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Abstract. The quantitative integration of geophysical meaments with data and information from other
disciplines is becoming increasingly important msaering the challenges of undercover imaging anthe
modelling of complex areas. We propose a reviewhefdifferent techniques for the utilisation ofustiural,
petrophysical and geological information in singhgysics and joint inversion as implemented in tbendfast-x
open-source inversion platform. We detail the rasfgepnstraints that can be applied to the inversiopotential
field data. The inversion examples we show illusti@ selection of scenarios using a realistic stithdataset
inspired by real-world geological measurements petlophysical data from the Hamersley region (Weaste
Australia). Using Tomofast-x's flexibility, we ingéigate inversions combining the utilisation ofrpehysical,
structural and/or geological constraints whilesthating the utilisation of the L-curve principle tletermine
regularisation weights. Our results suggest thautilisation of geological information to derivasjint interval
bound constraints is the most effective methodtover the true model. It is followed by model sthoess and

smallness conditioned by geological uncertainty enoss-gradient minimisation.
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1 Introduction

Geophysical data providdetailed information about the structure and compositiontted Eartfs interior
otherwise not accessible by direct observation ogthand thus plays a central role in every magottEmaging
initiative. Applications of geophysical modellingnge from deep Earth imaging to study the crustladnantle
to shallow investigations of the subsurface forgkploration of natural resources. Recent integnaif different
geophysical methods has been recognised as a nee@atiice interpretation ambiguity and uncertaiRtyither
developments introduce uncertainty estimates fraimero geoscientific disciplines such as geology and
petrophysics to produce more reliable and plausitdels. Various techniques integrating differesxghysical
techniques have been developed with the aim toumednore geologically meaningful models, as reviktye
Parsekian et al. (2015), Leliévre and Farquhar&®1g), Moorkamp et al. (2016), and Ren and Kalseheu
(2019), (Meju and Gallardo, 2016), and several &iofloptimization for such problems exist (Bijahag, 2017).
In the natural resource exploration sector, this cdlWegener (1923), Eckhardt, (1940) and Nettl€ti®49) for
the development of comprehensive, thorough musttiglinary and multi-physical integrated modellihgve
been acknowledged by the scientific community, dath integration is now an area of active reseayebting
André Revil’s preface of the compilation of reviepmposed by (Moorkamp et al., 2016a): “The joimarsion
of geophysical data with different sensitivities ] is also a new frontier”. The integration of mplg physical
fields (both geophysical and geological) is pattdy relevant for techniques relying on potenfiald gravity
and magnetic data, as these constitute the moshooiy acquired and widely available geophysicabhtiates
worldwide. The needs for integrated techniquesaitiypdue to the interpretation ambiguity of geoplgl data
and resulting effects of non-uniqueness on invarsitherefore, effective inversion of potential dietlata
necessitates the utilisation of constraints derifiein prior information extracted from geologicahda

petrophysical measurements or other geophysichhigaes whenever available.

A number of methods for the introduction of geot@jiand petrophysical prior information into potehfield
inversion have been developed. For example, winaitelil geological information is available, the asgtion is
that spatial variation of density and magnetic sptibility are collocated. This can be enforcedtlgh simple
structural constraints encouraging structural datien between the two models using Gramian coimga
(Zzhdanov et al., 2012) or the cross-gradient teqpimmiintroduced in Gallardo and Meju, (2003). When
petrophysical information is available, petrophgbmonstraints can be applied during inversiontiaim inverted
properties that match certain statistics (see fgales introduced by Paasche and Tronicke (200€) Stefano et
al. (2011), Sun and Li (2016, 2011, 2015), Leliéstal. (2012), Carter-McAuslan et al. (2015), Zipand Revil
(2015), Giraud et al. (2016, 2017, 2019c¢), Heirekal. (2017). Furthermore, when geological dateaamilable,
geological models can be derived and their stasistan be used to derive a candidate model fofiarwodelling
(Guillen et al., 2008, Lindsay et al., 2013, deMaaga et al., 2019), to derive statistical petrogbgl constraints
for inversion (Giraud et al., 2017, 2019d, 201%m)d to restrict the range of accepted values usoagially

varying disjoint bound constraints (Ogarko et 2020) or multinary transformation (Zhdanov and 201.7).

In this paper, we present a versatile inversiortfguian designed to integrate geological and petrsjay
constraints to the inversion of gravity and magnelata at different scales. We present Tomofask:xf@r
‘extendable’) as an open-source inversion platfoapable of dealing with varying amounts and quaftinput

data. Tomofast-x is designed to conduct constrasiegle-physics and joint-physics inversion. Theddor
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reproducible research (Peng 2011) is facilitatedpgn-source codes (Gil et al., 2016), thus wethice and
detail the different constraints implemented in Ddast-x before providing a realistic synthetic apgtion
example using selected functionalities. We illustrdlne use of Tomofast-x by performing a realisgathetic
study investigating several modelling scenariosclfy encountered by practitioners, and provideiimation
to get free access to the source-code and to using the synthetic data shown in this paper. \&téopm single
physics inversion of gravity data and study théuirfice of prior information using several amoumtd gypes of
constraints, and run joint inversion of gravity andgnetic data. The flexibility of Tomofast-x ispbeited to test
the effect of structural constraints combined wpigttrophysical and geological prior information thes yet to be
demonstrated in the published literature. A chajieg geological setting is used to examine the loipaof
cross-gradient constraints within the joint inversimethod. The mathematical formulation of geoptaisi
problems and solutions are detailed throughoutptyger and sufficient information is provided toowllthe

reproducibility of this work using Tomofast-x.

The remainder of the contributions revolves arotwd main aspects. We first review the theory behimel
inversion algorithm and the different techniquesdjsvith an emphasis on the mathematical formuladiothe
problem. We then present a synthetic example iedpgrom a geological model in the Hamersley progin
(Western Australia), where we investigate two cammarios. In the first case, we apply structuvabtraints to
an area where geology contradicts the assumptioallofcated and correlated density and magneticegpitbility
variations. In the second case, we investigatevalrammbination of petrophysical and structurabmnfiation to
constrain single physics inversion. Finally, wegald omofast-x in the general context of researdewphysical

inverse modelling and conclude this article.

2 Inverse modelling platform Tomofast-x
2.1 Purpose of Tomofast-x

Tomofast-x can be used in a wide range of geosfiestenarios as it can integrate multiple fornfigpaor

information to constrain inversion and follow appriate inversion strategies. Constraints can béexpghrough
Tikhonov-style regularisation of the inverse prabléTikhonov and Arsenin 1977, 1978). In single-pbys
inversion, these comprise model smallness (aldeccahodel damping’, minimizing the norm of the neddsee
Hoerl and Kennard 1970) and model smoothness (aled ‘gradient damping’, minimizing the norm diet
spatial gradient of the model, see Li and Oldenti@96). For more detailed imaging, petrophysicaist@ints
using Gaussian mixture models (Giraud et al., 2DaSevell as structural constraints (Giraud et24l1,9d, Martin
et al., 2020), multiple interval bound constraif@@garko et al., 2020), can be used depending oretherements
of the study and the information available. In ttase of single-physics inversion with structurahsteaints,
structural similarity between a selected referenodel and the inverted models can be maximisedstrnctural
constraints based on cross-gradients (Gallarddveejd 2003), locally weighted gradients in the sgyh#osophy
as Brown et al. (2012), Wiik et al. (2015), Yarakt(2017), Giraud et al. (2019d). Generally spegkin the joint
inversion case, the two models inverted for ardelih using the structural constraints just mentiooed
petrophysical clustering constraints in the sanigt s Carter-McAuslan et al. (2015), Kamm et(2D15), Sun
and Li (2015, 2017), Zhang and Revil (2015), Bijahial. (2017). In addition to the underlying asptions

defining the relationship between properties jgitiverted for, prior information from previous nedting or
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geological information can be incorporated in imien using model and structural covariance matrizgs
assigning weights that vary spatially. In such ¢dsamofast-x allows utilising prior information exisively.
Furthermore, Tomofast-x allows the use of an abjtrumber of prior and starting models enabling th
investigation of the subsurface in a detailed aondtestic-oriented fashion. Tomofast-x was inijialeveloped
for application to regional or crustal studies éareovering hundreds of kilometres), and retaiirsdapability.
The current version of Tomofast-x is now more vilesaas development is now directed toward use for
exploration targeting and the monitoring of natuesdources (kilometric scale).

Lastly, in addition to inversion, Tomofast-x offate possibility to assess uncertainty in the reced models.
The uncertainty assessments include: statisticalsmres gathered from the petrophysical constrapaisterior
least-squares variance matrix of the recovered madehe Least Squares with QR-factorization alton —
LSQR - sense of Paige and Saunders 1982, seafdbjhe degree of structural similarity betweenrttoelels
(for joint inversion or structurally constrainedvarsion). From a practical point of view, assodatéth the
inversion algorithm is a user manual covering nfimsttionalities and a reduced 2D Python notebdaktilating
concepts (see Sect. 7 for more information) thatlea used for testing or educational purposes.mnsary of

the inverse modelling workflow of Tomofast-x is siin Figure 1.

2.2 General design

The implementation we present extends the origmadrsion platform “Tomofast” (Martin et al., 2013017).
Tomofast-x is an extended implementation proposetimaodified by Martin et al., 2018, Giraud et &019d,
2019c), Martin et al. (2020), Ogarko et al. (20Zo)mofast-x follows the object-oriented Fortran 8@@andard

and utilizes classes designed to account for ttthenaatics of the problem. This introduces enhamoedularity
based on the implementation of specific modulen tiam be called depending on the type of inverstguired.

The utilisation of classes in Tomofast-x also eabesaddition of new functionalities and permitsréaluce
software complexity while maintaining flexibilityDur implementation uses an indexed hexahedral saoldy
mesh, giving the possibility to adapt the problesnmetry, allowing to regularize the problem in$aene fashion

as Wiik et al. (2015) or to perform overburdenpgiing. By default, the sensitivity matrix to geoploal
measurements is stored in a sparse format (usiegCtimpressed Sparse Row format) to reduce memory

consumption and for fast matrix-vector multiplicats.

Attention has also been given to computational etsp&he only dependency of Tomofast-x is the Mgssa
Passing Interface (MPI) libraries, which easesaifeion and usage. This allows optimal usage oftirdPU
systems regardless of the number of CPUs. Parat&n is made on the model cells using a domain
decomposition approach in space. That is, the misdéivided into nearly equal, non-overlapping égmbus
parts distributed among the CPUs, hence enforcimjnmam load imbalance. Consequently, the code lig fu
scalable as the maximum number of CPUs is notdiiity the number of receivers or measured datdspdior
large 3D models, Tomofast-x can run on hundredSRifls for a typical problem with $A0° model cells and
10°>10* data points. Parallel efficiency tests reveal #&oe scalability and speed performance provided the
portions of the model sent to the CPUs are of cieffit size. In the current implementation, the mpin number

of elements per CPU is 512. Interested readersefanto 0.
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Figure 1. Modelling workflow summary (modified from personal communication by J. Giraud).
2.3 Cost function
2.3.1General formulation

Tomofast-x inversions rely on optimization of adeaquares cost function and optimized iterativ&lye choice
of a least-squares framework was motivated by ifié#g in the number of constraints and forms ofopr

information used in the optimization process.

The objective function is derived from the log-likelihood of a probakilisdensity function (see Tarantola
2005, Chapters 1 and 3, for details). In the cdsgeophysical inversion, it is representative o tlegree of
knowledge that we have about the values of thenpaters of our system’ (Tarantola and Valette 1988),

summarized below. Let us first defineas follows:

1)
where is the density function over the geophysical dathatmodel represents, and is the
density function for the" type of prior information available (the set).

On the premise that Gaussian probability dens#igsroximate the problem appropriately, can be
expressed as:

oHSR S ( )%+ L .101 &)
where( is the forward data set calculated by the forwgrdrator( ; the matrix& weights the data points.

Similarly, we formulate the different as:
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where f is a function of the model and prior infation. & is a covariance matrix weighting 6f and3

contains positive scalars that are introduced josathe relative importance of thé constraint term& and3

are derived from prior information, or set accogdia study objectives.

From equation 3, it is clear that maximizing is equivalent to minimizing its negative logarithm ,
defined as:

$ 78¢ 39& ' $( )Y ; < 348t & )

. *
i

which corresponds to the general formulation odst tunction as formalized in the least-squaresiéwaork;3
is a weight controlling the importance of the cepending data term (i.e., gravity or magnetichie vverall cost

function.

2.3.2Definition of regularization constraints

Adapting the formulation of the second term of diuma(4) to the different types of prior informatithat we can

accommodate leads to the following aggregate cwsttion:

39& " S ()% 3% "8 9%, 3%pC U

(5)

; 3p4&p C gFC . 435 3% ol  90; 34&  $J; K4

where the different terms following the data migétrm %& ' $( )%2 constitute constraints for the
inversion of geophysical data acting as regulaonain the fashion of Tikhonov regularisation (Tddov and

Arsenin 1977). In equations (2-®, represents geophysical data weighting. Gener@lly should be the data

covariance. It is calculated by Tomofast-x as fa#io

$N
& L< "C F (6)
N
whereR, is a diagonal matrix equal to the identity matnixsingle domain inversion, or giving the weightoofe
data misfit term (i.e, gravity data) against thieest(i.e., magnetic data) in joint inversion;is thei™ datum. By
convention, we fiXy to the identity matriPfor gravity inversion, and usg P3 . injointinversion. In such

cases3.g Is a strictly positive scalar.

The main terms of the cost function are definedbwelThe other individual terms are defined in thextn

subsection and summarized in Appendix B:

~@refers to prior model,

—% '3 ?@%; represents the smallness term (detailed in Sektl)2subscriptp refers to the L-p

norm (here taken such that 1< [2) ;

C is the operator calculating the spatial gradidrthe model;
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% gC 0/2 represents the smoothness constraint on the nfetaliled in Sect. 2.4.2);

4& ,C EFC "4.L. represents cross-gradient constraints betweemdidels Eand * (detailed in
Sect. 2.4.3).

%& ol 0/12 represents petrophysics term (clustering congjrainto which | represents

petrophysical distributions used to impose petrgpaf constraints (detailed in Sect. 2.4.4);
4& $J:K 4Z is the formulation of the multiple-bounds consitaising the alternating direction
of multipliers method (ADMM, detailed in Sect. 5.

In the case of joint inversion, the vectors defiabdve are concatenated and the matrices expasdeliicavs:

STRE T S v

S 'ISW ) z 0 z (I z X[
3U\>BDBGH ] 0

3 \sBpGH » T Y

Jeoen 0 3" sepaH | 7)

&Y\ (“2ap) c

& : LI 3

\ (C7ab)] . &5\ (- rany

whered denotes the transpose operator; for more illis&giurposes of the joint inversion, we take hérwe t

gravity and magnetic joint inversion exampdeandf refer to gravity and magnetic problems, respebtive

In the case of single domain inversiont is the model inverted for, and is equal t§ or * depending on the
type of geophysical data inverted, and is a reference model that can be used to constra@msion from a
structural point of view (see Sect. 2.4.2 and 2.4/3d 4.4 and 4.5 for theory and example of utilisa
respectively).

In equation 5-7, subscriptS g hi jkl refer respectively to model, gradient, cross-gragipetrophysics,

and ADMM bound constraints, respectively.

As mentioned above, the cross-gradient constraantsbe applied either to joint or single domaireirsion. In
the case of ADMM constraints, single or multipleubds can be applied to define bounds for invertedeh
values. Such bound constraints can vary in spacEha made of an arbitrary number of intervalshleg disjoint
or not (see Sect. 2.4.5 and 4.5). Qualitativelg, thse with multiple disjoint intervals can be ipteted as
applying a dynamic smallness constraint term.

In Tomofast-x, we introduce prior information iretdiagonal variance matric&s such that they are no longer
homogenous and can vary in space. Note that imthkementation of gravity and magnetic inversién,

m , with mthe sensitivity matrix relating to measured gegitgl data and corresponding recovered physical
property (see Appendix C for details about thelcwdation). Introducing the sensitivity matrir, andmny for

gravity and magnetic data, respectively, we obtain:

\%
( m zrg’ nc)’([z M 1((;’ ) 8)
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For reference, the terms defined or used hereusnensirized in Appendix B. Tomofast-x uses the L&agtares
with QR-factorization (LSQR) algorithm (Paige aral8ders, 1982) to solve the least-squares proflamfull

matrix formulation of the problem and the relatgdtem of equations are provided in Appendix D.

Generally, not all of the terms in equation 5 aseduduring a single inversion. The activation décted terms
from the cost function (setting n0 and non-null& ) depends on the information available or on the
requirements of the modelling to be performed. Ezample, a term not used during inversion has the
corresponding weighting simply set to O (the cqroggling matrix& is set to 0). Conversely, setting a specific
weight to a relatively large value leads to theresponding constraint to dominate the other teBush practice

is typically used in sensitivity analysis to examthe effect of incorrectly assigned extreme weaightalues on

the inversion by providing an example to aid detecof this unintended situation.

In the following subsection, we detail the implertagion of the different terms. The terms are introetl and

detailed following the order they appear in equao

2.4 Detailed formulation of constraints for inversion

In this Sect., we introduce the mathematical foatiah of constraints applied during inversion. Tughout this
papergeological informatiorrelates to information extracted from probabitigieological structural modelling.
Petrophysical information relates to the statisti€sthe values inverted for (density contrast anagnetic

susceptibility).
2.4.1Smallness term

We repeat the smallness term:

% 8 0% 9

The smallness term corresponds to the ridge ragresenstraint, or smallness term of (Hoerl and &,
1970). To simplify the problem, the covariance ma& is assumed to be a diagonal matrix. In Tomofagt-x,
is used to adjust the strength of the constraiheeglobally (i.e& P ) orlocally (i.e., the elements & may
vary from one cell to another). In the second c&se, can be determined using prior information such as
uncertainty from geological modelling, or modelgdastructural or statistical information derived rfraother
geophysical techniques (e.g., seismic attributeshabilistic results from magnetotellurics).

2.4.2Smoothness term

The smoothness model term (Li and Oldenburg 1996) total variation (TV)-like regularisation tetmased on
an original idea of Rudin et al. (1992). It constsathe degree of structural complexity allowedhia inverted
model. We repeat the term;

%& gC ¥ ( (10)

The covariance matri& g modulates the importance of the term by assigthiegweights to each cell. For the

sake of simplicity, the matri& g is commonly assumed to be a diagonal matrix.dbimmonly set as the identity
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matrix &g P ), but several works vary the values in space aiagly with prior information. For instance,
Brown et al. (2012), Yan et al. (2017) use seismiadels to calculate such weights for the inversibn
electromagnetic data, and Giraud et al. (2019a), pvbsent an application case using Tomofast-ertrgravity
data using geological uncertainty information técakate & 5. In Tomofast-x, it can be set either globally (i.e

& ( P)orlocally (i.e., the elements & . may vary from one cell to another).

2.4.3Cross-gradient

The cross-gradient constraints were introduced aseans to link two models that are inverted joirily
encouraging structural correlation between theml§@&m and Meju, 2004). We refer the reader to Ml

Gallardo (2016) for a review of applications usthig technique. We repeat the term below:

% pe C EFC =9 (11)

The matrix& pg modulates the importance of the term by assigtiiegveights to each cell. In previous works,
it is always (to the best our knowledge) set asdhatity matrix & pg P ), to the exception of Rashidifard et al.
(2020), who define such weights using seismic céfléy and apply this approach to single physiogeirsion of
gravity data constrained by fixed seismic velocityTomofast-X, three finite difference numericahemes can
be chosen to calculate the cross-gradient deresitiforward, centered, and mixed. In what follows, use a
‘mixed’ finite difference scheme, where inversidaration with an odd number use a forward schendeeagan
numbers backward scheme (e.g., iteration 3 willauderward scheme and iteration 4 a backward scherhes
scheme was chosen as it reduces the influenceedidtder effects of both the forward and backwatemes

onto the inverted model.

2.4.4Statistical petrophysical constraints

One strategy to enforce the petrophysical congtairsing statistics from petrophysical measureménts
performed by encouraging the statistics of thevemd model to match that of a statistical modeieéé either
from measurements made from the study area oatiitex values. In the current implementation of T&aabx,

a mixture model representing the expected statisfithe modelled rock units is used. We use a Sansnixture
model to approximate the petrophysical propertfab®lithologies in the studied area. In the migtmodel, the
weight of each Gaussian can be set in the inputsiiggest to use the probability of the correspandatk unit
when this information is available. The mismatchagen the statistics of the recovered model andrtixéure
model is minimized in the optimization frameworldeving the same procedure described in Giraud.£2@18,
2019b.

Inthe ® model-cell, the likelihood terrh of model-cell is calculated as, for th&" lithology:
Ap rpd vy (12)
y
I $78w< qy{ ; 78H' Jyr00 ,t (13)
X"z

10



where:

} | (14)

andg symbolises the normal distribution andis the total number of rock formations observethenmodelled
285  area.

In practice, an expectation maximisation algorifMcLachlan and Peel, 2000) can be used to estithatmean

t , and standard deviation, of the petrophysical measurements.

In equation 12-14, , is the weight assigned to the Gaussian distributpresentative of the petrophysics of the
u~" lithology in the mixture. In equation 14a, the waig , assigned to each lithology is constant across the
290 model, while in equation 14b, the weighj is derived from information derived from anotheodslling

technique (geology, seismic, electromagnetic methett.) and varies spatially.

We note that a small number of Gaussian distrilngtimight not be suitable to approximate certairesypf

distributions like bimodal (magnetic susceptibiligr lognormal (electrical resistivity) distributie. However,

we point out that increasing the quality of sucpragimation depends on the number of Gaussianiluligions
295  used for approximation (McLachlan and Peel, 2000).

2.4.5Dynamic bound constraints using the ADMM algorithm

The objective of the dynamic bound constraintigptimize eq. 5 while ensuring that, in every maozis

2., the inverted value lies within the prescribed i such that f ., defined as ((Ogarko et al.,
2021a)):
%
foon o 13 «@etqn yee \N'] (15)
"z
300 where ;and? ;are the lower and upper bounds for ttiemodel-cell, and is the lithology index; *  is

the total number of bounds allowed for the congderell, corresponding to the number of distinakranits
allowed by such constraints. During inversion, suatiltiple bound constraints on physical propertyuea
inverted for are gradually enforced using the ADMMorithm. Implementation details are beyond thepscof
this paper, but more information is provided in Apdix D and we refer the reader to Ogarko et &2Q2 for

305 details. Details about the general mathematicahfdation of the ADMM algorithm can be found in Dykes
(1983), chapter 7 in Bertsekas (2016) and Boyd 1201

Note that the application of the ADMM bound constts can be interpreted as are analogous to cingter

constraints where (taking the example ofptfe model-cell):

the centre values depend on both the current modelt any given integration and petrophysical
310 information defining and¥;
the weight assigned to each centre values chamgesdne iteration to the next as a function of the

distance between, and the closest bound and the number of iteratignbas remained outsidfg, .

11



2.4.6Depth weighting and data weighting

To balance the decreasing sensitivity of potefigdd data with the depth of the considered moed| @ omofast-
315 x offers the possibility for the calculation of tdepth weighting operator. The first one, which wge in this
paper utilizes the integrated sensitivities techaiépllowing Portniaguine and Zhdanov (2002). Faclkemodel

cell , a weight™ is introduced:

>0ee0e 7=
nowe< & (16)
X"z
The second option relies on the application ofraselise depth-weighting power law function followibgand
Oldenburg (1998) and Li and Chouteau (1998) fovityaand Li and Oldenburg (1996) for magnetic data

™ ¥ . ¢ (17)

320 Where is the depth of thé" model cell and is introduced to ensure numerical stability, stidta ¥ | ; the
value of§ depends on the type of data considered (gravitgagnetic). For more details about the use of depth
weighting and selection of values ®f the reader is referred to the references providetis subsection. The
application of depth weighting as a preconditiciethe matrix system of equation solved for duiimggrsion is

shown in Appendix D.

325 2.5 Posterior uncertainty metrics

Uncertainty information is an important buildingobk of modelling and a critical aspect of decisioaking
(Scheidt et al., 2018). When available, uncertainfgrmation can be communicated and used in sules#q
modelling or for decision making (see exampleg(@barko et al., 2023}&iraud-et-al.2020b, 20202, Ogarko et
ak-2020 who use uncertainty information in the model rered by another method as input to their modelling
330 using Tomofast-x) . Tomofast-x allows the calcwatof metrics reflecting the degree of uncertaintyhe models
before and after inversion. It allows monitoring tvolution of the different terms of the cost fiime during
inversion. Tomofast-x also calculates uncertainstrios that are specific to the kind of constrainggd in

inversion:

the posterior covariance matrix of modeas estimated by the LSQR algorithm (see Kostiah 2009,
335 for details and A.1.1 for a brief introduction);

the value of the cross-gradient in each cell;

the individualq, values (eq. 12) of the different Gaussians makipghe Gaussian mixture used to

define the petrophysical constraints.

The implementation of this series of indicators wasformed with the intent to provide metrics farsterior
340 analysis in detailed case studies. More informa#ibout these posterior uncertainty indicators @vigied in

Appendix A, which details functionalities of Tomefax not explored here.
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3 Synthetic model and data

In this Sect., we introduce how the data used yothetic modelling were derived and we present gtasof
using prior information derived from geological natlthg. The process of simulating a realistic fielke study

is described with the design of the numerical expent.

3.1 Geological framework

The original geological model is based on a regiothe Hamersley province (Western Australia). &swouilt
using the map2loop algorithm (Jessell. et al. )iadparse the raw data and the Geomodeller® inpfiodelling
engine for geological interpolation (Calcagno et2008, Guillen et al., 2008) to model the corgastratigraphy
and orientation data measurement in the area egrgphical location in Figure 2). Data used toegate the
model comprise the 2016 1:500 000 Interpreted Bzdrdseology map of Western Australia
(https://catalogue.data.wa.gov.au/dataset/1-500stit@-interpreted-bedrock-geology-dmirs-0 146t

accessed on 02/12/2020) and the WAROX outcrop datahttps://catalogue.nla.gov.au/Record/7429427

last accessed on 02/12/2020). Geological modelliag assisted by interpretation of the magnetic ahpgrid
compilations at 80 meters and the 400 meters graribmaly grid from the Geological Survey of Wester

Australia https://www.dmp.wa.gov.au/Geological-Survey/Reglaqeophysical-survey-data-

1392.aspxlast accessed on 02/12/2020). More informatiasuiiata availability is provided in Sect. 7.

In what follows, we use an adapted version of thgmal structural geological framework of the szl region
by increasing the vertical dimensions of the mamdls and assuming a flat topography. The resultfigrence
geological model used to generate the physicalestigs for geophysical modelling measurements dsvshin

Figure 2 in terms of its geological units.
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Figure 2. True model used for geologic modelling andeophysical inversion. The top part shows the mapew. The

365 black line represents the surface coordinates of ¢h 2D profile considered here for illustration of Tonofast-x's
utilisation. The values given on either side of theolour bar indicate the density contrast and magrté susceptibility
attached to each rock unit. Note that several rockinits present similar density contrast or magneticsusceptibilities,
making them undistinguishable using either gravityor magnetic inversion.

In addition to the modification of the structurabdel, we make adjustments on the original densityes derived
370 from field petrophysical measurements by redudirgdifferences between the density contrasts tereifit rock
units. Doing so,~Wve increase the interpretation ambiguity of invangiesults and decrease the differentiability
of the different rock units. The same procedurapplied to magnetic susceptibility to make accunataging
using inversion preblem-more challenging. The three-dimensional (3D) dgnsibntrast and magnetic

susceptibility models used to generate the graarity magnetic data are shown in Figure 3.
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Figure 3. True synthetic density contrast (top) andnagnetic susceptibility (bottom) model used for thesimulation of

geophysical data. The black line represents the safe coordinates of the 2D profile considered her&he voxels

represent lithologies 10 through 15, color-coded i their respective density contrast and magnetic usceptibility
380  values.

3.2 Geophysical simulations and model discretization

The core 3D model is discretised iritg F* ¢ F "« NO« F NN« F «« cells of dimensions equal to-— F

---F®™° m?’. For both gravity and magnetics, we generate @uplgysical measurement per cell along the

horizontal axis, leading topF ™ ¢ NN -«- data points for each method, and add 10 paddilg iceeach
385  horizontal direction to limit numerical border effe in the forward calculation, leading to a tatBNM« F N«« F

«« °«=+ ® model-cells. We simulate a ground gravity survgjdeating the measurements 1 m above ground
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level, and aeromagnetic data acquired by a fixewyvaircraft flying 100 meters above surface. Td the

robustness of our inversion code to noise contetité data, the geophysical data inverted herear@aminated
by noise.

The noise component was generated as follows. &dr gravity measurement, we first add a perturbataue
randomly sampled from the standard normal distibutof the whole dataset multiplied by 9% of the
measurement’s amplitude. We then add a secondrpation value randomly sampled from the standarthab
distribution with an amplitude of 3 mGal (2% of tgnamical range). These values were derived mbntgal
obtain a realistic noise contamination. To simukatgall-scale spatial coherence in the noise gesiat this
fashion, we then apply a two-dimensional Gaussigar to the 2D noise map obtained from the presistep.
We then apply a two-dimensional median filter te thsulting noise-contaminated gravity data to keude-
noising. For magnetic data, we apply the same piureg using, 12.5% of the measurement’s amplitodehie
first step, and 15 nT (1% of the dynamical range}lie second step. Similarly to gravity data, ¢heslues were
derived manually; no levelling noise was simulatédr comparison, the noise-free and contaminatathstic
measurements are shown in Figure 4. The resultbiggrstandard deviatién ; for gravity and magnetic data
are equal to 1.2 mGal and 8.5 nT, respectively.

The gravity data modelled here correspond to timeptete Bouguer anomaly. Magnetic data are simulaséu
the magnetic strength of the Hamersley provinc®{83 T, which approximates the International Geametig
Reference Field in the area) reduced to the pole.
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Figure 4. Noise (left hand side column) added to ¢hdata calculated from the true model (central colmn) and resulting
noisy data (right hand side) for the gravity (top) and magnetic (bottom) datasets. The contour lines slwn
corresponding to the ticks shown in the palette’satour bar. The black line represents the location pofile we use for
the inversions performed here.

To complete the 3D modelling procedure, a serid96fstructural geological models are generatathudionte-
Carlo perturbations of the geological measureméiatigation and contact points between geologicaita)n
constraining the geological structures. This watopmed using the Monte Carlo Uncertainty EstimgMCUE)

technique of Pakyuz-Charrier et al. (2018, 201%k Tesult is an ensemble of models that all fitgaelogical
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measurements within a given set of prior uncenygoarameters. The ensemble is thus assumed tcsesyprine
geological model space, rather than just a sifggst-guess’ model. Probabilities for the occurresfodifferent
rock units can be calculated from the ensemblewsadl to constrain geophysical inversion (see exeasnpl
{Giraud et al., 2017, 2019a; Ogarko et al., 20@lmaud—et-al—20172019d, Ogarko—et-al—20More
specifically, MCUE is useful to obtain the probétgi€  of occurrence of the different lithologiegor every ©
model cell, and to calculate the related unceryaimdicators (Sect. 3.3). Detailing the probabitisjeological
modelling procedure and analysing the results ins3Beyond the scope of this paper and interestaders are
referred to Lindsay et al. (2012), Pakyuz-Chareierl. (2018), Wellmann and Caumon (2018) and eefsgs

therein.

In this contribution, we simulate a case study whaodelling is carried out along the 2D profile erélized by
the black line in Figure 3 and Figure 4, extrachern the 3D modelling framework as detailed in thext

subsection.

3.3 2D model simulation in a 3D world

As mentioned above, we perform the inversion ofpygsical data along a 2D profile for simplicity atwl
simulate the challenging case of 2D data acquined BD geological setting, in a part of the modéeve
subhorizontal or gently dipping features can besoli=d. The philosophy of the numerical study pmese here

is summarized in Figure 5.

3D geological

. > Extraction of 2D
uncertainty model .
I geophysical data and

Forward geophysical cross-section al.ong
3D property model [— data —> selected profile

A

A

Tuning of a values
and L-surface analysis

A

Comparison of results . 2D inversion using
with 3D true model selected parameters

Figure 5. Summary of experimental protocol for synhetic study and testing of different functionalities of Tomofast-x.

The 2D geological Sect. considered is shown in &gl (the black line marked in Figure 3 and Figdje
Geological certainty is estimated using a meastithe dispersion away from the perfectly uninfornetse

where the all rock units are equiprobable. In @aodel-cell, this measure, which we write, is calculated as a

function of the standard deviation of the probabilityy of observing the different rock units, as follows:

E
Vl: : ,b—@$ Ve (18)
where ,b@ is the geological cardinality of the model andgsi@& to the number of possible rock units observed

in one location across the entire ensemble. Fromatean 18,v, is maximum where rock units are well
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constrained, and minimum where the model is thet mosertain. This geological certainty metric i®w in

440  Figure 6 for the 2D Sect. considered in this exampl
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Figure 6. Two-dimensional slice extracted from th&D model along the profile: geological reference nael (top), the

v, metric (bottom). Here, the geological uncertaintymetric considered is the standard deviation of th@robability of
the different lithologies as per equation 18.

445  The probabilities of observation of the differdttidlogies are shown in Figure 7. Note that forplepose of the
tests we perform on gravity data inversion, we oedihe set of probabilities by grouping rock umts fictitious
units with the same density contrasts as singlk vmits. This reduces the number of rock unitsixausits that

can be distinguished by gravity inversion as sdveriis may be assigned the same density contrast.
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450 Figure 7. Observation probabilities for the rock urits that present differencing density contrasts. Uits 3 and 4 are
nearly absent from the Sect (see maximum probabilitarea marked by the arrow).

19



455

460

465

470

475

The geophysical data we use for inversion are etaddaalong the line marked in Figure 3 and Figur&Hhe
geophysical data and reference (true) petrophysicalel extracted in this fashion are shown in Feg8ir Care

was taken not to use the same mesh for both gémgthe synthetic dataset and its inverse modelling
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Figure 8. Two-dimensional slice extracted from th@D model: gravity data and density contrast (a), mgnetic data and
magnetic susceptibility (b).

To inverse model the data shown in Figure 8, weegda a mesh centred on the profile (oriented atbagy-
direction) and add padding to either side and tréhern and southern extremities. The resultingehodmprises
oF oF a2 N«FN««F«« cells of dimensions equal td--+ F-—--F®° m. Note that we increased

model-cells’ size in the direction perpendiculathe profile. The gravity and magnetic datasetagbkbe profile
each comprise 113 data points evenly distributedgthe line.

While we focus on a 2D section extracted from ar3@lel presented here (see location in Figure 3Fgare

4), the 3D model and the associated gravity andnetigdatasets shown here are made publicly aveil@ee
Sect. 7).

4 Application example: sensitivity analysis to constints and prior information

In the examples shown below, we first perform sngbdmain and joint (multiple domain) inversion (gsithe
cross-gradient constraint) assuming identity magrior& , & (, and& - . We then investigate the influence of
prior information on single domain inversion by daining structural and petrophysical informatiortle case
of gravity inversion. The combination of petroploaiand structural constraints derived from geolsgiested.

The intention is to address knowledge gaps initemture that describes the effects of parametgoiz of such
constraints.

4.1 Experimental protocol

It is necessary to determine the appropriate weighssigned to the terms defining the constraintieghduring
inversion to optimize the cost function in equattorThe values that define the weights of the differentn
in the cost function constitute hyperparametersthaf inverse problem. Appropriate estimation of ¢hes
hyperparameters is necessary to approximate thmwptvalue of the global misfit function. To thisds we use

the L-curve principle (Hansen and O’Leary 1993, $tanand Johnston 2001, Santos and Bassrei 200&adar
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of the cases presented below. We perform serigefsions sampling values spanning the plausible range of

potential choices using a heuristic approach.

When two constraint terms are used in inversian,(with3 n 0), we extend the L-curve approach to the two-
parameter cases. In such case, the optimum valuésef3 weights are determined applying the L-curve doter
using L-surfaces (or elbow surface) instead of tvea (Belge et al., 2002) (we note that the L-casrag plotted
here can alste referred to as ‘Tikhonov curves’ in the case wheata misfit is plotted as a function of
regularisation value). The optimum value for thealues weighof the two constraint terms is therefore obtained
by identification of the inflection point of the dace made up of the variations of the data mésfia function of
the weights under consideration. See Farquharsd®&tenburg (2004) for a general introduction anch@l et
al.(2019b), Martin et al. (2020), Wang et al.(20&®)application of this principle to inversions ngiTomofast-

X. The role the L-surface analysis plays in thetlsgtic case presented here is reminded in the Veavishown
in Figure 5. In our analysis, we set the objectighie for the data misfi& ' $ ( )%t to be equal to the

objective data misfit * , defined as:

B Y, i (19

1L N
/‘ N
so that the data is reproduced with a level ofresuperior or equal to the estimated noise levé¢hefdata. Here,

this leads to °cN F NG“ for gravity inversion, and to “  1.55F NOZ for magnetic data inversion,

respectively.

For the sake of consistency in our study of theuérfce of constraints onto inversion, we sefp 0 kg/n? for

gravity data inversion and ,g 0 Sl for magnetic data inversion.

4.2 Homogenously constrained potential field inversios

We first perform single physics inversion followirtge common strategy of constraining the model gusin
smallness and smoothness constraints. Obtainingdapproximation of the optimum values of thesapeters
gives insights into the numerical structure of gheblem. It constitutes valuable knowledge whemgisither
kinds of constraints and we consider it a good farado run such inversion prior to using more athea

constraints. Here, the firstparameters to determine &g and3g, for both gravity and magnetic data inversion,

assuming identitg . and& g matrices so that the constraints are applied hemwmgsly over the entire model.

We generate grids in tH8, 3g) plane using. ¢\NG*A NO*A] and 35 ¢ \NG*A NO*A] for gravity inversion,
and 3, ¢\NO* NO*] and 3s ¢\NO* NO*] for magnetic data inversion, respectively. Theaaeges were

determined empirically and assumed to compris@tienums. In this subsection, all matridsin equation (5)

are set athe identity matrix.

21



510

515

520

(a) Gravity data inversion
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(b) Magnetic data inversion
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Figure 9. Elbow surfaces for gravity (a) and magneti (b) inversions (top) and plot of the data misfiterm as a function
of the A weights (bottom). Each plot uses a total of 1260 jms sampling the @ A() plane. The black lines show the
contour values corresponding to the ticks shown ithe palette’s colour bar, which shows the value dhe data misfit
term. The red line materialises the contour value of/VEC,Eguiding the selection of the optimumA A() values, and
the green dot materializes the vicinity of the cure’s inflection point.

For accurate estimation, th&.(, 3g) values are sampled more finely closer to thevegtd optimum values. The

resulting L-surfaces are shown in Figure 9, whheevicinity of the optimum value 08( , 3g) is shown with a

green dot. From these values, we estimate the aptinalues of3. , 3g) reported in Table 1.

Table 1. Optimum values of A A( ) estimated from L-surface analysis.

3> 3B
Gravity inversion 2.1F107 1.8~10*
Magnetic inversion 3.2F10¢ 4.5F10°

The models corresponding to values in Table 1 laogvs in Figure 10.
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Figure 10. Results from separate inversions usingr&liness and smoothness constraints. The starting diprior models
model are equal to zero everywhere and the smooths®constraint is applied homogeneously.

The values oE, andEg obtained for such constraints can be used astingtpoint in subsequent inversions to
understand the influence of prior information wivanying amounts and types of prior information available
about the structure of the subsurface or its péysips. For instance, in what follows we will intigate the
utilisation of geological information to defing . and& g (eg. 9 and 10, respectively) and see how it can
combined with petrophysical data to defifie(eq. 15) (see following subsection where we usball and
structural and/or petrophysical information). le ttase of structural constraints relying on thdiapaerivatives

of model values (cross-gradient or local smoothndiss value 0B, may be kept constant and while the otBer
parameters3z or 3p) are adjusted. ConverseBg may be kept an8e set to O for the utilisation of petrophysical
constraints acting on the model values themselmstead of the spatial derivatives (ADMM or statiati
petrophysical constraints). Here, we restrict aualgsis to twa3 values being strictly superior to zero, thereby
accounting for prior information in up to two corahts terms in the definition of the regularisatierm in eq.

5.

4.3 Joint inversion using the cross-gradient constraint

We start from the previous step to perform jointeirsion using the cross-gradient constraint. Kegppire 3¢
weight constant and equal to the values deternfiomad single domain inversion, it remains necessagstimate
the optimum values of the cross-gradient constra&ight, 3z, and the relative importance given to the gravity
and magnetic data misfit terms (settBl§ N , it remains to determing"). We therefore investigate values in
the 3¢ 3" plane, which we sample in the same fashion akdrptevious sub-section. The resulting surfaces

are shown in Figure 11.
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Figure 11. Determination of the optimum A«( AX parameters in the case of the joint inversion usinthe cross-
gradient constraint. Top view of the elbow surface$or gravity (a) and magnetic (b) inversions (top) ad plot of the
data misfit term as a function theA weights (bottom). The solid lines show the contowalues of the data misfit, which

values are given by the color bar on the side. Theold red solid line shows the contour level A" for the corresponding
dataset (gravity or magnetic) while the dashed linshows the same quantity for the other dataset. Thireen dot marks
their interSect., indicating the optimum A~ A* values.

In contrast to the single-physics inversion shownFigure 9, it appears from Figure 11 that the two
hyperparameters to be determined hEgg,and3", influence the inversion differently. While thentour levels

of the magnetic data misfit show a linear trenthiei Epg 3V) plane, it is clearly non-linear in the case ofvifsa
data misfit. This difference might be explainedthg fact that the cross-gradient is a second osdpiarisation
(product of two spatial derivatives of model valulésking two models that are otherwise decoupladchddition,
this suggests that in cases differing from this, dime hyperparameter selection may be non-unigaeeftheless,
the value of the optimum value is unambiguous in@ase and can be determined easily. From Figuneell

obtain' Epg E. 5 ) = (1.99% 104 2.5F 10%). The corresponding inversion results are showFiguaire 12.
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Figure 12. Joint inversion results obtained from utisation of the cross-gradient constraint.

Compared to Figure 12, we observe that the apjgitatf the cross-gradient constraint leads to ddjasts of
the model ensuring more structural consistency éetwdensity contrast and magnetic susceptibilistrating
the applicability of the approach presented hefso Aote that the model is also visually closethiatrue model
from approximately 7520 km Northing and more. Hoamedespite the increased structural consistentydss
the density contrast and magnetic susceptibilitylel® some of the structures of the model are exdvered
accurately. For instance, the basin-shape strucwwend 7500 km Northing mirrors the actual gealabi
structure (see Figure 8) and is an effect of noilgueness onto inversion. In this case, this ilatsts the need for
prior information in our inversion. While joint ievsion of gravity and magnetic data using the cgrasient
constraint improves imaging comparatively with awersion constrained only using smallness and dmest
constraints, prior geological information or petngpical information may be necessary to alleviageremaining

uncertainty.

4.4 Smallness and smoothness constraints using geolaimformation

In this subsection, a sensitivity analysis to piidormation in inversion is performed through @eof scenarios
where geological structural information is introdddo adjust the smallness and smoothness coristtinugh

& . and& g, respectively. In what follows, we apply this apgach to gravity inversion.

The influence of geological information in definitige smallness and smoothness terms (detailedtih and
2.4.2) is analysed by investigating three additimeanarios allowed by the utilisation of eithentagenous or
geologically-derived® . and& g matrices. In each case, we start from Bie,(3g) weights estimated in Sect.
4.2 from the analysis of the L-surface, which wguatlto obtain the geophysical misfit sufficientiose to
objective values. We remind th&. and 3z weight the overall contribution of the model smaBs and

smoothness, respectively, in the cost function $¢q.
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In the first scenario we investigate (scenario B éble 2), geological uncertainty information idgo define
& . while keeping% g homogenous. This allows us to test the influerf@eological prior information onto the
smallness term. The values of the diagonal varianatix & . are calculated using the geological certainty

metricv, (eq. 18, shown in Figure 6b for the 2D section elled here), and keef 5 homogenous.
Contrarily to the previous tests (see 4.2) wigre | ~, we have, for thekmodel cell:

&> x V) (20)

Becaus® ' v ), 'N+p . we have:

L . (21)
& < 've) U ) >
Nz
Consequently, setting . in this fashion and keepirgy constant translates in a lower overall relativpamance
of the smoothness term in the least-squares costifun (eq. 5), thereby moving away from the traffénferred

from the L-curve principle (Sect. 4.2). To mitigalés, we adjus8. to a value3, such that:

4 >
3 3. ) (22)
Nz 3

which equates3'> = & with 3. = . so that the overall weight assigned to the smsdiierm remains
the same with and without geological structurabinfation (left-hand side and right-hand side ofjunaity in
equation 20, respectively). Because the value®of 4 depend on bot& . and , which vary in space and
also depends on the other terms of the cost fumatibnor adjustments of the value3)f are necessary to reach
the objective value of data misfit. In this examphis leads to tune the suggesBad +o F NO“ to 3.

+0° FNO™ (keeping3g constant). The corresponding inverted model iswshia Figure 13b. The corresponding

3 weights are repeated in Table 2.

In the second scenario we test (scenario c in T2klgeological uncertainty information is then dise define
& g while keeping& . homogenous. This allows us to test the influerf@eological prior information onto the
smoothness term. Following the same procedureratidosmallness term, we adjust the sugge3ied «o- F
NO“2 to 3g oN FNO"2. The corresponding inverted model is shown in fglBc. Finally, we test the case
where both& . and& g are defined using geological information in thenioof v, . Starting from values &
and3; used in the previous tests, minor tuning is pentat, leading t8.  -oN FNO' and3;  -00 F N0%20

Inversion results in the model shown in Figure 13d.

Table 2. A values derived for simultaneous usage of local arglobal smallness and smoothness constraints. Scepa
(a) is a reminder of values obtained in 4.2 when dnglobal constraints are used.

| ¥
Global smoothness, global smallness constraints (a) M\ F NC# Nt F NC*2
Global smoothness, local smallness constraints (b) +*° F NC¥ Nt F N7
Local smoothness, global smallness constraints (c) M\ F NC” “NF NC“
Local smoothness, local smallness constraints (d) -(NF NCH -OF N2

26



Figure 13. Results from gravity inversion constraied by: (a) homogenous smallness and homogenous sthoess

610 constraints, (b) geologically-derived smallness antdbmogenous smoothness constraints (¢) homogenoos#iness and
geologically-derived smoothness constraints, (d) gegically-derived smallness and geologically-derad smoothness
constraints.
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As can be seen in Figure 13 by comparing Figurehl@&h Figure 13c-d, the utilisation of geologictuctural
information to adjust the smoothness regularizagtoength spatially has more impact on inversi@mthdjusting
the smallness term. While incorporating prior ggadal information in& . constrains the model to a certain

extent, usind; to derive& g has more influence on the inverted model thar&fgr, with resulting models that

closer to the reference model.

Comparing Figure 13c and Figure 13d indicates ttiatuse of geological uncertainty information tguatithe
smallness regularization strength spatially (thio&g. ) in addition to the model smoothness term (thro&igf)
modifies inversion results further towards the refee model. Figure 13d, which results from invarsiising
prior information in both constraint terms, provsdée model closest to the reference. While mastfaces are
well-recovered when using geological informationd&fine both& g and& . , the recovered density contrasts
remain affected by the ambiguity inherent to gradita in the presence of subhorizontal geologioas (around
7460 km northing). This suggests that in this exXxammore prior information might be useful in reeowng the
causative model more truthfully, especially in casehere potential field inversion is ambiguous (e.g
subhorizontal interfaces for gravity inversion).ig is the object of the next subsection, which dbss a new
single-physics inversion scenario where petroplaysionstraints are combined with structural comstsaand

geological information.

4.5 Structural and petrophysical constraints

In addition to the definition of matricé and& (, geological information can be combined with pphysical
knowledge to define the range of density valuesvadd in inversion. This is achieved with spatialrying
bound constraints on the property inverted for rsitg contrast in this case (see Sect. 2.4.5). Hereh bounds
are defined using multiple intervals, each oneexponding to the range of density contrast valupsaed for

a geological unit. Such bounds can be defined ¢phomogenously) where all intervals are allowed
everywhere in the model, or locally when prior imfmtion about the presence of the rock units islava. In
this work, we use the probability of occurrencetlad different rock units to derive bounds that vearyspace
accordingly with the probability of observationedch of the rock units. In a given cell, only tleubd values
corresponding to rock units with a probabiliyn 0 are considered. Starting from eq. 15, such spatiarying

boundsf, of the K" model-cell are obtained as follows:

fo » - peFpe (23)
,... '\
Np.n0
where andi correspond to lower and upper bounds. We consiaieow bounds such théit:  ,+; O, with
O O ,+ to encourage inversion to use density contrastsctbaely resemble values defined a priori. Equatio
23 corresponds to the application of a Boolean atpetto the probabilitieSlya,q, y in every cell to divide the
studied area into domains defined by rock unit$witprobabilityN n N . In such case, the ADMM bound

constraints act as a proxy for a prior model dymathy constrained by petrophysical information.
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Four additional scenarios are tested to deterrhiméfluence of prior information onto inversionrsccommodate
the addition of both the damping gradient and ADMbuNd constraint term. The use of prior informatien

illustrated in Figure 14.

Figure 14. Tested combinations for the utilisation b prior information into inversion. Bold frames indicate the
utilisation of geological information to define theconstraints.

At a given iteration, the ADMM bounded constraimiceurages inverted values to evolve inside onehef t
prescribed intervals depending on the current modéls mentioned above, we can then make the analiigy
a smallness term that is dynamically updated. Risrreason, we treat the ADMM bounded constraimtthe

same fashion as the smallness term, which we &iplyitaneously to the model smoothness term.

Following the same protocol as Sect. 4.1 to detei®; and3 , we first perform inversion without the use of
geological information in the form of the probatis for the occurrence of different rock unitsnaetrics that

can be derived from them (Figure 14a, i.e., Wlith and& equal to the identity matrix and the corresponding
regularization term weighted I8 and3 , respectively). It is therefore necessary to deiee the value 08g
and3 (eq.5). We perform an L-surface analysis and $anvgdues in thé3g 3 ) plane to estimate the optimum
values for these hyperparameters (see Figure H)e¥ of3g varying fromNot° F NO4 andNex® F NO#A
and values 08 OjO@O8| Mo+~ F N#AandMo = F NG“ oThe resulting L-surface is shown in Figure 15.
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Figure 15. Elbow surfaces for gravity inversions. Aotal of 840 points sampling the A( A,) plane were used. The black
lines show the contour values corresponding to thécks shown in the palette’s colour bar, which showthe value of the
data misfit term. The red line indicates the contonvalue of A" xo cc@ F Ec K guiding the selection of the optimum
(A( A( ) values, and the green point indicates the curvafiection point.

From Figure 15, we estimate the hyper-paraméfys3 ) tobe 35 3 ) MoM F N® No« F N8 in the case

no geological information is used, meaning thahlmmnstraints are applied homogenously across tuen

From there, we follow the same procedure as destritbhove (Sect. 4.1 and 4.2) to obtain an estifoatthe

values of3 and3g in the different configurations shown in Figurebid. The resulting inverted models are

shown in Figure 16, and the estimates3gf 3 are provided in Table 3.

Table 3.A values derived for simultaneous usage of global driocal smoothness and ADMM bound constraints. Case
(a) through (d) correspond to cases (a) through (di Figure 14.

T T
Global constraints (a) MV F NC7A N« F NCH
Global ADMM, local gradients (b) «« F NC72 M- F NCH
local ADMM, global gradients (c) NN F NC72 «- F NCH
local ADMM, local gradients (d) «N\F NC72 «M°F NC*
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Figure 16. Results from gravity inversion using: (2global ADMM clustering and homogenous smoothnesnstraints,

(b) global ADMM clustering and geologically-derivedsmoothness constraints, (c), ADMM clustering andeplogically-

derived smoothness constraints, and (d) geologicaltlerived ADMM clustering and geologically-derivedsmoothness
constraints. For visual comparison, the true modek reminded at the bottom of the Figure.

Figure 16 shows that the use of ADMM facilitatesaery of better-defined interfaces between rodksuhan
in previous inversions (Figure 10, Figure 12, aigufe 13), and decreases the misfit with the catesanodel
(shown in Figure 6). Unsurprisingly, without theeusf geological information (Figure 16a) inversimsults

remain inconsistent with geology in several pafthe model, especially around the position 7500nkrth. The

31



685

690

695

700

inconsistent results can be partly mitigated byggjeologically-derived smoothness constraintsyifeid 6b). In
comparison, however, Figure 16c shows that useeofogical information to determine the bounds recev

features much closer to the causative model.

While Figure 16d shows the more robust results aiyefigure 16¢c and Figure 16d present generalfiyilar
features. This indicates that, in this case, gacldgincertainty information in structural constrai only allows
refining features largely controlled by the utitisa of the ADMM constraints. This statement is goged by
Figure 16 where the comparison cases (a,b) andl r@vetal that the effect of using geological infatian to

define bounds dominates over the effect of usingertainty to define structural constraints.

The comparison of cases (a,b) and (c,d) in Figéreah be extrapolated to Figure 13 and Figured.6pmpare
constraints more broadly. This is discussed in ®Hich presents a short comparative analysis ofrality

inversion results.

5 Discussion
5.1 Sensitivity analysis summary: comparison of constriaed inversions

Tomofast-x was developed with the intent of prowgdipractioners with an inversion platform accoumtiar
various forms of prior information and geophysidatasets. We have tested a series of constraumlving joint
inversion, geological and petrophysical informatidime inverted density contrast models for inversising
global smallness and smoothness constraints, ijoiersion using the cross-gradient technique, ggoidly-
derived smallness and smoothness constraints, BMdM\bound constraints (both global and using geiialg

information) are shown in Figure 17.

We remind that all models shown here produce #dssimiata misfit ° accordingly with equation 19.
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705 Figure 17. General comparison of all inversion redts obtained from gravity inversion. The legend orthe Figure identifies the different types of inver®on shown. We remind the true
model at the bottom of the Figure. The model misfiindicated on each panel is calculated as the roatean-square of the difference between the inverteahd true models.
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Firstly, it appears from Figure 17 that regardiefsthe type of constraints considered, the utilisabf geological
information (cases b, d, e, g, h, i) to derive sigtvarying constraints for th& matrix of both terms used
provides the models that are visually closest &tthe model. In this category, the utilisationpetrophysical
information in the ADMM bound constraints provideases h-i) models that are closest to the trueeh{tmvest
model misfit values indicated in the titles of {henels in the Figure). Secondly, the comparisoresés (a) and
(d), (b) and (e), (f) and (g), and (h) and (i) cates that while it has a less significant inflleeon the results,
incorporating geological information in the defiait of the smoothness term also influences invarsésults
significantly. Lastly, comparison of cases (a) &bY and (d) and (e) suggests that the utilisatibgeological
information to adjust the smallness strength sjhatieas an effect on inversion that is, with thess-gradient

constraints (where structural information is passedrom another geophysical dataset), the lowest.

From the results shown in Sect. 4.2 through 4.5camdpared in Figure 17, it is possible to make alitptive,
speculative ranking of the constraints accordingith their influence on the resulting model (froetmost

important influence to the least important influejc

ADMM bound constraints > smoothness constraintsnallmess constraints > cross-gradient constrairtis
observation is also corroborated by the valueb@fdot-mean-square misfit between the true anetiast model.

From these observations we also deduce that whangjeal uncertainty information is added to thdiléon
of constraints (i.ey, for defining& and& g and probabilities for defining), the term of the cost function
with the highest influence on the process will deiee the main features of the model, which willdzgusted
by the other term.

Tomofast-x was developed, with the intent of prawidpractioners with an inversion platform allowingrious
forms of prior information and geophysical datan€twaints that represent uncertainty and our lefzepistemic
knowledge provide useful constraint to inversiohislis encouraging as the Tomofast-x platform askle a gap

in inversion schemes that rely on a single modwud, taat model being as similar as possible todhget region,
an often impossible requirement to meet. Thus TasteX opens additional research avenues to the coiityn
that are widely acknowledged, but remain largeladdressed. Conceptual uncertainty relating ther prio
assumptions made about tectonic event historyeofehgion, and thus the structure under study caanbbysed.
Different event histories and topologies can besitared, giving a wider scope to the model spawe adlowing
the geophysics to invalidate implausible histortag, giving us pause to consider other that maiebe likely,

but nonetheless possible.

5.2 Outlook for future developments

Another research avenue under consideration istagration of results from probabilistic modellin§seismic
and electrical data into Tomofast-x. As statechinaduction, one of the goals born in mind durihg design of

Tomofast-x is interoperability. Current work invels the integration of Tomofast-x into the Lé@pen source

1 https://www.loop3d.org/
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740 3D probabilistic geological and geophysical modejliplatform (Ailleres et al., 2019), in an effod tnify
geological and geophysical modelling at a more &mental level than the more common cooperative
approaches. Ongoing developments include the phigsiio adjust weight assigned to the bound caaists

accordingly with uncertainty levels in prior infoation used to defined spatially varying intervals.

Future research includes the utilisation of implggological modelling (in the sense of Calcagnalgt2008)
745  with Tomofast-x to define geological structures antks that inversion will be encouraged to folldivalso
comprises the incorporation of topological lawsvirasly used a posteriori (Giraud et al., 2019 ctly into
inversion. The electrical capacitance tomographymonent of Tomofast-x (Martin et al., 2018), whigh have
not detailed here, can be extended to acoustioige@ electromagnetic data inversions that relyh@resolution
of similar non-linear inversion problems. It opehe door to more versatility in the code and camjelied to

750 joint inversion in similar ways but on more tharotphysical domains.

In addition, future developments comprise the dafative and joint inversion of seismic and potarfteld data.
It is planned to develop an interface between TasteX and Unisolver (not yet open-source releasedsb
authors), which is an extension of Seimic_Cpml so@ématitsch and Martin 2007, Martin et al., 202019)
where integrated seismic imaging solvers are implaed. Unisolver is a multi-purpose 2D/3D seismiaging

755  platform based on high order finite difference éinite volume discretization as well as nonlineaissic data
inversion procedures. Such interface would allowfgrening collaborative or joint inversion of seismand
gravity or magnetic data and obtain the resultingglets on the same mesh while benefitting from Tasibk's
various functionalities. This will be an easy wayprovide Tomofast-x with separate seismic infororatike
sensitivity kernels on the fly as another physamnain.

760 In the implementation presented here, only thecation of the matrix system based on maximum digtan
thresholding was discussed. It is planned to redoemory requirements using the wavelet compressidhe

matrix system of the inverse problem in the samsbitm as (Martin et al., 2013).

We have shown a number of tests using a selectedf danctionalities of Tomofast-x. However, morma,
different, tests could be done. For instance, taréisting research avenue is to exploit Tomofastapability to

765  read an arbitrary number of prior and starting ni®die test the geological archetypes that can betified by
clustering of the set of geological models prohstii geological modelling can produce (Pakyuz-Ciearet al.,
2019). Additional features of Tomofast-x which tegtlies beyond the scope of this paper are Janabitrix
truncating, the different kinds of depth weightirgyd their effects on the different types of iniams Last, we
have not used posterior uncertainty indicatorgdish Sect. 2.5 and A.1 as the paper focusseseomtiersion

770 capabilities of Tomofast. The output results of Ddast-x allow, however, to study uncertainty in tame
fashion as Giraud et al. (2017, 2019c) where sointleeon are used.

Results obtained using the cross-gradient techrfigu@int inversion of gravity and magnetic dateowed that
it can improve imaging of geological structureswéwoer, our study also revealed some of the linategiof this
method. In the synthetic example, structurally eehefeatures of the resulting model contradictghelogy of
775  the true model. In addition, our L-curve (or L-swo#) analysis suggests that the determinationeodptimum
weights of the cost function using the cross-gnatdtechnique may be affected by non-uniquenesstlaaid

multiple sets of weights could equally satisfy theurve criterion. One interpretation is that thisthod remains
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affected by uncertainty and could be producing sehvfamilies of models fitting geophysical data affyiwell.
This observation differs from similar analysis perfied in the case of joint inversion using petrcitsl
constraints, where such potential ambiguity wassugfgested by the L-surfaces (Giraud et al., 20IRm@se

impressions, however, require a more detailed tiget$on and constitutes a new research avenue.

In our sensitivity analysis, we have produced &sesf models that can be considered geophysieglljvalent
because they fit the geophysical data equally Wélése models are the result of deterministic sieer, where
prior information guides inversion towards one ld imodes of the probability density function ddsiag the
problem (equation 1), or modifies them. It is tHere safe to assume that each mode is representattian
archetype of models from the geophysical data’s-spdce. This highlights the interest of using lragace
shuttles’ allowing navigation of the null-space éDand Nolet 1996, Mufioz and Rath 2006, Vasco 2Bightner
and Zunino 2019) to explore the space of possilddeats without extensive sampling and to asses®thestness
of the result. In addition, the plots of the L-ceiswcorresponding to the problem we presented sutgesresence
of multiple optima in the hyperparameter space s ), which it might be interesting to investigatefiture

research, especially in the joint inversion case.

6 Conclusion

We have introduced the open source joint inverplatform Tomofast-x and demonstrated its capaéditvith a
realistic dataset taken from the Hamersley regiorcentral Western Australia. The geophysical thiémak
background of Tomofast-x was explained in deptlgtade users in understanding and using the modellin

approach implemented in the source code.

We leveraged the modularity of Tomofast-x to sttity sensitivity of inversion to prior structuragajogical and
petrophysical information, joint inversion, and twle’s scalability. We tested a new combinationafstraints
incorporating geological structural informationtire smoothness term and dynamic prior model dafmitsing
petrophysical knowledge (ADMM bound constraintsjeature usually not available to most inversiofivgare.
Our sensitivity analyses on prior information ariffiedlent constraints reveal that constraints ugipgyophysics
(ADMM clustering bound constraints) dominate oveadient-based constraints (smoothness and crodgegta
constraints), which in turn exert more influencetcomversion than smallness constraints. This shtves
importance of prior information in inversion anidigtrates the need to study the space of geopliysécpiivalent
models.

The examples described here were designed to aéplec typical, rigorous approach to the developroérat
geoscientific model and be relevant to real-woggdleation. The aim to ensure rigour and reprodilitylof the
result presented is facilitated by the releaséefsburce code, datasets, and a reduced, modifidrpversion

of the algorithm that accompany this paper.

7 Source code, documentation and data availability

The source code for Tomofast-x as used in this s@ipt can be found ifOgarko et al(-20218) Ogarke-etal.
{2021 (https://zenodo.org/record/4454220#.YFWpEKSBRX The latest versions will be available from the
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Github projecthttps://github.com/TOMOFAST ko which access can be granted upon requesbntains two

repositories: ‘TOMOFASTX', containing the latestrsien of Tomofast-x and elements to guide userthén
utilisation of the code, and ‘Tomoslow2D’, a Jupytetebook illustrating concepts used in Tomofastaxa

differing algorithm, in 2D.

The geological model, a description of the inputdand the geophysical models are given in Jessall (2021).
It also contains a dataset using the same mod@qtedl onto a finer mesh of approximately 4,2M salhd
80,000 geophysical data. The datasets are licamsger the Attribution-ShareAlike 4.0 Internatiof@iC BY-

SA 4.0) license (sebttps://creativecommons.org/licenses/by-sa/4.0ltegke for details). Tomofast-x's source

code is licensed under the MIT Licensgtfs://opensource.org/licenses/MIT
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testing of the different data integration technigyeesented to the exception of the cross-gradésfinique,
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code. RM and VO added the possibility of performitaga inversion using an Lp nortd U h * M smallness

term. RM and VO developed and tested the electcmphcitance tomography component of Tomofast.

JG and RM explored the functionalities of Tomofastnd performed extensive testing for robustnegst an

validation of techniques implemented, especialeydross-gradient technique.
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development stage and supervised the overall psegrethe presented work.
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Appendix A. Other functionalities of Tomofast-x

A.1 Posterior uncertainty indicators

A.1.1 Posterior LSQR variance matrix

At the first and last iteration of the inversiohgtdiagonal elements of the posterior covarianciixnef the
recovered model is calculated in Tomofast-x. Thiewation is performed following (Kostina et &Q09) who
introduce an extension of the LSQR algorithm wieereh matrix is calculated at each iteration. Théavaes are
part of the outputs of Tomofast-x for further arsédyby the user, such as the estimation of unceytan the

recovered property model.

A.1.2 Jacobian of the cost function

Tomofast-x offers the possibility to examine thedbian matrix of the misfit function (eq. 5), wihiencapsulates

the contribution of several constraint terms (sgeekample eq. 5), by calculating its derivativeéhaiespect to

the model UUU—: This feature takes advantage of the LSQR solvethe LSQR algorithm,wL.J>> is

calculated at the beginning of each iteration wéygproximating a solution to the system of equat{@mpendix
D). The value OPUU—: can then be calculated before or after applicatiotihe depth weighting operator. It is

computed as the product of the transpose of thexarapresenting the left-hand side of the systémquations
to be solved by the LSQR solver, by the vectorhef torresponding quantities to minimize (data misfioss-

gradients, damping terms, etc., constituting thghtrihand side of the corresponding equation, asvisha
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Appendix D). Importantly, its dimension is equaltb@ number of model parameters. It is thereforgsinte to

store it on disk to provide a measure of the siitgibf the data and the different terms of thesfihifunction to
model variations at depth or in any part of the patational domain. By computin\'gwo—:\'(, it is possible to

study the convergence of the algorithm, small \&linglicating convergence. In addition, it is a neethat
measures the stability of the algorithm and whichseful to determine whether the system of equsii® well

conditioned.

A.1.3 Identification of rock units

Membership analysis of the inverted model can béopaed when statistical petrophysical constraiwese
applied to inversion from the valuesa§ reached after inversion converged. Membershipegatan be used to
assess inverted models by reconstructing a rockrmadel from the recovered inverted physical propsr
(Doetsch et al., 2010, Sun et al., 2012, Girawd.e2019c¢). Rock units labels can also be assigmetbdel-cells
when the ADMM bound constraints have convergedlldtws attaching a petrophysical property inteteadéach

model-cell, allowing direct identification of rodipes.

A.1.4 Cross-product of gradients

The cross-product of model gradients in 3D cantbeed after inversion and its;horm is given after each
inversion cycle. It allows to assess the degrestrottural similarity between the models, and tiindate areas
showing specific structural similarities or disdamities.

A.2 Jacobian matrix truncation

Tomofast-x offers the possibility to use a movimnstivity domain approach (ma et al., 2012, uma and
Zhdanov 2014) limiting the sensitivity domain tocglinder which radius is chosen by the user to cedu
computational requirements (the option for a spher@so present in the source code, but commentéie
current version). The underlying assumption is tiedlis beyond a given distance exert a negligibfiiénce on

the measurement. Generally speaking, this radipsoigded by the users and should be chosen chreful

A3 :,norm

Tomofast-x also offers the possibility of performidata inversion using a,lnorm (1< p 2) to define the
smallness term, as it has been proposed for elattrapacitance tomography (ECT) in (Martin et 2018) in
the framework of Tomofast-x. Theg lhorm inverse problem is non-linear and can beesblteratively using &
minimization. In the kL norm case, the regularization parameter can beogippated by a p-power law of the
model at each point of the computational domainranst also be recomputed at each new inversior cwhen
the L, norm is introduced for p < 2, this procedure alide obtain sharper models with better interfadaniion,
and determine stronger contrasts for the spedifses under study. ff M the smallness term is reduced to L
norm minimization (the commonly-used Tykhonov-lilegularization) as used in this work. The choicetbr

values such that 1< p2 is at the discretion of the user or dependingrior information.
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A.4  Electrical capacitance tomography

Detailing electrical capacitance tomography (EGThé&yond the scope of this paper, but we can apglyint
gravity and magnetic inversion the functionalitieat have been introduced to solve the ECT invpreblem
based on kdata misfit norm andJ(1<p 2) damping term minimization (see Sect. A.3). Imbdast-x, ECT is
based on the finite-volume method for the forwardlbyiem and on a non-linear and iterative LSQR metttoo
solve the inverse problem. As in propagative arfilisive geophysical inverse problems in frequenoyndin,
the sensitivity matrix and the damping term dependhe current model and must be recomputed at eaeh
iteration. We refer the reader to Martin et al. {Dfor more details on this technique. Note tHgbdthms
developed in relation to this method can easilyektended to propagative and diffusive geophysiceéiise

problems.

Appendix B. Summary of the notation and terms used in thepape

Symbol Definition

Subscripts and superscripts

Refers to ‘data’: ‘mag’ or ‘grav’.

model
h Refers to ‘prior’
S gradient
Cross-gradient
hi Refers to ‘petrophysics’
a ADMM
Gravity
M Magnetics

Model and physical quantities

Property model inverted for
ADMM variable

K ADMM variable

r Membership value in Gaussian mixture

€ Membership value in Gaussian mixture (from geology)
t Mean value of petrophysical properties

% Standard deviation of petrophysical properties

E ADMM variable

Positive threshold real number such that z>>

Number of geophysical data points

} Number of rock formations

Geophysical data
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Exponent for depth weight power law

Mathematical operators or notations

S« Geophysical forward operator

I f Petrophysical distribution operator
Cf Gradient operator

a L-p norm

- L-2 norm (sum-of-squares)

n Geophysical data sensitivity matrix

Diagonal matrice&

& diagonal matrix; all elements equal to the sumepfases of the data
& Smallness term covariance matrix
&g Smoothness term covariance matrix
& Cross-gradient term covariance matrix
& pi Petrophysical term covariance matrix
& ADMM term covariance matrix
a Depth weighting operator

Weighting terms&E

3. model

3& Gradient

3o Cross-gradient

3y petrophysics

3 Multiple bounds constraints

3y Weight assigned to the gravity inverse problemdusdy in joint inversion)
3w Weight assigned to the magnetic inverse problemdasily in joint inversion)

Appendix C. Forward gravity and magnetic data calculation

In this Appendix we summarize the forward calcalatof gravity and magnetic data as performed in dfast-
x. In practice, Tomofast-x calculates forward daig input data expressed in units fr8gstéme International
(SI), expressed in kilogram, metre, and seconddrheity field & of a distribution of density anomalié& over
a volume of rocld at a locatior@ \g * | can be expressed as follows:

. f. . €3 C (24)

ac eaeg aa@ma

Where@ \g ] defines the location of mass density anordly@ ande is the universal gravity constant.
While Tomofast-x is implemented in such a way tthe three spatial components &fcan be obtained, we

consider only the vertical direction here, which simply write—for sake of clarity (note that here, when taken
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for the whole model,— (). In our implementation, the voluniée is descretized ifi . rectangular prisms
(model cells) of constant density. Discretised,atigun 26 then rewrites as:
L. $ e (25)
—g- e< aa, Fagxacya x
A _ _ _A
Xz 980« 7 ST 8 7=

whereég,, d-, anda , define the dimensions of th@" rectangular prism. In our discretization,
we assume a model constituted gfF ¢F = cells, with p, ¢ and = representing the number
of cells in each direction. This leads to the cotafion of —using the following formulation of
equation 26:
e & e (26)
-g- < < < 880480y
/\Z OI\ZX/\Z

Where, using the formulation of (Blakely, 1995) #dements of the sensitivity matSxare given as:

=7t ‘ i3 (27)
éox e< < < $l\>_|_ Ti ]'Jk T, = é$.|.>78yﬁ>io ) 6|)$6| 78S|ﬁ>60; '|'>)\
>Nzithz Nz zhe
where,i. , & andi are the coordinates of the vertices of the prismd,
Z (28)

Asoc €Q$Ts =; '+$8) ; $i =¢

In Tomofast-x, the total magnetic field anomalgadculated by summing the responses of the prisaism up
the model, following Bhattacharyya (1964, 1980)eTRegional magnetic field is denoted '+ % =), and
the MagnetizatiolX 'f 5 f o fa). Wewritex 4g4 andf 4X 4. Note that remnant magnetization is not

accounted for.

Using the formalism of (Blakely, 1995), we denaté the magnitude of the total magnetic field anomaly

generated by a prism oriented parallel toghe, and axes of the mesh similarly to the gravity case.h&'ee:
e & ¢

ud g < < < 0OoySoy

Nz Onz xAz

(29)

where is the magnetic susceptibility. The sensiti\itis given as:
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N N N

3. i .$1 3 A ¢.$0
$,p 0,5< < < $N NE-780 LT 6; gl PC
" g, ;1 " Ay, 6p
N pN N
" ) A 9, .
$34. 7890 .1 ) $f grgjeik TR i W (30)
L y. 1
| 6p i 6b
$f .+ jojk T O0; f + jk 1= —0
KA g Aoyl s Y IS gl

where,i.n, - , Or,- andi »,- are the coordinates of the vertices of the prikmatheg, ¢, and directions,

respectively. The other terms of equation 30 afimelé below:

3y igf 5 =f (32)
O (32)
3. = =1 (33

Scaling tests

Although Tomofast-x can run on personal computeis fiew seconds or minutes for 2D inversions analIS3D
volumes (typically a few minutes on a laptop fordals smaller than approx. 100,000 model cellsigdessitates
a supercomputer for realistic size 3D case stu(beg, models exceeding 500,000 model cells an6000,
geophysical data points).

We assess Tomofast-x's parallel efficiency usirgygtrong scaling as an indicator. The strong sgalinve is
given by plotting the number of CPUs as a functbuaser time. It is complemented by the relativeesfup curve

e, « , wheree, ande are respectively the user times to complete ineprasing the number of CPUs

k o~ N and a given number of CPlJ, , respectively. We performed the scaling testshenBEOS machine

from the CALMIP supercomputing centréhttps://www.top500.0rg/site/50539https://www.calmip.univ-
toulouse.fr/spip.php?article388the latter being in French only, both last asedson 10/11/2020).

The full-size model we used is made of NM+ NM+ «M  °M Mz+cells (i.e.,M cells), which we
reduce by a factor of 2 by reducing the physicahdim incrementally to ¢ «M  «M «M «M®-% cells

(i.e., MA cells) to be able to use it on a single CPU, ffier purpose of parallelization efficiency analysisthe

configuration we use, the number of data pointsetied is equal to: &
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Figure A 1 - Strong scaling (a), relative speedub) and number of elements per CPU (c) plots for aumber of cpus
equal to 1, 2, 4, 8, 16, 32, 64, 128, 256, and 5b2c), the intersection. between the two curveysbolises the number
of elements below which computational resources uge is suboptimal. The line marked ‘ideal law’ indicées perfect
scalability for the tests that were performed.

Figure A la shows the parallelization efficiendyrdveals that the scaling is nearly perfect fotad6 CPUs,
very good for 32 CPUs and that it deteriorates ab@¥ CPUs. This corresponds to relative speedwgi® (r
between run time for one CPU and a given numb&Rifis) of about 14.5, 25 and 40(Figure A 1b), rebpely.

For the cases using 64, 128 and 256 CPUs, speedtgases from 40 to 65, indicating that overheael-in
processor communication time far, % 64 increasingly impacts the total computation tifiee this (small)
problem size. This is noticeable in Figure A la &iglre A 1b as both curves seem to adopt an asympt
behaviour for the largest numbers of CPUs. Thissithtes the deterioration of performances duentier-i
processor communications (Kumar et al., 1994). @bterioration of performances due to inter-processo
communications is due to the number of elementsr@del cells) processed by each CPU becoming smalle
while the number of elements involved in communareg increases; ultimately, the time spent in pure

computations in each core becomes smaller thatinigespent in inter-processor communications.

The efficiency curves (e.g., Figure A 1a and Fighirb) allow us to determine the minimum numbeeleiments
per CPU that run efficiently (Hammond and Licht2€10). The case &f 5 = 64 marks an inflection point in

Figure A 1b, corresponding to point of diminishiregurn equal to a number of element per CPUs of $h

indicates that for this particular configurationh,id preferable to run inversions with, 64 to maximize

parallel efficiency. For better understanding amefipretation of scaling and speedup, we remindthmber of
elementk per CPU as a function &f 5 :

k g Ka ¢ (34)
As a general rule, we recommend to respect theitomabf k ¥ °NM For smaller number of elements, the

allocated resources are used in a suboptimum maNoée that the memory requirements vary propodtiign

with g o S

Appendix D. Matrix formulation of least-squares problem and resolution of the inverse problem

This appendix introduces the matrix formulatioregfiation 5 and its resolution.
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We can write the system of equations to be solndte least-squares sense as:

3-m 3= (35)
3 & 3&
3:& <C 0
3pi & pi 3hi&ni b
3,&,C gFC . 0
3& 3& J$K

At iterationp, the system of equation is linearized around tireent model. It is solved for the optimum update

of the current model " model update as described below. Modejsand . are set accordingly with the type
of inversion considered.

In Tomofast-x, depth weightirdy is applied as a sensitivity matrix preconditioriére resulting system is solved
using the LSQR algorithm (Paige and Saunders 1882)

3-nask (36)
E a%\g s °3
E& ' $ -9
= 49N u . u
Esa™ & i X E&cC ,
., a . .
Ehia$N& ?a 1 p wE Ehi&?a u $ g

3,aM& ,— C FC .
E a®h&

At eachk" inversion cycle, we solve this system of equatiamd calculate the model update the model as fstlow

a4 . &a”™a g (37)

The model Y can then be updated to obtaitt = .

u; E u ; a u; Ev (38)

Following {Ozgarko et al.(-20213), K° ¢ , P ¢ . The updated ADMM variable* € and KYE are
calculated using the ADMM algorithm introduced bgy@l (2010):

P v K (39)
KY- E KUY : v E $ Ev E (40)

where is a projection onto the bounflssuch that:

g . 9 g- g ", with (41)
9 j(N)SL:CEI@4g$-4: (42)

The value of the starting model° is provided by the user.
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