








Method c
∗

Forward Euler c
n

Adams-Bashforth 2nd Order 3c
n
−c

n−1

2

Adams-Bashforth 3rd Order 23c
n
−16c

n−1
+5c

n−2

12

Table 1. Optional values for c∗ in Eq. (10), based on the choice in time integration scheme.

This formulation has the benefit that it can be generalized to parent models based on unstructured grids and it takes into account

irregular boundaries from variable bathymetry.

In FEOTS, graph vertices V correspond to each ocean grid cell, centered on tracer points, in the POP mesh. Two vertices

are adjacent if their impulse response functions overlap. Because a valid coloring results in adjacent vertices having distinct

colors, vertices with the same color can safely be assigned to the same impulse function. Consequently, the chromatic number120

of the graph corresponds to the number of impulse functions used for model diagnosis. For this work, the parent model uses a

0.3◦ periodic tripole mesh and the 3rd order flux-limited Lax-Wendroff advection scheme. This approach results in 53 impulse

functions required to uniquely diagnose the transport operators.

2.3 Time integration

Forward integration of the offline tracer model uses Backward Euler for vertical mixing and can use Forward Euler, Adams-125

Bashforth 2nd Order, or Adams-Bashforth 3rd Order for transport. As in Bardin et al. (2014), we forward step an equation

for the volume anomaly using a forward Euler method. Volume anomalies arise due to divergence in the transport field at the

upper-most z-level that are associated with fluctuations of the free-surface.

In general, the time integration scheme can be written as

v
n+1 = v

n + ∆tAn
i (9)130

(I + V
n+1 + Dv)cn+1 = (I + V

n)cn + ∆t(A + Dh)c∗ (10)

where c
∗ depends on the time integration scheme that is used (Table 1) and V

n+1 is a diagonal matrix whose diagonal elements

are the volume anomalies.

In ocean models, advection and horizontal diffusion operators have a compact stencil, enabling the use of the IRF approach

described in the previous section to ‘capture’ these advection and diffusion operators. However, vertical diffusion is usually135

treated differently, by solving a tri-diagonal system that touches the entire water column. The reason is that high values of

vertical diffusivity are applied where the water column is unstable; and these values easily render any explicit scheme unstable.

Consequently, as the region of influence of the vertical diffusion operator is the entire water column, the IRF approach would

demand a separate IRF field for each vertical level of the model grid, which is prohibitive for finely resolved grids. Instead,

FEOTS treats the vertical solve similarly as the parent model, so rather than IRFs, the vertical diffusivities are diagnosed,140

saved, and used to recreated the vertical diffusion operators offline.
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Figure 3. Online and offline tracer concentrations –and their difference– at 204 m depth, and at the end of the full 5-year period for which

operators were diagnosed at 5-daily averages. Shown are dye tracers a) D1 (sourced at the southern boundary), b) D3 (eastern boundary),

and c) D5 (northern boundary); all sourced in the upper 1000 m. Gray contour indicates the location of the Zapiola Anticyclone.
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Figure 4. Hovmüller plots of the concentrations of the 6 dye tracers, averaged over the Zapiola Anticyclone; for the online (left column) and

offline (center) simulations, and their difference (right). The 1000 m level is indicated by the light gray line.
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Figure 5. Total inventories (10
15 kg) of the 6 dye tracers in the Zapiola Anticyclone, for the online (black) and offline (gray) simulations.

Dashed and dotted lines are the inventories above and below 1000 m, respectively.
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inventory after 5 years (Fig. 5a, black dotted). The offline simulation reproduces this behavior qualitatively, but with significant

quantitative differences. D1 reaches the ZA about 5 days earlier and increases faster than the online simulation, but upper-layer245

inventories plateau at a slightly lower level (Fig. 5a, gray dashed). Tracer fraction reaches 0.74 just below the surface, close to

the online simulation, but the saturation value of 0.37 at 1000 m depth is significantly lower. Figure 4 (upper row) shows that

this is due to a significant vertical redistribution of tracers by vertical diffusion that depletes tracers from the upper 1000 m and

increases inventories below. Indeed, the inventory below 1000 m accounts for 30% of the column inventory after 5 years.

The story is similar for dye tracer D2, which is sourced at the southern boundary below 1000 m. It arrives in the ZA after 87250

days in the online simulation. Inventories below 1000 m (Fig. 5b, black dotted) rise quickly through the first 2 years, followed

by a more gradual (linear) rise after that. Tracer concentrations at 1049 m level out at 0.20 after 3 years. The total contribution

of Southern Ocean waters (D1 +D2) is about 59% at 1000 m depth. The offline simulation reproduces this behavior quite

well, but displays higher inventories in the upper 1000 m that increases the overall column inventory by 9% after 5 years. The

vertical profiles again clearly show the impact of vertical diffusion that depletes tracers in the 1000-3000 depth range, and255

increases concentrations below and above (Fig. 4; second row). D2 concentration at 1049 m depth levels out at 0.21, with a

total Southern Ocean contribution at 1000 m of 56%.

The next-largest contribution to the ZA tracer inventory is coming from the north through Dye tracers D5 (upper 1000 m)

and D6 (below 1000 m). It takes about 110 days for D5 to arrive at the ZA, and the surface concentration saturates at about 0.18

after 550 days (as the does the upper-layer tracer inventory; Fig. 5e, black dashed, overlain by solid). This suggests that the260

Brazil Current may contribute about 20% of the surface waters in the ZA. At 984 m, however, this fraction is still only 0.015

after 5 years, and rising, probably reflecting the strongly sheared character of the Brazil Current, and the long transit time from

the northern domain boundary to the ZA. Notable concentrations of D6 reach the ZA after 2 years, but trace quantities already

arrive after about 270 days, having been mixed upward into the upper layer and transported southward in the Brazil Current.

The offline simulations display qualitatively similar behavior, but D5 inventories are significantly higher (+40%), with again265

significant sequestration below 1000 m. D6 inventories are slightly lower (-7%) than in the online simulations, despite higher

values above 1000 m.

Dye tracers D3 and D4, released at the eastern domain boundary, take much longer to reach the ZA due, to very low westward

flow velocities in the interior part of the basin. Offline inventories of D3 in the upper 1000 m are about 50% smaller than in the

online simulation, a deficiency that can only be partly explained by sequestration below 1000 m. D4 inventories are 65% too270

high, with enhanced stock both below and above 1000 m depth.

Based on the propagation speed of the diffusion front of D1 in the offline simulation (Fig. 4a, center column), we can make

a rough estimate of the artificial vertical diffusivity that is introduced by the advection issue. We are able to model the depth of

the diffusion front below z0 = −1000 m and after t0 = 132 days as z = z0 −
√

4D(t− t0), when D = 1.74 · 10−2m2/s. This

is 2 to 3 orders of magnitude larger than typical values for background diffusivity used in ocean models.275

13

https://doi.org/10.5194/gmd-2022-101

Preprint. Discussion started: 5 July 2022

c© Author(s) 2022. CC BY 4.0 License.



Figure 6. Comparison of inventories (10
12 kg) of dye tracers D1 and D2 in the Zapiola Anticyclone for the original simulation with 5-day-

averaged operators, and the alternate simulation with 1-day-averaged operators. Shown are the differences between the offline simulation

using 5-day averaged operators and the corresponding online simulation (black); between the offline simulation using 5-day averaged oper-

ators, and the alternate offline simulation, with 1-day averaged operators averaged to 5 days (dark gray); and between the alternate offline

simulations with 1-day averaged operators averaged to 5 days, and the 1-day averaged operators (light gray).

3.3 The Zapiola test case: The Role of Temporal Averaging

The impact of temporal averaging is investigated by comparing simulations with 1-day and 5-day averaged operators. To

that end, we ran another online simulation for which we saved 1-day averaged IRFs. This simulation was run for 105 days,

producing 105 operator sets. The offline simulations were run for 365 days, hence cycling through the operator set almost 3.5

times.280

The online simulations that produced the 1-day and 5-day averaged operators were not bit-for-bit identical, as we inadver-

tently specified different processor counts. A positive consequence of this oversight is that we have two different realizations

of the same chaotic system, allowing us to assess how the tracer advection error compares to trajectory divergence, in terms of

their impact on tracer inventories. Figure 6 shows that averaging 1-day averaged operators to 5-day averages has a very small

impact on the tracer inventories (light gray); the impact on spatial distributions is similarly small (not shown). This shows that285

5-day averaged operators are sufficient to accurately reproduce tracer distributions. Comparison of the black and dark gray

lines shows that the impact of trajectory divergence on tracer inventories (dark gray) is of similar magnitude as the impact of

the advection error (black), at least for the first year of simulations.

14

https://doi.org/10.5194/gmd-2022-101

Preprint. Discussion started: 5 July 2022

c© Author(s) 2022. CC BY 4.0 License.

Can you comment on how much the nature of the
problem affects the averaging methodology?









Code and data availability. The current version of FEOTS (v0.0.0) is available from the project website: https://github.com/FluidNumerics/FEOTS/

under the 3-Clause BSD licence. The exact version of the model used to produce the results used in this paper is archived on Zenodo370

(https://doi.org/10.5281/zenodo.5576912). The input data and scripts to run the model and produce the plots for all the simulations presented

in this paper are also archived on Zenodo (DOI: 10.5281/zenodo.6250938). A codelab tutorial to walk-through running the Argentine Basin

simulations is available online at https://fluidnumerics.github.io/FEOTS/codelabs/feots-on-google-cloud/#0.
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