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Abstract. The uncertainty in the radiative forcing caused by aerosols and its effect on the climate change calls for research to
improve knowledge of the aerosol particle formation and growth processes. While the experimental research has provided large
amount of high quality data on aerosols in the last two decades, the inference of the process rates is still inadequate, mainly due
to limitations in the analysis of data. This paper focuses on developing computational methods to infer aerosol process rates
from size distribution measurements. In the proposed approach, the temporal evolution of aerosol size distributions is modeled
with the general dynamic equation equipped with stochastic terms that account for the uncertainties of the process rates. The
time-dependent particle size distribution and the rates of the underlying formation and growth processes are reconstructed
based on time series of particle analyzer data using Bayesian state estimation — which not only provides (point) estimates for
the process rates but also enables quantifying their uncertainties. The feasibility of the proposed computational framework is

demonstrated by a set of numerical simulation studies.

1 Introduction

Aerosols scatter and absorb solar radiation and affect the permeability of the atmosphere to solar energy (the direct effect). In
addition, aerosol particles act as seeds for cloud droplets (cloud condensation nuclei, CCN) and thus influence the properties of

clouds (the indirect effect, for example Ramanathan-et-al+2004)(Ramanathan et al., 2001)). Worldwide, particulate air pollu-

tants are also responsible for up to 7 million premature deaths per year (WHO 2014). The Intergovernmental Panel on Climate
Change (IPCC, 2013 Stoeker(26+4)(Stocker, 2014) and 2014 Pachauri-et-al(20+4)(Pachauri et al., 2014)) recognized the un-
certainty in the radiative forcing caused by aerosols as the main individual factor limiting the scientific understanding of future
and past climate changes.

Some of the uncertainty is caused by the fact that the initial stages of the new particle formation (NPF) processes in the at-
mosphere are still not completely known. It has been known for close to a hundred years that photochemically driven NPF may
occur in the atmosphere Adtken(1889)(Aitken, 1889). The fact that it occurs regularly throughout the troposphere has, how-
ever, become clear only during the last fifteen years or so Kulmata-etat(2604)(Kulmala et al., 2004). Partly because of this,
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the systematic development of parameterizations describing tropospheric NPF as an active research topic has only just begun.
Studies with these models suggest that tropospheric NPF may have significant effects on cloud condensation nuclei (CCN),
and thus also, the global cloud albedo effects of atmospheric aerosols overall Merikanto-et-al+(26+0)(Merikanto et al., 2010).
One challenge in estimating the anthropogenic aerosol effect on climate is the need to know the preindustrial conditions and
dynamics, which is the baseline of forcing estimations Hansen-etal<(1981)(Hansen et al., 1981). Very recently, Gerden-et-al-
Gordon et al. (2016) made new estimations of anthropogenic aerosol radiative forcing by assuming pure biogenic particle for-
mation, as suggested by Kirkby-etal-Kirkby et al. (2016) based on the CLOUD-experiments at CERN. The increased particle
formation rates at the preindustrial conditions increased the CCN conditions and further, the cloud albedo — resulting in a
0.22 W/m2 decrease in anthropogenic aerosol forcing. As the NPF treatment in global climate models is typically based on
parameterizing particle formation and growth rates from chamber experiments such as CLOUD or from field measurements, it
is of great importance to analyze the data with care ;-paying-alse-attention-to-the-and pay attention to uncertainties.

Most of the research dealing with NPF event analysis has used similar methodology as outlined in the ‘protocol’ described by
Kulmala-et-al(2012); Dada-et-al(2020)Kulmala et al. (2012) and Dada et al. (2020). Particle formation rates, at the detection
limit of the instrument (typically in the range 2-3 nm), are usually estimated from the time evolution of either the total number
concentration or the number concentration below a certain size (for example 20 nm), correcting for coagulation loss and
condensation growth with very simple and approximate balance equations. For condensational growth rate (GR), there have
been three main approaches: 1) Fitting the growing nucleation mode with a legrermal-log-normal function and the growth
of the mode GR is defined as the growth of the geometric mean size of the mode Leppi-et-ak+2641)(Leppi et al,, 2011), 2)
The so-called ‘maximum concentration method’ in which GR is estimated from the times when each measurement channel of
the instrument reaches its maximum concentration Lehtinen-and-Kulmala(2002)(Lehtinen and Kulmala, 2002), and 3) The so-
called ‘appearance time method’ in which GR is estimated from concentration rise times of each channel Eehtipalo-et-al(201+4)
(Lehtipalo et al., 2014). Methods 1 and 2 are applicable to cases --in which there is a clear nucleation mode growing, as is
the case, for example, for the multitude of events analyzed from the Hyytidld forest station in Finland Mase-et-al(2005)
(Maso et al., 2005). For chamber experiments, where the aerosol size distribution approaches steady state Pada-et-al+(2020)
(Dada et al., 2020), these two approaches cannot be used. Method 3 can then be applied to the transition stage of the dynamics,
before steady-state is reached. All of these methods suffer from disturbances by other aerosol microphysical processes (for
example coagulation and deposition) and, in addition, cannot be used to estimate uncertainties related to GR. Deposition rates
are typically estimated by targeted experiments with either several different experiments with different monodisperse aerosol,
or in the absence of vapors and with low enough concentrations that other microphysical processes do not affect the estimation.

The last decade has been a huge leap forward in atmospheric new particle formation research. Instrument development,
especially advances in particle detection efficiency and mass spectrometry, have allowed us to measure details of the dynam-
ics of the smallest clusters (for example Almeida-et-al-«(2043)(Almeida et al., 2013)). At the same time, however, potentially
superior advanced data analysis methods have not been used. Instead, NPF and particle growth rates have been analyzed with
the above mentioned very simple regression or balance equation approaches (overview of typical methods in Kulmala et al.

(2012)), suffering from potentially crude approximations and permitting no proper estimation of the uncertainties. It is likely
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that there are significant inaccuracies in quantities such as particle formation and growth rates estimated previously, and at least
their uncertainties have typically not been quantified. Very recent studies by Kuerten-et-al—Kiirten et al. (2018) have already
shown that the difference between nucleation rates estimated by fitting a sophisticated aerosol model to data and a ‘traditional’
simple method can be as large as a factor of ten.

Studies on applying computational inversion methods to estimating the most important quantities of interest with re-
spect to particle fate and effects in the atmosphere, the formation and growth rates, are rare. Eehtinen—et-al—Lehtinen et al.
(2004) applied simple least squares based optimization of aerosol microphysics to measured data. This method was later im-
proved (more processes, less assumptions) by ¥
Verheggen and Mozurkewich (2006) and Kuang et al. (2012). These studies, however, did not address the uncertainties in the
estimated parameters. Henze-et-al+2004)>-Henze et al. (2004) used the method of adjoint equations to estimate condensation

rates based on measured evolution of the aerosol size distribution. Sandu-et-al-Sandu et al. (2005) presented adjoint equations
of the complete aerosol GDE which could be a basis of data-assimilation of aerosol dynamics. We are, however, not aware of
the methodology being used later.

In the statistical (Bayesian) framework of inverse problems Kaipio-and-Somersalo-(2006)(Kaipio and Somersalo, 2006), the
uncertainties of the model quantities are modeled statistically, and it offers an approach to uncertainty quantification, in addi-
tion to parameter estimation. In time-invariant case, the Bayesian approach was adopted to estimation-of-estimate aerosol size
distributions by Veutilainen-etal-Voutilainen et al. (2001). Thus far, the only works where statistical approach has been taken to

inverse problems in aerosol size distribution dynamics are those on parameter estimation in aggregation-fragmentation models

, estimating the size distribution evolution using Kalman filtering
and estimating evaporation rates using a Markov Chain Monte-Carlo method Kupiainen-Miiitti-(20+6)(Kupiainen-Maéttd, 2016)
. However, the statieal-statistical inversion framework, and Bayesian state estimation in particular, has been applied to several
other problems which are mathematically similar to parameter estimation in aerosol dynamics. Unknown coefficients have been
estimated in, for example, Fokker-Planck equations Banks-et-alk-(1993); Dimitrin(2002)(Banks et al., 1993; Dimitriu, 2002),
age-structured population dynamics models RundeH-(1993):-Che-and-Kwen-(1997)-(Rundell, 1993; Cho and Kwon, 1997) as

well as algal and phytoplankton aggregation models : i Ackleh, 1997; Ackleh and Miller, 2018)

In this paper, we approach the problem of estimating unknown rate parameters in the aerosol general dynamic equation in the
framework of Bayesian state estimation. We model the discretized particle size distribution as well as the unknown nucleation,
growth and deposition rates in GDE as multivariate random processes, and estimate them from sequential particle counter
measurements by using Extended Kalman filter (EKF) and Fixed Interval Kalman Smoother (FIKS). The feasibility of these

estimators to quantify the process rate parameters and their uncertainties is tested with series of numerical simulation studies.

(Ramachandran and Barton, 2010; Bortz et al., 2015; S
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2 Estimation of parameters in GDE

The temporal evolution of the aerosol size distribution n = n(dp,,t) can be described by a population balance equation referred
to as the general dynamic equation (GDE)
1999; Prakash et al., 2003; Lehtinen and Zachariah, 2001; Smoluchowski, 1916; Friedlander and Wang, 1966).
We write the continuous form of GBE-as-the GDE as

—(Zhang et al.

oo

on 9g(dp,t)n(dp,t)
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1
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d} loss by deposition

coagulation source
where dj, is the particle diameter and ¢ is time. Further, g = g(d,,,t) denotes the condensational growth rate, 5 = 5(s,d, — s)
is the coagulation frequency, and A = A(dp, ) is the deposition rate.

The boundary conditions consist of fluxes of particles in and out of the considered size range [d™", d2>°]. In reality, the

formation of particles occurs at very low size (typically at 1.5 - 2 nm scale) by nucleation; the theoretical size at which

dpttis-drivenby-condensationatgrowthand is denoted d in Equation (1) Note that we do not include an explicit source term
in Equation (1) to model the true nucleation (spawning particles out of vapor) since we are considering typical size ranges for
particle mobility measurements (DMPS or SMPS) which are above the nucleation size. In practice, it means that di™ is always
chosen sufficiently larger than the critical size d;,. Then, the appearance of new particles to the measurement range occurs
by condensational growth of freshly nucleated particles from below the measurement range. This process, sometimes called
Lehtinen et al., 2007))

space (cm—3s~1), as a boundary condition for the GDE. Hence, the nucleation J = J (t) is identified with the flux of particles

to the smallest size class by condensation, that is,

apparent particle formation (e.g. is conveniently treated as a particle-concentration flux, in particle-size

gldp™, t)n(dy™, ) = J(1). 2
Similarly, we write for the outward flux of particles at the largest size class
g(dp®,t)n(dy,t) =0, 3)

which states that the growth of particles to size exceeding d:°, the upper limit of the size range, is negligible.
The time- and/or size-dependent parameters g, 5, A and J characterize the microphysical properties of aerosols: these-These

parameters, together with boundary conditions of GDE determine completely the evolution of the aerosol size distribution.
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However, the process rate parameters are usually not known. In this paper, we aim at estimating the growth, deposition and
nucleation rates (g, A and J, respectively) based on particle size distribution measurements. For the coagulation coefficient (3,
a fixed (known/approximate) value will be used.

The analysis proposed in this paper is applicable to both differential mobility particle sizer (DMPS) and scanning mobility
particle sizer (SMPS) measurements. For the rest of the paper, however, we refer to measurement modality as SMPS, because
in the numerical example cases, the number of particle size classes is relatively high.

An SMPS measurement is vector % € RM which represents an indirect observation of the particle size density n(dp,ti),

corrupted by Poisson distributed noise, that is,

y* = yV’ s.t. §* ~ Poisson(V 2"), and 2% = Hn(dy,tx) 4)

where V' is a constant (the effective volume of the sample in the condensation particle counter), H is a device-dependent linear
operator, and M is the number of channels in the particle counter. In the following, we assume that the rate of time evolution
is negligible compared to the time required to measure M channels, or one frame, with SMPS. We denote the time of the
measurement of k' frame by t;,.

Since SMPS measurements depend explicitly only on the size density n and not on ¢, A and .J, a measurement y* corre-
sponding to a single time instant does not carry enough information for estimating these parameters. However, as g, A and J
determine the temporal evolution of 7, it might be possible to estimate them on the basis of a sequence of measurements 3/*
corresponding to a set of time instants ¢, k=1,..., K.

In this section, we formulate the problem of estimating the time-dependent size density n and the process rate parameters g,
A and J as a Bayesian state estimation problem. To this end, we first discretize the GDE with respect to size and time, and write
it in a stochastic form in order to model its uncertainties. We also model the process rate parameters as discrete-time stochastic

processes. This formulation allows us to express the following questions in the Bayesian framework Gelb-(1974)(Gelb, 1974):

— What are the expected values of n(dp,t),g(dp,tx), A(dp, tx) and J(t;) at each time ¢;, given a set of measurements

V= {y',...,y"} corresponding to discrete times ¢y, ...,t,?
— How large are the uncertainties of the estimated quantities?

The state estimation problems are referred to as prediction, filtering and smoothing depending on whether ¢ < k, ¢/ =k or ¢ > k,
respectively. While filtering is a suitable choice for on-line monitoring and control problems, smoothing is usually a preferable
choice when estimates are not needed on-line; the smoother estimates utilize also the future observations y**1, ..., y* for the
estimate corresponding to time ty,.

The latter question refers to posterior uncertainties, that is, uncertainties of the quantities given the measurements Vi In
the Bayesian framework, these uncertainties can be quantified by computing, for example, posterior variances and credible
intervals of the parameters.

In the simplest special case, where the evolution model and observation model are linear with respect to all parameters, and

all error terms are additive and Gaussian, the Bayesian filtering and smoothing problems can be solved by Kalman filter and



150 Kalman smoother recursions, respectively Kalme : Kalman, 1960; Gelb, 1974). In general cases, where

models are non-linear or non-Gaussian, only approximate solutions are available. In principle, the best approximations of
the posterior estimates are obtained with sequential Monte Carlo methods, known as particle filters/smoothers S#rkka(2043)
(Sarkkd, 2013). However, these methods are limited to small dimensional cases, because of the high computational bur-
den. Computationally more efficient approximations include ensemble, unscented and extended Kalman filters/smoothers
1565  S#rkkd-(2043)(Sirkkd, 2013). In this paper, we choose the Extended Kalman filter (EKF) and Fixed Interval Kalman Smoother
(FIKS), but we note that the other filters and smoothers developed for non-linear state estimation are applicable as well. In the

next section, the feasibility of the EKF and FIKS for the GDE parameter estimation problem will be tested numerically.
2.1 Evolution model
2.1.1 Discretized, stochastic GDE

160 To approximate the GDE (1) numerically, we partition the particle size variable d,, into () intervals (or bins) €2; of widths
Ad;, i=1,...,Q. The discrete instants of time in the temporal discretization are denoted by ¢, k=1,...,T, and the dif-
ferences between consecutive times by At* = t;, 1 — tz. We denote the number concentration of particles corresponding to

ith bin at time t;, by NF, that is, NF = fQ (dp,tr)ddp, and a vector consisting of particle concentrations in all () bins
at time t;, by N*, that is, N¥ = [N} .. NQ} . We discretize the condensation and deposition rates accordingly, and write

165 gF =[gF,..., gQ] AR =\E /\g] . Further, the nucleation J is discretized with respect to time: J* denotes the nucleation
rate at time tg.

Using Euler’s method for time integration and 1st order upwinding-upwind differencing for the condensation terms, we get
the discrete-time evolution model for the particle number concentrations in bins €2; ak. Korhonen et al., 2004)

170 N = Nf 4+ At (J’f—<9

) NE) +Ci(N) s)
k
NF = N Ak (ZENE L — (4 00) NE) + G, (©)
foralll1<i<Q,1<k<T

where C; (N k) is a non-linear coagulation term; for details, see Lehtinen and Zachariah (2001). The choice for approximatin

the derivative in the growth term in the discretization of the GDE is made, here, assuming that the particle growth rate is

175 positive. The modification to cases where the aerosols evaporate, i.e., where growth rate is negative, is straightforward. Such
time discretization scheme can become unstable, however, it is_possible to apply different method, e.g. implicit Euler or
Crank-Nicholson (Trangenstein, 2013). Equations (5) — (6) can be written equivalently in vector form as
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where A = A(g*, A\¥) is a sparse matrix consisting of elements A;;:

1— At ( ) i=j
Aig(g" ) = Ark g i=j+1>1 ®)
0 otherwise,

s = s(J¥) € R¥ is a vector of the form s(J*) = [At*J*,0,...,0]T, and the non-linear term C(3, N*) is defined accordingly.
Finally, we complement the discretized GDE with a stochastic term ¢}, € R to account for modeling errors caused by, for

example, discretization and uncertainties of the boundary conditions, and write
NEFL = f(NF) 4 ¢ )

where f: R? — R% is of the form f(N*) = A(g*, \F)N* + 5(J*) + C(B, N*). In this paper, the stochastic state noise term
ex is modeled as Gaussian, € ~ N (0,T'.), where T'; is the covariance matrix of €. Equation (9) forms a discretized, stochastic

evolution model for the particle number concentration N.
2.1.2 Models for the parameters of GDE

All the unknown parameters of GDE (g, A and J) are known to be non-negative. For this reason, we reparametrize these quan-
tities by writing gj = Py(€F ), AP = PA(€} ;) and J* = P; (&%), where &, ;, £ s and & are the (unconstrained) parameters,
and mappings Py, Py, P; have the form of a so-called softplus function Bugas-et-at+200H-(Dugas et al., 2001) P, : R — R™

1 .
P,(¢k) = ~log (1+ea€¢). (10)

Note that this parameterization only constrains the parameter from below, but if an upper boundary is known, the function in
Equation (10) could be changed in favor, e.g., of a logistic function which allows for both constraints from below and from
above. We denote the vectors consisting of all condensation and deposition parameters at time ¢, by £ ’g‘"' = [¢k g1 75 ] and
&5 =168 1, €5 o] T, respectively.

As the process rates g, A and J in GDE are time-varying, the state estimation requires modeling their time dependence. In

this paper, we model &, ;, {x ; and £ either as first order Markov processes

T =0 8k + b (11)
where U, is a diagonal matrix ¥, = r,I, and #<}0:+0 < r, < 1, or as second order Markov processes
£k+2 \Ifl £k+1 \:[12 fk + ,’7@ (12)

with W), =71, U2 =12 I. In both models, 7)% stands for Gaussian noise 7% ~ (0, I ). To simplify the following descrip-
tion, we assume all the models to be of the form (11), but we note that the extension to second order models is straight-

forward: Higher order Markov models can be converted into the form of first order Markov models, by augmenting the
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state variables corresponding to more than one time instant into a single vector. The second order models are suitable for
some of the quantities in GDE, because they imply temporal smoothness of those processes Kaipio-and-Semersalo(2006)
(Kaipio and Somersalo, 2006). The specific choices of the state models and their parameters are discussed in Section 3 and
specified in Appendix B.

The evolution models, such as (11 - 12) can be argued to be unrealistic, as they are not based on physics. The understanding,
however, is that if the (co)variances of the driving noise processes 77@ are set high enough, such models are feasible in the sense
that the actual {ZH — \I'q,ffz are well supported by the modelled distribution of 775. There are systematic (state-space identifi-
cation) approaches that allow for testing the feasibility of the model for the driving noise distribution (variances) Gelb-(1974)
(Gelb, 1974). In the next section, we test the state estimation based on the above models in cases, where the true evolution of

the quantities is not of the form of Markov models.
2.1.3 Augmented evolution model for n, g, A and J

To complete the evolution model, we define an augmented state variable X k

Nk
k
Xt = gi (13)
3
¢
and combine the evolution models written in Sections 2.1.1 and 2.1.2, yielding
NEH A(Py(&g.), Pa(el)) 0 00 N*
5“ _ 0 v, 0 0 §§
N 0 0 Ty, 0 I3
Rt 0 0 0 ¥y ¢k
s(Ps(&5)) C(B,N*) e
0 0 y
+ + + ni (14)
0 0 )Y
0 0 1y
or
Xk = P(XR) +wh. (15)

This is the evolution model for the augmented state variable X *, which includes not only the number concentrations of the size
sections but also the unknown process rates. Next, we write the observation model in terms of X k_and then, in Section 2.3, we

apply Bayesian state estimation to infer X* &k =1,..., K based on sequential SMPS measurements.
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2.2 Observation model

A scanning mobility particle sizer (SMPS) consists of a differential mobility analyzer (DMA), which classifies charged particles
based on their mobility in an electric field, and a condensation particle counter (CPC) where the classified particles are grown
to sizes detectable for example optically. All particle counters provide only discrete, indirect and noisy data on the particle size
distributions. Mathematically, each channel in a particle counter gives data that corresponds to convolution / projection of the
particle size distribution onto a space spanned by device-specific kernel functions; moreover, the counter data is corrupted by

Poisson distributed noise.
2.2.1 SMPS transfer function

The output of each DMA is the detected number concentration in a size-class; in channel ¢ corresponding to a discrete time

index k, it is of the form:

to+kAt

/w, n(dp,t)ddydt (16)

</~

to+(k 1

where 1;(d},) is a time invariant kernel function, w; is the support of ;(d},), that is, the set of points where 1;(d},) is non-zero,
to is the initial time and At is the duration of counting particles in the CPC for a single channel. Further, V' is the volume of

the aerosol sample that passes through the CPC counter with a detector-sample-flow rate ¢, (¢) in the period of time At, that
. to+kAt
is, V = f00+(k 1At @a(t)dt.

2.2.2 CPC counting model

The measurement data of the i*® channel of SMPS, yf, consists of Poisson distributed counts given by CPC:

~k
yk = yv with ¥ ~ Poisson(V 2¥) (17)

where V ~ Atd, (to + kAt) is the volume of sample used in the CPC for counting. In the numerical studies of this paper, we
use this model when simulating the measurement data. In state estimation, however, we approximate the Poisson distributed

observations as Gaussian:

yr ~ N (2F, ) (18)

where +; is the approximate variance of the noise. In this paper, we use the same approximation as in Voutilainen et al. (2000)

k
and write 7 = %=
By discretizing the SMPS model (16) and using the above Gaussian approximation of the noise, we write an observation

model of the form

y* = HNF 4% 4 .F, (19)
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where y* = [y¥,...,y%,]T, H is an observation matrix and é* is the Gaussian observation noise é* ~ N'(0,T'%). Here the
covariance of the observation noise is of diagonal form I'* = diag(+¥,... ,’y]’f/[). The additional noise term, ¢, is included in
Equation (19) in order to account for errors caused by the discretization of the measurement operator in Equation (16). Here,
11, is simply approximated as Gaussian distributed and zero-mean, :* ~ A/(0,T'%) and its components as mutually independent;
hence, the covariance matrix I'* is of diagonal form. Furthermore, the approximation error term ¢, is assumed to be independent
of the counting noise &¥, and thus, the total error e* = &* + /¥ ~ N/(0,T'%), where T'* = '} + I'*. For more rigorous approach
to handling modeling errors, we refer to beek-the book by Kaipio and Somersalo (2006).

Finally, the model (19) can be written in terms of the state variable X* defined in Equation (13),
Y = HXF 4 eF, (20)
where H is a block matrix of the form H = [H,0,0,0].
2.3 State estimation

The non-linear evolution model (15) and the linear observation model (20) form a system

Xk = PXF) 4 wF 21
y* o= HXF ek (22)

referred to as the state-space representation. The system is stochastic due to the state noise and observation noise processes,
w” and e, respectively. In addition, we model the initial state X as a Gaussian random variable X° ~ A/(X°° T°I%). Given
this model, we can state the Bayesian filtering and smoothing problems as: Form the conditional probability density of the
random variable Xy, given the sequence of measurements Y* = {y*,... y*}. In Extended Kalman filter and smoother, these

probability densities 7(X*|)*), are approximated by Gaussian densities, that s,
m(XFV) = N (XM T, (23)

where X *I¢ and T'*I, respectively, are approximations of the conditional expectation and covariance of X}, given Y¢ Gelb-(1974)
Kalman filtering gives online estimates 7(X*|)*) based on the data set from beginning up to the present time k, that is,
¢ = k, while in smoothing ¢ > k. In Fixed Interval Kalman Smoother (FIKS), in particular, ¢ = K, where K is the index of the
final time step. In other words, the FIKS estimate 7(X*|)}X) at each time k is based on the entire data set from the beginning
to the end of measurements. The EKF and and FIKS estimates (approximate expectations X */* and covariances I'*|) are given

by the following forward and backward iterations Gelb, 1974):

10



Algorithm 1 Extended Kalman Filter (EKF)

Initial state: Expectation X°/° and covariance I'°I°

fork=1,...,K do

Prediction: Expectation and covariance

Xk’\kfl —F (kal\kfl)

I\k\kfl _ 8Fk711'\k71\k71(aFk71)T + ]_'\kfl
Kalman gain matrix:

Kk' — Fk|k—1(Hk)T(Hka|k—1(Hk)T + FI;)—I
Measurement update: Filter expectation and covariance

Xk\lc _ Xk\lc—l +Kk(yk _ Hka|k—1)

TkIE — (I _ Kka)Fk|k—1

end

Algorithm 2 Fixed Interval Kalman Smoother (FIKS)
Initialization: Run EKF (Algorithm 1), store all variables

fork=K—-1,...,1do

Backward gain matrix
Ak = Fk|k(aF)T(Fk+1\k)fl

Smoother expectation and covariance
Xklk — xkIK 4 gk (Xk-‘rl\K _Xk-&-l\k)
[HIE — Tklk 4 gk (Fk+1\K _ Fk+1|k> (AK)T

end

In Algorithms 1 and 2, F* denotes the Jacobian matrix of the non-linear mapping F (X ’“) at point X*/¥. Note that the

FIKS is based on a backward recursion, which starts from the filter estimate corresponding to final state: X K|K pKIK,

3 Numerical simulations

285 In this section, the feasibility of the proposed estimation scheme is tested with numerical studies, where aerosol particle
evolutions-are-evolution is simulated by numerical approximations of the GDE corresponding to a set of process rates, and
where synthetic SMPS data is computed by numerical modeling of the DMA and generating the Poisson distributed CPC
data. Two type of events are considered: In Cases 1 and 2, the evolution of the aerosol size distribution is governed by a
nucleation event (NE) and the subsequent growth of the nucleation mode in a background of existing aerosols. In Cases 3

290 and 4, new particles are formed in a continuous nucleation process and their further evolution is controlled by condensa-

11



tional growth and deposition, so that the size distribution approaches a steady state (SS). In all cases, the particle growth is
dominated by condensation, and the loss of particles (caused by wall depositionand-sedimentation, sedimentation, dilution,

etc) depends linearly on the size distribution function. Further, the coagulation kernel is chosen to have a form given in boek
Seinfeld-and-Pandis(2016);for-details—see-Appendix—-Athe book by Seinfeld and Pandis (2016). In these numerical studies,

295 Cases 1 and 2 (NE) represent qualitatively a typical particle formation event in the atmosphere (for example Hyytiild +Dal
Maso-et-al;2005-Maso-et-al-(2005)(Maso et al., 2005)), whereas Cases 3 and 4 (SS) represent particle formation and growth
in a chamber experiment (for example CLOUD :tehtipalo-et-al;264+4-Eehtipalo-etal(26+4)(Lehtipalo et al., 2014)).

3.1 Cases 1 & 2: Nucleation event (NE)
3.1.1 NE: Data simulation

300 In the numerical simulation study, the temporally evolving particle size distribution is synthetically generated by using the
(deterministic) discretized GDE model described by Equations (5) and (6) with predefined process rates g, A, 8 and J. In the
estimation, however, g, A and J are, of course, not known.

In the NE case, the process rates g, A and J are chosen to have the following properties: The condensational growth rate g
is independent of particle size but depends on time, while the depesition-loss rate A depends on particle size but not on time.

305 Further, the nucleation rate .J is a time-dependent, continuous function which represents an NE in a time interval [tg = 5h,t; =
10h] and is zero in all other instants within the period of interest [0, 15h]. As noted above, the coagulation kernel is known, yet
the coarse discretization causes error also to this term. The detailed forms of the process rates are shown in Table A1 (Appendix
A).

When simulating the evolution of the particle distribution, the particle diameter d,, € [13.85nm,1000.0nm)] is discretized

310 into @ = 2500 logarithmically distributed bins. Such a high size resolution is chosen in order to avoid numerical diffusion
effects and to obtain a good approximation of the particle size density. The time step At* in the explicit Euler time integra-
tion scheme is chosen based on the Courant—Friedrichs—Lewy condition Ceurantet-al--1928); Dullemend-and Deminik(2005)

1

0<Afc——
max{ 24 + A}
1 2

(24)

315 The CFL criterion is applied in order to keep the time-integration stable with respect to condensational growth and depesition-
Coagulation-loss. The coagulation rates are not considered here, because coagulation is actually a dampening mechanism
that stabilizes time integration. The nucleation, growth and depesition-loss rates as well as the resulting particle size density
evolution for the NE cases are illustrated in Figure 1.

As explained in Section 2.2, the measurements consist of simulated counts modeling CPC combined with DMA. The

320 model for the kernel functions v;(dp) corresponds to an SMPS3936 device, and it accounts for the most relevant effects

88} (Millikan, 1923
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Figure 1. Cases 1 & 2, nucleation event; true (simulated) processes: a) particle size density (measurement), b) nucleation rate, c) growth rate,

and d) wall loss rate.

. We skip the details here, and only visualize the kernels, by plotting the size-distribution-size-distribution transfer function, or
the observation matrix H, as a colormap (Figure 2 a)).

We simulate the synthetic CPC measurement y¥* corresponding to each CPC channel i at each time k by drawing samples
from a Poisson distribution, given in Equation (17) with mean V' 2%. Since the expectation of y¥ is 2 and its variance 2¥/V/,
the signal-to-noise ratio (SNR) of CPC data increases with V. In order to investigate the effect of SNR to the process rate

estimates, we generate the Poisson-distributed observations corresponding to two sample volumes: V' = 90 cm? (Case 1: NE,

high SNR) and V' = 0.9 cm? (Case 2: NE, low SNR). In Case 1, the range of SNR was [0,6426] and in Case 2 it was [0, 64.26].

3.1.2 NE: Parameter estimation

In this section, we briefly describe the assumptions made when constructing the models used for computing the state estimates

in the NE cases. The exact forms of the models as well as choices of parameters are listed in Appendix B.
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Figure 2. The size distribution transfer functions for a) simulating the measurement data, and b) observation model used in state estimation.
In the images, the horizontal axis corresponds to the size of the particle entering the device, and the vertical axis represents the channels of

the SMPS. The colors represent the values of the efficiency with which a given particle size will be classified in a given bin in particle sizer.

For evolution models used in state estimation, the particle size range [14.1nm, 736.5nm] is divided into 111 bins, that is, the
335

size range is narrower and the discretization is significantly coarser than when simulating the data. The GDE-based, discrete

stochastic state evolution model (9) for the particle number NN is written as described in Section 2.1.1. The covariance matrix
T of the stochastic term ¢y, is chosen to be of diagonal form.

In this case study, we assume to know that the condensation rate is time-dependent but size-independent. Moreover, both

the condensation and nucleation rates are assumed to be temporally smooth, and we model them as second order stochastic
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processes (Equation (12)). The wall-loss factor A is assumed to be a smooth function of the particle size. Further, we write a first
order Markov model (Equation (11)) for its temporal variation, that is, although the true wat-oss factor is time-invariant, we
do not assume to know this property in state estimation. This is done to study the stability of the estimation scheme: although
Although the wall loss is modeled as time-varying, the estimation should yield essentially time-invariant estimates.

The covariance of the initial state, I'g|o is chosen to be diagonal; this signifies that the elements of X are mutually indepen-
dent. Moreover, the variances of X, are chosen to be relatively large in comparison with the variances of the state noise vector
€x; this indicates a high uncertainty of the initial state. We note that the selection of the parameters in the stochastic terms
is a crucial part of the state-space model. However, the state estimates are not extremely sensitive to these choices; choosing
parameters that are of right order of magnitude is usually enough — and since the stochastic models are written for physically
relevant quantities, ballpark ranges of the parameters are often available a priori.

The size-distribution-size-distribution transfer function corresponding to the discretization of the particle size in estimation
is illustrated in Figure 2 b). The approximate observation model is used in order to avoid so-called inverse crime, which means
the use of unrealistically accurate models in the inversion of simulated data. A comparison between the true transfer function

and the approximated one used in the estimation — mean over each discretization bins — is depicted in Figure 2 ¢) for the

third channel. Secondly, as noted in Section 2.2, instead of using the Poisson model for the measurements, the observation
noise is approximated as additive and Gaussian. This choice is made for computational convenience, as it allows for the direct
applications of EKF and FIKS into the state-space system.

The Extended Kalman filter and smoother estimates are computed using Algorithms 1 and 2, respectively. From the resulting
state estimates X*I¢, ¢ = k, K the approximate posterior expectations of the processes are computed using the models gF =
P,y ( 571-), M= Py (ff\“ﬂ-) and J* = P;(£%) (see Sections 2.1.2 and 2.1.3). We also compute approximate 68 % credible intervals
of the estimates, by mapping the values E(«fff7 |V) £ | /var( f’iDﬂ ), to the corresponding process rate spaces. Note, however,
that due to the linearizations / Gaussian approximation behind EKF, these approximate intervals do not necessarily represent
the ranges within which the true parameter value is with probability 68 %. In the following, we refer to these approximate

credible intervals as posterior error intervals.
3.1.3 NE: Results and discussion

The results of Case 1 (NE, high SNR) are illustrated in Figure 3. The figure shows the Kalman smoother estimates for the
particle size density, and both the Kalman filter (EKF) and smoother (FIKS) estimates for the growth, nucleation-and-wall
apparent particle formation and loss rates as well as for two instantaneous particle size densities (ﬁ—fl\i at 2h and 10h). The walt
loss rate estimates correspond to time 10h. For the process rates and for the instantaneous size densities, the figure also shows
the EKF and FIKS based posterior error intervals — representing the uncertainty of the estimates — as well as the true values of
the corresponding quantities.

The estimated particle size density (Figure 3 a)) is in rather good correspondence with the true size density (Figure 1 a)).
However, the size density estimates corresponding to times 2h and 10h (Figure 3 e)-f)) show that the peak values of the size

density are somewhat underestimated by both EKF and FIKS. Moreover, in these instants, the true values of the size density
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Figure 3. Case 1: NE, high SNR. State estimates for the particle size density (subfigures a, e and f), nucleation rate (b), growth rate (c), and
wall-oss rate (d). The image in plot a) depicts the approximate posterior expectation for the entire time-evolution of the particle size density
given by FIKS, while e) and f) illustrate the EKF and FIKS estimates corresponding to times 2h and 10h, respectively. In plots b)—f), the blue
and orange lines represent the approximate posterior expectations for EKF and FIKS, respectively, and the areas shaded with light blue and

orange are the respective posterior error intervals. The true values of the corresponding quantities are drawn with green line.
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are partly outside the approximate posterior error intervals. Yet the 68 % posterior error intervals do not necessarily need to
contain the true values, the error intervals seem to be slightly too narrow. This underestimation of the uncertainty is due to
the linearizations/Gaussian approximation behind EKF and FIKS, as shown in-Hutturenetal+2648yby Huttunen et al. (2018)
- and the rather simple approximations of the error in the evolution and the measurement models — underestimating the

covariance in the models. The errors caused by model approximations become more influential with decreasing mean noise
level — the remedy for such errors weuld-could be the Bayesian approximation error method Kaipio-and-Somersalo(2006)
(Kaipio and Somersalo, 2006), which, however, is out of the scope of this paper.

For the process rates, the approximate posterior means given by both EKF and FIKS are relatively close to the true values
(Figure 3 b)—d)). Overall, the FIKS estimates for the process rate parameters are more accurate than the EKF estimates — this is
an expected result, because FIKS utilizes the entire data set up to the end of the process, while EKF uses only data up to time
t when estimating the variables at time .

The filter and smoother show also differences in the posterior error intervals of the process rate parameters: The error
intervals given by EKF are systematically wider than those given by FIKS. This is again an expected result, because the use of
the future data (FIKS) should, indeed, reduce the uncertainty in the estimated quantities. Furthermore, in almost all instants of
time, the process rate parameters (especially growth and rueleation-apparent particle formation rates) are within the posterior
error intervals. This is a desired result, as it indicates that these approximate credible intervals give realistic measures of the
estimate uncertainties in these cases.

The wal-loss rate estimate uncertainty depends strongly on the particle size: The posterior error intervals are wide in the
lowest and highest size ranges, and rather narrow elsewhere. The high uncertainty of the wwall-loss factor at the high particle
size range d, > 400 nm is caused by the lack of data — in this size range, the particle density is nearly zero at all times, and
consequently, the SMPS data does not provide information on the wal-loss factor. In the lowest size range, the width of the
credible interval depends also on time. From time ¢ = 9 h, when the nucleation event is practically over, the particle size density

in the lowest size range is almost zero, resulting again in high uncertainty in the wat-loss factor estimate. The loss rate estimate

and posterior error interval resulting from the FIKS are virtually time invariant, even though those from the EKF show a stron

time dependence.
In Case 1, the SNR is high, and — apart from the aforementioned exceptions — the estimate uncertainty is very low. Figure

4 shows the results of Case 2, where the SNR is significantly lower. As expteetedexpected, the process rate estimates become
less accurate than in Case 1. However, the change in the accuracy is quite small, especially for FIKS — demonstrating that the
Kalman smoother estimates tolerate measurement noise rather well. As expected, the posterior error intervals of all estimated
quantities are clearly wider than in the case of high SNR - this is a result of increased uncertainty in the particle counter
observations. Both, EKF and FIKS, lead to safe posterior error intervals for the process rate parameters, and again, FIKS gives
clearly more narrow posterior error intervals than EKF. Again, the true values of the process rate parameters are within the
posterior error intervals, further confirming the feasibility of Bayesian state estimation to quantifying the uncertainties of the

process rates.
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One may notice the appearance of spurious oscillations in the size distribution at low sizes during the particle formation event
in Case 2 (Figure 4 2)), which were completely smoothed out in Case 1 (Figure 3 a)). These oscillations are due to the instability.
of Equations (5) and (6) which are corrected during the estimation by the assimilation of the data, However, while in Case 1
the data allow for neatly rectifying the estimates, in Case 2 the data can not completely make up for the instability. Note that
the tolerance with respect to such modeling errors — e.g. discretization — can be further improved by so-called approximation
error analysis (Huttunen and Kaipio, 2007).

3.2 Cases 3 & 4: Steady state (SS)
3.2.1 SS: Data simulation and parameter estimation

In the SS simulations of this paper, the condensation rate is both size- and time-dependent, and the wall loss rate is time-
invariant but depends on size. Both the nucleation and condensation rates start from zero and grow within the first 30 min until
they reach their stationary values. In such a case, the new particle formation and condensational growth are compensated by
wall losses, leading to the number concentration function to reach a steady state. The simulated process rates and the particle
size density are illustrated in Figure 5. Here, the size range of particles is [0.87nm, 10.00nm], and it is discretized into @ =

1731 logarithmically distributed bins.

Note that the value d* = 0.87nm is most certainly below any physically relevant critical sizes, however, from a simulation
stand point, any size range could have been utilized to simulate a similar chamber experiment, only the values of the parameters
would require adjustments.

The synthetic SMPS data is simulated similarly to Cases 1 and 2. Again, two cases corresponding to different SNRs are

simulated, by generating the Poisson-distributed observations corresponding to two sample volumes: V = 200 cm? (Case 3:

SS, high SNR) and V' = 2 cm? (Case 4: SS, low SNR). In Case 3, the range of SNR was [0,4440] and in Case 4 it was [0, 44.4].

In the state-space, the lower end of the size discretization bin, i.e. £2; in Section 2.1.1, is centered at 1.1 nm (its lower

boundary is about 1.08 nm). Many potential bins would separate the critical size di =0.87nm from the lower end of the
state-space d'" = 1.08nm. The reason we are not setting d;i"" = d is because, with the current technology, it is not realistic to
assume that we can acquire reliable data down to the critical size. Note that it is possible. however, to extend the model down
to the critical size in order to estimate the true nucleation rate — provided that the GDE is still valid for such small particles.
But, without measurement from the lower end of the spectrum, the uncertainty will overwhelm the estimates, rendering them

The time evotutions-of the nueleation; growth-and-evolution of the apparent particle formation and growth rates are modeled
as second order Markov processes (Equation (12)), while the wall loss rates are modeled as first order Markov processes

(Equation (4211)). The growth and wall loss rates are assumed to be smooth with respect to size, and hence, the state noises in

the corresponding evolution models are modeled as correlated. For details of the model choices we refer to Appendix 2.
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Figure 4. Case 2: NE, low SNR. State estimates for the particle size density (subfigures a, e and f), nucleation rate (b), growth rate (c), and
wall-oss rate (d). The image in plot a) depicts the approximate posterior expectation for the entire time-evolution of the particle size density
given by FIKS, while e) and f) illustrate the EKF and FIKS estimates corresponding to times 2 h and 10 h, respectively. In plots b)-f), the
blue and orange lines represent the approximate posterior expectations for EKF and FIKS, respectively, and the areas shaded with light blue

and orange are the respective posterior error intervals. The true values of the corresponding quantities are drawn with green line.
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Figure 5. Cases 3 & 4, steady state system; true (simulated) processes: a) particle size density (measurement), b) nucleation rate, ¢) growth

rate, and d) wall loss rate.

3.2.2 SS: Results and discussion

Figure 6 illustrates the estimates of the particle size density and process rates in the case of high SNR (Case 3). For the particle
size density and condensation rate, the images in Figs. 6 a) and c), respectively, show the approximate FIKS-based posterior
means of those time- and size-dependent variables. For the nucleation rate as well as for the instantaneous wall loss rate and
size densities, both the filter and smoother estimates (approximate posterior expectations and error intervals) are plotted.

In this case, the smoother estimate for the particle size density is in very good correspondence with the true density (cf.
Figure 5 a)). Further, the uncertainty estimates for the particle size density are feasibilefeasible: The true size density fays-lies
within the posterior error intervals given by EKF and FIKS.

The #

apparent particle formation rate is
well estimated by both the EKF and the FIKS; the true value lies within the posterior error intervals are-wideindicating-high
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=—most of the time. Only at the onset of the appearance of particles into the
measured size range the true value does not lie in the uncertainty range, around ¢ = 25min. Similarly to the NE cases, the FIKS

estimates are less uncertain than those of from the EKF, and the SNR levels are a major factor determining the accuracy of the
estimates, the higher the SNR the better the estimate. While the true nucleation rate plotted in dark green takes place at 0.87

nm, in the state-space model, the diameter that corresponds to nueleation-the apparent particle formation, plotted in light green

is about 1.08 nm (the lower end of the smallest size bin, geometrical center at 1.1 nm). This difference between the model used

for simulating the data and the model used in estimation causes the systematic error — underestimation of the nucleation rate.

Figure 6 c) shows a clear trend in the quality of the smoother estimate for the condensational growth rate: At an early stage
of the process (time ~ 0.25 h), FIKS infers the growth rate reliably only in the smallest size classes (diameter ~ 1 nm); in the
larger particle sizes, the growth rate is heavily underestimated (cf. Figure 5 c)). As time progresses, the growth rate estimates
become gradually more reliable in larger and larger size classes.

The gradual improvement in the growth rate estimates in the larger size classes is a direct consequence of the propagation
of the particle number density towards large size classes. Indeed, comparison of Figures 6 a) and c) reveals that the size class
where FIKS catches the increase in the growth rate parameter (light/yellow area in the condensation rate image Figure 6 c))
follows accurately the propagating front of the number density in Figure 6 a). The reason for this property of the growth
rate estimate is obvious: In the size classes where the particle number density is very low, the measurement data does not
carry information on the growth rate parameters. In the beginning of the process, the particle number density is low in all
classes. When nucleation starts producing particles to the smallest size class and these particles grow, the growth is sensed
by the particle size analyzer measurements. When the particle sizes keep increasing due to condensation, the measurements
corresponding to increasingly larger size classes become sensitive to the process rate parameters.

Figure 7 illustrates the EKF and FIKS estimates of the growth rate corresponding to four instants of time. These plots
confirm the above discussion on the growth rate estimation: At time 45 min, both the EKF and FIKS based posterior means
underestimate the growth rate in the large size classes (above ~ 1.5 nm), and in the subsequent times, the EKF and especially
FIKS estimates become reliable in gradually increasing size classes. Furthermore, Figure 7 shows a trend in the evolution of
the posterior error intervals of the growth rate: At time 45 min, the posterior error intervals are really wide in classes > 1.5 nm,
reflecting high uncertainty in the growth rate estimates in this size range. As time progresses, the size range of low uncertainty
spreads towards large size classes. This result demonstrates that Bayesian filtering and smoothing yield feasible posterior error
estimates — indicating high uncertainty in the size ranges where the posterior expectations are unreliable in this example.

The EKF estimates of the growth rate in Figure 7 show similar behaviour-behavior as the FIKS estimates; the main differ-
ences are that, as expected, the posterior means given by EKF are more biased than those in FIKS, and posterior error intervals

are overall wider than with FIKS.
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Figure 6. Case 3: SS, high SNR. State estimates for the particle size density (subfigures a, e and f), nucleation rate (b), growth rate (c),
and wall loss rate (d). The images in plots a) and c) depict the approximate, FIKS-based posterior expectations for the entire time-evelations
time-evolution of the corresponding quantities. Plots €) and f) illustrate the EKF and FIKS estimates for the particle size density corresponding
to times 2-h-1h and +0-h2h, respectively. In plots b) and d)—f), the blue and orange lines represent the approximate posterior expectations for
EKF and FIKS, respectively, and the areas shaded with light blue and orange are the respective posterior error intervals. The true values of

the corresponding quantities are drawn with green line.

Figures 8 and 9 show the results of Case 4: SS and low SNR data. The properties of the state estimates are very similar
485 to those in Case 3, except for the anticipated differences: The lower accuracy of the approximate posterior means, and wider

posterior error intervals — again, indicating the increase of the uncertainty when the SNR of the measurements gets lower.
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Figure 7. Case 3: SS, high SNR. Condensational growth rate estimates corresponding to four instants of time. The blue and orange lines
represent the approximate posterior expectations for EKF and FIKS, respectively, and the areas shaded with light blue and orange are the

respective posterior error intervals. The true growth rates are marked with green lines.

4 Conclusions

The radiative forcing caused by aerosols — and the underlying processes of new particle formation and growth — are currently

understood to be the most uncertain factors in the prediction of climate change. While a significant effort has been directed into

490 experimental campaigns for collecting data that carries indirect information on these processes and their effects, computational
methods for analyzing the data are still insufficient for reliable estimation of the process rates.

In this paper, the problem of estimating the nueleationapparent particle formation, growth and depesitien—loss rates of

aerosols was cast in the framework of Bayesian state estimation. We modeled the dynamics of aerosol size distributions with
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Figure 8. Case 4: SS, low SNR. State estimates for the particle size density (subfigures a, e and f), nucleation rate (b), growth rate (c),
and wall loss rate (d). The images in plots a) and c) depict the approximate, FIKS-based posterior expectations for the entire time-evelations
time-evolution of the corresponding quantities. Plots €) and f) illustrate the EKF and FIKS estimates for the particle size density corresponding
to times 2-h-1h and +6-h2h, respectively. In plots b) and d)—f), the blue and orange lines represent the approximate posterior expectations for
EKF and FIKS, respectively, and the areas shaded with light blue and orange are the respective posterior error intervals. The true values of

the corresponding quantities are drawn with green line.

the general dynamics equation, and considered the (process rate) parameters in the model as unknown state variables. These

size- and/or time-dependent variables were estimated together with the particle number density based on sequential particle
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Figure 9. Case 4: SS, low SNR. Condensational growth rate estimates corresponding to four instants of time. The blue and orange lines
represent the approximate posterior expectations for EKF and FIKS, respectively, and the areas shaded with light blue and orange are the

respective posterior error intervals. The true growth rates are marked with green lines.

counter measurements using Extended Kalman filter (EKF) and Fixed interval Kalman smoother (FIKS). Furthermore, to
quantify the uncertainties of the estimated variables, we also computed posterior error intervals for the process rate parameters.
The approach was tested with a set of numerical simulation studies, where two processes of different types were considered:
1) a nucleation event, which represents qualitatively a typical particle formation event in the atmosphere, and 2) a process

500 approaching steady state, a case, which represents particle formation and growth in a chamber experiment.
The EKF- and especially FIKS-based estimates for the process rates were overall reliable, even in cases of low SNR data.

Also the posterior error intervals were feasible, that is, the true process rates tay-lie mostly within the approximate error
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intervals. The reason why FIKS-estimates are overall superior to EKF-estimates is that Bayesian smoothers use also future
data when estimating a quantity at given time ¢, while filter estimates are based on only the data up to the point ¢. In on-
line and control applications, of course, the future data is not available, but in the applications targeted in this paper, the
data analysis is done after the experiment, that is, the entire data set is available for Bayesian smeethningsmoothing. The
results of the numerical studies support the feasibility of the proposed approach to estimating the aerosol formation, growth
and deposition rates, and quantifying their uncertainties. Based on these findings, we conclude that Bayesian state estimation
combined with aerosol particle dynamics modeling offer a reliable tool for analyzing sequentially measured particle counter
data. The estimated aerosol process rates and their uncertainties can improve the analysis of the experimental data, and provide
better insight on the particle formation and growth in the atmosphere. In the future, such analysis can potentially offer improved
assessment of the radiative forcing by aerosols and its uncertainty. Eventually, this can lead to improved predictions and
uncertainty quantification of the climate change via combination of the enhanced process rate estimates and their uncertainties

with global aerosol-climate models.

Code and data availability. The current version of the code used to generate the data as well as the implementation of the estimation method
will be made available upon publication under the MIT Expat License. The exact version of the code used to produce the results in this paper

will be the initial version of the code.
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Appendix A: Parameters in data simulation

Table Al lists the models and parameters used for simulating the nucleation, condensation and deposition processes, and the
particle size density, as well as the modeling the particle counter data.

Appendix B: Model details and parameters in state estimation

In this appendix, we describe the choices of models and parameters made for state estimation in the numerical examples
(Section 3). We start by summarizing qualitatively the choices of models for the process rates in the two example cases,

nucleation event (NE) and steady state (SS), see Table B1.
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Table A1l. Summary of the models and parameters used for simulating data in cases of Nucleation Event (NE) and Steady State (SS). Here,

the growth rate g is assumed to be a product of a size- and time-dependent parts, that is, g = ga(dp)ge(d:).

Model/parameter Nucleation Event (NE) Steady State (SS)
o galdp) 9 5-tanh(0.17 - (10° - d, 4 0.8))
g[nmh_ } 1 t—tg 1 27t
(do) 7 (I—cos(2my=%)) , t € [to,ta] 7 (T=cos(FF)) ,te€(0,t]
0 , otherwise 1 , otherwise
Als™] 2.5-107%( rdp )73 + 5107° 1.31.10"'2
. dgun ( dp,dglin> dp
1+exp -~
T ftems] 20- (1 —cos(2m =) , t € [to, 1] 50- (1 —cos(3)) , te[0,t]
0 , otherwise 1 , otherwise
Bl# 'em®s™] Seinfeld-and Pandis-(2046)-(Seinfeld and Pandis, 2016)  Seinfeld-and Pandis(20+6)(Seinfeld and Pandis, 2016)
Ay 3s 3s
GDE
do 13.85nm 0.87nm
(evol. B
L 1.0017 1.0014
model) i
Q 2500 1731
. A 120s 120s
Particle
do 14.1nm 1.1nm
counter N
L 1.0366 1.0469
(obs. i
M 111 50
model)
1% 0.9,90cm? 2,200cm?

In the following, we first describe how the smoothness of the size-dependent parameters is formulated. Next, we discuss
530 modeling the time-dependence of by 15¢ and 2" order Markov models. Finally, we list all parameter values chosen for each

test case.
B0.1 Size-dependent processes, smoothness

The size-dependent process rate variables — depesition-loss rate A in all test cases and the growth rate g in the SS cases — are
assumed to be smooth functions of size. Since these variables also depend on time, we model them as multivariate stochastic
535 processes, particularly, 15 order Markov processes, as described below. The smoothness in size is accounted for by modeling

elements of each of the associated random variables (size-discretized process rate variables 5:2 = 5,’)1, e ,fg’Z’Q]T, w=2A9)

27



540

545

550

Table B1. Qualitative description of the models used in state estimation for Nucleation Event (NE) and Steady State (SS) cases.

Process NE (Cases 1 & 2) SS (Cases 3 & 4)

G n Size-dependence - Smooth
rowth rate g i
Time-dependence  2°¢ order Markov process @Qf\iorder Markov process

. Size-dependence ~ Smooth Smooth
Deposition rate A )
Time-dependence  1°* order Markov process 15 order Markov process

Size-dependence - -

Nucleation rate J ) a <t ~nd
Time-dependence 2" order Markov process ~ +--2"¢ order Markov process

Coagulation fre-  Size-dependence ~ Known Known

quency 3 Time-dependence - -

at a given time k as mutually correlated.

Te (i,5) = ./ o2 |_‘7‘ for 1<i,j < M (B1)

where aw is the variance of 7 ; k and d,, is a parameter defining how steeply the cross-covariance between elements §oi k and

% ; decreases as function of the difference between indices ¢ and j.
Figure B1 shows the covariance matrices of the two size-dependence variables: deposition-Loss rate A in Cases 1 & 2 and
growth rate g in Cases 3 & 4. We note here that in Cases 1 & 2, 03 ; is constant while in Cases 3 & 4, U;i increases with

particle size. For details of parameter values, see below.
B0.2 Time-dependence, 15¢ order Markov processes

Assume next that the process rate variable & i is modeled as a 1% order Markov process. Here, we fix the covariance of £ ZZ first,
as well as the temporal smoothness (15* or 2"? order Markov process). Then, we determine the covariance of the driving noise
process.

When the covariance matrix I‘gg of ¢ ff, is time-invariant, we can calculate the covariance matrix of the state noise 7752 using

Equation (11) as:
Ly =Ten =Wl WL (B2)

In cases of size-dependent variables, we construct the covariance matrix I‘fg as described above, fix the state transition matrix
U, =r,1, by choosing the parameter r,, €]0,1[, and finally, compute the state noise covariance matrix using Equation (B2).

In Cases 3 & 4, where also the nucleation rate is modeled as a 15¢ order Markov process, the procedure is exactly the same.
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Figure B1. Covariance matrices of, a) the deposition rate A in Cases 1 & 2 and b) growth rate g in Cases 3 & 4.

Note, however, that in the case of variable .J, which does not depend on size, the state-transition matrix and the covariance are

simply U ; =r; and F5§ = aii, respectively.
B0.3 Time-dependence, 2" order Markov processes

As shown in Table B1, the size-independent variables in Cases 1 & 2 (g and .J) are modeled as 2" order Markov processes.
For these variables, we choose the root parameters rs},, r?p in the evolution models by an approach adopted from the analysis of
second order systems, such as damped oscillators: We first define a characteristic time is T, and damping ratio (., and then

1 2 . .
calculate 7, and 72 by solving the set of equations

2 Atk
ri,—i—ri = 2(1—@0 WT ) (B3)
@
Atk N
1.2 _ 2
it = 1-dn, o i <T_¢> | (B4)

These parameters, together with separately chosen variances of the state noises n;f and 7)§ as well as the expectations and

variances of the initial states 52 and &9 define the properties of the 274 order Markov models.

B0.4 Parameter choices

All parameter values chosen for state estimation in each test case are listed in Table B2
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Table B2. Parameters used in state estimation for Nucleation Event (NE) and Steady State (SS) cases.

Process NE (Cases 1 & 2) SS (Cases 3 & 4)
00 oms! —22.810 ¥ ms!
I’ (52.8107%)*(ms™")*  (162.8107 " tanh(0.17- (10° - dy 4 0.8)))> (ms ™)
opy  (52.8107)%*(ms™")?  (82.8107"*tanh(0.17- (10° - dp +0.8)))* (ms™')?
Growth rate g
Ty 1800 s 300 s
Co 0.95 0.95
dg not applicable 50
)olo 610 %s 1.31.10712 S
dp
0l0 - — _
re’  (107%)2s72 (0.12010)25—2
Deposition rate A T 1 1
ox: (107%)%s7? (107%)%s™2
Ox 10 10
3‘0 Ocm™3s™! Ocm™3s™!
Fgl? 0.2% (em™3s71)? 10% (cm™3s71)?
Nucleation rate J o2y 0.2%(ecm%s7')? 52 (cm™3s71)?
Ty 1800 s 300s
Cs 0.95 0.95
NOo  ATylem—3 Ocm™3
. 1 - 1 —
Number density N Q0 44100 (¢ =3)2 444190 (cm~?)?
T. 1(ecm™3)? 4(cm™3)?
Modeling error ¥ I, 199 (cm™?)? 199 (cm™?)?
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