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Abstract. An advanced “quasi-hydrostatic approximation” of 3-dimensional atmospheric-dynamics equations is proposed and
justified with the practical goal to optimize atmospheric modelling at scales ranging from meso meteorology to global climate.
For the vertically quasi-hydrostatic flow with inertial forces negligibly small compared to gravity forces, the asymptotically
exact equation for vertical velocity is obtained. In the closed system of hydro/thermodynamic equations, the pressure is deter-
mined by the total air mass above, so that mass instead of pressure is considered as a dependent variable. In such a system, the
sound waves are filtered, though the horizontal inertia forces are taken into account in the horizontal momentum conservation
equations. The major practical result is an asymptotically exact equation for vertical velocity in the quasi-hydrostatic system
of the atmospheric dynamics equations.

Investigation of the stability of solutions to the system in response to small shortwave perturbations has shown that solutions
have the property of shortwave instability. There are situations when the growth rate of the perturbation amplitude tends to
infinity. It means that the Cauchy problem for such equations may be ill-posed. Its formulation can become conditionally cor-
rect if solutions are sought in a limited class of sufficiently smooth functions whose Fourier harmonics tend to zero reasonably
quickly when the wavelengths of the perturbations approach zero. Thus, the numerical scheme for the quasi-hydrostatic equa-
tions using the finite-difference method requires an adequately selected pseudo-viscosity to eliminate the instability caused by
perturbations with wavelengths of the order of the grid size. The result is useful for choosing appropriate vertical and horizontal
grid sizes for modelling to avoid shortwave instability associated with the property of the system of equations. Implementation

of pseudo-viscosities helps to smoothen or suppress the perturbations that occur during modelling.

1 Introduction

The advantage of quasi-hydrostatic equations is the efficiency of numerical calculations of atmospheric circulation by filtering
the sound wave. However, as discussed in Orlanski (1981), the aspect ratio between vertical and horizontal scales significantly
influences the dispersion relation that, in turn, determines the stability of numerical calculation. Most global climate models are
based on a system of dynamic equations in quasi-hydrostatic approximation White and Bromley (1995); White et al. (2005).
The atmospheric predictability problem has been discovered and studied for a long time since the early works like (Lorenz,

1969a, 1982). Lorenz Edward proposed three approaches to this problem (Lorenz, 1969b), within which the dynamical ap-
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proach is adopted in the analysis of present paper.The influence of scales on the stability (or predictability) is discussed in
more recent works (Hohenegger and Schar, 2007; Tribbia and Baumhefner, 2004).

We introduce a system of 3-dimensional atmospheric-dynamics equations with a quasi-hydrostatic approximation for climate
modelling. Based on this system, we investigate the linear instability in response to shortwave perturbations. The present paper
focuses on this problem with the practical goal to assure realistic numerical modelling, with emphasis on the scale effects.

In this section, the primitive equations are introduced. Section 2 presents derivation of the closed quasi-hydrostatic equations
with accurate approximation of vertical velocity estimation and the asymptotically exact system to the equations in quasi-
hydrostatic approximation. In Section 3, the system of equations for small perturbations in dimensionless form and the cubic
characteristic equation with complex coefficients are derived. In section 4, the stability of solutions to the system of equations
with response to shortwave perturbations is analyzed through solving the cubic characteristic equation. Section 5 focuses on
the elimination of instability caused by the shortwave perturbations with the aid of pseudo-viscosities.

Almost the entire mass of the atmosphere is located in the layer with thickness, H, of order 10 km. So, the atmospheric
dynamics outside polar zones can be considered in quasi-Cartesian coordinate system z, y, z, t, where x and y are directed
horizontally along latitude and longitude, respectively, z is the height over the surface, and ¢ is time.

The equations of conservation of mass and momentum read (Kochin et al., 1966; Marchuk, 1974; Brekhovskikh and Gon-
charov, 1982; Batchelor and Batchelor, 2000; Gill, 2016; Loitsyanskii, 1970; Sedov, 1997; Holton and Hakim, 2012; Nigmat-
ulin, 2014):

%+div(pv) —0, (1.1)
- _;gi % <8gj$ g ag;y * a?f) +fa (1.2)
%ff*igi ;(agf*agﬁuagf)*fw (1.3)
d;: :_%% ;(ag: agyzy N agzzz> N 14

d 0

where p and v = (vg,vy,v;) are density and velocity of air, p is pressure, II;; is the viscous (turbulent) stress tensor, f =
(fu, fy» f») is the Coriolis force vector, and g is the gravity acceleration (g ~ 9.81m s~2).
We consider air as an ideal gas, from whose state equation for the pressure p and the specific internal energy u are determined

by the specific gas constant R ~ 286 m? s~2K~! and the adiabatic index v ~ 1.4:

p=RpT, w=c,T+const, ¢, =R/(y—1), (1.5)
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where T is the air temperature, and ¢, is the specific heat capacity at constant volume.
The equation of conservation of energy in the form of the thermodynamic equation reads:

aT_Q v dp
dt  pey  p2c, dt

0= -2 o s _ ytmm
0z ’

(1.6)

Here @Q* is total heat influx into unit volume due to the turbulent heat flux, ¢, radiation heat absorption, (), and latent heat
consisted of evaporation (condensation) heat of droplets, .J(®)1(®), and the heat due to melting (solidification) of ice particles,
J@)7(m) Here it is taken into account that the horizontal turbulent heat transfer is much smaller than the vertical one, so that
the horizontal heat transfer is due to advection, determined by horizontal velocities v,, and v,,.

Using the state equation(1.5), the thermodynamic energy equation (1.6) can be rewritten in terms of the following relation

between the time derivatives of pressure and density:

—L_ —Q (1.7)

The equations (1.1) — (1.7) form a closed system. However, for filtering the sound wave, the quasi-hydrostatic equation is
used instead of the vertical momentum equation (1.4). Thus, for the new system of equations with quasi-hydrostatic approxi-

mation, it is necessary to derive an equation to estimate the vertical velocity.

2 Asymptotics of hydrodynamic equations with vertical quasi-hydrostatic approximation
2.1 Meteorological and climate scales

We consider non-extreme hydrodynamic and thermodynamic processes in the Earth’s atmosphere with climatic scales, i.e.,
time scale, T, horizontal length scale, L, L, ~ Ly, vertical length scale, L, ~ Ly, horizontal velocity scale, V;, V, ~ Vior,
and vertical velocity scale, V, ~ Vi, with the following values:
T Z 102Sa Lhor Z 103111, chr 2 ]_02H1,
2.1)
Vior ~ 10'm/s,  Vier ~10%m/s.
With the use of these scales, we introduce dimensionless values of time, £, horizontal coordinates, T, ¥, and horizontal

velocities, U, T, vertical coordinate, Z, and vertical velocity, v, :

_ T _ Y _ z 7 t
T = ) y = ) z )
Lhor Lhor chr T (2 2)
VT VyT V,T :
T I - I z
Lhor Lhor ver
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As a result, the horizontal, vertical, and Coriolis accelerations, as well as inertial forces, can be evaluated as:

Qv _ Vi 0T _, T,
T A T
dvy,  Vaor A7, dz,
———— _— = A or = 2.3
T T T 23
dv, o Vier A -4 @
a7 At TV dr’
where
Vhor V1'12 ‘/Ver V2
A r = = Jy AV r — = ﬂa
ho Lhor ¢ Lver
or s 1
Acor = Zilor ~ 10 dm/527 Tcor — E = 0,688 X 1045.

Here 2 ~ 0,727 x 10~4s~! is Earth’s angular velocity of rotation. Here Apor, Aver, and Ao, are scales (characteristic values)
of the horizontal, vertical, and Coriolis accelerations, respectively. According to (2.2), the dimensionless values (denoted with
over-line above) have the order of unity. Thus, for non-extreme climate processes with scales (2.1), the following dimensionless
parameters are small
- (AhAA) <102 (2.4)
g 9 9

Thus, the inertial forces are negligibly small compared to gravity.

It makes sense to consider the asymptotics of the equations of hydro- and thermodynamics of the atmosphere (1.1) — (1.5),

when

e—0, (2.5)
for decreasing values of Vj,or, Vier and increasing values of Lyor, Lyer, 7. Here, the viscous forces are small and not considered.
2.2 Quasi-hydrostatic approximation and evaluation of vertical velocity

For the scales (2.1) and small value of ¢, from the momentum equations (1.2) — (1.4) we get !

10 10 10
“ P _0@), ~Z-0@), —ZL-_1100). 2.6)
pg Ox pg Oy pg 0z
As a result, the pressure of air at a certain height is determined by the total mass above in the vertical column:
Ip
&prg(1+o(€))v p(t,z,y,z):gM(lJrO(e)),
o H 2.7
Mt = [pltan)de ~ [ pltny.)ds.

'Here and below O(ip) means, that
— ==K, 0<K<x
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Here H is the height, over which the total mass, M, air pressure, p, and air density, p are negligibly small compared to those

on the surface of Earth (z = 0). In particular, one can take H =~ 40 km, then
p(t,z,y, H) ~0,003p(t,z,y,0),
p(t,z,y, H) ~0,004p(t,2,y,0).

(2.8)

The distribution of vertical velocity is evaluated using the continuity equation (1.1) and thermodynamic energy equation

(1.7):

avzf, 8Uz+% ,E%f
0z or dy pdt
B Ov,  Ouy 1dp ~—-1Q*
a (3w+3y> wat Ty

Taking into account the quasi-hydrostatic equation for pressure (2.7), we obtain

dp

H
aw_ (fory. . o
=Y /atdz pU; (1+O(5))+vzax+vy8y.

It follows from (1.1) that
H

H
/%dz’ = —/div(pv)dz’ =M+ pv.g,

Z M:_/H<a<§;fm> 2,

z

Substituting this expression into (2.10), we get

dp _ op , Op
a Y

M+Ux(9:c +vya—y +g(pv,+ M)O(e).

As a result, substituting (2.12) into (2.9), we obtain the equation for vertical velocity:

Ov: __(9vs v\ _gM _vsOp v, 0p
RN Yo  ypdx  p Oy
—-1Q* M+ U,
W1, Mie
7P p
The first two terms on the right side of the equation above are estimated as follows:

vy % -0 Vhor
8:1:’ 3y o Lhor '

O(e).

Using the mean-value theorem, we estimate the third term on the right side of (2.13):

H
gM M —J; (0(pvs) )0z + D(pvy) /Dy)d2

~

M H
wo oM v [T oty 2 de
N ﬁvhor(H - Z)/Lhor -0 (Vhor>
’Yﬁ(H_Z) Lhor ’

(2.9)

(2.10)

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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O

where p(z) and p(z) are the mean densities of the considered integrals over vertical coordinate from z to H in the denominator
and numerator, respectively. Here we have p(z)/p(z) = O(1).
To estimate the fourth and fifth terms on the right side of (2.13), the horizontal gradients of pressure is estimated from (2.6)
and (2.3)
Op Op V2
= = =pO (| hor ). 2.16
ox ’ ay p (Lhor ( )
Then, taking into account (2.15), we get
vz (Op/0x) + vy (9p/Oy)
gM
_ {v(9p/02) +v,(9p/0y)} /[P
gM /yp

Viorp ( ‘/h2 V}2 ) ( Vhor )
~ o) or | _hor 10) _
P Lhor Lcor / Lhor

Vlr120r LhOT Vh20r Lhor 2
—o(r s ) = (1412 o bu),

(2.17)

where Ma = V., /C is the Mach number of the horizontal motion and C' = (yp/ p)l/ ? = 300— 350 m/s is the sound speed. The
magnitude of Ma? is small under the scales of (2.1). Furthermore, we show that the asymptotics Ma® — 0 as € — 0 corresponds

to the following relation:

Ma2 _ VL%; _ Lhorg Viq%r _ Lhorg€
C? C? gLhor C?

(2.18)

Here we consider that the magnitude of Ly, does not exceed the magnitude of C2?/g ~ 10* m by orders.
Thus, according to (2.17) and (2.18), the terms of horizontal advection of pressure gradients are negligibly small as e — 0.

As a result, the equation (2.12) and the differential equation following from it (2.13) take the following form:

=z —gM+g<M+pvz> 0(e), (2.19)

0z O oy W vy o p M
2.3 Asymptotic system of equations in case of small inertial foeces

Given the fields of p, v, and vy, the fields of M and M can be calculated using (2.7) and (2.11):

M(z—dz)=M(2)+ p(z)dz,

. . o . (2.21)
M(z—dz)=M(z)— (a(gx ) + a(gyy)> dz.
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The equation for the vertical velocity v, in the form

Qu. _ (O v\ _gM  y-1Q"

0z ox dy yp )
vy Op vy Op
=P Uy P (2.22)
ypOx  yp Iy

was presented in the book (Lorenz and Lorenz, 1967), but in recent years, it has hardly been mentioned. A similar but different
equation for the adiabatic regime (QQ* = 0) was also obtained in (Eliassen, 1949). However, these works do not show that the
last two terms of (2.22) are in the order of ¢, i.e., the inertial forces are negligibly small in comparison with gravity force.

In total, we have the following system of hydro- and thermodynamic equations for the inviscid air in the field of gravity with

the quasi-hydrostatic approximation along the vertical coordinate:

op_  Op Op  Op (1M y-10Q
ot~ "ox Uyay 0z v M Ny gM |’
8Um 81}1 81}1 8’Uw oM

P = Pl gy —vaﬁiy TPV T 9 + pfoy,

vy Ovy vy vy oM
Por = P Py, TP 9y pf vz,

vz __(Ova  Ov)\ (1M _y-1Q
0z ox Oy v M v gM ]’

oM _0(pva)  0(pv)

0z Oz oy ’
OM

-, 22
8.’ (2.23)

Here f = 2Q)sin6 is Coriolis parameter (¢ is the latitude). In this system, the temperature can be calculated from the equation

of state of air:

gM
T=2" — gM). 2.24
R (p=gM) (2.24)

If the density, p(z,y,z,t), and surface pressure, p(x,y,0,t), are known, the pressure, p(x,y, z,t), can be calculated by
integration of the quasi-hydrostatic equation (2.7). Then temperature T'(z,y, z,t) can be obtained via the state equation (2.24).
The vertical velocity, v, and the pressure, p, are inertialess as they are determined by the distributions of density p, horizontal
velocities, v, vy, at the same moment of time. Thus, for non-extreme meteorological processes in the atmosphere with scales
(2.1), the inertia effects only through the horizontal velocities.

Until now, we have proven the following theorem.

Theorem 1. The equation for vertical velocity (2.20) and the entire system of equations (2.23) are asymptotically exact for the
Sflow of inviscid air described by Egs. (1.1) — (1.5) if parameter € (see (2.4)), which determines the ratio of the characteristic

values of the inertial forces (horizontal,vertical and Coriolis) to the gravity force, approaches to zero (see (2.5)).
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3 System of equations for perturbations
3.1 Dimensionless form of vertical quasi-hydrostatic equations

In addition to (2.2), we introduce the following dimensionless variables:

— M = M
ﬁ = ﬁ, = 9 = T )
Lo pOchr Po Lyer

3.1

where pg is the characteristic density at the surface of the Earth (z = 0).

The system of equations (2.23) is non-linear or quasilinear due to the convection terms in continuity equation and horizontal
momentum equations. With the use of (3.1) the system (2.23) can be represented in the dimensionless form
5.0 5,20 5,20 5% 5 .

. T .

U= (pjz,vyjz,ﬁ,ﬁ)
where U is a column matrix of dependent variables (superscript T denotes transposed matrix), B¢, B,,B,,B, B are matrices
of coefficients defined by dependent variables in U (see Appendix A).

The derivative 92T /022, as a component of heat source Q* through eddy heat transfer, is not considered as a part of the

differential operator (3.2).

In the dimensionless system of equations the following dimensionless parameters are defined:

ra) Y= 1 TQ* — Lverg
Q = — g =

, f=rr (3.3)
Y pOLverg

Lhor2
they determine the external forcings, i.e., heat flux, gravity, and Coriolis force, respectively. If we use the following values for

scales:
Lipor ~10*m, Ly ~10°m, 7~10%, AT ~ 10K, (3.4)

here AT is the characteristic value of temperature change in period 7, then accounting that 7Q* = pc, AT, we have the

following estimations for the dimensionless scales (3.3)

v—1pc, AT RAT

- T ~107Y, g~10%, f~10"1. (3.5)

Q~

3.2 Stability of small shortwave perturbation to the original solution

We consider some solution to the system (3.2):

U=U(1z7,72), (3.6)

which is named after the original solution. And exists another solution ﬁ(d) to (3.2) with a small perturbation U toU:

UY-U+T, (|ﬁ| ~1, [T ~o< 1) 3.7)
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Substituting (3.7) into the system (3.2) and subtracting equations (3.2) for the original solution U and neglecting the nonlinear
terms of the second and third-order of §, we obtain a system of quasi-linear differential equations for the perturbation U

ou’ ou’ ou’ ou
B, +B, 2~ +B,— +B.Z_ 4 BU =-F,
tor TPy TPy TP

7/ — — — — Evid A
U:(p, v v v, M, M)

(3.8)

x? Yo z

where B’ as B;,B,,B,, B, is a matrix, which consists of parameters depending on the original solution (unperturbed) to the
system (3.2), and the column matrix F” is determined by the perturbation of the heat flux @/ (see Appendix B).
We consider small harmonic perturbations as the solution to the system (3.8), which can be represented in the following
form with the help of imaginary unit ¢ = v/—1 and complex variables:
t=0: U= A.exp(ha+F,g+F.2)),

, - 3.9)
(0) 4(vz) 4(v9) 4(wz) 4(NT) 4(M)
A*:<A* CAWD) Aw) q(02) 4D 4C )

where AY) = A0 1541 define the complex amplitudes of perturbations of corresponding values (’A(j ) | ~6K1,j=0p,0,,
Uy, Usy M, M).
We assume that the wavelengths of shortwave perturbations are much shorter than the characteristic length scale, and the

heat flux perturbation is zero (@I =0):

Ew = kg Lyor, Ey = kthor; Ez =k, Lpor > 1, @l =0,
2m 27 27 (3.10)
I, ="— < Lyor, l,="— < Lpoy, l,="< Lye.
L T
For such perturbations, we have F’ = 0. The coefficients B;, B, B,, B, B’ with parameters of the original solution U vary
within distances of Ly, and Lye;, whch are much larger than the wavelengths of perturbations I, l;, 1”. Thus, these matrices of

coefficients can be regarded as constants. Then system (3.8) becomes a homogeneous system of linear equations with constant

coefficients, and among its solutions for ¢ > 0, there exist solutions in the form of traveling wave:

o, =A"E,, v,=A"E, v =A""E
T * * y * * 9 z * *9

7=APE, M =AME, M =AME,, G
where
E, =exp (i (kT + kyJ+k.Z — 0.1))
= exp (Wist) - exp (i (kT + kyy + k.Z — Wt))

Substituting (3.11) into the system of equations (3.8), we obtain a homogeneous linear system of algebraic equations:

DA,=0, D=i(-w.B;+k,B,+k,B,+k.B.)+B. (3.12)
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Therefore, for the homogeneous system of algebraic equations DA, = 0 having a nonzero solution, the condition detD =0

reduces to a cubic characteristic equation with respect to w,:
210 @2 +b,02 + i, +d =0, (3.13)

where b,, ¢, d, are complex parameters (see Appendix C) defined by the original solution to system (3.6).

Obviously, if among the roots of the characteristic equation (3.13) exists such a root W, = w + W, that increment W, > 0,
the amplitude of perturbation in (3.11) increases with time. This indicates the instability of the investigated solution (3.6). If at
the same time

215 Wi — 00, (3.14)
k—o0
then such a solution holds absolute instability, and the Cauchy problem of the system (3.2) is ill-posed (Godunov et al., 1976).

In contrast, the negative increment w,, < 0 ensures stability. In the case of neutral stability of the linear approximation
(W4 = 0), the conclusion about the instability of solution (3.6) requires the study of the nonlinear behavior of the system
(2.23).

220 4 Linear instability of original solutions
4.1 Instability of resting-state solution

We consider the regime when there is no motion and heat influx in the original solution, and the density is uniform horizontally:

_ dp _Op
Uy =0y =70, =0, %:afy:o,
0v, Oy ov, Ov, Ov,
— = — = 0 —_— = — = 0 4-1
ot ot 9T Oy 0z ’ @D

8@,_%_@_652

o oy 0y 0z

-0, M=0, Q=0.

225 The horizontal &y, and vertical wavenumbers k.., are defined

Ehor =1 Ei + E;v Ever = Ez- (42)

With resting-state conditions (4.1), the cubic characteristic equation (3.13) is simplified as

—2 —2—=2 2
o[- (=) e T )]
kver 9 kver
— O— 2
—2 g 3/) chrT 2 2 g ap
N =_228 N N*=—-=—
00z ( Lyor ) ( p 0z

10
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O

ﬁ_w_@wﬁp<@%qlﬂ>
M Lior Yp C YP

Here N is the dimensionless value of the Brent-Viisild frequency N, C' is sound speed. For scales (3.4) and standard

atmosphere (Atmosphere, 1976) we have the following estimates:

) <2 (Lat)’
N?= I 1077 N2:< ® T) N? ~ 107,
p oz ver hor

; (4.4)
92 =2 LVCI‘T
=L ~107%72 G = (> G? ~ 10"

The dependency of N2 — G? on height for the standard atmosphere is presented in Figure 1. It is shown that N2 — G2 ~
10~*s72, and at height z ~ 4 km, the sign of N2 — G? changes.

For the cubic equation (3.13) despite the root Eil) = 0, expressions of the other two roots are shown in Appendix D when
Ew,@,%l > 1. Among these roots, there always exists one with a positive increment (w,, > 0), which indicates the instability
of the resting-state solution.

The small Coriolis force

khor

F< =2 ‘WQ Syea “.5)
can take place at near-equatorial latitudes (6 < 1) and a height not close to 4 km. In such situation for Khor — 00,
—2—2
‘ NG EQ —2
hor 72 =2 kh T
TETO /<‘N -G ‘20> =
\N G ] )
= _— 0. (4.6)
g ‘N e ‘ Fver Fuer—oo

From the general formulae of roots (Appendix D), we obtain the expressions of nonzero roots of (3.13) for small Coriolis

force:

E or < k or
AR PR G (CNE 3 Rl 4.7

ver

—2 —2
A= By =1\/|N"—G"|
29 - |
When kjop — 00 and kyer — 00, there are various asymptotics, including

o3 =+ Ak — 400, BB =441k — 0. (4.8)

K1—00 k1 —0
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If, in contrast to (4.5), the Coriolis force prevails:

> %h‘” N ‘WQ 7, (4.9)

which can take place at high latitudes or altitudes near 4 km, then according to Appendix D we get

22 ~ + Aok, @D~ Ff. (4.10)

-2
_ khor
—, Re=_—j3—,
29f k

As in (4.8) for ko — 00 and ke, — 00, exist different asymptotics, including

T2 = L hoky — 400, T2V =+Aoky — 0. 4.11)

Ko —00 ko —0

From (4.8) and (4.11) it follows that the resting-state of the system of hydrodynamic equations with the vertical quasi-
hydrostatic approximation (2.23) is unstable, in particular, in case of shortwave perturbations with vertical wavelengths Z:,er =
27 /kyer longer than horizontal (Z;Or =27 /knors kver » knor > 1, and kyer < Epop), is absolute unstable. For perturbations when
the vertical wavelength is many times shorter than the horizontal wavelength (Zlve!. < Z;or’ Kyer > knor > 1), the resting-state
tends to be neutral stable.

The positive values of the increment of the amplitude of perturbation @, at resting-state for k, = 15 and k. = 150 with the
horizontal wavelengths k, = k, = v2/2kp, are shown in Figure 2 by the lines with indicator number 0.

The main conclusion is that the shorter the horizontal wavelengths (the larger kyo, > 1), the faster the amplitude of per-
turbation at resting-state develops. Moreover, the shorter the vertical wavelengths (the larger kye, > 1), the more slowly the

perturbation at resting-state grows.
4.2 Instability of vertical quasi-hydrostatic system with different approximations

Shortwave perturbation at resting-state of the atmosphere with a vertical quasi-hydrostatic approximation is also studied by
(Arakawa and Konor, 2009). However, in the original system the following equation (thereinafter, the Arakawa inexact approx-

imationt) is used

+oo
aiMf ; Y d(pvz)  O(pvy) /
o M |\ M= / < or oy ¥ @12

instead of the asymptotically exact equation (2.19), which is equivalent to

oM .
ot~ MApve 4.13)

Note that the equation for perturbation at resting-state corresponding to (4.12) has the form

oM’
ot

=M. (4.14)
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If instead of equation (2.19) or (4.13) the Arakawa inexact approximation (4.12) is adopted, then instead of (3.13) the

characteristic equation becomes:

2 I
@ [wi —f —ighor] =0. (4.15)

ver

Nonzero roots of this equation are determined by the following formulae:

553;3) — i\/j%hor 5(273) _ :F@Ehor

“ip i
2 kver 2 kVer

it T < Ghior/Fver (4.16)

oY —0, D =4F it T > GheFver 4.17)

It is clear that these expressions corresponding to the usage of the Arakawa inexact approximation, differ from (4.7) and
(4.10). In the case of the predominance of Coriolis force, this difference is fundamental, namely, instead of absolute instability
in (4.11), neutral stability follows from (4.17). In addition to the inexact equation (4.12), the conclusion about shortwave
instability in (Arakawa and Konor, 2009) is made from the values of the real part of the root w, not the imaginary part w...
Such conclusion is inaccurate, as can be seen from (4.16).

In the case of small Coriolis force, the Arakawa inexact approximation gives absolute instability, with following asymptotics

Wax — Askz— 00. <A3 = \/—2? K3 = khor) 4.18)

K3—00 2’ 3= E1/2
ver

Now we consider other approximations instead of the asymptotically exact equation for the vertical velocity v, (2.19) or its
equivalence (4.13). The simplest approximation for v, is zero vertical velocity, in particular, for the perturbation of vertical

velocity,
vl =0. 4.19)

The corresponding characteristic equation at resting-state (4.1) has the form

—2
o, [wi e k};] =0, (+20)
k

ver

from which it follows that
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The root with positive increment W, when ? < Gkhor /Ever can lead to absolute instability (3.14). In particular, or small

Coriolis force,

_ Khor
Wex — Grq4— 0 (/{4 — [ho ) . 4.22)
Kg4—00 ver

The Holton inexact vertical quasi-hydrostatic approximation (Holton and Hakim, 2012) with equation of the constant local

pressure (thereinafter, the Holton inexact approximation) can also be used:

dp . . Op
- = M=— —=0]. 4.2
i pUzg ( Pz o 0) (4.23)

Using this approximation instead of equation (2.19) or its equivalence (4.13), the characteristic equation becomes
_ 2 52 =52 9
n [w* P -N ,@J —0, (4.24)
and its roots take the following form:

=0, @2 =£\/F +N k2 (4.25)

It follows that the solution of the resting-state to the system of equations with the Holton inexact vertical quasi-hydrostatic

approximation is neutrally stable (wﬁ’B) =0), if

o g
) (N2 > o) . (4.26)
0z
Otherwise, when
0 g
<0 (N2 < 0) : 4.27)
0z
i.e., the density increases vertically, such original solution of resting-state is unstable for small Coriolis force f < ’Nm , and
analogously to (4.22), absolutely unstable.
One can also adopt the vertical quasi-hydrostatic approximation with the quasi-incompressibility
d
P _y, (4.28)

dt

from which together with the continuity equation, instead of (2.19) the vertical velocity v, is obtained by the following equation

Ov,  Ovy  Ovy,
9.~ o ay (4.29)

For such a system , the characteristic equation at resting-state (4.1) has the same form (4.24), as for the Holton inexact approx-
imation (4.23).

The vertical quasi-hydrostatic approximation with constant local density is proposed in (Marchuk, 1974) (thereinafter, the
Marchuk inexact approximation):

o _

a5 = O (4.30)
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O

Together with the continuity equation, the equation for the vertical velocity v, is obtained as following

Opv. _ Opvgy  Opuy

= ) 4.31
0z or dy “.31)
The characteristic equation for this equation at resting-state (4.1) has the form
(o 32
@, (w* _7 ) —0, (4.32)

which corresponds to the neutral stability.

The Marchuk inexact approximation (4.30) and (4.31), the Arakawa approximation (4.12), the zero velocity approximation
(4.19) and the Holton inexact approximation of constant local pressure (4.23) are valid only when the vertical velocity of
air is comparatively small. Only the Marchuk inexact approximation leads to a neutral stable solution at resting-state for all
wavenumbers of perturbations.

The shortwave instability at resting-state is also studied by (Moore, 1985) for a two-dimensional system (v, = v; = 0) with
approximation (4.29), and taking into account of the perturbation of the heat flux @/ # 0, which is assumed to be proportional
to the perturbation of vertical velocity 7. The characteristic equation is close to a specific occasion (v, = Uz/; =0,k, =0) of
equation (4.24).

From (4.8), (4.11), (4.18) and (4.22), it can be seen that the asymptotics for the increment of perturbations for various

approximations is determined by the coefficients of the relations between Ehor and kyer, namely

— _92 — _
_ khor _ khor _ khor _ khor
Kl_,g ) “62_73 ) K3_71/27 Rq4 = = .
k k k Ever

ver ver ver

4.3 Instability of one-dimensional vertical motion

A one-dimensional vertical atmospheric model is used to analyze physical processes in the formation of climate. In such a case,
the distribution of vertical velocity is defined by the heat flux @/ and horizontal inflow M, which should be set parametrically,

and the perturbation spreads only in the vertical direction:

. =7, =0.=7.=0 %‘”:@:
i Y r v ot ot ’ (4.33)
0v, _0u, _0v, _0v, 0w, _0v, |

ox oy ox 0 0Oy 0zF

Thus, the system of equations (2.23) is simplified as

op  _9p , _ 1M Q
o~ ”mﬁ”(vM M)’

. _Q 1M

02 M M

oM _

=7 (4.34)
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Here the value of H(L z) should be set manually. In this case, the cubic equation (3.13) degenerates into a linear one, and

its root is

_ 0p/0z Q M 0p/0z v,
Wik — 3 — ]_ _ = = == R — - ]. —
MFk M M LM 0z

- M Q\1 - p 00, 1
oot 2 (M @\ g, PO1 (4.35)
MA\YM M |k, M 07 k,
For a standard atmosphere, 95/0% < 0, one always has
0p/0z
,zi z _1072, (4.36)
M
from which it follows that
v,
v 0z (4.37)

Thus the shortwave stability for a one-dimensional atmosphere (w,. < 0) takes place when the vertical velocity increases
with height (09, /0% > 0), this happens with the presence of heating (Q > 0) and horizontal outflow above the given height
(ﬁ < 0). Otherwise, when cooling occurs (Q < 0) and there is inflow above (H > 0), then the vertical velocity decreases with
height (07, /0% < 0), and such state is unstable (@, > 0).

4.4 Instability of solution with motion

Using the roots of the cubic equation (3.13), we study the stability of three-dimensional perturbation to a solution with motion

with equal horizontal wavenumbers. Then according to (4.2):

z = Ey = —FKhor (4.38)

o, v, o, v,

Ezﬁy:%’ %_Ty:_%’ (4.39)
ov. _ov, v 0 _0p_,
oz 9z o0z ' o oy

the values of p, M, 0p/0Z% are chosen according to the standard atmosphere (Atmosphere, 1976) at height z = 10 km. Values
of these parameters dp/0t, 00, /0t, 00, /Ot and M are calculated from (2.23).

Numerical values of increments @’ (j =1,2,3) depending on kyo, are shown in Figure 3, they are calculated from the
cubic equation (3.13) for fixed vertical wavelengths kver = 15,50, 150, and parameters given by the original solution (4.39).
Numerical indicators correspond to the number of roots j =1, 2, 3. It is clear that the positive increment w,, grows with the
increase of kyo,. It follows from Appendix C that the values Ehor / Evor strongly change the coefficients of the cubic equation

(3.13). For an increase of k., the growth of positive increment @, greatly weakens.
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In Figure 2, in addition to the resting-state (numerical indicator 0), the positive values of increment w,, depending on
Khorr, kver fOr two sets of horizontal velocity are also shown. The lines with indicators 1 and 2 refer to the state with horizontal
velocities given in (4.39) and the state with horizontal velocities twice as larger, respectively. The dimensionless horizontal
velocity in the order of unity affects the increment for wavenumbers ko, ~ 10, yet the horizontal velocity does not strongly

affect the increment W, for shortwave perturbations (khor > 102).

5 Use of pseudo-viscosities to eliminate linear instability
5.1 Shear and bulk pseudo-viscosities

This analysis does not consider the influence of boundary conditions. The boundaries can prohibit the energy influx from
outside, which contributes to the kinetic energy of perturbations and the growth of perturbation amplitude. The boundary
conditions in the framework of the boundary value problem can significantly limit the growth of the perturbation. Nevertheless,
the shortwave instability, of course, is one of the reasons of the possible instability of finite-difference calculations.

While modelling (3.2) by the finite-difference method, small shortwave perturbations can be generated, the minimum wave-
length of which I is defined by the grid size A;:

Z;nin _ 4Z1 ’ Emaximill

K3

=2m, k' =kLi=1/mN;, 5.1)
(A, = AZ,AY, Az, N;=L;/N;, i=uwy,z)
where N, Ny, N, are the numbers of nodes at characteristic length L, L, L., in directions x,y, z, respectively.

The terms with turbulent viscosity in the horizontal momentum equations are relatively small in comparison with other terms.
However, the pseudo-viscosities, which are much greater than real turbulent viscosity of air, can be added to eliminate the
instability due to numerical shortwave perturbations. They influence the horizontal momentum equations of the perturbations,
and then change the form of algebraic equations (3.12) through

2,/ 2,/ 2,/ / / /
a (g;;t - 883;; - 8&?) ”\aia:,» (% + %Zj/—'_ 88?) -
" {A(’”“Ei + AW + A(”“Ei} :

(5.2)
\E; {A(ma +ADE, + A<W>EZ} :
(i=1,y,2)
where 11 and \ are coefficients of shear and bulk pseudo- viscosities, respectively. We set the dimensionless values of these

coefficients growing with increasing wavenumbers:

= cufiy (Fakyks)", N=cfig (kakyk.)"

_ H _
fig = ﬁ (Ha =1.8x 107kg/(m -5))

(5.3)

Here p, is the viscosity of the air.
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5.2 Influence of pseudo-viscosities for resting-state solution

Similar as (3.13) the characteristic equation for a resting-state solution, taking into account the shear pseudo-viscosity in

accordance with (5.2), turns out to be

@3+ 2k w2 — [ﬁ# +a+i- ﬁ} @

+a]g+i(F - a)] ¥ =0, (5.4)

:(NQ_GQ) ihourf’ ﬁ__NgGZgor’

ver

5 :k: +k +/<: _khor+k

ver
ver

A similar cubic equation for a restiing-state solution with bulk pseudo-viscosity A has the following form

—(a+i-B)| =0. (5.5)

Wy | Wy

~—=2-2
—2 AE;Lkhor W,

ngCI‘
It is clear that for m > 0 (see (5.3)) and k; > 1 (i = x,y,%), we have
0| G Ty

iy (kokyk.) 7 2> 8= | S (5.6)

then from the characteristic equation (5.5), we obtain

—(1)

Wxx = U,

53| ——0 (5.7)

Ehor— 00
In Figure 4, the values of increment wSﬁ) (j =1,2,3) with the existence of shear pseudo-viscosity at the resting solution
(4.1) are shown. The values w,. in dependency on knor are calculated for kyer = 15 and different coefficients of shear pseudo-
viscosity n = 1.5, ¢, =0,1,10. The effect of bulk pseudo-viscosity A on stability at resting regime does not qualitatively
differ from the effect of shear pseudo-viscosity 7.

However, an increase in pseudo-viscosity can not achieve the point that all three roots @9 ) (j =1,2,3)) of the characteristic

equation have negative increments w(J ) <0 (j= 17 2,3) so that the shortwave perturbation damps and disappears eventually.

One of the roots always has a positive increment w w ) > 0.
5.3 Influence of pseudo-viscosities for the solution with motion

For moving air, the pseudo-viscosities can not suppress the global shortwave perturbations of solutions to the asymptotically
exact system of equations (2.23) with vertical quasi-hydrostatic approximation. This can be explained by the fact that the
perturbations occupy the entire space, i.e., the perturbations are global and have infinite energy. Real perturbations from the
numerical calculations on the difference grids are local and have finite energy. Such shortwave perturbations should be sup-

pressed by pseudo-viscosities (see section 5.4).
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Now we consider the influence of pseudo-viscosities (here we consider shear pseudo-viscosity) on the stability for an original
solution with motion using the Marchuk inexact approximation. Similarly to (3.13), we obtain the following characteristic

equation:
W, (@7 +b1(R)w, +c1(m) =0, (5.8)

where b1 () and c¢;(@z) are the complex parameters determined by the original solution and shear pseudo-viscosity . The
first root corresponds to neutral linear stability @92), and the rest two roots correspond to linear stability, i.e., for k; —
+oo(i = x,y, 2), it follows wﬁ’?’) — —oo (see Figure 5). That is to say, the solution to the system with the Marchuk inexact
approximation for moving air can be unstable, but for shortwave perturbations with the existence of pseudo-viscosity, it turns to
be stable. It means that the shear pseudo-viscosity 7z (by analogy, as well as \) can suppress the global shortwave perturbations,

and this is the advantage of the Marchuk inexact approximation (4.30) and (4.31) in comparison with the exact approximation.
5.4 Influence of local perturbations on instability

Instead of perturbations (3.11), whose amplitude is identical in space, we consider such perturbations that damp in space for

z,y,z > 0 with complex wavenumbers k. = k;j + ik (j = 2,9, 2):

E., =exp(i(kyaT + kysY + k2iZ — Wi l)) =
=exp (Wil — kT — kyas¥ — k24sZ) - (5.9)
-exp (z (Emf +kyy+k.Z— wf) )

In Figure 6 the values of increment Ei* (3 =1,2,3) for resting-state solution (4.1) are shown for Ex** = Ey** =koys =0
and 20, with ke, = 15,n = 1.5,¢,, = 1. The thin lines correspond to Ej** =0, and thick lines Ej** = 20. Numerical pointors
indicate the root number j = 1,2, 3. It is shown that the shear pseudo-viscosity can stabilize the local shortwave perturbations
(ks Ky, k. > 30) for x,y,2 > 0, since all roots have negative increments @?, < 0 (j = 1,2,3).

It should be noted that for large values Ej** > 1, there are large gradients of perturbation parameters (like impulse), and
this leads an absolute instability (when k.. — oc) in response to relatively longer wavelength range (kpo, < 30, for fixed

kver = 15). In addition, the amplitude of initial perturbation (5.9) increases for x,y,z < 0.

6 Conclusions

In this paper, an equation for vertical velocity refines and simplifies the equation obtained by Lorenz and Lorenz (1967).
Different from the approximations used in other works such as (Holton and Hakim, 2012; Marchuk, 1974), this equation is
asymptotically exact for the system of hydrodynamic equations with small inertia forces compared to the gravity force. The
advantage of this system is the absence of sound waves. Indeed, when the density field, p(z,y, z,t), is given, the pressure field,

p, can be calculated without time stepping via the quasi-hydrostatic equation. Then having p and p, the temperature field, 7T,
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is calculated through the equation of state. The absence of sound waves allows for much larger time steps in modelling due to
the absence of the Courant-number restriction in the vertical dimension.

In our analysis the influence of boundary conditions on the instability problem is excluded. Though the boundary conditions
in the framework of the boundary value problem can significantly limit the growth of the perturbation, the shortwave instability
is one of the reasons of the possible instability of finite-difference calculations.

As a result, the solution to the system of atmospheric dynamics equations with vertical quasi-hydrostatical approximation
and without viscosity is known to be unstable for shortwave perturbations occupying the entire space. Even the resting-state
solution owns the shortwave instability. The increment number of the perturbation growth relates to the ratio of horizontal to
vertical wavenumber of the shortwave perturbations. Such shortwave instability eventually results in the instability introduced
by numerical truncation and finite-difference approximation of the derivatives error. It shows that not only usual solutions
presenting three-dimensional flow patterns but even the resting-state solution is unstable under shortwave perturbations. More-
over, the larger the ratio of horizontal wavenumber Enor to vertical wavenumber k.o, (or the larger the ratio of vertical grid size
Ay to horizontal grid size Ay, ), the larger the increment growth of the amplitude of perturbations. Particularly, an infinitely
large ratio of vertical grid size to horizontal grid size leads to the absolute instability. Thus, when decreasing the horizontal
grid size to achieve better accuracy, one should also decrease the vertical grid size to keep small the ratio ko = Eior / Eier <1,
e.g., Zicr/Zior < 1L

For the one-dimensional vertical motion (one-column model) in the standard atmosphere where 9p/0z < 0, the shortwave
stability depends on the vertical velocity profile, v, (z) or, more specifically, on the sign of v, /0z, which relates to the heat
input, @, and horizontal mass inflow, M. Then, due to the heating and horizontal outflow above the given position the condition
of the shortwave stability is dv,/0z > 0.

The pseudo-viscosities taken proportional to the wavenumber of perturbations reduce the increment in the amplitudes of
perturbation, so that numerical solutions to the asymptotically exact quasi-hydrostatic system become more stable. In this
context, global perturbations have non-negative increment causing numerical instability. However, in the case of only local
perturbations, implementation of pseudo-viscosities allows for making all increments negative, thus yielding practically sound
stable solutions.

At the large ratio of the vertical to horizontal grid size, the solution with motion is also unstable for other (inexact) vertical
quasi-hydrostatic approximations, namely, those with constant local density (Marchuk, dp/dt = 0), constant local pressure
(Holton, dp/dt = 0), or quasi-incompressibility (dp/d¢ = 0). In contrast to other known differential operators, the inexact
vertical quasi-hydrostatic system with constant local density (Marchuk, p/90t = 0) assures the neutral stability for the resting-
state solution. And introducing pseudo-viscosities can suppress global perturbations for the solution with motion.

The quasi-hydrostatic equations of the present paper will be beneficial, in particular, for Earth-system modelling with regards
to chemical or biogeochemical chains causing the formation of anthropogenic or organic aerosols, condensation nuclei, clouds
and precipitation, and electrical charging around water drops. The result about shortwave instability can guide the choice of
vertical and horizontal grid sizes for modelling, and proper usage of pseudo-viscosity can reduce the predictability problem

caused by shortwave perturbations during calculation.
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Appendix A: Matrices of Coefficients of the Original System of Equations in Dimensionless Form (3.2)

[ P [ B(Qy—M)/(vM) ]
Ty v, f
T=| ™ B= 755 _
D —(Qy—M)/(vM)
M 0
| M ] I P 1
1.0 0 0 0 0]
010000
B, — 001000
000000
000000
L0000 0 0]
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490 Appendix B: Matrices of Coefficients of System of Equations for Perturbation in Dimensionless Form (3.8)
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Appendix C: Complex Coefficients of the Cubic Equation (3.13):

The following coefficients b., ¢, and d.. are expressed for &k, ky, k, > 1.

Reb, = — 3 (k,U, + kyUy + k.0.) + O (1/k>)

Imb*z—k@(a%—kfm) —%<8%+%> —B51
k, \ 0% vM k, \ 0% yM

1
—Bi1+0| =
H (k)

Rec, =3 (k, v, + kyv, +E2@)2 +0O(1)

— (0U,_  O0T_  O00,_
”’“(aam 5"
— (0v, Ovy_ ov,

— 1
+2k,U,Bs1 + O (k>

Red, = — (kpTy + ky0y + F202) + O ()
Imd, = — (koUy + kyUy +Ez@)2 ‘Z+0(1)
p (ko ky_ 00y ky OV, Ky
nt (kzv +kzv”>+ =% 0RO

Appendix D: Expressions for the roots of the characteristic equation (4.3):

1/2
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—2—2 -2 2
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Figure 1. value of N? — G? for a standard stable atmosphere

10 10 Knor
Figure 2. dependence of maximum (positive) increment .. on ko, for fixed vertical wavenumbers ke = 15 and 150, numerical indicator

0 - for resting-state (4.1); indicator 1 - for the original solution (4.39); indicator 2 - for the original solution of which velocity is twice as
(4.39).
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Figure 3. dependence of three amplitude increments Ew on knor for fixed vertical wavenumbers, kver = 15, 50 or 150, for the original

solution of (4.39); numerical indicators 1,2,3 correspond to j = 1,2, 3.
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Figure 4. dependence of three amplitude increments @) on kner for fixed vertical wavenumbers kyer = 15; for original solution of resting-

state (4.1); different viscosity coefficients ¢, = 0, 1, or 10, and n = 1.5 (5.3); numerical indicators 1,2,3 correspond to 7 = 1,2, 3.
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Figure 5. dependence of two non-neutral increments wf{i’g) on knor for fixed vertical wavenumbers ke, = 10 (left) and 20 (right); for the

original solution with motion (4.39); different viscosity coefficients ¢, = 0, 1, and 5.
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Figure 6. dependence of three amplitude increments Wy on k., for fixed vertical wavenumbers k.., = 15; with constant viscosity coeffi-
cient ¢, = 1; for the original solution of resting-state (4.1); for different spatial increments k.., the thin lines correspond to k.. = 0 and the
thick lines k.. = 20.
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