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Abstract. Multipte-Several metrics have been proposed and utilized to assess-diagnose the performance of linear Bayesian
and geostatistical atmospheric inverse problems. These metrics are mostly related to assessing reduction in prior uncertainties,
comparing modeled observations to true observations, and checking distributional assumptions. These metricsthoughimpertant
» though important, should be augmented with sensitivity analysis to obtain a comprehensive understanding of the performance
of atmospheric inversions and critically improve the quality of an atmospheric inverse model and confidence in the estimated
fluxes. With-this-motivationln this study, we derive analytical forms of the local sensitivities of the estimated fluxes with
respect to the number of inputs such as measurements, covariance parameters, covariates, and forward operatorerjacebian-

. These local sensitivities have different units and vastly different magnitudes. To this end, we also propose a technique to

rank local sensitivities. In addition to local sensitivity, we provide a framework for global sensitivity analysis for

linear atmospheric inversion that shows the apportionment of the uncertainty ef-in different inputs to an-inverse-problem—The

proposed-framework-—is-applicable-to-any-other-domain-that-employs-linear Bayestan-and-geostatis pverse-methods—the

uncertainty of estimated fluxes. Prior to performing an inversion, we also propose a mathematical framework to construct

correlation matrices from a pre-computed forward operator that encompasses non-stationary structures. This is closely tied
to the overall quality of estimated fluxes. We show the application of our methodology in the context of an atmospheric

inverse problem for estimating urban-GHG-emissions-methane fluxes in Los Angeles—Within-its—context—we-also-propose
jacobian-that-encompasses-hon-stationary-struetures, California. The proposed framework is applicable to any other domain
that employs linear Bayesian and geostatistical inverse methods.

1 Introduction

Inverse models within the context of atmospheric applications are often used for constraining global to regional scale fluxes of
trace gases (for discussion see, Enting, 2002). At global scale, data assimilation (for further details on data assimilation, see

Wikle and Berliner, 2007) that sequentially assimilates observations and updates the prior estimates of fluxes by utilizing an
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atmospheric model coupled with chemistry remains the primary inverse modeling framework. This framework at regional scale
is complimented by inversions that assimilates all observations simultaneously by utilizing a pre-eomputed-forward-operator
orjacobtan-precomputed forward operator (Lin et al., 2003) that describes the relationship between observations and fluxes
(for details, see Enting, 2002). This work focuses on these latter class of inverse methods. It specifically addresses sensitivity
analysis and correlation in the jacebian-forward operator in the context of Bayesian (for e.g., see Lauvaux et al., 2016) and

geostatistical inverse methods (see Kitanidis, 1996).

The senstivity analysis in context of this study is covered under local and global themes. Primarily, we focus on local sen-
sitivity analysis (LSA) that eemputes-measure-of-measures the effect of a given input on a given output. This is obtained by
computing partial derivatives of an output of interest with respect to an input factor (See Rabitz, 1989, and Turanyi, 1990).
Within global theme, we focus on how uncertainty in the model output can be apportioned to different sources of uncertainty

with respect to corresponding model input (Saltelli et al., 2008).

Previously, many methods have been proposed and utilized to perform sensitivity analysis. These can be categorized as
sis (GSA) includes Morris’s (e.
time method (OAT), Polynomial Chaos Expansion (PCE) (e.g. Sudret, 2008), Fourier amplitude sensitivity test (FAST) (e.g.
Xu and Gertner, 2011), Sobol’s method (e.g. Sobol, 2001) and Derivative based global sensitivity measures (DGSM) (e.g.
Sobol and Kucherenko, 2010) among others. These existing GSA methods either: (1) assume independence of parameters (e.g..
FAST and OAT). or are (2) computationally expensive (e.g.. Sobol’s method), or (3) require knowledge of the joint probability.

., DGSM, PCE). Therefore, these traditional methods cannot be directly a
atmospheric inverse problems, which consists of tens of thousands of non-normal, spatio-temporally correlated parameters

includes observations). Recently proposed active subspace based GSA (Constantine and Diaz, 2017) uses low dimensional
approximation of the parameter space. In its current form, it is still computationally expensive for problems that consists of
thousands of parameters (see case study in Constantine and Diaz, 2017).

lobal and local sensitivity analyses. Global sensitivity anal . Morris, 1991) one step at a

distribution of the parameter space (e. lied in linear

In comparison to GSA, local sensitivity method like Bayesian Hyper Differential Sensitivity Analysis

LSA is similar to Bayesian HDSA, except for the fact that it directly finds analytical derivatives of the MAP solution with
respect to the input parameters in linear atmospheric inverse problems. This is possible when we know analytical closed form
solutions of the estimated fluxes. In this study, we leverage a framework that is not only one of the most commonly adopted
forms in atmospheric inversions but also admit closed form solutions. Thus, unlike the previous work on Bayesian HDSA,
we do not generate samples from the prior to compute multiple MAP points. As we have limited knowledge of the prior
distribution of the spatio-temporally correlated parameters. We derive exact functional form of the local sensitivity equations
based on the closed form analytical MAP solution. Our method is simple and amenable to tens of thousands of parameters.
Note as in all linear atmospheric inverse problems one of the key goals of this work is to study the importance of thousands of
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spatio-temporally varying parameters by ranking them and computation of the local sensitivities is a means to achieve that goal.

Overall, in atmospheric trace gas inversions mostly LSA is performed. Within this context, LSA asseses how sensitive the
posterior estimates of fluxes are with reference to the underlying choices or assumptions, like (1) observations included, (2)
model-data error covariance, (3) the input prior information and its error, and (4) the jacobian-forward operator (for discussion
see, Michalak et al., 2017). This task is sometimes performed to arrive at a robust estimate of fluxes and their uncertainties.
It is achieved by running an inverse model multiple times by varying the inputs and assessing their impact on the estimated
fluxes and uncertainties. Another complimentary way to do LSA is by computing local partial derivatives with respect to these

quantities down to an individual entry that go in an inversion.

LSA can be grouped with standard information content approaches such as averaging kernel or model resolution matrix
and degrees of freedom for signal (DOFS; for details see seetionSec. 3.2.1 of this manuscript, Rodgers, 2000, and Brasseur
and Jacob, 2017). Averaging kernel matrix shows how the estimated fluxes are related or sensitive to the true fluxes. Thus,
it belongs to the LSA category. However, LSA is more informative than DOFS and averaging kernel alone as it goes after
individual components (see seetionSec. 3.2) that determine DOFS. Furthermore, DOFS is a measure that provides an estimate
of the information resolved by an inversion. In comparison, LSA focuses on quantifying the impact and the relative importance

of various components of an inversion in governing the estimates of fluxes.

In this werk;—we-providestudy, we focus on the guality of the inverse estimates of the fluxes which means providing
diagnostic metrics to better characterize our understanding of the impact of input choices on the inverse estimates of fluxes
and thus improve the quality of the inverse model. Specifically, in this technical note we provide: (1) analytical expressions to
conduct post hoc (that is after an inversion has been performed) LSA throughleeal-partial-derivatives—In-ordertoprovide-a
eompleteframewerk—-by computing partial derivatives, (2) a scientifically interpretable framework for ranking thousands of
W)Mw&hm%mmwa mathematical schema for globalsensitivity

onducting GSA. However, GSA is considerably difficult
to perform in the absence of the knowledge about the uncertainties associated with all the inputs that go in an inversion-

We-also-develop-methods-, and (4) a technique to assess spatio-temporal correlation between jacobians-forward operators of
two or multiple observations. This is tied to the overall diagnostics of the estimated fluxes as fluxes remain-highly-are strongly
sensitive to the jacobian-forward operator and improvement in understanding the representation of atmospherie-transpert-the

atmospheric transport model error through spatio-temporal association in the jaeebtan-forward operators can lead to significant
improvement in designing the components of a-suitable-an atmospheric inversion framework.

2 Organization of the study



90 In a generic form a linear inverse problem can be written
91 as:
92 z=Hste M

93  where H is a forward operator that maps model parameters s (fluxes in the context of this work) to measurements z and
94 encapsulates our understanding of the physics of the measurements. The error € in Eq. (1) describes the mismatch between
95 measurements and the modeled measurements (see Sec. 3).

96

97  Ina typical linear atmospheric inverse problem (see Fig. 1) the estimates of the fluxes (box 8 of Fig. 1) are obtained in a
98 2002; Tarantola, 2005 .1
99 is based on a fixed flux pattern at a prescribed spatio-temporal resolution, and errors (box 6 in Fig. 1) are either assumed to be
100  independentor are governed by a prescribed covariance structure (for details see Gurney et al., 2003; Rodenbeck et al., 2003, 2006
101 ).

102 Within the previously mentioned setup, choice of the input parameters including the forms of error structures have profound
103 impact on the quality of the inverse estimates of fluxes. Understanding the impact of these inputs is critical for evaluating the
104 quality of estimated fluxes. Thus, in the first part of this work we utilize the understanding of the physics of the measurement
105 that is encapsulated in H to generate correlation matrices that are scientifically interpretable in the context of estimated fluxes
106 .1

107 Sec. 3.1. In the second part of this work we assess and rank the importance of the inputs mentioned in the middle column (the

108 box 8 of Fi

classical one stage batch Bayesian setup (for details see Entin where the a priori term (box 3 in Fi

and to build an interpretable non-stationary model of the residual covariance structure (box 6 in Fi . This is described in

reen background box) of Fig. 1 in governing the estimates of fluxes . 1). This is covered in Sec. 3.2. These two

109 parts are followed by a methane (CH4) case study that demonstrates the applicability of our methods (i-e-Seetiensee Sec. 4).

110

111 To maintain maximum transparency, facilitate assessment, and show applicability of our methods in SeetionSec. 3 we also
112 provide two well documented interactive MATLAB Live-seripts-Livescripts (for details on Live-seript-Livescript see Mat-
113 labLivescript), one for each methodological partthat-contains-. These Livescripts contain equations, code, and visualizations
114 as it relates to the real-data case study described in Seetion-4—Al-of-these-Sec. 4, and are included as supplementary material.
115  Separate pdfs of these Live-seripts-Livescripts are also included for the readers who do not have access to MATLAB.

116 3 Methods and derivation

117 3.1 Analysis of the jacebianforward operator

118 In inversions that assimilates all observations simultaneously, first a jacobtan-forward operator for each observation that would
119 be included in an inversion is obtained from a transport model. These observations of trace gases can be obtained from multiple

120 platforms that include in-situ network of fixed locations on the surface, intermittent aircraft flights and satellites. In most situa-
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Figure 1. The schema for performing a linear atmospheric inversion to obtain estimates of the fluxes of greenhouse gases. The middle

on the estimates of fluxes (box 8) and developing correlation structures from the forward operator (box 5).

tions, the spatio-temporal eeverages-of-thesejacobtans-coverage of these forward operators are visually assessed by plotting an

aggregated sum or mean of their values over a map of the spatial domain of the study. However, standard quantitative metrics
to assess their coverage and intensity in space and time remains completely absent. In this study, we present two metrics for
this assessment and these are defined below. These metrics conform to triangular inequality and therefore can be defined as

distance function in their respective metric spaces.

Note sometimes in the published literature on trace gas inversions the jacobian-forward operator obtained from a transport

model is referred to as a sensitivity matrix, Jacobian or footprint. Henceforth, to avoid misinterpretation, we always refer

to jacobian-asfeotprintJacobian/sensitivity matrix/footprint as forward operator. We show our application through feetprints
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forward operators constructed by running a Lagrangian transport model. However, our methods can also be applied in analytical

Eulerian framework (see Brasseur and Jacob, 2017 for details).
3.1.1 Integrated area overlap measurement index (IAOMI)

The Integrated Area Overlap Measurement Index (IAOMI) summarizes the shared information content between two feotprints

forward operators and hence 1nd1rectly between two ObSCrVathHSﬂﬂéeHheﬂSﬁfmp&efkﬂi&FeﬁeHﬂﬁiﬁpefﬁeﬂﬂﬂd—ff&ﬂsp@fHS

. It is therefore a measure of the uniqueness of the flux signal

associated with an observation in comparison to other observations.

Zmin(F, 0)=0 4 Zmin(F,G) + Zmin(G. 0)=0

VEG =

Zmax(F,O)=ZF+ Zmax(F,G) +Zmax(6,0)=ZG

Figure 2. Venn diagram that defines IOAMI in terms of two hypothetical feotprints F-and-Gforward operators F' and G

understood spatially. For a given time point, consider two forward operators F and G as two vector-valued functions over an
area, IOAMI is the proportion of the common contribution of the two feotprints-forward operators from the intersected area

with respect to the overall contribution of the two feetprintsforward operators. This is demonstrated through a Venn diagram
in FigureFig. 2. Thus, IAOMI can be defined as:

_ EAFQAGHI(F) G) _ EAFQAGfl(F7G)

v = v = 2
Fe YarvacHa(F,G) F.G Tapuapfa(F,G) @
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Where for any feefpfmf—Sforwemiome\ga\@AthANS the correspondmg set Ag—eﬂ%hielﬁeefpfmﬁ—df&A on which forward

Ag ={x:S(x) > 0} and the two vector-valued functionals

f; and f5 can be given as:

max(F,G) onApNAg
min(F,G) on ArpNAg

f1(F,G) = and f3(F,G)=<F on Ap NAg 3)
0 otherwise
G on Az NAg
Note that ;—the+7defined-above-the IAOMI defined in Eq. (2) can also be written as a simpleratio of the sum over-of

minimums over sum of the maximums —as:_

Y apuasmin(F,.G) Lapuaemin(F,G)
Zaruagmaz(F,G) Bagyasmaz(F, G)

“4)

VFE.GF,G =

Thus;- TAOMI v can also be thought as a measure of similarity between two footprintsforward operators. It is evident from
eguation—<4-Eq. (4) that this is a weighted Jaccard similarity index or Ruzicka index (Cha, 2007). It follows that v is closed
and bounded in [0,1] and accounts for both the spatio-temporal spread and the intensity of the feotprintforward operator. A
stronger v implies larger overlap of intensity in space and time and is analogous to finding the common area within two curves.
The corresponding measure of dissimilarity can be defined by 1 — v. The smaller the overlap or the larger the value of 1 — v
the larger is the dissimilarity. Note the v metric is only indicative of the overlap in the spatio-temporal intensity between two

footprintsforward operators. To measure how much of the shared intensity has come from either feetprintforward operator, we
use a metric Vg r o) defined as:

I, v _ YapnaeH1(F,G) Yapnacfi(F,G)

®)

Where Hz{F)=+F-on-Ar1f3(F) = F on Ar and 0 everywhere else. Likewise, we can define /-~vg|(r,c) Which shows
proportional contribution of the feetprint-forward operator G on the shared intensity. Both v and #7—v can be computed from

observations taken from same or different platforms, at same or different time or for two different in-situ measurement sites

over a specified time-interval.
3.1.2 Spatio-temporal Area of Dominance (STAD)

The notion of the spatio-temporal area of dominance (STAD) stems naturally from IAOMI. For any two feetprintsF5-and
&forward operators F, and G, we can find out the left-over dominant contribution of +-and-G-F and G by computing quanti-
ties #—6Grand-G—F-F — G and G — F that leads to determination of the area where +~or-G-F or G is dominant.
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Mathematicallyfor-twofootprints+—and-GFor two forward operators F and G, STAD of #-F with respect to G-G is
defined as:

F—-min(F,G) onApnA
STAD ;¢ (F,G) = (F.G) Foe
- F otherwise

TAOMI and STAD of any feetprint+-forward operator F with respect to the footprints-F-and-G-forward operators F and G

are linked by the following equation:

I/L(;Eﬁzijz(F, G) +ZSTAD5me(F,G) = Eé/EFOH Ap UAg (6)

Given a set-offootprints{F-G G number of forward operators {F, G1,Go, - - - }, STAD for any particular feetprint
+forward operator F with respect to all other foetprints forward operators can be generalized from equation-6-asFsrap(FH—7)

p— = 2 D .

and Ag, is the set on which feetprint-G—forward operator Gy, is always positive (see seetionSec. 3.1.1 for it’s-its definition).
STAD can be aggregated over any time-periods. Intuitively, STAD determines areas in space-time where one foetprintforward
operator dominates over other foetprintsforward operators. This is especially useful in locating the primary sources of emissions

fluxes that influences an observation.
3.1.3 Jensen-Shannon distance (JSD) for footprintsforward operators

Dissimilarity between feetprintsforward operators can also be measured via entropy (for definition, see MacKay et al., 2003)
based distances. Entropy distances are sensitive in capturing differences between two distributions that are similar in +st-the first
order (e.g. mean, or median) and second order moments (e.g. variance, or quartile deviation) but differ in higher order moments
(e.g. Kurtosis) or modes (e.g. unimodal vs. multimodal). Entropy based distance metrics that adhere to triangular inequality

can also be combined with spatio-temporal coverage to measure the probabilistic divergence between two feetprintsforward

operators. One such metric is Jensen-Shanon distance (JSD) (Nielsen, 2019) which can be used to compute distance between

two distributions generated by the feetprints—Nermalized-footprints-forward operators. Normalized forward operators can be

seen as samples from an underlying high-dimensional probability distribution such that total sum is one. For any partiealar

F(kt)  F

Priym, = |

where P-denotes-a-probability-measure—F), denotes k™ entry of F and index k spans over the entire domain. The symbol
P denotes normalized forward operator. We can then use JSD to compute distance between two feetprintinduced-probability
distributions—Afternermalizationnormalized forward operators. Thus, JSD can be computed as:
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1 1
JSD(PFE”Pc,g) Z\/2D(PFE||M>+2D<PG§,|M) (8)

where D stands for Kulback-Leibler (KL) divergence (see MacKay et al., 2003 for details). KL divergence D of any proba-
bility measure-distribution p with respect to another probability measare-distribution ¢ is defined as: D(pl||q) = > plog(p/q) =
and M is defined as: M—=—APr—++PyM = 1 (Pg + Pg). The symbol || is used to indicate that {Pp-H{A-and-P-{Pe A
D (Pg||M) and D (Pg]|M) are not conditional entropies (see MacKay et al., 2003). JSD is closed and bounded in [0, 1] when
KL divergence is computed with base 2 logarithm. Intuitively, JSD and 1 — v (i.e. 1-TAOMI) are comparable since both of them

are measures of dissimilarity.

Note that, one can use JSD or 1-JAOMI matrix of all pairwise feetprints—forward operators as a representative distance
matrix for describing correlations in model-data errors (i.e., R in equation-9)—This-Eq. (9)). These correlation matrices need
to be at least positive semi-definite. Since JSD or 1-ITAOMI matrices are real, symmetric, and admit orthogonal decomposition,
element-wise-entry-wise exponential of such symmetric diagonalizable matrices wotld-be-is positive-semidefinite. Thus, they
can be incorporated in R via the commonly adopted exponential kernel of the distance matrix (see Ghosh et al., 2021). Further-
more, the IAOMI matrix itself is a positive semidefinite (Bouchard et al., 2013) matrix and can also be directly incorporated in

R-R as a measure of correlation. However, we do not explore this area of research in this manuscript.
3.2 Local sensitivity analysis in inversions

For linear Bayesian and geostatistical inverse problem, the solutions (see, Tarantola, 2005 for the batch Bayesian and Kitanidis,

1996 for the geostatistical case) can be obtained by minimizing their respective objective functions. These objective functions

can be given by-equations9-and10-as:

L(sslyy, SpriorSprior; HH,QQ,RR) = %(gz —HsHs)"R'R™*(zz — HsHs) + %(§s - Msprior)TﬂtQ_l (ss— Msmjor)
)

L(sslyy. HH, QQ RR, §) = J (27 — HsHs) R'R " (zz — HsHs) + L (s5 - X0X0)' Q'Q " (ss - X5XB)
(10)

where lower case symbols represent vectors s-and the uppercase symbols represent matrices, and this same approach of

representation is adopted throughout the manuscript. In

—H - withunits-Bq. (9) and (10), z is an (n x 1) vector of available measurements with unit of each entry bein
The forward operator H is an (n x m) matrix with unit of each entry being ppm pmoles ™ 'm Zsecis-afootprint-, The matrix

H_is obtained from a transport model that describes the relationship between measurements and unknown fluxes. sq7 -are

unknown-fluxes-thathave-units-Unknown flux s is an (m x 1) vector with unit of entries being pmoles m~2sec™!. Rery-with




225 units-ppm-is-the-covarianee-The covariance matrix R of the model-data errors —X7-are-is an (n X n) matrix with unit
226  of the entries being ppm?. The covariate matrix X is an (m x p) matrix of known covariates related to ss. The unit of each

227 of the eovariate-in-entries in every column of the covariate matrix X is the unit of #°s-its measurement or if it is standardized
228 (e.g. subtract a covariate by its mean and divide by its standard deviation) then it is unitlesstfor-. For further discussion on
229 standardization and normalization see Gelman and Hill, 2006). The units of S;1=(p x 1) vector 3 are such that X3-and-s-X3
230 and s have the same units. Qg my-with-units The prior error covariance matrix Q is an (m x m) matrix that represents the
231  errors between s and X3 with unit of the entries being (pmoles m*QSec’l)Qdesefﬂaes—eﬁefs—befweeﬁ—ufﬂeﬂew&s—&ﬂd—&%
232

233 The analytical solutions for the unknown fluxes s-s in the Bayesian case (denoted by the subscript B) and the geostatistical

234 case (denoted by the subscript G) can be obtained from equations—tH-and-12-Eq. (11) and (12) as given below.

-1
235 éB = SpriorSprior + QHT QHt (HQHTHQHt + RR) <ZZ - HSpriorHsprior> (1 1)
) —1
236 8¢ = XXB+ QH' QH' (HQHfHQHt + RR) (zz — HXﬁHXﬂ) (12)
237 Equation+2-Eq. (12) is often expressed as sg—=2X+ewhere XFsg = X3 4- € where X3 is the mean and %QHLGHQHT—!—Rﬁ;l
238 e=QH'(HQH'+R N HX ) is the stochastic part of the estimated fluxes. As the estimate of sg-inequation12-sg

239 in Eqg. (12) depends on the unknown £, it needs to be estimated prior to obtaining 558¢. The solution for the QQQ can be
240 obtained from pre-determined quantities as described earlier in the context of equation+0-Eg. (10) and can be given as:

241 B=HX"HQH” + RQ'HXA'"W?'HX" HQH" + R 'zz (13)
B HX HX" oz

242 Plugging in B in equation—t2-leads-to-equation+4-Eq. (12) leads to Eq. (14) where all symbols are defined previously or in
243  equation15Eq. (15).

244  $0=XXQ 'ATA'W lzz+ QH'QH P! (gz — AAn—lAjAt\Il—lgz) where (14)
245 AA=HXHX, 0¥ — (HQHTHQHt + RR> L Q0= (@HX) Tt (HQHTHQHt + RR> STHXTIHX O (15)

246 We-differentiate-equation—H-Note that, Sp and S¢ in Eq. (11) and (12) are essentially functions which are represented b

247 equations. This is a commonly adopted nomenclature that is used by researchers working in the field of atmospheric inversions.
248 We differentiate Eq. (11) with respect to sprior, R, Q, z and equation+4-Eq. (14) with respect to X, R, Q, z to obtain the local

249 sensitivities. There are two ways to differentiate § with respect to z, X, H, Q, and R. In the first case, every entry in z, X,
250 H, Q, and R can be considered as a parameter that results in differentiation of § with respect to these quantities. On the other

251 hand, if the structures of the covariance matrices Q and R are determined by parameters then § can be differentiated just with

10
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respect to these parameters. In the former case, equationstH-and-+4-Eq. (11) and (14) are used to differentiate § with respect to
an entry at a time in z, X, H, Q, and R.. Such an approach of entry-by-entry differentiation thatis-ene-at-a-time-differentiation
is-is useful if the computational cost in terms of memory constraint is important or if we would like to know the influence of a

single entry on §. We provide both sets of equations in this work.

3.2.1 Loealsensitivity-analysis-LSA with respect to observations, priors, scaling factors, and feetprintsforward
operators

Local sensitivity of § with respect to observations (z) can be given as

8sp T qg—+

— = ![:]_IIL

az

% =X *ATE L QHTE _ QHIEFAQATE — A

%5 _ qute (16)

0z

3816' _XQ AT 4 QHIT ! - QHITIAQ AN a7
Z

where all quantities are as defined earlier.

and-Gourdji-et-al52010)—The units of = ‘)S &%Wre pmoles ™ m?sec™'ppm~! ;whieh-is-and the matrices are of
dimension (m x n). These units are inverse of the units of H. Local sensitivities with respect to an observation z; for both

z)s
Oz -t

the Bayesian and the geostatistical case can be written as vector of sensitivities times an indicator for the i entry i.e.

Wﬁ%m&ls a vector of zeros with the i entry equals to 1.

0s 08

Note by utilizing -5>22,

we can also obtain an averaging kernel (or model resolution matrix) and DOFS (see Rodgers, 2000).

The averaging kernel matrix for any linear inverse model can be written as:

AvkV = ?? x HDOFS= TrAvkH (18)
Z

where Avk V of dimension (m x m), is the local sensitivity of §-§ with respect to the true unknown fluxesand DOFS-. Then
the DOFS can be computed by taking the trace of the averaging kernel matrix V. DOFS represents the amount of information

resolved by an inverse model when a set of observations have been assimilated (for a detailed discussion, see Rodgers, 2000
and Brasseur and Jacob, 2017). Theoretically, the value of DOFS cannot exceed number of observations (an) in case of an

underdetermined system and the number of fluxes (mm) in case of an overdetermined system.

11
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278 We can directly compute local sensitivity of § with respect to the prior mean flux sy in the Bayesian case. In the geostatis-

279 tical case, the prior mean is modeled by two quantities X and 503. In this scenario, we need to find sensitivities with respect to

280 X as well as 33. These local sensitivities are-given-bycan be given as:

21 ;% P2 11 CHCH (19)
aSprior ?/\S/E/r\i?i
95¢ 98¢ T t -1 Tt T t -1 -1

282 % ox = KK: @ (IT+  MATMA' - XOXQ ' AAT' - QH'QH' | ¥~ 'HH ) + (LQXQ fMM) % (FF. —K..
(20)

283 a;g %SBG = XX - CACA 1)

284

285

286 the Kronecker product. The quantity %@—uﬂfﬁe@%—w—kﬂe&%—iﬁe—ﬁﬁﬁﬁ—e{;@ is of dimension (m x m) and its entries are
prior i
287 unitless. The quantity 23¢ is of dimension (m x p) and units of the entries in each column of M@—gvgrvq of the form

288  (pumoles™'m?sec™!)(unit of 3;) 1. The sensitivity matrix 255252 B is of dimension m%mpwhef&evefyﬂ—w)\ybgrg

2 —1

289 mblock of m columns ((i — 1)m+ A : im) of %{Lgsgmhas units of the form

290 X-is-the+i™(umoles *m2sec™1)(unit of X,;)~* where X, is the ™ column of X. Note that, the sensitivity matrix 058 i
291 Eg. (19) can also be thought as proportion of posterior uncertainty to that of the prior uncertainty. In context of the Bayesian

292 case, proportional uncertainty reduction becomes averaging kernel.

293

294 Sometimes, it is important to know the influence of the prior of any particular grid point or an area consisting of few points

295 on 8. Local sensitivities-sensitivity of § with respect to the ﬂeﬁfy&ﬂfﬁwﬁ}mxand 31 are-straightforward-is a

296 matrix of dimension (m x 1) and can be written as 595 556 and 08§ € Wrespectively. However, the entry-wise

297 0()4)5(# 5’;5%13 more complex and can be given by:
08¢ 0sa —ATexT _ 0X 90X 1 _,0XT ox!

298 — (II- CHCH) | (11—~ XX ™' X"H'X'H'v " HH) QO 'X X! + XOXQ (m-n”
IXij 0X (- CHEI | (H-xa S 0K, 0K, S e 0Xij 0Xqg \- T

(22)
299 where %—Eﬁ Mls a single-entry matrix with a one for a X;; for which differentiation is being performed and

300 zero everywhere else. For z, entry-by-entry differentiation can be easily performed, since both equations-H-and-+4-Eq. (11) and
301 (14) result from linear models and are functions of the form ®z—+mn-where-$-and-n-Pz + n where ® and n are independent

302 of zz. For example, &

303 nforEq.(11)are QH' (HQH' + R ! and sy — QH' (HQH' + R) ' Hs,y respectively and are independent of zz. In
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08p 08 . . . . . . .. .
Sa 9. can be written as ®e;-Pe; where e; is a single-entry vector with a one for a z; for which differentiation is

this case,

ok te]

being performed and zero everywhere else. %M%Ncan similarly be defined for the respective $-®. Here

both the quantities ‘%—G_ and aé—’? are matrices of dimension (m X 1).

L o . . . 2
Local sensitivity of § with respect to a-an entry in the forward operator has units of the form (pmoles 'm? sec™ ) ppm~1.

In the Bayesian case this sensitivity can be written as:

‘%% ~QQ®PP. — BPBP.®C’C' - BC'BC'  PP. - QQ© DD + BDBD © C”C' + BC"BC' © DD — ssprior ® C

(23)
where 232 is a sensitivity matrix of dimension (m x mn). In the geostatistical case, this sensitivity can be partitioned into

two components i.e., g—gﬂﬂdg—fla—ag and —gfl as shown in eqﬂaﬁeﬂ—zélrwhef&g—ﬁﬂﬁdg—ﬁggm 24) &%@E@%me
obtained in an orderly sequence from equations-25-and-26Eq. (25) and (26).

98¢ 08¢ 0B L 0B = 0 0e
9 1LeGG. - PP.SAQAQ XX & KK+ GG.HQHQ® K'K' + NN @ GG. + LL® PPT ~ PPTHQHG
(25)
9 e _ Tt T T 08, OB
OH 9H —9Q®EPZ —CzCzC- C'—CHQCHQ® PP, — XK' zXK'z® CC _CAACAQAHV (26)

The expanded form of some of the symbols in eguations—23-through—26;-those-Eq. (23) through (26), which have not

and (m x mn) respectively. The units of the entries of -9 are of the form (pmoles 'm?sec™!)2ppm 1.

There might be times when we would like to know the sensitivity of the transport (HH) with respect to certain source

locations only. In this case, we can use ﬁf@fﬂfﬁf—ﬁqﬂﬂ&@ﬁ%ﬁf@ﬂgh%é«t%b%&m&%z ) form of Eq. (23) through (26) to
2

. 98p . .98 28 .
obtain =>£- in parts. In this formulation--22—, £2E- can be given as:
oblan z 1 p DI, ; 2 BHpp g
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330
331
332
333

334

335
336
337
338

339

340

341

342

0Sp 08p oH _, 0H 0OH OH 1
=C O (CC(HsHspior — 22) — 58y ) — CHQCH TG B (22 — HsHSpior
27)
98¢ 08c op o 0B 0e 0
=X X h 28
0H,, 0H,, " 0H,  oH, '« 0H,0H, (28)
0B 0B r OH OH T t oH' —1aaT Aqt
=|-K XNXN - CASCAS H' QH H T¥-AS T AS'—1I
(’9H7;j GHH 0H GHU - - +LQ 8H Qf)H” (7 - - ) +
(29)
0¢  Oe oHT _oH' OH OH oH” OH' A OH _ O0H
o = —C H'C-— QH'- CH CH Vo (22— AAB) - X
OH,J BHU QOHUQ(‘)H” OH,JQ 8HUQ Qf)H,J Q(‘BH” - - ﬁ 8H,J 6HU
(30)
where S—=AQ-1S = AQ ! and the matrix 8@;1 ;EHF is a single-entry matrix with a one for a H;; entry for whﬁwh the
differentiation is being performed and zero everywhere else. MWMQM%M
Lé‘] are sensitivity matrices of dimensions (m X 1 . Units of as? and 235 are
the same as their kronecker product counterparts.
3.2.2 Loealsensitivity-analysis-LSA with respect to error covariance matrices and prior information
In order to compute the local sensitivities of § with respect to Q and R, consider that they are parametrized as Q{fq)and
R{Orwhere#g-and-Hr—Q(0q) and R(0g) where O and Og are the parameter vectors. The differentiation with respect
to error covariance parameters in Q and R can be accomplished threugh-equations31-threugh-34-from Eq. (31) through (34)
where the subscript i indicates the i covariance parameter for which differentiation is being performed.
05p 08p 0Q g 9Q o
II- CHCH) .~ H'U (22 — HsHs,yior 31
90q, g, ( ()0Q 59@ (22 — HsHsprior) (31)
?SG Osa _ ~XOXQ 'AATOE T THH + 11 - QHQHT o ¥ 'HH + QHQH T 'AQAQ 'AAT T 'HH 0Q by
deQi aaQi - E— 89(31. 0
(32)
0Sp 08p OR R
=—C_—9vC—_—U~ — HsHsio; 33
9075, 90n, Dr, 00n, (2~ HsHspio) (33)
0S¢ 08 R
956 956 _(_xoxQAAT - BB+ CAQCAQ " AAT oo R g IR g1, AgAQ - AATBw 1)
00r, 00, DR, 69R
(34
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jr“he—tmﬁs—et—‘)—s—dﬂd—%All the quantities 238-, 93¢ 0sp , and ELG_ are sensitivity matrices of dimension (m x 1) and

00q, y
MMMWMare of the form (,umoles m?sec™ 1) (unit of f¢, or Og,)~!. It is also possible to find

——&ﬂdﬁ 50 and gRS directly as shown in eguations35-through38Eq. (35) through (38).

9Q 99
99 99
R R

—H OH'® " (22 — HsHsyior) ® (II - @Ht@—I&TBt) (35)

(gG — 2Tz ) YU 'HH® ((EB ~MATMA® +MLtAt) Uy lHH - 11) (36)

¥ (22 — HsHspior) © ¥¥ 'HQHQ (37)

IR OR

(gcz—izt) vl (EB—MiATMAt—i—MLtAt) ! (38)

2

955 and 95¢ are sensitivity matrices of dimension (m x m?2). The second set

Equations-35-through-38-First two quantities
of quantities 222 and 25¢ are sensitivity matrices of dimension (m x n?), Equations (35) through (38) are useful when Q-and

R-Q and R are fully or partially non-parametric. However, dimensions of these matrices can be quite large and users needs to

be careful in realizing the full matrix.

3.3 Global-sensitivity-analysisGSA: a variance-based approach

Glebal-sensitivity-analysis-GSA is a process of apportioning the uncertainty in an output estimate to the uncertainty in each
input parametersparameter. The term “global” stems from the idea of accounting for the effect of all input parameters si-
multaneously. This is different from “local” sensitivity analysis where the effect of a small change in each parameter on the

functional output is sepamfe}feeﬂﬁdefeekkeepﬁrgevefymmge}s&con&dered separately while keeping all other parameters

constant. Although quite important, a detailed ¢

of-GSA is challenging as it requires knowledge of the probabilistic variations of all possible combinations (also known as co-

variance) of the input parameters. In atmospheric inverse problems, it is hard to know the joint variation of all input parameters.
However, sometimes it might be possible to know the approximate joint variation of a small subset of input parameters (e.g.
the covariance between Q and R parameters). In such case, we can use a variance based approximate method to find the
relative contribution of their uncertainties with respect to the total flux uncertainty. Note it is also possible to use DGSM (see
Sobol and Kucherenko, 2010) or the active-subspace technique (see Constantine and Diaz, 2017) in such a scenario. Since the
variance based method proposed here doesn’t require any sampling and can levearage previously computed derivatives, we
adher to this method in this study as an easy extension after LSA._

The GSA method presented here leverages local sensitivities but actually belongs to the class of variance based methods. This
is an approach that addresses the contribution to the total variance of the estimated fluxes. This is an approximate method unlike
the exact decomposition technique of Sobol using conditional variances. It applies a simple first-order Taylor’s approximation
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372 around parameter estimates to obtain an approximate representation. This approach has been used in many research works
373 . Hamb

374 others.
375

including environmental modelin 1994) and life cycle assessment (Groen et al., 2017; Heijungs, 1996) amon

376 Broadly, we can consider § as a function of the 1

377 andzie. R ,
378 dividual components of ff are accounted in the overall uncertainty of § —We-apply-by applying multivariate Taylor series
379 expansion of s-aboutit’s-§ about its mean. Approximation up to first-order polynomial of the Taylor series expansion leads to

380 the equation:

0s
00

05 95 1

t
96 09—~ WoWogg

381 ViVar(s) = ( ) +Error, where
0=0

382  O={(Ogbrbabxtorsmor) 0210 = (0Q,0r. 01,0 (OF Spi), 02) is the vector of parameters and W-—=-Var(6)-W = Var(6)

383 is the covariance matrix of the parameters. It is however, challenging to estimate some of the individual covariance quantities
384 such as the cross-covariance between @r and @fy or between @, and O to get the best possible decomposition of the total
385 uncertainty of S. Assuming no cross-covariance between Q and R and ignoring other parameters not related to the variance

386 parameters, the diagonal of the variance of the posterior fluxes can be approximated as:

2 2
L

. 0s  0s ( ) 0s 08 ( )
387 Vi, Var(s;) = Ve Var(0q, | + Ve Var [ 0 (39)
7MN( ) ; agQ( )3562 GQ( /) Var | O Z agR( )‘%Rk GR( ) Var | Or, A

i @ =0
388 Where the subscript i on the right-hand side of eguation39-Eq. (39) refers to the i elemententry of the derivative vector
389 which is a scalar and parameters 6 -and-8r{#)-0q, and 5, refer to the jth-and-th-j™ and k™ parameters of the sets O¢ and
390 Opg respectively. From equation-39Eq. (39), we can see how uncertainty in the flux estimate is apportioned into variance com-
391 ponents of 8¢g and g of an inversion frameweorksframework. No normalization is necessary in such global-sensitivity-analysis
392 a framework of GSA since on the right hand side of equation-39Eq. (39), the variance components are naturally weighted in
393 such a way that both sides have same units. Once the two components of V, (i.e. equation-39Eq. (39)) are computed, they can
394 also be summed over the solution space (e.g. number of gridcells x number of time-periods) of § and ranked to find the relative
395 importance of the parameters.
396
397 Even after simplification, implementation of egtatten—39-Eq. (39) is difficult as it requires knowledge of the uncertainties
398 associated with the parameters of Q and R that are generally not known. Note that, it is also possible to have a complete

399 apportionment of ¥s-the variance of § for all the parameters of f~e-g+-Q:RsHX{or Spror)and-z)-f _at least up to the first-
400 order polynomial in the Taylor’s series. However, it’s-its implementation is difficult since it requires knowledge abeut-of the
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covariances of all the parameters. We do not further discuss global-sensitivity-analysis-GSA in the context of the case study
presented in this work, but we have shown it’s-its application with respect to Q-and-R-Q and R in the MATLAB Live-seript—

normalization—For-eachsensitivity-matrix-Other than the variance based Taylor series method described above there are man
other approaches to perform GSA as described in the introductory section but either they are computationally expensive or
assume independence of the input parameters which is not the case in atmospheric inverse problems. We do not pursue other

approaches for quantifying GSA associated with Q and R as they would lead to similar results and would not add anythin

substantial to the contributions of this study.
3.4 Ranking importance of covariates, covariance parameters, and observations from LSA

In atmospheric inverse modeling we encounter two situations while ranking importance of parameters. These are ranking of
arameters when they have same or different units. The situation of ranking of parameters with same units éhkeg%,—ﬁf%,
ij

adopt-arise when we want to study the influence of a group
of parameters like observations that have same units. Comparatively, the situation of ranking of parameters with different
units arise when we want to study the influence of groups of parameters that have different units like observations in z in
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comparison to variance of observations in R. Both these situations can be accounted through GSA that is described in Sec. 3.3.
However, GSA in atmospheric inverse modeling cannot be fully performed due to the reasons mentioned earlier. Therefore, in
this work we adopted a regression-based approach to tve- an i tan AFATY :
observations:in-this-werlk;-we-rank the importance of parameters. The proposed approach utilizes output from LSA, accounts
for multicollinearity and results in importance scores that are bounded between 0 to 1. We define the regression model for
ranking as:

[3=EEvy+&€ (40)

where -5 are fluxes obtained from an inversion, Ezmmﬁs—wand E is an (m x number of derivatives) ma-

trix of the previously estimated

coefficients =y is of dimension (number of derivatives x 1), and £ is an (m X 1) vector of unobserved errors associated with the
regression model. To exemplify, E-in-equation40-E in Eq. (40) can be arranged as:

0s 08 0s 08 0s 08
BB 15404 900Q OROR 0

where—-is-the-vector-of relative-importance-weights—In a regression-based approach, as described in eguation46Eq. (40),

multicollinearity between independent variables in ¥-E can pose a problem for determining the importance of independent
variables in influencing FI. To avoid this problem, we computed relative importance weights by using the method outlined in
Johnson, 2000. These weights are computed by first deriving uncorrelated orthogonal counterparts of the independent-variables
in—E—covariates in E and then regressing dependent-variable-on—them-§ to get importance weights for each independent
variablecovariate. The weights are standardized by the coefficient of determination i.e., R? such that they range between 0
to 1 with the sum of all the weights being 1. A-detailed-deseription-Implementation of this method is given-in-Johnson;2000-
and-the-implementation-of -this-method-is-included in the M&Wubmltted with this manuscript. Nete-that-an

Note Least Absolute Shrinkage and Selection Operator (LASSO) or Principal Component Analysis (PCA) can also be
employed to compute ranking under multicollinearity. However both these methods result in weights that are unbounded.

" os

Furthermore, “inference after selection™-" is ambiguous in linear regression which is the case for LASSO coefficients (see
Berk et al., 2013 or chapter 6 of Hastie et al., 2015 for details). Consequently, interpreting the LASSO coefficients as relative

importanee-secoresTanks may not be the best approachhere-Thus;-we-do-netuse-this-technique-here—

The regression-based approach described above can be employed when we want to rank parameters with both same and
different units. However, an additional normalization step is required if we are interested in getting overall rank of the
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arameters that have different units like in z, and R.. To perform this normalization, first each column in every sensitivit

98 08 and so forth) that is to be ranked is normalized (min-max normalization: see Vafaei et al., 2020) between

matrix (e.g.

0 to 1. Following which all columns for a sensitivity matrix are summed and renormalized to vary between O to 1. This results
in one column that is representative of a sensitivity matrix for a particular group. We denote this by the subscript “grouped”

eg 98 in latter sections.

Once the normalized sensitivity vectors are obtained for each group the regression methodology as described above can
be used to rank the importance of each group. The ranking methodology proposed above does not account for non-linear
relationship between estimates of the fluxes and the derivatives. If this is a concern then the strength of the nonlinear relationship.
among the derivative vectors can be first obtained by computing distance correlation between fluxes and the local derivatives
of the parameters. After which we can employ variable transformation (e.g.. Box-Cox transformation; see Sakia, 1992) before
applying the regression methodology described above.

Note that most analytical inversions use DOFS to diagnose information content of an inversion. DOFS = 0 implies that no
informational gain happened in an inversion. In this case, the estimated flux reverts back to prior. In Eguatien46Eq. (40),
this means that the 5~y coefficient that corresponds to Q would be-the-targest-have the largest impact. Likewise if DOFS is
large, then 5-the ~y coefficients for z and R sheuld-would be larger (and likely correlated). We show this correspondence with

standard-approaches-in-seetionin Sec. 4.

Finally, all different kinds of diagnostic methods that are applied in the context of any regression-based model can be used for
understanding the relationship between dependent and independent variables. However, what independent-variables-covariates

to include in E-E depends on the specific case study under consideration.

4 Results: Los Angeles methane inversion case study

To demonstrate the applicability of our methods we utilize data from our published work on CH4 fluxes in the Los Angeles
megacity (see Yadav et al., 2019). In this previous work, fluxes were estimated for South Coast Air Basin (SOoCAB) region
(Figuresee Fig. 3) at 0.03° spatial (1826 grid-cells) and 4-day temporal resolution from the Jan 27, 2015 through Dec 24,
2016. However, in the current work we utilize input data from Oct 23, 2015 through Oct 31, 2015 that is a single inversion
period to contextualize the applicability of our methods. This period overlaps with the beginning of the new-well-studied Aliso
Canyon gas leak (Conley et al., 2016). We do not extend our analysis for the full duration of the previous study as this is not
the objective of this work and all the details associated with computing the inverse flux estimates can be found in that work.
Furthermore, in the Livescript we present our sensitivity based equations with respect to the geostatistical approach to inverse

modeling as this was the approach adopted in the previous study.

19



498
499
500
501
502

503

504
505
506
507
508
509
510
511
512
513
514
515

516

517
518
519
520
521

522

523
524
525
526
527

For each observation included in the case study, a f int-forward operator was obtained by using Weather Research
Forecasting-Stochastic Time Inverted Lagrangian Model (see Yadav et al., 2019). These footprints-forward operators are used
to demonstrate the application of the methodology for building IOAMI and JSD based correlation matrices in the MATLAB
Live-seriptLivescript. They are also used in conjunction with measurements, and prior information to estimate the fluxes and

perform LSA.

4.1 Spatio-temporal-area-of dominanee(STAD j)-from the footprintsforward operators

In this work we identify STAD for the 4-day period for which the inversion was performed. The spatial domain of the study
over this time period is uniquely disaggregated by STAD as shown in FigureFig. 3. The STAD for different sites are mostly
spatially contiguous but for some sites we found isolated grid cells which were not within the contiguous zones. We have
manually combined these with STAD for the nearest site to create a spatially continuous map as shown in FigureFig. 3. The
discontinuous version of the STAD shown in FigureFig. 3 is included in the Livescript. The discontinuities in the STAD mosthy
restttresult mostly from unequal number of observations across sites and indicates that aggregation over longer time-period is
required to completely identify a noise free STAD. We do not investigate the time-period of this aggregation as this is beyond

the scope of this work.

Overall, the STAD for each site indicates regions of emissions-fluxes that contributes most to the observational (e.g. CH4
enhancement) signal. This in turn allows us to sub-divide the spatio-temporal variations in fluxes or enhancements by the

STADsSTAD regions.
4.2 Sensitivity analysis

One of the main goals of the sensitivity analysis after performing inversions-an inversion is to identify the observations that
had most influence on the flux estimates. Overall-assessment-of-Other than observations it is also important to explore the
importance of different-other inputs to an inversionafter-observations-is-also-impeortant-to-explore, like variance parameters in
R. We describe the process of performing this analysis within the context of the case study mentioned in seetionSec. 4. This

section discusses the relative importance of the input quantities in influencing § ¥ia-by utilizing the local sensitivities.
4.2.1 Comparison and ranking of the observations

Importance of the individual measurements in influencing $-S can be easily computed through relative importance methodology

described in section 3.4. Although, all entries of 3; a—,s are in same units, direct ranking of observations or sites without

employing relative importance technique can lead to misleading results. This happens due to the presence of large negative and
positive values in 32 a—aé that are governed by the overall spatio-temporal spread, intensity of feetprints;-andlarge-observations
forward operators, and observations with large enhancements.
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Figure 3. Study area with county boundaries, measurement locations and the Spatio-Temporal Area of Dominance of measurement locations.

Site Importance Score  Rank
GRA 0.26 1
ONT 0.24 2
COM 0.13 3
IRV 0.11 4
BND 0.10 5
CIT 0.07 6
FUL 0.07 7
[IN[@ 0.06 8

Table 1. The importance scores and ranking of 8 sites based on the sensitivity of the estimated fluxes (8) to observations (z).

528 For the case study in this work, we find that observations collected at the GRA site that is located nearest to the source of

529 Aliso Canyon gas leak are most influential in governing § as shown by site-based rankings in Table 1. These rankings primarily
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Figure 4. The sensitivities (g—i}ﬂﬂd—feetpf'tﬂfs—éH—}ﬁ and forward operator of the most and least important observation in inversions.

Subplot A and C show the sensitivity of the-estimated-fluxes-$ with respect to the most (A) and least important (C) observation. The CHy
enhancement associated with these observations is shown in the bottom left corner of the subplots and identified by the symbol z;. The right

subplots B and D show feetprints-forward operators associated with the sensitivities shown in subplots A and C respectively.

show the importance of observations from a site in influencing the estimated fluxes for the time period in consideration.

Observation based assessment of gz %resulted in ranking an observation with the largest enhancement of 1.7 ppm to be most
important. Contrarily, an observation for the BND site that had an enhancement of 0.02 ppm is found to be least important in

influencing s8. Note this is not an observation with the lowest enhancement but with the lowest influence. The most and least

important observation along with their corresponding feetprints-forward operators are shown in FigureFig. 4.

4.2.2 Relative importance of Q; R:2X;8Q, R, X, 3, and zz

270X oH 037 0Q° A R WM«@S described in section 3.4,

grouped quantities that we call as _ o 95 98 2

After the two-step normalization of 9525050505 _anq D5 08 08 08 0%

the spatial plots of all these guantities-

o8

= S P30 sand
R ,.can be created to explore the regions of the low and high weights (see Fig. 5) at the grid scaleas-shown-inFigure-S.

Figure 5 shows that the weights of g—f( aaaé: ,is lower in the regions well constrained by the observations. However,

the-opposite is true in the case of %ﬂﬂd—g—é—gé and QBRS ,- This implies, that data constrained regions have lower
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posterior uncertainty thereby increasing the influence of prescribed or estimated uncertainty parameters. There is smoothness

in the weights of 5’(3 —385 in the domain except around some sites -(ONT, FUL, and IRV), which is an indication that the

estimates of -8 remain insensitive to the @-Q parameter in these regions. These relationships can be quantified by assessing

correlation between local sensitivities and §-§ as shown in FigureFig. 6.

There is strong evidence of multicollinearity among i

covariates in

explaining 8 (e.g. see first column of the figureFig. 6). The direction of the best fit line appears to be in sync with the expectation

regarding CH, fluxes in the region during that time period. Thus, 32 6—35 ,is positively correlated with S8, which implies
that higher enhancement in zz leads to an increase in the estimated fluxes. S%ﬁﬂiﬂﬁe%Similarl 95 is also positively

correlated with -8 implying that any increase in the scaling factor increases the estimated fluxes. The negative relationship of

x and-S-5x and § just indicates that an increase in 5—5% , inversely influences the magnitude of the estimated

fluxes. This occurs as 5-8 reverts to X in regions unconstrained by observations whereas opposite happens in areas constrained

by observations that in the context of the case study includes sources of largest emissiensfluxes.
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Figure 5. Local-Grouped local sensitivities of the estimated fluxes (s8) with respect to z, R, X, Q, and £-3 from top-left to bottom-right

respectively. Note, in the case of W&ﬁdw 9 . aR Jwvavqglvay . two-step normalization is performed to generate subplots

associated with these quantities. Derivatives with respect to: (1) observatlons in z, (2) parameters in R, and (3) entries in X are normalized

between 0 and 1 and then after aggregating these for every grid-cell another Min-Max normalization is performed to limit their ranges

between 0 and 1. Only single normalization is performed in case of —&ﬂdg—; aaqs and ‘95 55 as they consist of only one parameter.
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The correlation coefficient of the relationships shown in each scatterplot is reported on the top right corner of the subplots. The least square

line of best fit is shown in red color in every subplot.
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5 Discussion

This v

lays out techniques to assess the quality of the inferred estimates of fluxes. Sensitivity analysis is an important diagnostic tool
to understand the impact of the choices made with respect to inputs on the estimated fluxes. However, it is not a recipe for

selecting the proper forms of X-orstrueture-of-Q-and-R-X or the structure of Q or R before performing an inversion. Other

tools or methods such as Bayesian Information Criterion, Variance Inflation Factor should be used to perform this task.

The case study in this work is designed only to demonstrate the methodologies described in seetionSec. 3. We do not impose
non-negativity constraints to obtain positive CHy4 fluxes as was done in the original 2019 study (Yadav et al., 2019). This is done
because posterior likelihood changes its functional form under non-negativity constraints and the analytical forms of senstivity
equations presented in this work become invalid. Thus, some CHy fluxes obtained in this study have negative values as can be
seen in the map of 5§ in the MATLAB Live-seriptLivescript. However, even in these situations assessing sensitivity through
an inversion without imposition of non-negativity is useful as it provides insights into the role of z, R, Q, and X in governing

estimates of non-negative S.

Like zz, the importance of Q-and-R-Q and R parameters can be directly obtained when all parameters have the same units.
This happens in the case study presented in this work. However, this is not guaranteed as B-R can be a function of variance
parameters and spatio-temporal correlation length expressed in the distance units in space and time. Furthermore, a nonsta-
tionary error covariance R-R can have parameters that have even more complicated units. This situation is not limited to B-R.
and also applies to the prior error covariance Q-and=XQ and X. Under these conditions, a comparison between the sensitivity
matrices is only possible after normalization. Therefore, for comparative assessment we recommend use of a multiple linear

regression based relative importance method to rank these quantities.

The %mpefmﬂe&ef%gymwg—iis best explored by first-performing column based normalization and then
employing the relative importance method. Additionally, column based normalization can be augmented by row-based nor-
malization to assess and rank the influence of observations in governing gridscale estimates of 8. Qualitatively, column and
row-based assessment increase our understanding about the spatio-temporal estimates of 5§. This is especially important when
point sources are the dominant sources of emissions. Moreover, it also provides an insight into temporal aggregation error (e.g.
Thompson et al., 2011) as the information encoded in an instantaneous measurement can get lost over the coarser time-period
of inversion. This aggregation error also manifests spatially and is determined by the resolution at which fluxes are obtained.
Note in many situations these aggregation errors are unavoidable as the choice of the spatio-temporal resolution of inversions

is governed by the density of observations in space and time.
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Other than aggregation error, the aggregation of the estimated fluxes also has profound implications as it affects the robust-
ness of the estimated fluxes. It can be proved (see Appendix A) that aggregation of §-§ in space and time from an inversion
conducted at finer resolution leads to reduction in uncertainty. However, even though ratio of observations to the estimated

fluxes increases the number of fluxes uniquely resolved declines at coarser resolution (see Appendix B).

Computing-The computational cost to calculate analytical partial derivatives is minimal as it is a onetime operation and is
bounded by the computational cost to perform matrix multiplications, which at max is O(n?>). For the case study presented
in this work we can compute analytical derivatives and rank approximately 4000 parameters in few minutes on a laptop.

Computing derivatives by using the Kronecker form of
38equations (Eq. (20), (23) through (26), and (35) though (38)) is faster for small problems. However for large inverse prob-

lems the storage costs associated with these equations can become prohibitive. In these situations, we propose the use of
ij form of the equations (equations—22;27-through-30;-and-31-theugh-34Eq. (22), (27) through (30), and (31) though (34))
for assessment. Furthermore, computational problems can also arise in impertance-rankingranking the inputs if we have large
number derivatives (e.g. greater than 10,000) as relative-importance-method-uses-the ranking method used in this work relies

on eigen value decomposition that has O(n®) computational complexity. To overcome this problem we advise grouping of

derivatives to reduce the dimension of the problem.

Finally, the estimation of STAD and the importance of sites can be influenced by data gaps therefore is not advised in

presence of vast differences in the number of observations between sites. Furthermoreif-observations-from-differentplatforms

6 Conclusions

Our work makes novel and major contributions that can significantly improve understanding of linear atmospheric inverse
problems. It provides: (1) a w i
framework for post hoc analysis of the impact of inputs on the estimated fluxes and (2) a way to understand the correlations

in the forward operators or atmospheric transport model. The authors are not aware of any work where local sensitivities with
different units are compared to rank the importance of inputs te-an-inversion-in a linear atmospheric inverse model.

With respect to feotprintsforward operators, we provide mathematical foundations for IOAMI, and Jensen-Shannon based
metrics. These two metrics can be used to construct and accommodate a non-stationary error covariance for atmospheric trans-
port component of the model-data mismatch matrix BR. Furthermore, IOAMI based assessments can be extended to identify
STAD from feotprints—that-forward operators that can help in disaggregating regions of influence of the observations over a

chosen temporal duration. This assists in understanding the connection between the sources of emissions-fluxes and observa-
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tions from a particular measurement location.

The IOAMI and JSD based metrics provide an important insight into the two critical and only required components for an
inversion that is observations and foeetprints-forward operators (e.g., influence of an observation to setrees-of-emissions-the
sources of fluxes through STAD). This task can be accomplished prior to conducting an inversion and should be complimented
by post hoc LSA, which is a necessity for understanding the behavior of an inverse model. Overall, LSA can answer questions
like for which locations and in what order of precedence was an observation important in influencing the estimated fluxes.
This kind of analysis is entirely different from estimating uncertainty that tells us reduction in the prior uncertainty due to

observations.

LSA is not a replacement for statistical tests that check the underlying assumptions and model specifications ef-in inverse
models. Neither is it a recipe for selecting inputs to an inverse model. However, it has an important role as explained above that

can lead to an improved understanding of an atmospheric inverse model.

(©) 2022, Jet Propulsion Laboratory, California Institute of Technology

Code and data availability. All the code and data utilized in this study are submitted as supplementary material.

Appendix

Here we show the proofs of two mathematical statements on the robustness and quality of the estimated fluxes as mentioned
in seetionSec. 5. First, we show why marginal variance of the estimated fluxes (which is the diagonal of covariance matrix of
58) decrease when estimated fluxes are post aggregated to a coarser scale or upscaled (A). Second, we show why in such case
the model resolution (also termed as, total information resolved by the observations) also decreases (B). Note that, the nomen-
clature used in the appendix should not be confused with the nomenclature introduced in seetionSec. 3. The abbreviations and

symbols used here are independent of what are used in the seetionSec. 3.

Appendix A: Proof of the reduction of marginal variance of 5-5 when upscaling is performed

Post inversion upscaling of any flux field s-s is equivalent to premultiplication-pre-multiplication by a weight matrix (in fact, a

row stochastic matrix). This can be written as:

5=1J8 (A1)
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Where J-J is a row stochastic (i.e. row-sums are all unity) x-><p-k X m weight matrix (k<-pk < m). Variance of 5-S can be

written as JSFE-J I’ where var(3§) = Jvar(8)FtIvar(3) J'=F=IJLISI". The general structure of J-J is as follows:

0 Jjia i3 0 00 it
Jo1 0 Jorg1 Jor42 O O is

S (A2)
0 0 0 Gk O O] |ji

Essentially, J-However, J is mostly sparse and values in few places. Rest of the entries are zeros. Essentially, J can have

any number of non-zero entries in a row that may or may not be consecutive. This is because although on a map, adjacent
grids are averaged, they may not be adjacent upon vectorization. Moreover, geometry of the map may not be exactly square
or rectangular. This means, depending on the upscaling factor and geometry, for any particular grid, there may or may not any

neighboring grid for averaging. However, the rows are linearly independent as nearby grids are considered once for averaging.

The properties of J are as follows:

We can rearrange the columns of 3-J and the rows of 2-X accordingly without loss of any structure such that non-zero

elements-entries are consecutive for each row of F—MatrixJI>=JF-J. Matrix J3J’ under column permutation can be written as:

-y - - - pxk
11 0 0 —11 (=1 e —1k 11 0 0
01 ... 0 o1 Hog ... . 0 L ... 0
JEJt _ J,‘ILE,‘ILJEZ ‘ 2 . Is‘X[JI’c\i’/r\’n . ' . pXpmxm ‘ . . (A3)
0 0 1 =i Bk 0 0 1;
o . kxk
IHoIR . 1A
. LS50l ... ) A
1.5 . oo BB

where JP-and->P-are-the-column-and-row—permuted-J-J; and 33 are the permuted J and X respectively. However, for

notational clarity, we use 1 and = as the sub-vector and sub-block-matrix of the J. and 3 respectively. Note that, any J‘%}i
is a row-vector of dimension (1,d;), and 3275, is a square matrix of dimension (d;,d;) where %ﬁﬁiﬁm

Thus, diagonal entry J—"—;%Ms a scalar quantity. For any i diagonal entry, the corresponding scalar quantity

can be written as > a el o —where-supe pt-p-refers—to-the-eorresponding matrixafter-permutationy _ ., l;;1;,Z;,. By
symmetry of 33”E, this reduces to
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tre 72 p 2 P 2 E p __p =
lL'_'Zilz = ]LL’[T’\l}f @':/'lld +2 j>laj>,v\dijpaijo,ﬂm (AS)

By Cauchy Squartz inequality on 6%5 i, this can be written as

P 2 p 2 p,.D p_p p 2 p 2 D h D p 2 p 2
Y 10l o =23 ieiaysplig 0l Lo ol <10kl 0t 2 siagseliPali ot e <Y ial 2ol t 42> 5

L N~~

(A6)
2
2 2
<a§’1 \ Tiilin Vo — Zzzzafm/ UZTZQIM\/O—’L'T> < Zﬁ@ Ohry” + 2Zj>zaj>rlijﬁlij’iﬂjjfofl@ < (mem/oﬁim NG
(A7)
2
: 2 2
(A8)
This implies (by property 1 of the weight matrix JJ) that the ith-diagonat-elementi™ diagonal entry is bounded by:
2 ds
min;ﬂ,af’laﬂ <(J§)ll¢£ 2122(127221“,) < J;Zii‘]i < max£raf’l7z < ZO{ (A9)
TN - - r=1 "

where %&g&is the sum of the marginal variance of the ith block of un-averaged §§. Thus, sum of the
marginal variance of 5§ which is the sum of the %ﬂﬁrdiageﬂa}—}%t—gqﬁp—rith diagonal J'X ;iJ; 1s also smaller or equals to the

sum total of marginal variance of 85. Clearly, we see that under upscaling or averaging, diagonal of the variance matrix shrinks

in magnitude from the un-averaged one. As a consequence, it implies that marginal variance of the posterior mean decreases.

Appendix B: Proof of the reduction in model resolution when upscaling is performed

Upscaled footprintoperator F-forward operator F can be written as:

H=HBHB where B is the upscaling matrix B

Dimension B-is-of B has the dimension of transpose of J~Ferm-ofB-J. Structual form of B is similar to form-of-J-the form

of J explained in A2. Non-zero entries of B-B are in the same place as 3-with-magnitude beine-J’ with magnitude replaced

by unity. This is evident from the fact that feetprint-forward operator is summed instead of average-over-the-same-grids-being
averaged for upscaling. Properties of B-B are as follows:

1. B-=1Bl=1_
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2. IB—=-diagMNY>EJB = diag(IN)*** where N-N is the vector of number of neighboring eries-gridcells for any particular grid-
NN = (My,...,Np)

PXp mxm
C: O 0
O Cz O . . . ~
3. Bd= is a block diagonal matrix. Any block Gi-efJA
0 N O

C; of JA can be expressed as a varying dimension (depending on the number of neighboring grids of any particular
gridgridcell) matrix of form:

Ni ><Ni
€1
(B2)

€L
N o W
4. BJ-BJ is symmetric and positive semi-definite
Proof- Pet{BI—H=Det{C—)——Det{Cr—>HFirst three properties are simple observations from the construction.
So, here we provide proof of the fourth property.

Proof. By construction, Det(BJ — A\I) = — Al). So, eigen values of BJ-BJ are the list of eigen

2

values of the block matrices. It can be proved that 1 and O are the only two distinct eigen values of ©;-C; for any 7. Below here

is a brief argument on that:

(ﬁl&%—} a1’ ) 1= 1Ny=1-15-1N; = 1 - 1 implies one eigen value of €;-C; is 1. Observe that, %%14%%%@%@%%

Hence, dimension of null space

This implies that the other eigen value of €;-C; is 0 with multiplicity £ — 1.

So, not only G;-C; is symmetric but also the eigen values ©;-C; are always non negative. Consequently, all eigen values of

BJ-BJ are of similar form er-BdJ-i.e. BJ is symmetric positive semidefinite. O
Medel-Finally, model resolution matrix for inversion can be written as g—inhefeHé&ﬂae—feeepfh%epefafngm

H is the forward operator operator. Post inversion aggregated model-resolution can be written as:

05 - 08
—H=A—HB By equation Al and B1By Eq. (A1) and B1

B3
0z 0z (B3)

The question is what happens to the trace of the model-resolution under the upscaled case? We prove-itprovide a proof for

the simple batch Bayesian case in lemma B. Proof for the geostatistical case is similar and left for the enthusiastic readers.
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Lemma 1.

712 Mres = QH’yp'H

713 Mres,ggreqaed = JQH' Y™ HB by B3, thenthen

714 trace()trace (Mresagg,.ega,ed> < trace(Mres) (B4)
715 Proof:

716  Proof. Model resolution for the aggregated case can be written as:

717 trace()trace (Mresaggregmd) = tracetrace(JQH'¢ " THB) = tracetrace(BJQH’yp ™ H) = tracetrace(WS) where W = BJ, S =

(BS)

718  Where S-and-W-S and W are both of dimension p>»—S-(m X m). S is a positive semidefinite matrix since both Q-and
719 H4—1H-Q and H'+~'H are positive semidefinite. For W2*2-and-S2X2-W™ ™ and S ™ positive semidefinite, trace of
720 their product can be bounded by the following quantities (see Kleinman and Athans, 1968 and discussion in Fang et al., 1994):

721 Apin(W)trace(S) < trace(WS) < A\pin(W)trace(S) (B6)

722 By Property 4 of the weight matrix BB, we know that A Wo—=6-and -zt Wo—=3 ) )5, (W) = 0 and ) W)=1,
723 hence the above reduces to O-<-+#race{W-S)<I—traee(S)0 < trace(WS) < 1-trace(S). Hence is the proof by B5.

724 O
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