
subspace.

The tg@\p}%hlgh -order samphng ﬁ%{WM&descnbed in the followmg from an algorithmic
point of view. Mz

initialization and-sampling—The-former-includes the steps that must be executed only once, while the latter-sampling presents
the ensemble generation procedure. Mathematical details, can be found in Appendix A.

2.1 Initialization

First, 3 hyper-parameters r, h and s are chosen in the inizialization: r is the dimension of the error-uncertainty subspace, which
implies an ensemble size of r + 1 members; h is the higher approximation order reached in the most relevant directions; s
represents the number of principal components that are approximated with order /& and must be smaller than 7.

Then, the real numbers #/-,, ; and v;, with j € {1,...,s} and m € {1,...,r + 1}, are calculated as a solution of the nonlinear
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r+1

) 2-¢ _ . )
D Uy U O = e M
m=1

with one equation for each ¢ € {0,...,h} and for each ji,...,je € {1,...,s}— for a total of (s"*! —1) /(s —1) equations.

The system represents the matching between the statistical moments of the ensemble and the normalized uncertainty pdf. In

fact, its first equation, i.e.,
r+1

160 > v’ =1,
ML

ensures that the weights will sum to 1; the following block of s equations, i.e.
r+1

E U, 1Vm =0
m=1

r+1

E Um,sUm = 07
m=1

ensures that the ensemble has 0-mean; the third block of s? equations, i.e.

r+1
g U, 1Um,1 =011 =1

m=1

r+1
§ Um,1Um,s = 61,3 =0
m=1

r+1
§ Um,sUm,1 = 6371 =0

m=1

r+1
E Um,sUm,s = 65,8 = 15
m=1

165 forces the ensemble covariance matrix to be equal to the identity matrix, and so on and so forth. The general equation reported

in system (1) represents all the moment-matching equations up to order h, where i, . ;. are the statistical moments of a
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s-dimensional probability distribution that approximates the assumed errer-uncertainty distribution shape. Such probability
distribution must be uncorrelated, normalized and have 0 mean, since the ensemble mean and covariance will be later adjusted

by the sampling algorithm, which will also rescale the other moments accordingly (see equation (6)). A typical choice is the
Nermal-standard normal distribution N (2;0,1;), i.e.,

Wiy .. je = /zj1 25N (2;0,1,) dz. 2)
Rs

In the Gaussian case, the moments i, .. j., which are other hyper-parameters of the GHOSH algorithm, can easily be com-

puted (i.e., without solving numerically the integral, see Appendix A, equations (A6) and (A7)). Changing the value of the

moments /i, . ;. allows to explore other non-Gaussian probability distributions.

Note that, in order to actually have at least a solution of the system, the number of independent equations cannot be biggerlarger

than the number of variables, which implies that a-bigger-given r (and consequently the ensemble size) a larger approximation
order h requires-implies a smaller s or-a-bigger+(i.¢e., a smaller number of components approximated with order h).

The system solution is used to define §25, as the (r + 1) x s matrix with coordinates +1,, ; (i.e., Uy, ; is the entry of the
matrix £2;, at row m and column 7), and the ensemble weight vector w € R+ as the element-wise square of v, i.e.,

w = (’012,...,’1)r+12). (3)

2.2 Sampling

Given an N-dimensional state space, in the sampling phase a new ensemble is generated based on the ensemble mean z; € RV
and the covariance matrix L;L} . Differently from non-varying quantities (like those defined in the initialization phase), i-
indexed quantities are specific of each sampling. The columns of the N x r matrix L; adopted to obtain a r-rank factorization
of the covariance matrix represent the base of the error-uncertainty subspace spanned by the ensemble members.
A random s X s orthogonal matrix Q7" is drawn, then the (r 4+ 1) x (s + 1) matrix ( v | Q"Q7™® ) is completed to
an (r +1) x (r + 1) orthogonal matrix by the (r + 1) x (r — s) matrix 7, i.e.,
T

v| Qrmd Qt v| Qharmd QL =T41, @)

N

where v is the array of the square roots of the weights (as in equation (3)) and I, ; is the identity matrix of rank r+ 1.

viany-procedures—{(e-g;Pham 6))-are-available-to-generate-arandom-orthogonal-ma or-to-randomly-comp a-gtv

set-of-orthonormal-veetors—to-an-orthegenal-matrix)A procedure for randomly building or completing orthogonal matrices is

described in Appendix B.
Now, the (r + 1) X r matrix ;, defined as

Q=] aram Q| ©)
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can be used to build the NV x r ensemble matrix X;:
X; = @11y + LiCTQTWTE, 6)

where 1 is a matrix (of the subscripted size) filled with ones, W = diag (w) is the (r + 1) X (r + 1) diagonal matrix of weights

and C; is a r x r orthogonal change-of-basis matrix such that

LA, 'L;=CTE,C,. (7

In the last equation, the right-hand side is an eigenvalue decomposition of the left-hand side, with E; being an r x r diagonal
matrix of eigenvalues in descending order and A; being an appropriate N x N matrix. The purpose of A; is to weight the
product between L; and its transposedand-thereforeto-define—; therefore, A; defines the criterion that decides the relevanee-of
each-PEA-component—n-the simplest-easesrelative importance of different parts of the state vector, affecting the uncertainty.
principal components. In relatively simple applications, A; can be the identieal-identity matrix, but in most scenarios, A; needs

to be properly designed (see-sections—2?-and-6)(see Section 6 and Spada et al., 2024).

After X; computation, the ensemble members can be retrieved from the column of the matrix, i.e.,

X; = (a:zl, s ,:cz(»H_l)) . (8)

3 The GHOSH filter

Similar to other data assimilation ensemble schemes, the GHOSH filter provides an estimate of the state of a system at some

time-pre-fixed times ¢; in terms of the state vector and the covariance matrix that-represents-the-error-estimate-of-the-state

veetorrepresenting the estimation uncertainty. Hence, at time ¢;, a forecast is produced-in-theferm-ef-composed by the forecast
state vector m{ € RY (N is the dimension of the state space) and the-fereeast-error-by the forecast uncertainty covariance

matrix P{ . Mereover+f-If an observation vector y; is available at time ¢;, the information is assimilated in the analysis state
vector x{ with errer-uncertainty covariance matrix P¢.

Being an ensemble-based filter scheme, the GHOSH filter represents these quantities by an ensemble of state vectors, e.g.,

X;of = (w13, o104 ©)

of r+1 model state realizations. However, differently from other ensemble filters that uniformly weight the ensemble members,

the GHOSH filter assigns to 9%\&}: a vector of corresponding weights

w1

w=| = |. (10)

Wr+1
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The state estimate is given by the weighted mean

r+1
2 =Y " w; =X w (11)
Jj=1

while the error-uncertainty covariance is approximated by the ensemble covariance matrix
T T
Pl X W X (12)

with W = diag (w) being the diagonal matrix of weights.

The GHOSH algorithm consists of 5 phases, i.e., initialization, forecast, forecast high-order sampling, analysis and analysis
high-order sampling (Fig. 2). The initialization is performed once at the beginning of the filter application, the forecast and
forecast high-order sampling phases are carried out at each time ¢;, and analysis and analysis high-order sampling are executed
only when an-ebservation-is-observations are available.

The analysis equations are a novel weighted version of the ensemble Kalman filter equations (Evensen(1994))(Evensen, 1994)
, while the forecast phase equations rely on a hybrid approach. In fact, the forecast uncertainty is obtained by combining the
ensemble covariance (weighted by a forgetting factor) and a medel-error-parametric covariance matrix Q;, which is built
from the existing knowledge of the system, as done, for instance, for the background matrix in many variational schemes

Bannister(2047a;,2008)y(Bannister, 2017a, 2008).

The method includes two resampling phases, after analysis and after forecast (Fig. 2), at which the whole ensemble is
rebuilt using the high-order sampling method (Section 2). The resampling produces a sample of state vectors that matches the

moments of the errer-uncertainty probability density function with better precision than in the other commonly used ensemble

DA algorithms:

pfejee&eﬁ-ef—eheeffeﬁﬂeeffaﬁﬁy—up{eﬂfdeﬁhé—% resulting in an order of approximation greater than 2 (see Appendix A) -

in the principal uncertainty modes. In this wa
the GHOSH filter takes advantage of the high eenvergenee-approximation order of the method;-espeetally-when-the-medel-error
is-netnegleeted—sampling method twice: before applying the model operator and before applying the observation operator.

3.1 The global GHOSH filter
3.1.1 Initialization

First, foHowing-as the high-order sampling initialization phase (Section 2.1), the three GHOSH hyper-parameters 7 (the di-
mension of the errer-uncertainty subspace), h (the higher approximation order reached in the most relevant directions) and s
(the number of principal components that are approximated with order h) are used to compute the sampling matrix Q" and the

weights vector w.

10
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e GHOSH flow chart
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Figure 2. GHOSH filter flow chart. Subscripts represent the time steps of the numerical simulation.

A starting weighted ensemble must be provided, with the coordinates of w as weights. Such ensemble can come from any

previous forecast/assimilation using

(e.g., a PCA on historical data followed by the GHOSH sampling method described in Section 2.2). The ensemble members

the GHOSH filter, or it can be built from scratch with an ensemble generation method

are stored in the columns of ensemble matrix Xg ,le,

X(J; = (wg717. ..’wg,(rJrl)) 3

11



255 with the subscripted index O representing the first time step.

The mean xg , can be computed as
xg = X{; w. (14)
3.1.2 Analysis phase

H-When observations are available at time step ¢ (Fig. 2), y; € R" represents the observation array and #; is the observation
260 operator, which incorporates all operations needed to obtain the measured-observed quantities from the state vector. This

operator is used on each ensemble member a:{ ** to build the n x (r+1) matrix Y3, i.e.,

ot =) a3

o=yl (16)
with k € {1,...,7 +1}.

265 The base L¢ of the error-uncertainty subspace spanned by the ensemble is computed by
L =X/T, 17)

where T is an (r 4 1) x r full-rank matrix with zero column sums. A reasenable-cheice-is-
matrix fulfilling these requirements, that also makes product in equation (17) computationally fast, is

T= —wliyx, (18)

0 -~ 0
270 with I,. being the identity matrix of size r and 1 is a matrix (of the subscripted size) filled with ones. Equation (18) implies the
use of the ensemble anomalies as basis members, and it is a common choice in SEIK implementations {e-g--Triantafyllou-et-al(2003)

Xe.g., Triantafyllou et al., 2003), but other Ts can be explored without affecting the algerithm(e-gseeNergeretal(26012)

ymain structure of the algorithm (see e.g., Nerger et al., 2012).
The analysis error-uncertainty covariance matrix P is obtained by

275 PY=LIA9Le (19)
where
AT =TTWIT 4+ ZTR ' Z,, (20)

12
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and
Z;=Y,T, 21

W = diag (w) being the (r + 1) x (r+ 1) diagonal matrix of weights and R; the n X n error-covariance matrix representing
the uncertainty in the observation y;.

An opportune change in basis is used to obtain the simpler decomposition

P¢ =LoLT, (22)
where
L¢ = L¢S¢ (23)

and S¢ is the symmetric square root of A{, i.e.,
SISt = A7 (24)

Finally, the analysis state x{ is estimated by

o =a! + LiSIZIR; " (yi — Yiw). >

Equation (25) differs from the usual ensemble Kalman filter equations in the use of Y;w in the last term instead of H; (a:f ) .

i
The two are the same if the observation operator H; is linear. However, in the general case, Y;w, which relies on the whole
ensemble instead of the ensemble mean only, is a better estimator of the expected value of the observed quantities. Moreover,

ensembles generated with GHOSH’s sampling method lead to a further advantage due to the higher order of approximation.
3.1.3 Analysis high-order sampling

The N x (r + 1) ensemble matrix X¢ = (a: L m‘?’(ﬂrl)), whose columns are the ensemble members, is obtained by

X9 =281y (rp) + LICITQITWW 2, (26)
The sampling procedure is described in Section 2.2; therefore, C{ and 2§ are computed as C; and €2; used in equation (6).
3.1.4 Forecast phase

In this phase, the time step index ¢ is increased by 1 and the ensemble is evolved through the model operator M (which usually

represents the numerical integration of a system of differential equations), i.e., for k € {1,...,r+ 1},

13



#l* = M (204, 27)

X! = (@{vl,...,@{mn). (28)

f

The forecast state «; is estimated as the weighted mean of the ensemble by

wf = X{w 29)

305 To track the uncertainty of this estimation, the basis of the error-uncertainty subspace is obtained by

L/ =X/T. (30)

The covariance matrix Pf is approximated by

P/ =L/ (T"W'T) 'L +Q.~ LAl L], Gh

where Q; is the N x IV covariance matrix of the-medel-error-and-an additive unbiased noise parameterizing some of the sources
310 of uncertainty in the forecast estimation not already accounted for by the ensemble, while A/ is the r x 7 matrix approximating
the error-uncertainty covariance in the reduced basis expressed by I:{ . Alf can be computed in many ways, depending on the
form of QQ; and on the chosen hybridization strategy. Here we consider the case of Q; being a full rank matrix (e.g., diagonal),

thus we suggest

- ~ —1
Al = (W) 4 (L1 Q L) (32)

315 where p-<--pis the forgetting factor, which is added to the equation to introduce inflation (Carrassi-et-ak-2048))(see e.g., Pham et al., 199¢
. The last term in equation (32) is one of the novel element-elements of the present work. It represents the projection of the
model-error-on-the-error-parametric uncertainty matrix Q, on the uncertainty subspace defined by the ensemble. Fhis-While
the use of Q; in equation (31) follows Pham (2001), equation (32) projects Q; in a novel non-orthogonal projeetion;way that
is induced by the scalar product defined by the-matrix-Q; 's-is-. This approach can be interpreted as a form of hybridization

320 which-aims-tofoeus-that aims at focusing on the effects of the model-parametric uncertainty in the ensemble error-uncertainty

subspace.

m—Q; should be built accordingly
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to some knowledge of the system, as done, for example, for the background errer-covariance matrix in variational methods
Bannister(204H7a;20081(Bannister, 2017a, 2008). Since Q; can have a very large size, it should be sparse or managed in a

decomposed form.
A-new-basis-for-theerrorsubspaeeFinally, equation (31) is conveniently rewritten as

T
P/ ~L/L!", (33)

roviding a covariance decomposition consistent with the high-order sampling formulation. Here, L/ is the new basis of the
uncertainty subspace and it is obtained by

L/ =L/s/, (34)
where Sif is the symmetric square root of Alf ,l.e.,
s/s/ = A/, (35)

which can be computed by an eigenvalue decomposition of Aif . Finallyequation-3H-can-be-rewritten-as-

T
P/ ~L/L] .

3.1.5 Forecast high-order sampling

The N x (7 + 1) ensemble matrix X{ = (scf o ,wzf ’(TH)), whose columns are the ensemble members, is obtained by

X! =@/l +LIC @ Wb, 36)

The sampling procedure is similar to thatin-the one of Section 3.1.3; therefore, C{ and Q{ are computed as C; and £2; used
in equation (6).

Compared to data assimilation schemes with resampling only after analysis, the GHOSH filter uses this sampling phase to
produce a better representation of the uncertainty. In fact, it takes into account the model-error-Q; effects in equations (31) and
(32), which are-would be otherwise neglected. If the-medel-error-Q); is supposed to be not significant (i.e., Q; = 0) then the
forecast high-order sampling phase can be widely simplified and the ensemble members can be obtained by

k L (ofk
m{ :m{+%(m{ —m{), (7
forke{1,...,r+1}.
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3.1.6 Asymptotic computational complexit

Here, the asymptotic computational complexity of the GHOSH filter does not include the cost of applying the model operator
M., and the observation operator #;. These operators can change dramatically the total computational cost, in particular in
realistic applications, where the model operator can be very computationally expensive.

Eurther, the initialization cost is not taken into account, since it is done only once. This includes the computational cost of
solving system (1), which can substantially vary depending on the adopted method. For instance, in the provided python code
(see the Code availability section), an analytical solution for system (1) is built with a constructive method in O (1) steps.
Finall “land R ! are considered sparse or low rank, such that, for
instance, the computational complexity of Z{ R; " Z; is the same as Z['Z;.

Under these assumptions, the most expensive operations in the analysis phase are: the computation of A? " (whichis O (nr?))

and of its inverse (O (r*)). and the change of basis of equation (23), which is a O (Nr?) operation. Excluding the cost of the
observation operator #;. the analysis computational complexity sums to O (nr” +1° £ Nr?).

During the forecast phase. the computation of Af and the following change of base (euation (34)) lead to O (r® + N12).
without taking into account the cost of the model operator M.

Finally, each sampling phase adds O (73 4+ Nr2) operations given the eigenvalue decomposition and the matrix products in
equation (6).

All together, the asymptotic computational complexity of the GHOSH filter is O (nr? 4 1° 4 Nr?). This is similar to SEIK

and ETKF (see, e.g., Nerger et al,, 2012; Tippett et al., 2003), meaning that the filters scale in the same way. However, even

if not changing the asymptotic complexity, the GHOSH filter’s eigenvalue decomposition and its re-sampling after forecast

are GHOSH:specific operations that add computational time with respect to other ensemble filters that do not execute such
operations. On the other hand, in the vast majority of realistic geoscience applications of ensemble data assimilation, the most
demanding computational cost is represented by the model integration scaled by the ensemble size (see e.g., Vetra-Carvalho et al., 2018)
»making the cost of the other data assimilation operations almost negligible.

the covariance matrices ~! and the scaling matrix A}

3.2 The local GHOSH filter

Localization is a widely used procedure that aims to avoid spurious correlations induced by an overly small ensemble while
reducing the degrees of freedom of the system Fanjie-et-al(204-))(see e.g., Janjic et al., 2011).

A localized version of the GHOSH algorithm is obtained by modifying some of the equations in Sections 3.1.2 and 3.1.4.
Three operators Ly, EZ;‘ and D are used to improve readability. The localization operator £, takes a global (array or) matrix
with IV rows and returns its localized counterpart with [ rows with respect to the domain point p. The simplest example-of-the
localization-operator-takes-and most common example of localization operator is taking just the variable values of the cells
in a small radius around p. CZ;‘ works in the same way in the observation space, reducing the number of rows from n to I’.

The delocalization operator D takes a set of local matrices (or arrays), ideally one for each point of the domain, and returns

16



380 the global counterpart. Building the global matrix by taking the values at the central points of each local matrix is a common

example of the-delocalization operator.
3.2.1 Local forecast

Instead of equations (31-35), the localized version of the forecast step of the algorithm computes, for each point p of the

domain, the local covariance matrix A% T by

385 Afyf = (PTTW*lT)_l + <£p (f‘{)T (Qf)ilﬁp (f-‘{))_lv (38)

where Q is the [ x [ medel-errorcovariance matrix at the point p of the parametric uncertainty non-dependent on the ensemble.
The global basis is built by changing the basis and delocalizing, i.e.,

L/ =D ({cp (L7)sp/} ) , (39)
p
where S” T is the symmetric square root of A /. Note that the change in basis induced by S /" is continuous {see;e-g

390 Nergeretal+(2042))(see, e.g., Nerger et al., 2012); thus, the delocalization operator does not need to include averaging or other

smoothing procedures to avoid discontinuities.
3.2.2 Local analysis

The localized version of the analysis step substitutes equations (19) and (20) by calculating, for each point p of the domain, the

local covariance matrix AP, i.e.,

a1l mTyrr—1 H T =1,
395 A" =T'W'T+L](Z;) (RY)” L) (Z), (40)

where RY is the I’ x I’ observation errer-uncertainty covariance matrix at the point p. This matrix can be extracted by R; !, but
it is convenient to increase the uncertainty at the points far from p (as-inNerger-and-Gregg(2007))—A-reasonable-choice-isa
polynomtal-weightfunetion-that-(as in Nerger and Gregg, 2007). A sound choice is to rescale by a function that is equal to 1 in

p and goes smoothly to zero out of the localization radius, e.g.,

o\
400 f(d):;lﬁ*li ((d,) 1) if d < d @1

otherwise,

with d being the distance from p and d; the localization radius. Equation (41) is the simplest (i.e., lowest order) polynomial

function with the required properties, but other options are viable (e.g., the fifth-order piecewise rational function of Gaspari and Cohn, 199
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Similarly to equation (3439) for local forecast, equation (23) becomes

405 L¢=D ({zp (£2) va“}p) : 42)

where S?** is the symmetric square root of AP

Finally, the analysis state «{ in equation (25) is instead estimated by

xl =z +D ({ﬁp (f,?) APeLH(z)" (R T L (yi - Yiw)}p) ' v

4 Experimental setup

410 The GHOSH filter has been tested in two-sets-of numericalexperiments-of differenteomplexity-Firstin-Seetion22;-a very large
set of twin experimentexperiments based on the Lorenz96 model (orenz{(1996) -aims(Lorenz, 1996) to evaluate the perfor-
mance of GHOSH compared with a second-order-second-order filter (SEIK). The Lorenz96 model, which has a chaotic be-

haviour that is comparable to the one of fluid dynamics equations at a largely lower computational cost, is a standard choice for

testing new data assimilation schemes {e-g-E

415 -

420

as-(e.g., Brajard et al., 2020; Fertig et al., 2007; Gt

In each experiment, the truth trajectory is provided by integrating the model for a fixed-certain time interval. Then, at regular
time intervals, observations of a subset of the system variables have been extracted by-from the fruth, adding a random error
to each of them to represent the observation uncertainty. The same set of observations is then used for two assimilation experi-

425 ments, one using the SEIK filter {as-ase as a second-order approximation filter Nerger
, and one using the GHOSH filter with fifth approximation order (i.e., h = 5, see Section 3). Both-the-filters-are-initializedfrom

The SEIK and GHOSH assimilation experiments are initialised with the the same initial condition, chosen randomly around
the truth initial condition. After an initial spin up of 10 time units, the skill of each filter is computed-by-averaging-evaluated

by computing, during the whole simulation, the root mean square error (RMSE) between the filter forecast and the truth before

430 the assimilation step. has-The RMSEs on

assimilated and non-assimilated variables have been evaluated for each filter. Then;-in-In order to produce reliable statistics,
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435

440

445

450

455

the same procedure has been repeated 56000-times-by-changing-90000 times varying the truth initial-conditions;-observations;
trajectory, the observations, the filters initial conditions and some filters hyper-parameters such as the ensemble size and the

forgetting factor.
4.0.1 ThelLorenz96-model
4.1 The Lorenz96 model

The Lorenz96 model (Lorenz(1996))-(Lorenz, 1996) is a dynamical system commonly used as a testing framework in data

assimilation. The state vector & = (x1,...,7x) € RY is evolved according to the system of differential equations given by, for
1<j<N,

dx;

= = @ —wye)zi —ay + F, “9

with periodic conditions, i.e., x_1 =xn_1, To = zx and xy4+1 = x1. In our implementation, the size of the state array—was
vector is N = 62 and the forcing term was-is I’ = 8, which is a common value used to generate chaotic behaviour.

The equations have been implemented in python and selved-numerically-numerically solved using SciPy’s solve_ivp routine
At time ¢ = 0, the state vector has been initialized by adding a small perturbation (x = 0.01) to the null solution = 0.
The
been integrated for 20 time units as spin-up, then, the following 1000 time units have been used as historical data to compute
the climatological mean and covariance (performing a PCA on 10000 snapshots taken every 0.1 time units). The model has
been further integrated for other 20 time units of spin-up, i o ire-i 40} 7601
trajectory of each one of these 4 blocks has been taken as reference in a set of twin experiments and referred as fruth—26;
truth—40-#ruth—60.-, In the same way, a longer block of 150 time units has been used as rruth—86 in a set of twin experiments
aimed to test long-run performances.

a-model has

4.1.1 Observations
4.2 Observations

Observations are generated for each truth-period{(truth—20 truth—40truth—60-truth—86)-trajectory by extracting from the

state vector --the values of the even indexed variables (i.e., 2,4, ...,Zg2) every At time units and adding to each observed
variable a random number sampled from a standard normal distribution (i.e., with variance equal to 1). Tests have been made
for At € {0.1,0.15,0.2,0.25,0.3}.
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460 4.2.1 Filterssetup

4.3 Filters setup

The same settings are used in both SEIK and GHOSH filters. The ensemble size was-is chosen among 7,15, 31 and 63 mem-
bers. The-initial-condition-

The initial conditions of the ensemble mean is chosen randomly around each-a truzh initial condition, adding a random Gaussian

465 noise with Omean-a are—-mean and same covariance
matrix as the climatological covariance of the Lorenz96 model (Section 4.1). The initial ensemble is sampled with each filter's
own sampling method (WSWW% for SEIK, WM h =5 for GHOSH),
setting the prior €
accordingly to the PCA approximation of the climatolgical covariance (i.e.,  principal components are taken into account if

470  the ensemble size is 7 + 1).

Both filters have-use the same forgetting factor (equation (32)), chosen among 6-76-756-8;6-85;6-9;6-95-0.5,0.55,0.6,0.65,0.7,0.75, 0.8,
and 1 (the last value describes a condition without inflation). The GHOSH filter is run without hybridization (Q; = 0) to keep
GHOSH and SEIK as similar as possible.

ecovariance matrix

The order of the GHOSH filter was fixed at h = 5, with s (i.e., the number of principal components approximated with order
475 h =) as big as possible, depending on the ensemble size. The-Hence, the values adopted for s are 2,3,4 and 5, respectively

for 7,15, 31 and 63 ensemble members.

Localization has not been applied, since the number of variables /N is relatively small and comparable with the ensemble size.
4.3.1 Experiments-design

166-

480 4.4 Experimental design

The twin experiments have been launched-performed in two phases, the first one for the 20-time-units-long rruzh trajectories
and the second one for the 150-time-units-long trajectory.
In the first phase, for each of the 4 truth-periods+(20-time-units-long truth—20 truth—40-truth—60truth—S0)-trajectories,
100 twin experiments have been launched for each of the 5 observation frequencies, 4 ensemble sizes and 7foergettingfactors
485 11 forgetting factors (for a total of 88000 twin experiments). Each of the 100 twin experiments has its own set of random
observations and initial conditions. Eaelﬂre*peﬂmeﬂHasf&%%rmeﬂﬂﬁ%@&ﬂHhe—ﬁufk ﬁmﬂ}aﬂeﬁsé—ﬂstﬂgﬁie—ﬁfs%half—fef
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44.1 GHOSH-=setup

520 Testname Order(h) Forgettingfactor(p) Foreeastfrequeney ctrl T-h2—rhol—d 2 THh3—rhod—d 3 T-h5—rhol—d 5THh2—rho0-9—-d

525

earried-out-to identify the best forgetting factor for each filter in each configuration of observation frequency and ensemble
size. Then, in the second phase, the 150-time-units-long truth trajectory has been employed in a set of 100 twin experiments for

each of three-different-maximumpelynomial-erde and-corresponding-numbers—s-of prinetpal-components-approximate

530

535
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575

580

585

590

595

600

seheme—observation frequencies and 4 ensemble sizes (for a total of 2000 longer twin experiments), using for each filter its
best forgetting factor in each configuration.

A A AAAANAA

5 Results

5.1 TwinExperimentFigure3-(a-andb)reportsthe20-time-units-long experiments

Figure 3 reports an example of evolution of the first 2-two variables (one assimilated and one non-assimilated) of the Lorenz96
model for the two filters (GHOSH and SEIK). The selected simulation out of 56066-88000 experiments shows that GHOSH
filter evolution is closer to truth evolution (black line in Fig. 3) than SEIK. As expected, the uncertainty of variable 2 (shaded

areas) of both filters is lower than in variable 1 because of the assimilation of observations in even variables. The RMSE

In order to be statistically reliable, the RMSE of the 56006-88000 experiments under different conditions have been computed

and reported in aggregated form in Fig. 4. Each small square reports the RMSE value computed over a set of 400 experiments,
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Figure 3. Results from one twin experiment example: ###h (blacktineris-#uth—60-time between observation (green dots) is 0.15, forgetting
factor is 8-80.6, ensemble size is 31. Shady areas around blue (SEIK) and ergange-orange (GHOSH) lines represent the ensemble standard
deviation, truth is the black line. From-top-to-bettomTop panel: time evolution of the first variable (non-assimilated); bottom panel: time
evolution of the second variable (assimilated): RMSE-along-time-based-on-all-the-assimtlated-variables;: RMSE-alongtime-based-on-a

which includes, for each of the four available truths, 100 experiments with different random observations and initial conditions.

Agoregating 400 experiments together reduces the outcome variability by a factor 20 (i.e., v/400) with respect to a single twin

The first 2-tines-of-color-maps-two rows of colour-maps refer to the SEIK filter observed-and-unobserved-assimilated and
non-assimilated variables. In each eetor-mapcolour-map, the time interval between assimilated observations increases from left
to right, while the different forgetting factor values decrease from top to bottom. The first line in each eelor-mapcolour-map,
labelled "best", represents the best resultobtained-between-alt-the-, in terms of lowest RMSE, obtained among the set of tested
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Figure 4. Result summary of 20-time-units-long twin experiments: each square in the eolor-maps-colour-maps represents the aggregated
results of 466-400 twin experiments, changing truth, observations and initial conditions. The results are summarized with eolor-maps
colour-maps aggregated in six different rows, from top to bottom: SEIK RMSE of assimilated variables, SEIK RMSE of non-assimilated
variables, GHOSH RMSE of assimilated variables, GHOSH RMSE of non-assimilated variables, the ratio of GHOSH RMSE over SEIK
RMSE of assimilated variables, the ratio of GHOSH RMSE over SEIK RMSE of non-assimilated variables (red color implies that GHOSH
is better than SEIK). Each column of eelor-maps-colour-maps has different observation frequency, with the numbers on the top indicating
the time elapsed between each observation/assimilation. Each eeler-map-colour-map shows different forgetting factors (Forget, along the y

axis) and ensemble sizes (EnsSize, along the x axis).
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Example of a single twin experiment, with SEIK (blue line) diverging behaviour: time between observations (green dots) is 0.15,

Figure 5.

factor is 0.6, ensemble size is 31. Values over time of a non-assimilated (top) and an assimilated (bottom) variable.

forgettin

forgetting factors. The color scale is capped to an RMSE of 4, the climatological standard deviation of the model, that represents

the threshold under which the filter performs a successful assimilation.
The GHOSH experiments are summarized in the same way in the 3rd and 4th linesrows of Fig. 4, while the last 2-tines-two

rows show the ratio between GHOSH and SEIK RMSE values, with red color indicating RMSE reduction of GHOSH with
respect to SEIK.
The column corresponding to the smallest ensemble size (i.e., 7 members) is not shown, since in this case SEIK and GHOSH

behave very similarly, showing-with very poor performances, due to lack of capability of describing the system complexity

with an overly small ensemble size Jn-these-conditions-the-GHOSHshowed-a—very-small-improvement-withresp o-SE

€0-3%)-
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The yellow 15-members columns also show poor performances in all configurations but, looking at the last two rows of Fig.
4, the GHOSH RMSE is significantly better than SEIK RMSE (red squares), specially for low values of forgetting factor. In
fact, while the GHOSH filter keeps the RMSE around the climatological values, the SEIK filter is more prone to numerical
divergence landing in trajectory far from the rruth (see Fig. 5 for an example of diverging behaviour).

Considering the cases with 31 and 63 ensemble members, the GHOSH filter produce a successful assimilation in almost all
configurations (except two yellow squares representing experiments without inflation in the case of observation interval smaller
than 0.15 time units). The SEIK filter instead shows a more limited capacity of producing a successful assimilation, as proved
by a larger number of yellow squares in Fig 4. Remarkably, the GHOSH filter with 31 ensemble members improves the state
estimation error compared to the climatological standard deviation of the model for every observation interval. The same is not
true for the SEIK filter, which achieves convergence (i.c.. RMSE lower than the climatological standard deviation, at least in
its best forgetting factor configuration) only for observation intervals shorter than 0.2 time units.

Looking at the last 2-two rows of Fig. 4, the GHOSH filter outperforms the SEIK filter in most conditions, up to a three-3 times
RMSE reduction. Furthermore GHOSH proves to be always at least as good as SEIK. The-In the range of explored forgetting
factors, the largest improvements (dark red, RMSE ratio 6-3+0.30) occur when: i) inflation is low (forgetting factor near to 1);
ii) large amount of information is injected into the assimilation scheme (i.e., high frequency observations, left side of Fig. 4);
ii) the filter can take into account a high dimensional errer-uncertainty subspace (i.e., the ensemble size is large).

On the other hand, the comparison of each filter tuned with its best forgetting factor (the "best" top line in each eeler
mapcolour-map) clearly shows that the GHOSH filter has considerably better performances than the SEIK filter (up to a RMSE
ratio of 6-430.44) with a moderate number of ensemble members (31). In case of maximum ensemble size the improvement is
still relevantsignificant but less intense (up to 8:9-0.90 RMSE ratio). Fhe-improvementis-ecomparablysmalup-to 7% in-the
In-general-itis-The first four lines of Fig. 4 makes evident that the GHOSH filter, compared to SEIK, is less dependent on
inflation, reaching its best performance with a forgetting factor closer to 1.

The skill of both the filters is closely related with the observations frequency: the shorter the time between observations, the
higher the accuracy.

Finally, as expected, for both the filters the skill is better on assimilated variables than non-assimilated ones but, quite interest-

ingly, the RMSE reduetions-of GHOSH-with-respectto-SEH areratio shows that the GHOSH advantage over SEIK is slightly

larger in the-unoebserved-variables-all the non-assimilated variables compared to the assimilated ones with the same settings
(up to 6-06-0.08 RMSE ratio improvement s-frem-0-67-in the best forgetting factor configuration, from 0.69 for assimilated to

0.61 for non-assimilated variables).

5.2 150-time-units-long experiments

28



Obs Frequency

0.1 0.15 0.2 0.25 0.3
Assimilated
Non-assimilated
vy @ N vy @ vy @ SO
EnsSize EnsSize EnsSize EnsSize EnsSize
1 2 3 4
SEIK RMSE

Assimilated
Non-assimilated

NS @ NS NS vy @
EnsSize EnsSize EnsSize EnsSize EnsSize

2
GHOSH RMSE

Assimilated
Non-assimilated
A Yy @ A A M S

Y% %
EnsSize EnsSize EnsSize EnsSize EnsSize
0.5 0.6 0.7 0.8 0.9 1 2
RMSE ratio

Figure 6. Result summary of 150-time-units-long twin experiments: each square in the colour-maps represents the aggregated results of 100

twin experiments, changing observations and initial conditions. The results are summarized with colour-maps aggregated in 3 different rows

from top to bottom: SEIK RMSE, GHOSH RMSE, ratio of GHOSH RMSE over SEIK RMSE (red color implies that GHOSH is better than

SEIK). Each column of colour-maps has different observation frequency, with the numbers on the top indicating the time elapsed between

each observation/assimilation. Each colour-map shows, for assimilated and non-assimilated variables, different ensemble sizes (EnsSize

along the x axis).
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Similarly to the case of the 20-time-units-long twin experiments, the results of the 150-time-units-long tests are summarized in
Fig. 6. Each small square reports the RMSE value computed over a set of 100 twin-experimentsH)-of-the-SEHfiltersometimes

arelevantimpacton-a-colour-maps correspond to different time intervals between observations, increasing from left to right.
Each colour-map shows, for assimilated and non-assimilated variable; namety-the-nitratevariables and for different ensemble
sizes, the RMSE of the SEIK filter. The RMSE of the GHOSH filter is represented in the same way in the middle panel, while
the ratio of the GHOSH RMSE over SEIK RMSE is shown in the bottom panel.

The longer experiments confirms the result obtained by the shorter ones, with GHOSH performing better the SEIK in every.
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695

700

improvement is maximum (0.51 RMSE ratio) in the case of 31 ensemble members. Both filters show poor performance at 15

705 or less ensemble members, and both of them achieve a good convergence at the maximum ensemble size. In the case of 31
ensemble members, the behaviour of GHOSH and SEIK differs when the observation interval is 0.25 time units or longer,
with GHOSH achieving a successful assimilation (blue-green color) while SEIK performs worse than the climatological error
(yellow colon).

710

715

720 5.2.1 Nautrients
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The-effeet-of PA-onlong-run experiments also confirm that the improvement is slightly larger for non-assimilated wvariables

725 imilati —h5— -O—d (bottom) variables than for assimilated ones, scoring a better RMSE ratio (maximum ratio
improvement of 0.05) in almost all configurations.
The SHerdi ol | . .

5.3 Computational cost

From the computational point of view, the whole experiment set needed around 9 computational hours. SEIK and GHOSH
730 schemes used 12% and 16% of the total time respectively, while the DA-and-the-controlruns-show-the-effects-of-the-assimilation

the-nitrate-coneentrationsrest was committed to model integration. The GHOSH filter executes more operations than SEIK

735 .g., an eigenvalue decomposition) resulting in more computational time even if the asymptotic computational complexity of
the two methods is the same (Section 3.1.6). However, these-effects-do-not-degrade-the-typical-vertical-distribution-ef nutrients
740

5.3.1 Uneertainty-estimation

freven in the case of a relatively simple model like the Lorenz96, the time to solution is dominated by the model integration
and the difference between GHOSH and SEIK only accounts for 4% of the total time. Unexpectedly, the model integration
745 time (averaged every 100 twin experiments) when applying the SEIK filter sometimes is longer than the GHOSH filter case,
up to twice the time, depending on some settings and random factors. This difference in computational time is more evident
and occurs more often when the forgetting factor is lower (i.e., a-weighted-ensemble is-used-to-estimate-the uneertainty-of
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eomputational-time—when the inflation is more pronounced). The reason can be understood by looking at Fig. 5: in this
experiment with forgetting factor equal to 0.6, the SEIK filter presents an unstable and diverging behaviour. When it happens,
the SciPy’s solve_ivp integrating routine reduces the time step size for granting the required accuracy, which comes with longer

6 Discussion

The name “Gauss-Hermite high-order sampling hybrid filter” was chosen to indicate the two main features of this novel filter.
First, it is a hybrid filter, in the sense that the errer-uncertainty covariance matrix is obtained by averaging the ensemble co-
variance and a background-error-covarianee-matrix-parametric covariance matrix non-depending by the ensemble, as described
in ssi : ), e.2.. Carrassi et al. (2018). Second, it exploits a novel sampling method based on a Gauss-Hermite-like
quadrature rule to reach an arbitrary high (depending on the ensemble size) polynomial order of approximation.

The latter feature introduces, to the best of our knowledge, a completely new class of DA algorithms with an order of

approximation higher than 2. The advantage of moving to a higher order of approximation has previously been documented in

the literature, in particular Nerger-et-al(2005)-Nerger et al. (2005) compares order 1 algorithms (e-g-SEEKPham-et-al-(1998)
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785 )(e.g., SEEK Pham et al., 1998) and order 2 algorithms {e-g-—SEHK—Pham-(1996))(e.g., SEIK Pham, 2001). Results of Sec-
tion 5 confirm the expected benefits of the high-order-high-order sampling adopted in the GHOSH filter. In particular, in

the Lorenz96 idealized and controlled conditions, the novel method outperforms (up to 3-times-better-70% lower RMSE)
a typical seecond-order-second-order method like SEIK and features higher stability and better performances. At-the-same

790

795 Thanks to the large number of settings tested in the Lorenz96 twin experiment, it is possible to suggest the conditions
where the GHOSH filter considerably increases the assimilation skill and reliability. Concerning the ensemble size, the larger
improvements occur when the dimension of the errer-uncertainty subspace spanned by the ensemble is big enough to be repre-
sentative. In-other-weords;+1f the number of ensemble members is too small, the assimilation simply fails independently from

800 the SEIK error. Moreover, it has been shown that the GHOSH increased accuracy reduces instabilities and numerical divergence
in our Lorenz96 implementation (Fig. 5). This aspect is consistent with the fact that a higher order of approximation helps to
manage non-linearities (Nerger-et-atk2005))(Nerger et al., 2005). GHOSH filter showed a lower need for inflation with respect

to SEIK, removing one of the instability causes observed in the twin experiment (Section ??)-Together-with-the- GHOSH’s-5).

113 i2)

The lower need of inflation ;-the-hybridization-adepted-in-the 3D-application-prevented-the-“collapse-into-the-mean™effeet-(no

805

also seen as a GHOSH improved capacity to take into account non-linearity. Indeed, non-linearity typically introduces errors
that are not considered by ensemble filters, which needs inflation to compensate for this uncertainty covariance underestimation
see e.g., Raanes et al., 2019; Bocquet et al., 2015; Rainwater and Hunt, 2013). Finally, the GHOSH filter could remarkabl

erform a successful assimilation even when the SEIK filter is failing due to observation sparsity.

810 Even if a large number of settings have been tested in the twin experiments, other Lorenz96 literature applications (see e.g., Brajard et al.

tested ensemble DA methods applying different conditions and strategies. In particular, longer time series, different observation
operators or different state vector dimensions have been considered. The shorter time series in the first experiment phase in
the a D ;5 ... ha hanafin~g affa O Main 11ARo o onable nread—even—watho he oroettinge A
ti—e~p=Hpresent work (Section 4.4) are motivated by the aim to focus on comparing DA convergence in the phase
815 after the assimilation and not on long-term convergence. Thank to this approach, our results provide information for possible
GHOSH applications in realistic applications in geoscientific operational simulations. In this framework, the shown initial fast
convergence of the GHOSH filter is strongly beneficial to improve the simulation accuracy on temporal scales of interest.

34



820

825

830

835

840

845

850

features a resampling taking place twice per step. Ensemble
Kalman-like filters usually adopt an interpolation strategy by applying the observation operator directly to the X/ ensemble
the model evolution (see equation (28)). However, chlerophyll-and-phesphate RMSDs-are-not-substantially

of the states after

strategy might lead to inaccurate estimations because the covariance matrix Q; of equation (31) is not taken into account in the

interpolation. For this reason, if ¢); is not zero, GHOSH applies the observation operator to a new ensemble, bigger-)-would

a—1d atrta V

Jresampled between the forecast and analysis phase (Fig. 2). In this way, Q; is taken into account and, especially in the case of
anonlinear observation operator, the high order of the sampling method is exploited to improve the accuracy of the projection
into the observation space (as in Part 2 Spada et al., 2024).

The statistical moments 4 in equation (1) are key hyper-parameters that describe the uncertainty pdf moments for orders
higher than 2. In our experiments we used the moments of a Gaussian distribution, but it is worth noting that the GHOSH
algorithm does not enforce this choice and other pdfs could be used. However, Kalman filter’s analysis equations somehow
prescribe a Gaussian approximation, thus the GHOSH filter keeps a link to Gaussianity, even if the GHOSH sampling does not.
Interestingly, other filters, like Hodyss (2011), try to overcome this limitation and could represent good candidates to study the

effects of a non-Gaussian GHOSH sampling.
The scaling matrix A; used in the sampling procedure plays a-—relevant-an important role in the filter, since A; defines

how variables are compared to each others in the computation of the state—error-most relevant components of the state

uncertainty (Equation (7)). In the Lorenz96 case, it is straightforward to set A; equal to the identity matrix, since each vari-

s S arhy-to-scalings S s
Peoveraand-PelHaReossa(2042);-more complex applications, A; i
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methods,Feruzzi-etak{2614))—should be carefully designed to focus on the variables relevant for the processes of interest

(see also Spada et al., 2024, for a non-identity A; and further discussion).
In the present implementation, the GHOSH filter derives the uncertainty subspace basis (equation 17) using a T matrix
(equation 18) inherited by the SEIK filter. This is an advantage from the computational point of view, but ensemble members
860  after the resampling may be very different from the original ensemble. For this reason, in some applications issues can arise, for
instance, in the case of the physical balance constraints. As a solution, Nerger et al. (2012) propose a filter (the error subspace
transform Kalman filter, ESTKF) that minimizes the differences after the resampling procedure, and such approach can also be
applied to the GHOSH filter algorithm by choosing an opportunely designed 'T' matrix. On the other hand, a GHOSH filter built
with the ESTKF approach would present an additional complexity layer, since the T matrix should change at every forecast
step. Given the additional complexity of the ESTKF a

vector does not strongly need to preserve specific non-linear constrains; ii) Nerger et al. (2012) showed that, in Lorenz96, SEIK

with random rotation (adopted also in GHOSH) results to be as good as ESTKF; in the present work we limited to adopt a
GHOSH filter that relies on a SEIK-like T’ matrix.

865 roach and considering that: i) its effects are less important if the state

Compared to other ensemble filters, the key feature of the GHOSH filter is the higher polynomial order of its sampling

870 method. The advantage of a higher order is not limited to a better estimation of the mean state (Appendix A) but it extends
to the covariance matrix of the errer-uncertainty probability distribution. In fact, the polynomial order in the estimation of the
covariance matrix is half the order of the mean (not shown). Since the covariance matrix is involved in the state estimation, the

more accurate GHOSH results shown in Section 5 can be partly related to an improvement in the errorecovariance-matrix-order

875

880 1 i INRT s _th

Similarly to other ensemble filters, a weighted ensemble is used in the GHOSH filter. However, the GHOSH filter differs sub-
stantially from the particle filter (Boequetetal(20+6))-and-(e.g., van Leeuwen et al., 2019) and from other types of weighted
ensemble filters, since-the-latters-evolve-the—value-of-e.g., Hoteit et al. (2008) and Stordal et al. (2011). In the listed filters,

885 weights (representing likelihood) change over time, while particles remain the same (and strategies are applied to resample the particles wh
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tvan-Leeuwen etak (2010 )eanbe-avoided-because those weights have specific desired properties that help reduce the error of
the mean estimation. In this, GHOSH has similarities with the nonlinear ensemble transform filter (Todter and Ahrens, 2015),
which does a resampling to keep the weights constant but with uniform weights and a second-order sampling procedure.
FinattyFinally, the computational complexity of the GHOSH filter (Section 3.1.6) is comparable to second-order deterministic
filters (e.g., SEIK, ETKF). The computational cost, as in most ensemble methods, fhe—eempufd&em}eest—ef—fh&GHQSH—ﬁkef

mainly depends on the ensemble size(Nerg

, which multiplies the most demanding model
integration cost (e , Nerger et al., 2005). Hence, the computational cost of the GHOSH filter is no more a concern than in
other erder2-second-order data assimilation schemes(5, affecting the total computational time only by a 4% even in the case

of the simple Lorenz96 toy model implementation (Sectlon 5.3). The benefits of the higher order offered by the GHOSH fil-
hey-rely on a mathematical advantage with limited impacts on

computational effort. In fact, the GHOSH allows the exploitation of the degrees of freedom in the randomness of the sampling

process, choosing ensembles that have a better consistency with the errer-uncertainty distribution.

7 Conclusions

This work presented a novel ensemble hybrid DA filter (GHOSH). The GHOSH filter features a higher order of approximation
compared to other ensemble filters, which resulted in better data assimilation performances.
The order of an ensemble method is one of the most relevant proxies of a filter skill. In fact, the order 2 schemes (e.g., SEIK,

ETKF, ESTKF) are peferred-preferred nowadays to older order 1 methods (e.g., SEEK). This study represents a natural further

step in this direction, opening to a new class of data assimilation schemes with order greater than 2.

filter-tuned-with-its-optimal-forgettingfaetorWhile increasing the order usually involves increasing the number of ensemble
members (and consequently the computational cost), the GHOSH filtershowe it

approach keeps the same computational complexity and number of ensemble members as SEIK or ETKF and exploits the

advantage of a higher order only where the approximation errors are larger.
The feasibility of the GHOSH filter in a realistic geophysical application has also been assessed in a companion paper

Spada et al., 2024) by testing a 3B-3D parallel implementation of a Mediterranean physwal blogeochemlcal model. Fhe
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The outstanding improvements of the GHOSH filter with respect to the SEIK filter are demonstrated in an extensive
set of twin experiments based on the Lorenz96 model. The GHOSH filter showed improved capacity to take into account
non-linearities by a lesser need of inflation with respect to SEIK, along with the remarkable capability of performing a
successful assimilation even when observation sparsity was producing a SEIK failure. In every configuration, the GHOSH
filter proved to be as demanding-as-the-SEHK—-given-thatthe-computational-costis-dominated-by-the-integration-of-the-mode
and-by-the-ensemble-sizegood as SEIK or better, reaching up to a 70% RMSE reduction with respect to SEIK when tuned

with the same forgetting factor. Considering each filter tuned with its optimal forgetting factor, the GHOSH filter significantl
its best RMSE reduction (54%) in the setting with moderate

improved the assimilation skill with respect to SEIK, achievin

ensemble size (31 members).

Code availability. A GHOSH python implementation is available from the GitHub page: https://github.com/Sword-Code/PythonDA under
the licence GNU GPLv3. The exact version used to produce the twin experiment results and the related plots (Section 5) is archived on

Zenodo (https://doi.org/10.5281/zenodo.12960765).

Appendix A: High-order sampling

Sampling a limited number of ensemble members that effectively represent the uncertainty of the state estimation is a crucial
part of any ensemble algorithm. The GHOSH filter uses multi-dimensional Gauss-Hermite-like quadrature rules to choose the
ensemble members, achieving a high polynomial order of convergence.

The core idea behind the GHOSH sampling can be proved by taking two independent random variables with the same

moments up to a certain order h. ThenThus, they have the same mean after applying any polynomial operator of order h. In

fact, given a probability density function (pdf) p : R® — R, if F : R® — R is a polynomial operator such that
h s ) )
J—_-(w):Z Z fgl,...yﬂile,”xj&’ (A1)
£=0j1,....Je=1
where s is the space dimension, fg 18 are the polynomial coefficients and z1, ...,z are the coordinates of x, then the mean
ﬁ?
h . .
F= /.F(:c)p(:c) dx = szl’”"jf:l;l:l s Z ngl’”"]& /acjl xjep(x) de, (A2)
Rs £=0 j€:1 Rs

depends only on the first » moments of the probability-densityfunetion—pdf p, which are represented by the last integral in
equation (A2).
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This proves that the mean of an operator can be computed exactly up to a certain order h by substituting the sampled
probability distribution with any discrete finite probability distribution (i-e=-such as a weighted ensemble) as long as their
moments match (up to order h).

In order to build an ensemble with this property, the moment-matching equations are summarized in-by the nonlinear system

r+1
E Ijl,m"'zjg,mwm :#jh.“,jg; (A3)
m=1

with one equation for each ¢ € {0,...,h} and for each ji,...,jc € {1,...,s}.

In system (A3), #7is-thej-th-2; ,, is the j" coordinate of the #-th-m" ensemble member, r + 1 is the ensemble size, w,, >0

are the weights and p1;, je are the statistical moments of p, i.e.,

Hji,.de :/le ~~xj5p(zc)da:. (A4)
RS

The system is solved considering %7 ,, and wy, as the unknowns, while p can be taken uncorrelated, normalized and with
. . . <7 _ (.m <7 _ ) . . . .

0 mean without loss of generality. In fact, the ensemble matrix HJ—}WL (which contains in its columns the

ensemble members with 0 mean and covariance matrix equal to the identity matrix I5) can be transformed in the ensemble

matrix X with arbitrary mean & and covariance matrix LL” through the projection
X =21« (1) +LX, (AS)

where 1, (-41) is a matrix (of the subscripted size) filled with ones.

In the special case of the standard normal distribution, i.e., p(z) = N (x,0,L), the moments s, .. ;. are given by

/xlkl cexF N (2250,15) de = 0 (A6)

RS
if any exponent k; is an odd number, or

Ky ! k!

k1 ks . _
/xl s N (250,1) doe = — e — (A7)
1k s (ke
re V2l () V2T ()
otherwise. Further, the solutions ﬂz%r ;.m.and w,, are the nodes and weights of the Gauss-Hermite quadrature rule.
In general, by applying to system (A3) the substitution
Wm = Um2a
um,j (AS)
Tjm = y
U
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the weights are naturally forced to be positive, and the system can be conveniently rewritten as

r+1

) ) 2-§ _ . .
E Um,j1 " Um,je Um = Hjy,.ges (A9)
m=1

which, in the case of order h = 2, can be expressed in matrix form as

T

v Q" v Qb =1, (A10)

where v € R"*! is the column vector with coordinates v,,, and Q7 is an (r+1) x s matrix with coordinates %
Note that equation (A10) can be solved for any unit vector v and for any value of s < r. If constant weights are chosen and
s = r, then this method is equivalent to the second-order exact sampling of the SEIK filter Pham-1+996))(Pham, 2001), which

leads to, in the formalism of equation (AS),
_ T x7r— 1
X:CB]llx(r+1)+LQ W 27 (Al])

where W = diag (w) is the (r 4+ 1) x (r + 1) diagonal matrix of weights.

In general, if h > 2, s must be lower than 7 to obtain a solution to system (A9). The obtained s-dimensional ensemble can
be extended to an r-dimensional one: its projection on the s-dimensional subspace defined by the first s coordinates will retain
order h, while the remaining components are sampled with order 2. This is achieved by starting from v and Q", given by a
particular solution of system (A9). Then, exploiting symmetry and rotational invariance, randomness is added to avoid biases
by multiplying " by any random s x s orthogonal matrix 2%, Finally, the (r + 1) x (r — s) matrix 2 is chosen to fulfil

T

v QhQrnd Q-+ v QhQrnd Q-+ =T, (A12)

A procedure for randomly building or completing orthogonal matrices is described in Appendix B.

The sampling matrix €2 is defined as
Q- QhQrnd 0L ) (A13)

Now the columns of Mmepresent an r-dimensional ensemble of order A in the first s coordinates and order

2 in the last r — s coordinates. Equation (A11) needs to be modified to properly project the higher order subspace in the
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mestrelevant-principal components of the covariance matrix LLT . J-ean-be-proved-that sueh-Such components, ordered by

relevance, are the column of the matrix LCT, where Cisar x r orthogonal change-of-basis matrix such that
LTA 'L =CTEC. (A14)

In the last equation, the right-hand side is an eigenvalue decomposition of the left-hand side, with £-E being an r X r diagonal
matrix of eigenvalues in descending order and A being an appropriate N X N matrix. The purpose of A has already been
discussed in Section 2.2.

After-the The cigenvalue decomposition is performed to produce a PCA of the uncertainty represented by the ensemble. In

fact, the C matrix induces a change of basis induced-by-C-the-mostrelevant-components-such that the principal component
are on the left side of the matrix product £& L whieh- LC . This is compliant with the ensemble stored in QT HW =207 W 2,

and the sampling is finally obtained by

X =21y, (ps1) + LCTQY W3, (A15)

Appendix B: Orthogonal matrices

The GHOSH sampling algorithm requires to randomly generate orthogonal matrices, as in the case of 27", or to complete a
set of orthonormal vectors to form an orthogonal matrix, as in the case of 2 (equations (4) and (A12)). Algorithms to extract
such matrices have been discussed in literature (¢.g., Pham, 2001; Nerger et al., 2012). Here we propose the algorithm that we
have implemented in the provided python code. .

Givenam x (m — ) matrix 2, the columns of witch are a set of (m — s) orthonormal vectors in R, we want to randomly
sample am x s matrix 2, such that the 1 x m matrix €2 defined as_

Q:= Q= ot (BI)

is an orthogonal matrix.
To do so we proceed in an iterative way, building Q-+ column by column. Thus, the problem reduces to producing a random
vector w € R™ orthonormal to the columns of a given £2—. This can be done through the following steps:

1. extract a random unitary vector u € R™, i.e.:

(a) generate a column vector v € R™ by extracting m random numbers from a standard normal distribution (i.e.,
0-mean and unitary variance), one for each coordinate of v;

. v
(b)wawhzsvmtowggtyw
vv
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2. decompose u = u= + u', with the first term laying in the subspace generated by the columns of Q= and the last term
in its orthogonal subspace, i.e.:

1020

ut

3. normalize ut to obtain w = .
(ut)” ut

The vector w has unitary norm and it is orthogonal to Q= as u~L. The next columns of Q-+ are computed in the same manner.
after adding w as a new column of 2=

This algorithm also covers how to generate a random orthogonal matrix from scratch. In fact, if s = m, then = Q1 and the

1025 first computed column of Q= is w = u’ = u.

Appendix C: Examples

The aim of this appendix is to help the reader understanding the concept of h'"-order of approximation by presenting some

simple examples of ensembles with a certain order of approximation /. The examples are organized by the space dimension 7.

In all the examples the ensemble members, noted as Py, Ps.. .., are points of R”, and the target pdf, the moments of which
1030 are matched up to order /, is the standard normal distribution._

C1 Dimension1 (r = 1)

The target pdf is the one-dimensional standard normal distribution A/ (z:0,1). According to equations (A6) and (A7), the
moments characterizing the pdf are:

- the first moment (mean): /1 = 0,
1035 - the second moment (variance): p1,2 = 1,

— the third moment (skewness): y1,3 =0,

— the fourth moment (kurtosis): j1,1 =3,

— the fifth moment: u,s =0, ...

C1.1 Second-order ensemble (h = 2) with 2 members

P1 X = 1,
1040 (C1)
P2 . T = —1.
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The ensemble first moment (mean) is:

(1+(=1))=0. (C2)

N[ =

1
3 (1 +x2) =

The ensemble second moment (variance) is:

(1+1)=1. (C3)

[N

(1 +2%) =

N =

1045 Thus, the ensemble P;, P> matches the moments of the target pdf up to order 2.

C1.2 Third-order ensemble (h = 3) with 2 members

The present example uses ensemble (C1) of the previous example.
In one dimension, the ensemble of order 2 is also an ensemble of order 3. The same does not happen for higher dimensions.
The ensemble third moment (skewness) is:

1 1

1050 §(3313+a;23) :5(1+(—1)):0. (C4)
Thus, the ensemble P, P> matches the moments of the target pdf up to order 3.
C1.3 Fifth-order weighted ensemble (h = 5) with 3 members

P z=V3 w=

Pg: .’L‘QZ—\/g, W = =3 (CS)

P3: .13320,

g

9

|
WD D~ D]~

The ensemble first moment (mean) is:

1 1 2
1055 w1m1+w2x2+w3m3:6-\/§+6«(f\/§>+§-020. (C6)

The ensemble second moment (variance) is:

1 1 2
w1x12+w2$22+w3$32:6-3+6-3+§-0:1. (C7)

The ensemble third moment (skewness) is:
2

1 3 1 3
w1x13+w2x23+w3x33:6-\/§ +8~<7\/§) +§~0:0. (C8)

1060 The ensemble fourth moment (kurtosis) is:

1 1 2
w1$14+w2$24+w3$34:6-9+6-9+§-0=3. (C9)
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The ensemble fifth moment is:_

1 1 5 2
w1w15+w2$25+w3x35=6'\/554—6- (_\/5) +§-0=0- (C10)

Thus, the ensemble P, P>, P3; matches the moments of the target pdf up to order 5.
1065 C2 Dimension 2 (r = 2)

The target pdf is the two-dimensional standard normal distribution A/ (z:0.1I5). According to equations (A6) and (A7), the
moments characterizing the pdf are:

- first moments:_

— first moment associated to z (i.e., the mean along ) is: p, =0,
1070 — first moment associated to ¥ (i.e., the mean alon is: py, =0

— second moments:

— second moment associated to 22

i.e., the variance along x) is:

- second moment associated to 4 (i.e., the variance along v) is: 1,2 = 1,
— second moment associated to xy (i.e., the covariance between x and v) is: =0

1075 — third moments:

— third moment associated to x° is: u,s =0,
— third moment associated to 2y is: fi,2, =0,
2 .

— third moment associated to zy~ is: 2 =0,
— third moment associated to y° is: 1,3 = 0,

1080 — fourth moments:

— fourth moment associated to 2 is: y1,4 =3,
~ fourth moment associated to %y is: 11,3, = 0.
~ fourth moment associated to 2%y? is: 11522 = 1.
~ fourth moment associated to oy is: 1158 =0,
1085 ~ fourth moment associated to y? is: s =3,

- fifth moments:

fifth moment associated to z° is: fts = 0.
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— fifth moment associated to z*y is: pz4, =0

— fifth moment associated to 232 is: 3,2 =0,

1090 — fifth moment associated to 22> is: 12,3 = 0,

— fifth moment associated to zy? is: f15,4 = 0

— fifth moment associated to v° is: 11,5 = 0, ...

C2.1 Second-order ensemble (h = 2) with 3 members

3 V2
Py (z1,m) = (\/;—2>;
PQZ (.13273/2): <—\/§’—\é§>’ (Cll)

Ps3:  (x3,y3) = (0,\/5) .

1095 This ensemble has the shape of an equilateral triangle. It is one of the most common second-order ensembles sampled b

deterministic sampling methods like SEIK’s second-order-exact sampling (Pham, 2001).
The ensemble first moment associated to x (i.e., the mean along ) is:

;($1+$2+$3):;<\/§+ <—\/§>+0> =0. (C12)

The ensemble first moment associated to v (i.e., the mean along ) is:

1 1 2 2

1100 —(y1+y2+y3) = —£+ —i +v2 ) =o0. (C13)
3 3 2 2
The ensemble second moment associated to z? (i.e., the variance along z) is;
1 9 9 9 1/3 3
— == =+= =1. 14
3(x1 + 297 + 257) 3<2+2+0> (C14)

The ensemble second moment associated to y2 (i.e., the variance alon is:

1, 5 o o 1/1 1
= == (z+z4+2)=1 1
3(y1 +y2® +y3?) 3<2+2+> (C15)

1105 The ensemble second moment associated to xy (i.e., the covariance between x and y) is:

%($1y1+$2yz +x3y3) = % ( g (—?) + <— 2) : (—?) —&-0-\6) =0. (C16)

Thus, the ensemble P4, P, P3 matches the moments of the target pdf up to order 2.

Observe that any symmetry or rotation applied to this ensemble (i.e., applying an orthogonal transformation to the members
preserves its order.

45



1110

1115

1120

1125

1130

C2.2 High-order sampling ensemble with 3 members, h — 3 along the first dimension

The present example uses ensemble (C11) of the previous example.

This particular second-order ensemble has order 3 along the x-axis. In general, this is no longer true if you apply any rotation

or symmetry) to the ensemble.

The ensemble third moment associated to 2% is:

3 3
L, 5 4 a1 3 3
g(gcl ) +:z:3)=g ( 2) +<— 2) +0] =0. (C17)

Thus, the ensemble P, P5, P3 matches the moments of the target pdf up to order 3 along the z-axis, and up to order 2

elsewhere.

C2.3 High-order sampling ensemble with 3 weighted members, h = 5 along the first dimension

Py ($17y1):(\/§7*\@>, wy =
P, ($2,y2):(*\/§,*\/§), wa =

P3 : (9537y3) = (07 \/§> ) w3 =

(C18)

Wi ==

2

Compared to the previous example, this ensemble uses weighted members to achieve a higher order of approximation (5 insted

of 3) along the z-axis. In fact, looking at the x-coordinate of the ensemble members (i.e., projecting on the x-axis), it results

in the same ensemble as (C5). Thus, it only remains to verify the moments involving also the y direction.

The ensemble first moment associated to y (i.e., the mean along ) is:

1 1 2 2
w1y1+w2y2+w3y3:6-(—\@)+6~(7\/§)+§-§:0. (C19)

The ensemble second moment associated to y2 (i.e., the variance alon is:

=1. (C20)

| =

w1y12 + w2y22 + w3y32 =

The ensemble second moment associated to xy (i.e., the covariance between x and y) is:

Thus, the ensemble Py, P5, P35 matches the moments of the target pdf up to order 5 along the z-axis, and up to order 2

elsewhere.
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C2.4 Third-order ensemble (h = 3) with 4 members
Py ($17y1)2<\/§ao);

Py: (72,y2) = (—\/5,0> ;

P3 . (1’37y3) = (Oa\/i) ;

P4: (1‘4,y4): (037\/§>

This square-shaped ensemble uses 2 members to achieve the third-order.
The ensemble first moment associated to z (i.e., the mean along ) is:

The ensemble first moment associated to y (i.e., the mean along ) is:

(y1+yz+y3+y4):i<0+o+ﬁ+(—ﬁ)) =0.

| =

The ensemble second moment associated to 2 (i.e., the variance along z) is:

1
(21 + 22° + 237 + 247) :1(2+2+0+0):1.

A~

The ensemble second moment associated to y2 (i.e., the variance alon is:

(04+0+2+2)=1.

o~ =

1
1 (y1* +u2” + s’ +wa®) =

The ensemble second moment associated to xy (i.e., the covariance between x and y) is:

i(x1y1+xzy2+x3y3+x4y4) = i (\/§-O+ (f\/i) 04+0-v240- (—\/ﬁ)) =0.

The ensemble third moment associated to 2% is:
1 3 3 3 3 1 3 3
Z(xl +X2” +x3° + x4 ):i (\/5) +<_\/§) +04+0|=0.

The ensemble third moment associated to 2y is:

| =

The ensemble third moment associated to zy? is:

1 1
1 (@ ® - w2y2® +wgys® +rays®) = 5 (\/§~0+ (—x/i) ~0+0~2+0~2) —0.

47

1
(1;12y1 +x22y2+x32y3+x42y4) =1 (2~0—|—2~0—|—0~\/§+0- (—\[2)) =0.

(C22)

(C23)

(C24)

(C25)

(C26)

(C27)

(C28)

(C29)

(C30)
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The ensemble third moment associated to y* is:

i (2% + 2% +y5° + 0®) = % (0+0+ (f?)g + (\@)3) —0. (C31)

Thus, the ensemble P4, Py, P3, P, matches the moments of the target pdf up to order 3.

C2.5 Third-order weighted ensemble with 4 members, fifth-order along the first dimension

1

Pl: ('rhyl):(\/gvo)a wl_év

1

P2: ('r27y2):(7\/§a0>7 wQ*év
3 1 (C32)

P3: ($37y3): <Oa\/;>a w3_§;

3 1
PS: (l‘g,yg): (Oa 2)7 w3:§~

This ensemble extends ensemble (C5) to two dimensions. In fact, looking at the x-coordinates, it results in the same ensemble

as (C3) after summing the weights of P; and P4 collapsing in the same point on the z-axis. Differently from ensemble (C18),
which also extend ensemble (C5), it achieves order 3 by using 4 members instead of 3. This is not considered a high-order
sampling ensemble, since high-order sampling produces ensembles with 7 -+ 1 members, as in the case of ensemble (C18).
Since the moments along the z-axis are already checked for ensemble (C5), it only remains to verify the moments involvin
the y direction.

The ensemble first moment associated to y (i.e., the mean along y) is:_

1 3

1 1 3 1
=2 04+=-04+=-/24=.[=/2 ) =0. C33
WY1 + waY2 + W3y + Waya 6 + 5 + 3 \/;4- 3 < 2) (C33)

The ensemble second moment associated to 42 (i.e., the variance alon is:

w1y + way? +w3ys® +ways® =~ 04+~ -0+ + =1. (C34)

o w
N W

| =
| =
w\'>—l
w\'>—u

The ensemble second moment associated to xy (i.e., the covariance between x and v) is:

1 1 1 3 1 3
wlxlyl+w2x2yg+w3x3y3+w4x4y4=6-\/§-O+6~(—\/§>-0+§-0- 2+3'0-<— 2>=O. (C35)
The ensemble third moment associated to 2y is:

1 1 1 3 1 3
w1x12y1+w2x22y2+w3x32y3+w4x42y4:6~3~0+6-3~0+§~0- §+§0 (— 2) =0. (C36)

48



1170

1175

1180

1185

The ensemble third moment associated to zy? is:

1 1 1 3 1 3
w1 T1Y1% + WaTays® + wazays® + warsys® = 5 V3.0+ r (—\/§> 0+ 3 -0- 3 + 3 -0- 3= 0. (C37)
The ensemble third moment associated to y° is:
1 1 1 3 ’ 1 3 ’
3 3 3 3_ 1 1 1 B O S
w1Y1” + ways” + wsys” + ways” = G 0+ 5 0+ 3 ( 2) + 3 ( 2) 0. (C38)

Thus, the ensemble P, Po, P3, P, matches the moments of the target pdf up to order 5 along the x-axis, and up to order 3

elsewhere.

C2.6 Fifth-order weighted ensemble (h = 5) with 7 members

1
Pl' (xluyl):(\/g,l)’ wl:ﬁ’
1
P2 . (.23273/2): (\/57_1)) We = E’
1
Ps: (3337213):(—\/5,1), wy =
1
| T T C39
Py (24,y4) ( V3, 1)7 Wy 5 0
1
Ps:  (w5,y5) = (0,2), ws = =
1
Ps: (z6,y5) = (0,-2), we =
1
5

P;: (z7,y7) =(0,0), wy =

This hexagon-shaped ensemble uses its 7 weighted members to achieve the fifth-order. Looking at the z-coordinate of the
ensemble members (i.¢., projecting on the z-axis). it results in the same ensemble as (C5) by summing the weights of points
The ensemble first moment associated to z (i.¢., the mean along z) is:

1 1 1 1 1 1 1
- . . I I . . Z.0=0. C40
wiT1 +waTs + . wrwr = 1o \/§+12 \/§+12 ( \/§>+12 ( \/§)+12 0+ 0450=0 (C40)
The ensemble first moment associated to y (i.e., the mean along ) is:
b waga e AT = T (1) e 1 ()4 =2 = (—2) 4 2.0=0 (41
WL e T = g T 21 1271 9 VT
The ensemble second moment associated to z? (i.e., the variance along z) is;
1 1 1 1 1 1 1
2 2 2
= —- — - — —- — - —- —-0=1. C42
i e S St M 00 (42
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The ensemble second moment associated to 42 (i.e., the variance alon is:

w1y12+’w2y22+...+’w7y72:ﬁ HE HE HE 1+ﬁ 4+E 4+f 0=1. (C43)

The ensemble second moment associated to xy (i.e., the covariance between x and v) is:

Given the comparably high number of moments to be matched, it could be useful here to introduce a result that relieves from
checking some moments. In fact, if a zero-mean ensemble is symmetric (i.c., if £ is a non-zero ensemble member then also
—£ is an ensemble member with the same weight), then all the odd moments are zero. It can be proven easily by noting that
any couple of symmetric members adds zero to the moment calculation, since both of the members produce the same quantity.
but with opposite sign.

The ensemble (C39) is symmetric, then it remains only to prove that fourth-order moments matches the moments of the pdf.

MMM@@@%

1
4 4 4 _ -
WM ()

The ensemble fourth moment associated to z3y is:
3 3 3, _

:i-(\/ﬁ) SEELE (\/3)3 (1) 4~ (—\/§)3 1+ L (—\/ﬁ)g 1)+~ 0. 2+i 0-(-2)+ 2-0-0=0.

12 12 12 12 12 2
(C46)
The ensemble fourth moment associated to z2y?2 is:
2 92 2 9 2 9
:731731731731704704700_1
o et T T Y T T T T Vg A
(C47)

The ensemble fourth moment associated to zy° is:

3 3 3

1 1 1 1 1 1 1

The ensemble fourth moment associated to v is:

1 1 1 1 1
4 4 4
sl A+ —-14+-—--16 164+ =-0=3. C49

Thus, the ensemble Py, Po, P3, P4, matches the moments of the target pdf up to order 5.
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1210 C3 Dimension 3 (r = 3)

The target pdf is the three-dimensional standard normal distribution NV (x;0,1I3). According to equations (A6) and (A7), the
moments characterizing the pdf are:

— first moments:_

— first moment associated to z (i.e., the mean along x) is: p,, =0
1215 — first moment associated to vy (i.e., the mean alon is: =0
— first moment associated to z (i.e., the mean along z)is: y, =0

— second moments:

- second moment associated to 22 (i.e., the variance along z) is:

~ second moment associated to y* (i.c.. the variance along y) is: 2 = 1,

1220 ~ second moment associated to 22 (i.c.. the variance along 2) is: y1.2 =1,
- second moment associated to xy (i.e., the covariance between x and y) 1s: fzy = 0.
— second moment associated to x2 (i.e., the covariance between x and 2) is: fizz = 0,

— second moment associated to yz (i.e., the covariance between y and z) is: 0,...

C3.1 High-order sampling ensemble with 4 members, h = 3 along the xy-plane

1
Pl: (x17y17'z1):<\/§707_2>;

1
Py (22,y2,20) = (—\/5,07—2);
1

P3 . (15372/372’3): 07\/575 5

1
P4 : (l‘4,y4,24) = 037\[275 .

1225 (C50)

This tetrahedron-shaped ensemble is a second-order ensemble. It is one of the many possible outcomes of the SEIK’s sampling.
(Pham, 2001) but, differently from other second-order ensembles, the specific orientation of this ensemble produce a square-shaped
projection of its members in the 2y-plane. In fact, this ensemble is an extension to three dimensions of the third-order ensemble
(€22), which has members with the same x and y coordinates.

1230 The moments in the zy-plane are already checked for ensemble (C22). Here it remains to check moments involving z.
The ensemble first moment associated to z (i.e., the mean along z) is:

1 1 1 1 1 1
4(21+22+23+Z4)—4<(—2)+<—2)+2+2>—O. (C51)
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The ensemble second moment associated to z2 (i.e., the variance along 2) is:

INg

1/1 1 1 1
(2 + 2+ 2 +27) = <4+4+4+4) =1 (€52)

The ensemble second moment associated to zz (i.e., the covariance between z and z) is:

1 1 1 1 1 1

7 (@rs1 w2 gz az) = 4 (\/i (2) +(-v2)- (2) +0-5+0- 2> —0. (C53)
The ensemble second moment associated to yz (i.e., the covariance between y and 2) is:

1 1 1 1 1 1

: R O N - _2>.,:. 4
4(y1z1+y222+y3Z3+y4z4) 4<0 ( 2)—|—0 ( 2>+\f 2—|—( \[ 2) 0 (C54)
Thus, the ensemble P, Py, P3, P, matches the moments of the target pdf up to order 3 in the xy-plane, and up to order 2
elsewhere.

The present ensemble, is represented in the first two panels of Fig. 2.

C3.2 High-order sampling ensemble with 4 weighted members, h = 5 along the x dimension and h = 3 along the

zy-plane

1

Py (z1,y1,21) ( 3,0,— \@)7 w1 =
1

Py (22,y2,22) ( V3,0, \[2), we = o

3 V2 1 (C55)

PS . $37y372’3 <07 272>7 ’lUg—g,
3 V2 1

P3 . ($37y3724)— <0a_\/;72>7 ’U)g—g.

This ensemble extends ensemble (C32) to three dimensions. In this way, it keeps the third-order in the zy-plane and the

fifth-order along the z-axis. It only remains to prove the matching of moments involving z.

The ensemble first moment associated to z (i.e., the mean along 2) is:

1 1 1 2 1 2
W121 +Wo22 +W323 +Wy24 = — - (—\/5) + = (—\/5) + = £+ = £ =0. (C56)
6 6 3 2 3 2
The ensemble second moment associated to z2 (i.e., the variance along z) is:
1 1 11 11
w1212+w2222+w3232+w4242 = 6 2+6 2+§ §+§ . 5 = 1 (C57)

The ensemble second moment associated to 2z (i.e.. the covariance between 2 and z) is:

W1T121 + WakaZa + W3Tgzs + Waky2g = % V3. (—\/Q) + é . (_\/3) . <_\f) 0- \/i
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The ensemble second moment associated to yz (i.e., the covariance between vy and 2) is:

1 1 1 /3 V2 1 3\ V2
w1Y121 +1U2y222 +w3y3Z3+w4y4z4 = 6 -0- (—\/5) + 6 -0- (—\/5) + § . \/; 7 +§ . <— 2) 7 =0. (C59)

Thus, the ensemble Py, P-, P53, P4 matches the moments of the target pdf up to order 5 along the x-axis, up to order 3 in the

xzy-plane, and up to order 2 elsewhere.
The present ensemble, is represented (not in scale) in Fig. 2.

C4 Arbitrary number r of dimensions: third-order ensemble (h = 3) with 27 members

Py: (w11, w21, .oy xen) = (A 0, 0, , 0);
Py: (v1-1, 221, .oy xTpr—1) = ( —/r, 0, 0, , 0);
Py:  (x12, X22, ..., Tp2) = 0, r, 0, , 0);
P_y: (1,2, w2, ..., @p_2) = ( 0, —/r, 0, ) 0); (C60)
P,.: (x1r, T2, cies Tpy) = 0, 0, ..., 0, \/77),
P_.: (v1—r, To—p, ..oy Tp—p) = ( 0, 0, ..., 0, —=vr).

This symmetric ensemble has 2 members. Thanks to the result presented in Section C2.6, the odd moments are zero. Also the
covariances between different variables must be zero, since every ensemble member has only one non-zero coordinate. Finally,
The ensemble second moment associated to the i*" coordinate (i.e., the variance along z;) is:

1 1
er (CL’i’12 + :ci’,12 =+ .’Ei722 + 1'7;1,22 + ...+ $i7i2 -+ xi,7i2 + ...+ .’Ei’»,‘2 -+ l'i’,r2) = er (0 +r+r-+ O) =1. (C61)
Thus, the ensemble P, P_1, Py, P_o,..., P,.. P_, matches the moments of the target pdf (i.e., the r-dimensional standard

normal distribution A/ (2;0.1,.)) up to order 3.
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DA) methodologies play a crucial role

in integrating observational data with numerical models to provide accurate estimates of geophysical systems. A novel en-
semble algonthm the Gauss-Hermite ngh Order Samphng Hybrld (GHOSH) filter, version 1.0.0, wmehwveﬁpplyﬂmﬁwm

fﬂefheére&ﬂﬂe}neveﬁgheﬁefde%efﬂppfeﬂma&e& ims to improve DA performances by featuring an approximation order
Mgv\(;&than in other ensemble base

A

DA filters like SEIK (Singular
Evolutive Interpolated Kalman filter) or ETKF (Ensemble Transform Kalman Filter). Building upon the successful application

in idealized twin experiments (Part 1), we propose a parallel implementation of the GHOSH filter which has been coupled with
a realistic geophysical application: the assimilation of surface satellite chlorophyll in a physical-biogeochemical model of the

Mediterranean Sea with-assimilation-of surface-satellite-chlerophyll—~(OGSTM-BFM).

This application was selected due to its complexity and potential relevance to operational settings, such as those of the
Copernicus Marine Service, where the uncertainty of prediction can also be crucial. By assimilating satellite chlorophyll
data, GHOSH aims to improve the accuracy of the state estimation, not only for the assimilated variable but also for other
non-assimilated variables of interest (nutrients), thereby enhancing our understanding of marine ecosystem dynamics.



25 The simulation results are validated using both semi-independent (satellite chlorophyll) and independent (nutrient concen-
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trations from an in-situ climatology) observations. Results show thefeasibility-ef-that: 1) the GHOSH implementation in a
realistic three-dimensional application —The-is just as computationally feasible as other ensemble assimilation filters, since the
integration of a realistic model is by far more computationally expensive than the assimilation scheme; ii) the GHOSH assimi-

lation algorithm improvesimproved the agreement between forecasts and observations without producing unrealistic effects on

the non-assimilated variables. E

)

variablesyIn-view-ef potentialimplementation-Moreover, a sensitivity analysis revealed correlation between higher order and
ortance of the GHOSH filter-in-operational-applications;

a key nutrient (nitrate) estimation improvement, highlighting the im

enhanced order of approximation in boosting DA performances on non-assimilated variables.

1 Introduction
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their-probabilityHigh-Order Sampling Hybrid (GHOSH) filter, introduced in Part 1 (Spada et al., 2024), presents a promisin
advancement in data assimilation (DA) methodologies, particularly for addressing the challenges posed by non-linearities and
model complexity in geophysical systems. Compared to a traditional second-order method, the GHOSH filter improves the

accuracy of the state estimation in systems governed by complex dynamic.

Fhe-Part 1, the reliability of the new filter is-proven-first-has been proven in a large set of twin experiments based on an
idealized model commonly used to test DA methodologies (Lerenz06;Lorenz(1996 ) -and-thenin(Lorenz96 Lorenz, 1996). In
the present work, we extend the application of the GHOSH filter to the much more complex and realistic marine biogeochemical
application (the OGSTM-BFM) currently used in €opernicusMarine-EMEMS-System(Saten-etal+2649))the Copernicus
Marine Service (Salon et al., 2019), featuring assimilation of satellite observations.



a-GHOSH-test-implementation—Indeed;-biogeochemical DPABiogeochemical data assimilation (DA) is relatively recent both
in terms of methods and assimilated variables (Fennelet-at(26+9))(Fennel et al., 2019). Surface chlorophyll concentration,
95 which is estimated by satellite ocean colour observations, is the most commonly assimilated biegeochemeial-biogeochemical

variable since its relatively high coverage and its near real-time availability make it suitable also for operational applications
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imphies-thata-bigger-hrequires-a-smaller-s-orabigger+high non-linearity of the biogeochemical processes makes it difficult to

roperly estimate the cross-correlations between variables, thus degradation of non-assimilated variables is often a problematic

issue (see e.g., Santana-Falcon et al., 2020; Ford, 2020; Fowler et al., 2023; Mamnun et al., 2022; Wang et al., 2020).
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185 Hence, given its complexity and relevance in the operational framework, the OGSTM-BFM application serves as a critical
testbed for evaluating the GHOSH filter’s performance in a real-world scenario.
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this work, the GHOSH filter assigns 1o X{-a vector of corresponding weights
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265
he—samplingprocedure—is—deseribed-in-Seetion—22;—h 4 g C;—dynamics of chlorophyll
nutrients and their correlations, and £-in-equation-(22)-
1.0.1 Fereeastphase
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,»f itati in terms of improved agreement with observations

295 without degradation of non-assimilated variables. Moreover, a sensitivity analysis has been designed to highlight the importance
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of the GHOSH enhanced approximation order by computing its correlation with the root mean square deviation (RMSD
metric. Finally, equation(2?)-can-be-rewritten-as-

f tr-thi is-Hmportan i y-of th anc he-the feasibility of a real implementation

T T
X/ =al1y, oy +LICT Q@ wos,

;=

fork-c{t——++1+GHOSH filter is supported also by an analysis of the computational resources needed for the filter solution
with respect to the overall cost the application.

1.1 TheloealGHOSHfilter

12



325

330

335

340 with-d-beingthe-distancefromp-the data used for assimilation and performance evaluation, and d-thelocalizationradius-Stmilarly
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where-S™“—is-the-symmetrie-squareroot-of - A“a summary of the relevant GHOSH key elements. Section 3.1 shows the
results of the experiments, that are discussed in Section 4. Finally, Appendix A contains some specific details of the GHOSH
345 implementation. i i ' i ts i

xt=a! +D <{,cp (ig) APz TR L (y, — Yiw)}p> .
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1.0.1 The Lorenz96 model
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405 2.0.1 The OGSTM-BFM model
21 The OGSTM-BFM model

The biogeochemical model used in this study is the coupled transport-biogeochemical model OGSTM-BFM, which is the
biogeochemical component of the Mediterranean Copernicus Marine Service %W%M The
OGSTM transport model is i
410 advection, the diffusion and the sinking terms of the biogeochemical variables (Lazzari-et-al-(20+0))(Lazzari et al., 2010).

The biogeochemical BFM model describes the biogeochemical cycles of carbon, nitrogen, phosphorus and silicon through

ich-resolves the

the dissolved inorganic, particulate living organic and non-living organic compartments, and includes nine plankton functional
types, as well as dissolved oxygen, pH and the carbonate system (for a total of 51 tracers as state variables). The OGSTM-
BFM model has been applied to study the chlorophyll and primary production (sazzari-et-al(2012);Teruzziet-al-(2048a)
415 HCossarini et al., 2021; Teruzzi et al., 2021, 2018b; Lazzari et al., 2012), nutrient cycles tazzari-etal-(20+6))(Lazzari et al., 2016)
, alkalinity, the carbon cycle and carbon fluxes (Cessarini-et-al-2045); Melaku-Canu-et-al(2015))(Cossarini et al., 2015; Melaku Canu et
and oxygen dynamics (B Biagie-etal+26223)(Di Biagio et al., 2022).
The OGSTM-BFM is forced by the output of an ocean general circulation model (e NEMO from-the-Copernicas-Marine
Mediterraneansystem-in the presentapplication; Salon-etak—-2019))-(i.e., NEMO, from the Copernicus Marine Mediterranean system in tf

420 that provides fields of physical quantities (i.e., velocity, temperature, salinity, diffusivity, and solar radiation and wind at the
surface from a physical reanalysis) driving the transport processes, the kinetic rates of chemical reactions, and energy and
matter exchanges at the air-sea interface.

The present setup (terrestrial and atmospheric inputs, boundary conditions) is described in Saton-et-ak-2649)Salon et al. (2019)

425 2.1.1 Observations
2.2 QObservations

The assimilated observations are satellite chlorophyll maps obtained from the CMEMS multisensor product

OCEANCOLOUR_MED_CHL_L3_REP_OBSERVATIONS_009_073 Velpe-et-al+26+7)(Volpe et al., 2017). The original
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Figure 1. Sub-basins partition of the Mediterranean Sea.

data at 1 km resolution were checked for spikes, excluding values exceeding by two standard deviations the climatological
430 mean and remapped on the model grid resolution.

Additionally, in situ climatological data-datasets for nitrate and phosphate, to be used for validation, %&gﬁg computed from a

dataset that integrates the in sitt EMODnet data collections

Buga et al., 2018) and the data sources listed in Lazzari et al. (2016). The climatology is calculated for the 0-30 m layer on
9 sub-basins Salenet-al52619)represented in Fig. 1 (Salon et al., 2019) and for 4 different seasons (January-March; April-
435 June; July-September; October-December).

2.2.1 GHOSH-setup

Festname Order-(h) Forgetting factor (p) Foreeastfrequeney et T-h2—rhol—d 2 T-h3—rhol—d 3T-h5—rhol—d 5Th2—rho0-9—d

440 Experimental-setap-

23 The GHOSH filter

The GHOSH filter, described in details in (Spada et al., 2024), is an ensemble DA filter that uses r + 1 ensemble members
to represent the state estimation and its uncertainty. r is the dimension of the uncertainty subspace, i.e., 51-=state—variablesy

445
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h—=2-+easecond-the subspace of the state space spanned by the ensemble members. The GHOSH filter features an

enhanced order of approximation on-the-wh

450
subspace (included in the uncertainty subspace) where the approximation error may be maximum. This is realized by partiall
arameterizing (in the moment tensor u) the prior uncertainty pdf (i.e., fifth-order-of-approximation-on-the-top-3prineipal
455
22probability densit
function) and by using a principal component analysis (PCA) to chose the subspace of the best approximation order. Before
the PCA computation, a scaling matrix A is used to rescale the state variables, i.e. to define which variables are of more interest.
460 Q"% = : :
1 1
0 0 0 0 5B T 0 0
1 1
0 0 0 0 0 0 B 7
Tl ith-fr— 5 the-cl Lt
v— ( 101 1 1 11 1 1 1
VB VB 2vB 2v6 26 2v6 2vV6  2vV6  2V6
T
o 1 1 1 1 1
2v5 26 2v/6 26 2v6  2v6 26 )
and-
00 L +_ 11 1 1 _1_
2 2v6  2V6 26 26 2v/6 26
h=5 _ 1 1 1 1 1 1
45 =100 0 % 35 =6 V8 ™F o4
1 1 1 1
000 0 55 33 Y 3535 "534
T
-1 - 1 1 1 __1
2 26 26 216 2v/6 2v/6 2v/6
0 1 1 _1_ 1 1 1
NG 26 26 V6 2v6 2v6
1 1 1 1
0 bV 55 “avs Y 35 T
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this implementation, u« describes (up to

order h) a Gaussian distribution, and the scaling matrix A is diagonal. Being P = LL” the uncertainty covariance matrix, A

contains the uncertainty variance (i.e., the diagonal of P$)-and-iP), which is computed as the squared Euclidean norms of
470 the rows of &~—TFhe-A;-L. In the present application, the A matrix has been chosen valuing simplicity and generality over skill
performance. The implemented scaling matrix is probably a suitable choice for many systems, since it implies that the PCA
measures-is computed on the Pearson correlation matrix and that it is not affected by the different amplitudes of the variable

standard deviations.
During the forecast and assimilation steps, the uncertainty expressed by the ensemble member’s covariance matrix is inflated b

475 afactor 1 (p is called forgetting factor, see e.g., Pham et al., 1998) and combined with a covariance matrix Q representing the

arametric uncertainty that is non-dependent by the ensemble (as typically happens in hybrid filters, see e.g., Carrassi et al., 2018
The filter is implemented in its localized version, which takes into account only correlations within a certain maximum

horizontal distance (the localization radius).
480 The-simulations-cover-the-period-

2.4 Experimental design

Implemented in the OGSTM-BFM biogeochemical model system of the Mediterranean Sea at £° resolution, the local GHOSH
filter uses 16 ensemble members (i.e., an uncertainty subspace of dimension r = 15) to perform a weekly assimilation of

surface chlorophyll from satellite ocean color (as in Teruzzi et al., 2018a) during the period 1 January 2013 - 1 January 2644;

485

490

OGSTM-BEM model run without assimilation (control run) is used as a reference to investigate the GHOSH filter performances
in some different settings.
Given the non-Gaussianity of biogeochemical tracer concentrations, the GHOSH filter was-is applied to the log-transformed
495 biogeochemical variables (Ciavatta-et-al(2016); Pradhan-et-al(2019);-Song-et-al(2016); Ford(2020))(Ciavatta et al., 2016; Pradhan et a
. To avoid instabilities due to large negative values of logarithms of very small concentrations, a cut-off was-is applied to values
lower than the threshold of 10~%. This solution can be seen as a localization that dynamically removes unwanted correlations,
which can typically occur at deeper layers, where some tracers (such as, for example, phytoplankton biomass and chlorophyll)

tend to very low and negligible concentrations.
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The memm&&m%@m and the starting ensemble Q%Were produced based on a 10-year
hindcast simulation of the OGSTM-BFM model without assimilation. For each year, 31 days centred on the 1st of January
were log-transformed safterremoving-vatues-smatterthan-after applying a 10™* cutoff on concentrations, for a total of 310
simulated multivariate states. The mean of the multivariate states was used as %SQ@M‘WMN@L@
starting ensemble, while a PCA of the ensemble of normalized-A-scaled states provided the 15 (i.e., the dimension of the error

uncertainty subspace r) mostrelevant-components—which-are-used-to-build-the-base-ma (f).

22principal components used in the GHOSH
filter’s high-order sampling method (i.e., the GHOSH sampling method described in Spada et al., 2024) to sample the initial

ensemble.

The local-model-errorcovariance-matrix-Q~-covariance matrix of the parametric uncertaint has been assumed diagonal
and invariant in time—Fhe-varianees—n-Qare-assumed—, with variances inversely proportional to the height of the cells.

Given that the resolution of the present model setup is not high enough to adequately resolve coastal processes, assimilating
observations in coastal areas could lead to instabilities. Therefore, the medel-error-Q uncertainty variance in the coastal areas
was reduced by applying a 4th-degree-fourth-degree polynomial smoothing function and setting the covariance values at zero
in the grid cells closest to the coast. More precisely, the uncertainty starts to decrease where sea depth is 200 metres and reaches
zero in areas shallower than 50 metres. Fheloeal-observation-error-eovarianee-matrix R -was-

Also the covariance matrix R of the observation uncertainty has been assumed diagonal and constant in time. Using the same
4th-degree-fourth-degree polynomial smoothing applied for-Q%in the Q case, the inverse of the R -variances-was-observation
uncertainty variances is smoothed to zero in the coastal areas (i.e., the R-R variances increase in the coastal areas oppositely
tof —Mereover-the-matri ; was-weighted-with-the-pelynomial-functionin-equation(2-to-appty-Q). Furthermore,
the fourth-degree polynomial smoothing was used to weight the local version of the-filterR " to gently remove assimilation of
observations beyond the localization radius of 90 km.

A-In the assimilation experiment, the GHSOH filter is configured to achieve an approximation order i = 5 in a subspace of
=10.9)

dimension s = 3. A forecast, which includes inflation ( hybridization with Q and resampling, is performed with dail

frequency. Since a tuning of the medel-and-ebservationerror-varianee-parametric uncertainty (represented in Q) and observation
uncertainty (R) may be necessary to produce an effective assimilation when system errors-uncertainties are not fully known and

forgetting factor and the uncertainty variances have been chosen (after many short tests not included in this description) in

order to provide effective assimilation increments without introducing biogeochemical-variables-degradation—degradation on
biogeochemical variables.
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Test name Order (h) \ Forgetting factor (p) \ Forecast frequency

etrl Free model
112 _rhol_d 2 | |
| T _h3_rhol_d | 3 vahses of the-approximation- | ! | |
| 145 rhol _d | 5 | | |
| 112 1ho0.9_d | 2 | | daily |
| Tasheosd | 3 | " | |
| Thsrheosd | 5 | | |
| rm2reosd | 2 | | |
| Thiensd | 3 | " | |
| Tasreosd | 5 | | |
| Thashlw | 2 | | |
| rmaele | 3 | : | |
| Thsrherw | 5 | | |
| 102 rho0.7 | 2 | | weekly |
| rhdeezw | 3 | o | |
| Tasreozw | 5 | | |
| Thathosw | 2 | | |
| Taseosw | 3 | . | |
| Thsrheosw | 5 | | |

Table 1. Experimental setup: control run, assimilation experiment (in bold) and sensitivity analysis tests.

As a sensitivity analysis, 17 additional tests (summarized in tab. 1) are carried out varying the polynomial order h, the
535 forgetting factor p and the forecast frequency. In particular, the polynomial order h (from-2-to-5)-and-2-differenttime-intervals

between-tweforeeast phases-(1—and-with the corresponding number s of principal components approximated with order h

- h =2, 1.e., a second order of approximation in the whole uncertainty subspace (s = 15);

— h =3, i.e., third order of approximation in the top 8 principal components (s = 8) and second order in the remaining 7

components;

540
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— h =35, i.e., fifth order of approximation in the top 3 principal components (s = 3), and second order in the rest (12

components).

Appendix A reports additional technical details specific of the GHSOH filter settings.
Fhe-testswere-

The tests are carried out in the GALILEO cluster at the Italian HPC centre CINECA, mounting 2 Intel Broadwell CPU
(Intel(R) Xeon(TM) E5-2697 v4 @2.3GHz, 18 cores each) per each node. The parallel Fortran 2003 implementation of the
GHOSH algorithm ran on 46 nodes (corresponding to 1656 cores).

3 Results
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i1 In the assimilation experiment, the GHOSH performances

have been evaluated by considering several metrics: the forecast skill of the assimilated variable (chlorophyll, Section 3.1) and
of the . . . . . .

lorindicatine RMSE reducti f GHOSH-widl SEIK.
i ize-non-assimilated variables (nutrients, Section 3.2), and the quality of

the system state uncertainty estimation (Section 3.3). The results are discussed in detail through a qualitative and quantitative

a hindcast run with no assimilation). The RMSD between

simulation (before assimilation) and observations (Section 2.2) is used as a quantitative performance indicator.

higher-the-aceuraeyThe approximation order impact on DA performances has been studied comparing the scores of 18 tests in
different configurations (sensitivity analysis, Section 3.4).
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GHOSH applicability in a real complex marine biogeochemical application with assimilation of ocean color observation has
been assessed by measuring the impact of the assimilation routines on the total computational cost.

3.0.1 Surfaee-ehlorophyll

3.1 Surface chlorophyll

The surface chlorophyll estimated by the free-control run and the GHOSH filter has been compared with satellite data from
January to December 2013. A detailed analysis of a specific relevant event (winter bloom, +9-Mareh-end of March - beginnin,
of April 2013) is shown in Fig. 2). The RMSD time series is shown in Fig. 3.

The Mareh-map-sequence of ocean color maps (a row of Fig. 2) describes a typical winter bloom in the western Mediter-

ranean, with the northernmost part still under the convective phase (i.e., blue hole surrounded by high chlorophyll concentration

patches during the first phase (maps of 5 and 19 March, Fig. 2aa), the start of the surface bloom in the whole area of the northern
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Test name Order Chlorophyll Phosphate Nitrate
(h) RMSD (mg/m®) RMSD (mmol /m?>) RMSD (mmol/m?>)

ctrl no 0.084 0.036 0.99
T_h2_rhol_d 2 0.068 0.035 0.93
T_h3_rhol_d 3 0.068 0.035 0.85
T_h5_rhol_d 5 0.068 0.035 0.83
T_h2_rho0.9_d 2 0.059 0.033 1.50
T_h3_rho0.9_d 3 0.060 0.033 1.14
T _h5_rho0.9_d 5 0.059 0.033 0.83
T_h2_rho0.8_d 2 0.059 0.033 1.96
T_h3_rho0.8_d 3 0.058 0.032 2.15
T_h5_rho0.8_d 5 0.058 0.032 1.76
T_h2_rhol_w 2 0.071 0.035 0.94
T_h3_rhol_w 3 0.071 0.035 0.89
T_h5_rhol_w 5 0.071 0.035 0.91
T_h2_rho0.7_w 2 0.063 0.034 0.94
T_h3_rho0.7_w 3 0.063 0.035 0.93
T_h5_rho0.7_w 5 0.063 0.034 0.91
T_h2_rho0.5_w 2 0.060 0.033 1.35
T_h3_rho0.5_w 3 0.060 0.032 1.02
T_h5_rho0.5_w 5 0.060 0.033 0.91

Table 2. Summary of the root mean square difference-deviation (RMSD) indicatorsfor-each-test. Best- GHOSH-configurationResults for
control run, assimilation experiment (in bold) and sensitivity analysis tests.

western Mediterranean (map of 26 March) and its continuation in the following weeks (maps of 2 and 9 April in Fig. 2). Ad-
ditionally, high chlorophyll levels are present along the Algerian Current from the beginning of March as a result of the active
of March. On the other hand, with the exception of few coastal river-influenced areas, the eastern Mediterranean Sea has a
much lower chlorophyll concentration due to the lower intensity of the winter vertical mixing (Fig. 2aa).

of the bloom in the north-western region by 2-3 weeks, with the peak of chlorophyll concentration being reached in the map
of 19 March. The evolution of chlorophyll in the Algerian current is quite well reproduced in the winter period, even if it is
somewhat overestimated in the first weeks. Finally, the control run tends to slightly overestimate the chlorophyll concentration
in the entire eastern basin in March (Fig. 2b)-b). The maps of the pre-assimilation picture-of-GHOSH-run-shows-a-more
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Figure 2. Surface chlorophyll (mg/m?®) comparison: satellite (a), control run (b) and data assimilation (before and after assimilation
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Figure 3. Surface chlorophyll RMSD (mg/m?®) and RRMSD over time.

650 consistent-condition-for the March 5 and 12 dates of the GHOSH run (Fig. 2e);-which-is-furtherimproved-by-the-assimilation
anels ¢l and ¢2) show that the BFM model tends to predict surface bloom formation in the northwestern region as in the
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control run (i.e. too early bloom start). However, the assimilation on March 12 corrects this tendency, allowing the model
to maintain a low concentration in the following forecast periods until the correct onset of bloom on March 26 (Fig. 2¢h-—,
panels d2 to d4). In fact, the assimilation on March 12 has changed the nutrient conditions in the surface layer so that the
condition remains unfavorable for rapid phytoplankton growth and no major correction takes place in the following week (e.g.
small differences between the map before and after the assimilation on March 19). During the bloom period (after March 26),
assimilation corrects the some spatial mismatch of the bloom pattern, but essentially the phenology of the event is well captured.
While the corrections to chlorophyll dynamics along the Algerian current appear marginal (i.e. difference between before and
after maps), the GHOSH corrects the state of phytoplankton and nutrients in the euphotic zone in the eastern Mediterranean as
early as the first week of March and no further significant corrections are necessary thereafter. In fact, the before assimilation

maps show correctly low concentrations for the entire period.
Time series of RMSD computed between satellite and model before the assimilation are plotted in Fig. 3. Since the amount

values of surface chlorophyll can vary considerably during the year, the relative root mean square difference(RRMSD)-is-alse
as a normalized proxy of the skill. Figure 3 shows that the GHOSH assimilation produces an improvement in the assimilated
variable (i.e., surface chlorophyll) with respect to the control run. The RMSD of the control run follows a seasonal cycle, with
maximum values in late winter-early spring, corresponding to the bloom period, and minimum values during summer when
the surface layer is mostly nutrient depleted and chlorophyll is at its lowest level.

The winter-spring RMSD is significantly reduced by the GHOSH filter whereas the RMSD reduction results fairly small during
summer, due to a general smaller amotnt-of-values of modelled surface chlorophyll in that season. In fact, when the RRMSD
is considered, the summer improvement due to assimilation is more detectable.

As a proxy of the overall performance of each 1-year experiment, the RMSD between the simulation and observation, averaged
in space and time, is summarized in Tab. 2: the chlorophyll RMSD for ctrl (control run) is 0.084, while it is 0.055 for the
GHOSH test, resulting in a 53% improvement.

3.1.1 Nutrients
32 Nutrients

The effect of DA on non-assimilated variables has been assessed using independent observations to validate phosphate and
nitrate (Tab. 2), which can both act as limiting nutrient for phytoplankton growth in the Mediterranean Sea (Lazzari-et-al-+2016)

The Hovmoller diagrams of phosphate and nitrate in the DA and the control runs show the effects of the assimilation on the
two nutrient compartments (Fig. 4). Both nitrate and phosphate show lower concentrations in the 150-400 m layer from April
in the simulation with satellite assimilation, with highest impact at the beginning of April. At the surface (0-100 m layer), the
assimilation slightly enhances the phosphate concentrations, particularly between April and July, while it reduces the nitrate

concentrations. However, these effects do not degrade the typical vertical distribution of nutrients in the Mediterranean Sea,
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Figure 4. Hovmoller diagrams of nutrients (phosphate and nitrate, mmmol /m?®): comparison between the control run ctrl (up) and data-the

assimilation test-F—A5—+ho6-9—d experiment (bottom)
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and the seasonal sequence of late-spring/winter mixed conditions and of summer stratification is preserved.
Interestingly, the Hovmoller diagrams of Fig. 4 show that the DA is able to correct the profiles of the nutrients down to 300—
400 m by changing the shape of the nutricline (i.e., deepening and creating a gentler shape) during the month of the deep

chlorophyll maximum formation (from April to June) and by re-setting the nutricline to a shallower level after summer.

3.2.1 Uneertainty-estimation

3.3 Uncertainty estimation

In the GHOSH filter, a weighted ensemble is used to estimate the uncertainty of the forecast and analysis statesfequation{22))-
The-weighted-ensemble-standard-deviation—, The standard deviation of the weighted ensemble is used to quantify the uncer-
tainty, whereas a comparison of the standard deviations before and after assimilation is calculated to evaluate the uncertainty
reduction produced by the assimilation. Moreover, the ensemble correlation matrix is analyzed to investigate the relationships
between variables. The standard deviation and correlation are shown for the assimilated variable and one of the nutrients during
a bloom event in winter.

During the winter event-(Mareh-bloom (March 26), the spatial patterns of chlorophyll and phosphate standard deviations
at the surface (second row of Fig. 5) reflect those of their concentration maps (first row of Fig. 5): areas with high surface
concentrations in the western Mediterranean Sea are associated with the highest values of the ensemble standard deviation

given the high variability of the surface bloom dynamics.

As an effect of the assimilation, the areas with the highest standard deviation for both variables in the western Mediterranean
Sea decrease, proving the effectiveness of the surface assimilation in constraining the surface phytoplankton bloom dynamics.
Moreover, a relevant reduction in the standard deviation, in relative terms, is also observed in the less productive eastern
Mediterranean Sea.

On average, the assimilation reduces the standard deviation at the surface by 33% and 22% for chlorophyll and phosphate,
respectively.

A few spots of high standard deviations remain only in some coastal areas in the western Mediterranean Sea for both variables.
The system has been tuned to focus on open sea and the assimilation in shallow waters is less effective due to imposed higher

observation errers-uncertainties in the coastal areas (see Section 22-2.4 for details).

region shows that the assimilation of satellite chlorophyll influences mostly the chlorophyll in the upper 50 m layer and can
impact the phosphate profile to a depth up to 400 m, with correlation values between the surface chlorophyll and phosphate
decreasing with depth. In the more oligotrophic conditions of the Eastern Mediterranean Sea, chlorophyll and phosphate are
less correlated than in the western Mediterranean, whereas the impact of surface assimilation on chlorophyll is deeper (i.c..
correlations with surface chlorophyll is high down to nearly 400 m)._
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Figure 5. Maps of chlorophyll and phosphate (a and b) and maps of their uncertainty (ensemble standard deviation) before assimilation (c

and d) and after assimilation (e and f) for the day 26.03.2013.

3.4 Sensitivity analysis

Performance sensitivity to the approximation order / has been evaluated by looking at RMSD scores in the tested configurations.
Table 2 shows that the performance of the assimilated variable is substantially unaffected by the approximation order, whilst
f» demonstrates a relevant impact on a non-assimilated variable, namely the nitrate. In particular, when the order /, is 5, nitrate
RMSD between GHOSH and independent observations improves up to 81% with respect to order h = 2 (scored in the set
of tests with p = 0.9 and daily forecasts). Every i =5 test has a smaller RMSD than every corresponding h = 2 and, in
general, data clearly show that increasing 1 implies an improvement in RMSD. In fact, the nitrate’s RMSD values, centred

720
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Figure 6. Post-assimilation multivariate (chlorophyll and phosphate) correlation during winter (19.03.2013). Horizontally averaged vertical

rofiles in the western (left) and eastern (right) Mediterranean Sea.

and normalized over their standard deviation, present a strong negative correlation with h (Pearson’s correlation coefficient is
—0.80)._

3.5 Computational cost

Each 1-year assimilation test, consisting of 16 ensemble members, needed approximately 4 hours to be computed in the
CINECA’s GALILEO super computer, running in parallel on 46 computational nodes (1656 cores).

The computational cost of the GHOSH filter itself is negligible-marginal compared with the model integration time and the I/O
operations, being areund-less than 1% of the total computational time.

4 Discussion
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3D-high-dimensional-In the realistic 3D high-dimensional parallel implementation with assimilation of real satellite data, the
GHOSH filter proved (in Section 3.1) to be a reliable data assimilation scheme with 30% RMSD reduction for the assimilated

variable compared to _the control run. Moreover, the GHOSH assimilation dees-did not degrade non-assimilated variables,
actually improving their RMSDs with respect to independent observations (figures—3-and-Fig. 3 and Fig. 4). Consistently,
the GHOSH assimilation results allowed catching some relevant system dynamics (e.g. formation of the winter bloom in the
North Western region) and spatial and inter-variable covariances (Fig. 5 y—Further-thesensitivity-analysis-performed-in-the 3D

apphieation-and Fig. 6). Further, a sensitivity analysis underlines the role of the high-erderhigh-order sampling in improving
performances in a non-assimilated variable (Fab-2)-Section 3.4).

The results obtained coupling the GHOSH filter to the OGSTM-BFM model show a major improvement in the nitrate
performance when increasing the approximation order i. However, chlorophyll and phosphate RMSDs are not substantially
affected by h. Consistently with the twin experiments results Seetion—22)in Part 1 (Spada et al., 2024), this behaviour may
depend on the relatively low number of ensemble members (16, r = 15), which imply that only a limited number of principal
components (s = 3) takes advantage of the higher order h = 5. Indeed, the-negligible-with the normalization rules chosen in
W%WM@WQN&&CB of the hlgher approx1mat10n order on chlorophyll and phosphate

could be motivated by the fact that

little-to-the-few—mestrelevant-they possibly slightly contribute to the first 3 principal components of the state uncertainty. A
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larger number of ensemble members (i.e., bigger 1) would allow a larger s-subspace, probably extending the high-order effects
on further state variables. This view is consistent with the generally observed benefits of a larger ensemble in EnkF-based

775

ensemble kalman filter) (see e.g., Edwards et al., 2015; Nerger et al., 2005; Sacher and Bartello, 2008).
The scaling matrix A;—A used in the sampling procedure plays a—relevant-an important role in the filter, since A;-—defines

how-variables-are-compared-to-each-others-it defines which variables are of more interest in the computation of the state-error

most relevant components

o o tha T ornns06 caca atrohtforward—to—<etA —aq o—tha tdan a

780 since-each-variable-is-equivalentto-any-other—tn-of the state uncertainty. When implementing GHOSH in the realistic OGSTM-
BFM application, we adopted-used a normalization matrix to represent A;—(Seetion—22>-A (Section 2.3) in order to properly
scale the different biogeochemical variables. However, this strategy implies that the mostrelevant-principal components are
composed by variables that have a high correlation with as many other variables as possible, including processes that can be
less relevant for an analysis that is more interested in the photic layer (e.g., deep-layer-processesprocesses/dynamics occurring

785 in deep layers). Alternative options can be investigated andsfor-to optimize the assimilation among the model variables. For
instance, similarly to scaling strategies applied in sampling methods proposed in literature (Pevera-and-DellaRessa(2042));
As-(Dovera and Della Rossa, 2012), A could be designed to focus on the most relevant processes. In particular, A;-A can be
a sparse matrix with non-zero coordinates corresponding to variables and regions of interest (as the photic layer) based on
information derived by a climatology or a multi-annual simulation.

790 As for A;A, a preliminary approach is applied for the definition of the model-error-covariance-matrix-Q;—(with-itsloeal
counterpart-Q)-used-in—the-3D-realistie-GHOSH-implementation—<(Seetion—2?parametric_uncertainty covariance matrix Q

Section 2.3). The diagonal matrix Qis-notveryrepresentative-of the-modelerrorcovarianees-of- Q can not be very representative
in the relatively complex OGSTm-BEM-modelOGSTM-BFM application. A more advanced parameterization of @Q*-Q de-

serves to be further investigated for future applications {e-gusing-anon-dia

795 Teruzzietal (2044

erder-of-the-mean(e.g., using a non-diagonal low rank matrix as in 3D-variational methods, Teruzzi et al., 2014).

800 However, even in its basic implementation, the adopted hybrid approach (together with the GHOSH’s lower need of inflation proved in Spa
evented the “collapse into the mean” effect (not shown)—Sinee-the-covarianee-matrix-is-involved-in-the state-estimation-the

a o ato LTOSH-—+e h owHh—A a On A—h o o o e o o110 o
v t OW O a v, pai Y atca—to—a proVv O Oovarita a

which can affect ensemble algorithms (e.g., Anderson, 2007). Indeed, the hybridization adopted in

805 p=1).
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815

820

825

830

835

of-thestates—after-the-model-evolution{see—equation22))-The implemented statistical moments u (Section 2.3) describe a
Gaussian uncertainty pdf (see also Discussion in Spada et al., 2024). However, %h&sfr&te@#might—lead—teﬂﬂaeewa{ee%ﬁmaﬂeﬂs

log-transformation of the tracers before applying the assimilation filter implies a log-Gaussian uncertainty pdf on concentrations,
which is well-suited ; : : . ) ) .

variables (see e.g., Ciavatta et al., 2016; Pradhan et al., 2019; Song et al., 2016; Ford, 2020).
On the other hand, the transformation has the side effect of changing also the observation operator (that is represented by
the sum of the chlorophyll components of different phytoplankton species), which becomes non-linear. In this context, the
resampling after forecast featured by the GHOSH filter is beneficial, since it exploits the high-order sampling’s enhanced
capability of managing non-linearity (showed in Part 1) not only with the model operator but also with the non-linear observation
operator.

FHinally-as-in-most-ensemble-methods;-the-computational-cost-of From a computational point of view, the GHOSH-fitter
mainly-depends-on-negligible (less than 1%) amount of time spent on DA operations in our tests, is compliant with literature

results (see e.g., Nerger et al., 2005). Indeed, the main source of computational cost is the integration of the model scaled b

the ensemble size

distribution. This behaviour is also in line with the GHOSH asymptotic computational complexity that is the same as in EnKF
second-order schemes (see Part 1 Spada et al., 2024).

5 Conclusions
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845

850

855

860

865

870

the SEHCerror)in-eases-of moderate-ensemble size GHOSH is a novel DA ensemble filter that was introduced in Part 1, and
features an enhanced approximation order.

implementation of a state-of-the-art Mediterranean physical-biogeochemical model with assimilation of ocean color observations.
Testing a GHOSH implementation in a computationally demanding realistic application was a mandatory step to assess the
suitability of the novel filter in the geosciences context. Moreover, the challenge of tracking inter-variables covariances in the
complex processes characterizing biogeochemical applications represents an interesting benchmark.

Our results show that, from a computational point of view, the cost of the GHOSH filter is comparable to other second-order

deterministic filters (e.g., SEIK, ETKF), since the computational cost chiefly depends on the ensemble size that proportionall

expands the model integration cost.

Furthermore, GHOSH improved the agreement between the forecast and observations without producing unrealistic effects

on the non-assimilated variables. Considering relevant marine ecosystem dynamics, GHOSH filter successfully constrained
the uncertainty of the phytoplankton winter bloom events while assimilating ocean color. FurthermereMoreover, a sensitivity

analysis indicates that the use of a higher order has positive impacts on the performance of a non-assimilated variable (e.g.,

nutrients).

Code availability. A GHOSH python implementation is available from the GitHub page: https://github.com/Sword-Code/PythonDA under
the licence GNU GPLv3. The FORTRAN implementation of the GHOSH is based on the OGSTM model (available at https://github.com/
inogs/ogstm) coupled with the BFM model (available at https://bfm-community.github.io/www.bfm-community.eu/). The exact version of
the OGSTM-BFM-GHOSH system used to produce results and plots described in Section 3.1 is archived on Zenodo (https://doi.org/10.5281/
zenodo.12819521).

Appendix A: High-ordersampling
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875 moments-up-to-a-certain-

Appendix A: High-order sampling solutions

Given a certain maximum approximation order A -
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Fhe-systerr-issotved-econsidering—7-the dimension s of the subspace in which the h'"-order approximation is achieved, the

GHOSH filter (during its initialization) needs a solution of a specific non-linear system to encode the moments information (

895 in the GHOSH sampling matrix Q" and in the vector v of the square roots of the ensemble weights (Spada et al., 2024). Most
of the time, the non-linear system admits more than one solution, hence different Q" matrices (and +-as-the- unknowns;while

900 X =1, () +LX,

where by ts-a-matrix(of the-subseripted-sizefiHed-with-onescorresponding v vectors) are possible. Since Q" and v have

a central role in the GHOSH sampling strategy, this appendix reports their values used in the GHOSH configurations explored
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915

eguation-(22)-can-be-selved-forany-unitcase with h = 2 and s = 15, the high-order sampling method reduces to the traditional
second-order-exact sampling (Pham, 2001). The solution is easily obtained starting from a constant vector v and fer-any-value

a d s, O

920 X =&l (4 + LY W3,

here-W— ding () is-the-{r——) ¢ {1} di | inatrixof sweiehts

In-general#-h—>2adding orthonormal columns in order to form an orthogonal matrix.

In the case with h = 3 and s = 8, a solution with constant weights (v,, = + for each m € {1,...

16}) is chosen, s—mustbe

925

rnd 1@ . 1.

) Qhﬂrnd QL v Qhﬂrnd QL — IT+1.

930 Thesamplingmatrix-Q-is-defined-as-

Q= Qhﬂ’r‘nd Ql

AT =c| s s s s | EG 4D

1
V2
0
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945

950

X =211 (p41) + LCTQY W3

case with o = 5 and s = 3, the chosen solution is

— 1 1 1 1
v=(% F 5 7 W TR A

T
i1 1 1 1 1 1
I I I I I DL
and
o0 L 1 1 1 1 _1
2 26 2v6  2V6 2v6  2V6 26
h=5 _ 1 1 1 1 1 1
W7=1000 F 35 26 ~v6 “3/6 26
1 1 1 1
000 0 55 35 Y 3553 ~3;
T
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