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Abstract. The aim of this supplement is to give a condensed (but hopefully self-contained) account of the GIA theory, providing

a physical background to the numerical implementation of the Sea Level Equation in program SELEN4. A number of technical

aspects and also discussed, along with some strictly necessary, basic mathematical definitions. The material presented here

should be accessible to all students at a PhD level in Earth Sciences.

S1 Introduction5

This document is organised into several sections, whose content is briefly summarised here.

In Section S2, we define the surface mass distributions and we introduce basic concepts as sea level, topography, the ocean

function and continent function; the mass conservation principle is also presented. Section S3 deals with the geometrical and

physical properties of the Earth models that are employed with SELEN4and introduces the loading and the tidal Love numbers.

The response to surface loads is studied in Section S4 by introducing the surface Green’s functions and building surface10

response functions for sea level, for the geoid height and for vertical displacements. In Section S5 we deal with the essentials

of Earth rotation, introducing the Liouville equations for polar motion and defining the excitation functions; furthermore two

different rotation theories are illustrated for which we study the Polar Motion Transfer Function. Section S6 discusses the

responses to Earth’s rotational variations by introducing the rotation Green’s functions and the rotation response functions for

sea level, for the geoid height and for vertical displacements. In Section S7 we perform a spatiotemporal discretisation of all15

the terms included in the SLE with the aid of the spherical harmonic functions and of a geodesic grid. Finally, in Section S8 we

present a suite of self-contained, short special topics; some of them are meant to be of support to the development of the above

sections, some others are discussing specific geophysical aspects of the GIA process, and some are dealing with technical

aspects.

This supplement (hereafter referred to as SSM19) and the main text (SM19) contain a remarkable number definitions in-20

volving physical quantities and mathematical symbols. We have made everywhere efforts to use a clear and self-explanatory

notation, which admittedly sometimes is not standard in the GIA literature. To facilitate the reader, in Table S7 we provide

the acronyms that we have used in the text, a glossary with a list of recurrent symbols and notations is given in Table S8, and

numerical values of important constants are listed in Table S9.

S2 Surface mass distributions25

In this Section various quantities are defined, useful to describe the distribution of the ice and of the water masses over the

surface of the Earth and its time evolution. We first define the ocean function, which in a given location is determined by the ice

thickness and by the Earth’s topography, and its complementary continent function. The surface mass distribution is described

in terms of the surface load function. With the aid of the ocean function, the time-variations of the surface load with respect

to a reference state are expressed in terms of changes in the ice thickness, variations in sea level, and changes in the oceans30

geometry. By the principle of mass conservation, a general form of the Sea Level Equation (SLE) is also established.
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S2.1 Ocean Function

The ocean function (OF) is

O(γ,t)≡


1, if T +

ρi

ρw
I < 0

0, if T +
ρi

ρw
I ≥ 0,

(S1)

where γ stands for (θ,λ), θ and λ are colatitude and longitude, respectively, t is time, ρi and ρw are the density of ice and

water, respectively (throughout this supplement, ρi and ρw are assumed to be constants). With I(γ,t) we denote the ice5

thickness (I(γ,t)≥ 0), and T (γ,t) is the topography, given by

T (γ,t) =−B, (S2)

where B(γ,t) is sea level. As fas as we know, the OF has been first defined and decomposed in series of spherical harmonics

by Prey (1922); the reader is referred to Balmino et al. (1973) and Lambeck (1980) for modern determinations of the OF and

of its harmonic spectrum.10

The continent function C(γ,t) (or CF) is defined as the complement to one of the OF, i.e.,

C(γ,t) = 1−O. (S3)

According to the values of T and I , five different mutually exclusive conditions can be met, which are discussed in detail

below and illustrated in Table S1 and Figure S1 and in terms of O and C.

Condition 1: ice-free ocean. The topography is T < 0 and since I = 0, from Eqs. (S1) and (S3) we obtain O = 1 and C = 0,15

respectively.

Condition 2: floating ice. Where ice is floating, T < 0 and I > 0. By the condition of isostatic equilibrium, all the columns

have the same mass:

ρwB(γ,t) = ρiI + ρwy, (S4)

Condition Sea level Topography Ice thickness T + ρi

ρw
I OF CF

1 - Ice-free ocean B > 0 T < 0 I = 0 < 0 1 0

2 - Floating ice B > 0 T < 0 I > 0 < 0 1 0

3 - Ice grounded below sl B > 0 T < 0 I > 0 ≥ 0 0 1

4 - Ice grounded above sl B < 0 T > 0 I > 0 ≥ 0 0 1

5 - Ice-free land B < 0 T > 0 I = 0 ≥ 0 0 1

Table S1. Values of the ocean function OF (Eq. S1) and of its complement CF=1-OF (S3) according to the values of topography T and of

ice thickness I , with a description of the five possible conditions described in the text. Here “sl” stands for sea level.
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water ⇢w
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<latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit><latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit><latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit><latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit>

ice ⇢i
<latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit><latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit><latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit><latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit>

seafloor
crust ⇢c

<latexit sha1_base64="PbMs4aKJCP/Ve8pS+tZt7OKGUpg=">AAAB7XicbZDLSgMxFIZP6q3WW7VLN8FScFVm3NhlwY3LCvYC7VgyaaaNzSRDkhHK0J0P4MaFIm59H3fufBTTy0Jbfwh8/P855JwTJoIb63lfKLexubW9k98t7O0fHB4Vj09aRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4apa3H5g2XMlbO0lYEJOh5BGnxDqr1dMjdUf7xbJX9ebC6+AvoVwvVR6/AaDRL372BoqmMZOWCmJM1/cSG2REW04FmxZ6qWEJoWMyZF2HksTMBNl82imuOGeAI6XdkxbP3d8dGYmNmcShq4yJHZnVbGb+l3VTG9WCjMsktUzSxUdRKrBVeLY6HnDNqBUTB4Rq7mbFdEQ0odYdqOCO4K+uvA6ti6rv+MYv12uwUB5O4QzOwYdLqMM1NKAJFO7hCV7gFSn0jN7Q+6I0h5Y9Jfgj9PEDD6GQ6w==</latexit><latexit sha1_base64="/bts2Fy21klS6+uFUrNColgxaik=">AAAB7XicbZA7TgMxEIZnwyuERwIpaSyiSFTRLg0pI9FQBok8pGSJvI43MfHaK9uLFK3ScQAaChCi5SYcgA4OwAk4AM6jgIRfsvTp/2fkmQlizrRx3Q8ns7a+sbmV3c7t7O7t5wsHh00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQ+zVu3VGkmxZUZx9SP8ECwkBFsrNXsqqG8Jr1Cya24M6FV8BZQqhXLd99vX5/1XuG925ckiagwhGOtO54bGz/FyjDC6STXTTSNMRnhAe1YFDii2k9n005Q2Tp9FEplnzBo5v7uSHGk9TgKbGWEzVAvZ1Pzv6yTmLDqp0zEiaGCzD8KE46MRNPVUZ8pSgwfW8BEMTsrIkOsMDH2QDl7BG955VVonlY8y5deqVaFubJwBMdwAh6cQQ0uoA4NIHAD9/AIT450Hpxn52VemnEWPUX4I+f1B4mek4U=</latexit><latexit sha1_base64="/bts2Fy21klS6+uFUrNColgxaik=">AAAB7XicbZA7TgMxEIZnwyuERwIpaSyiSFTRLg0pI9FQBok8pGSJvI43MfHaK9uLFK3ScQAaChCi5SYcgA4OwAk4AM6jgIRfsvTp/2fkmQlizrRx3Q8ns7a+sbmV3c7t7O7t5wsHh00tE0Vog0guVTvAmnImaMMww2k7VhRHAaetYHQ+zVu3VGkmxZUZx9SP8ECwkBFsrNXsqqG8Jr1Cya24M6FV8BZQqhXLd99vX5/1XuG925ckiagwhGOtO54bGz/FyjDC6STXTTSNMRnhAe1YFDii2k9n005Q2Tp9FEplnzBo5v7uSHGk9TgKbGWEzVAvZ1Pzv6yTmLDqp0zEiaGCzD8KE46MRNPVUZ8pSgwfW8BEMTsrIkOsMDH2QDl7BG955VVonlY8y5deqVaFubJwBMdwAh6cQQ0uoA4NIHAD9/AIT450Hpxn52VemnEWPUX4I+f1B4mek4U=</latexit><latexit sha1_base64="JqOQVbbBD6NlMoIrUdVfEm6OyE0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2vdhjwYvHCvYD2lqy6Wwbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyaCG+v7315hY3Nre6e4W9rbPzg8Kh+ftIxKNcMmU0LpTkgNCi6xabkV2Ek00jgU2A4nN/N6+wm14Ure22mC/ZiOJI84o9ZZrZ4eqwc2KFf8qr8QWYcghwrkagzKX72hYmmM0jJBjekGfmL7GdWWM4GzUi81mFA2oSPsOpQ0RtPPFtvOyIVzhiRS2j1pycL9PZHR2JhpHLrOmNqxWa3Nzf9q3dRGtX7GZZJalGz5UZQKYhWZn06GXCOzYuqAMs3droSNqabMuoBKLoRg9eR1aF1VA8d3QaVey+MowhmcwyUEcA11uIUGNIHBIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+NzY8P</latexit>

ice-free 
ocean

seafloor

T
<latexit sha1_base64="lE/l9EGzDlQrPcSDQFxeyV4mnso=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhYJpAvSI6wt5lL1uztHbt7QjjyC2wsFLH1J9n5b9wkV2jiCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR+Xu88odI8lk0zTdCP6EjykDNqrNVoDsoVt+ouRNbBy6ECueqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIexYljVD72WLRGbmwzpCEsbJPGrJwf09kNNJ6GgW2M6JmrFdrc/O/Wi814a2fcZmkBiVbfhSmgpiYzK8mQ66QGTG1QJnidlfCxlRRZmw2JRuCt3ryOrSvqp7lxnWldpfHUYQzOIdL8OAGavAAdWgBA4RneIU359F5cd6dj2VrwclnTuGPnM8frd2M0g==</latexit><latexit sha1_base64="lE/l9EGzDlQrPcSDQFxeyV4mnso=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhYJpAvSI6wt5lL1uztHbt7QjjyC2wsFLH1J9n5b9wkV2jiCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR+Xu88odI8lk0zTdCP6EjykDNqrNVoDsoVt+ouRNbBy6ECueqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIexYljVD72WLRGbmwzpCEsbJPGrJwf09kNNJ6GgW2M6JmrFdrc/O/Wi814a2fcZmkBiVbfhSmgpiYzK8mQ66QGTG1QJnidlfCxlRRZmw2JRuCt3ryOrSvqp7lxnWldpfHUYQzOIdL8OAGavAAdWgBA4RneIU359F5cd6dj2VrwclnTuGPnM8frd2M0g==</latexit><latexit sha1_base64="lE/l9EGzDlQrPcSDQFxeyV4mnso=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhYJpAvSI6wt5lL1uztHbt7QjjyC2wsFLH1J9n5b9wkV2jiCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR+Xu88odI8lk0zTdCP6EjykDNqrNVoDsoVt+ouRNbBy6ECueqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIexYljVD72WLRGbmwzpCEsbJPGrJwf09kNNJ6GgW2M6JmrFdrc/O/Wi814a2fcZmkBiVbfhSmgpiYzK8mQ66QGTG1QJnidlfCxlRRZmw2JRuCt3ryOrSvqp7lxnWldpfHUYQzOIdL8OAGavAAdWgBA4RneIU359F5cd6dj2VrwclnTuGPnM8frd2M0g==</latexit><latexit sha1_base64="lE/l9EGzDlQrPcSDQFxeyV4mnso=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhYJpAvSI6wt5lL1uztHbt7QjjyC2wsFLH1J9n5b9wkV2jiCwsP78ywM2+QCK6N6347hY3Nre2d4m5pb//g8Kh8fNLWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weR+Xu88odI8lk0zTdCP6EjykDNqrNVoDsoVt+ouRNbBy6ECueqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIexYljVD72WLRGbmwzpCEsbJPGrJwf09kNNJ6GgW2M6JmrFdrc/O/Wi814a2fcZmkBiVbfhSmgpiYzK8mQ66QGTG1QJnidlfCxlRRZmw2JRuCt3ryOrSvqp7lxnWldpfHUYQzOIdL8OAGavAAdWgBA4RneIU359F5cd6dj2VrwclnTuGPnM8frd2M0g==</latexit>

I
<latexit sha1_base64="Xzd9haLpNLOJbgkl/obWO1OjuCc=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhol4D5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB50xjMc=</latexit><latexit sha1_base64="Xzd9haLpNLOJbgkl/obWO1OjuCc=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhol4D5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB50xjMc=</latexit><latexit sha1_base64="Xzd9haLpNLOJbgkl/obWO1OjuCc=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhol4D5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB50xjMc=</latexit><latexit sha1_base64="Xzd9haLpNLOJbgkl/obWO1OjuCc=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhol4D5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB50xjMc=</latexit>

B
<latexit sha1_base64="KL/n23EUzCZ5VnVRaqGw3+MBwKk=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNpYJmA+IDnC3mYuWbO3d+zuCeHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+O7Wb39hErzWD6YSYJ+RIeSh5xRY63Gbb9ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+yPn8AZKVjMA=</latexit><latexit sha1_base64="KL/n23EUzCZ5VnVRaqGw3+MBwKk=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNpYJmA+IDnC3mYuWbO3d+zuCeHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+O7Wb39hErzWD6YSYJ+RIeSh5xRY63Gbb9ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+yPn8AZKVjMA=</latexit><latexit sha1_base64="KL/n23EUzCZ5VnVRaqGw3+MBwKk=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNpYJmA+IDnC3mYuWbO3d+zuCeHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+O7Wb39hErzWD6YSYJ+RIeSh5xRY63Gbb9ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+yPn8AZKVjMA=</latexit><latexit sha1_base64="KL/n23EUzCZ5VnVRaqGw3+MBwKk=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNpYJmA+IDnC3mYuWbO3d+zuCeHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+O7Wb39hErzWD6YSYJ+RIeSh5xRY63Gbb9ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+yPn8AZKVjMA=</latexit>

Figure S1. Possible values of the OF, corresponding to the five different conditions listed in Table S1, according to the values of T (topog-

raphy) and I (ice thickness). With B =−T we denote sea level.

where y is the thickness of the water layer beneath the ice column (see Figure S2a). Since y > 0, using Eq. (S2), the floating

ice condition reads

T (γ,t) +
ρi

ρw
I(γ,t)< 0, (S5)

stating that the ice is lighter than the water column. Hence, from Eqs. (S1) and (S3) we obtain O = 1 and C = 0, respectively.

Since from Figure (S2a) we have y =B− (I −x), where x is the thickness of the ice above sea level, Eq. (S4) provides5

x=
(
1− ρi/ρw

)
I .

Condition 3: ice grounded below sea level. In this condition, illustrated in Figure S2b, the topography is T < 0 and the ice

thickness is I > 0, like in the case of floating ice (Figure S2a). However, the system is not in isostatic equilibrium, and the ice

column turns out to be heavier than the water column. i.e., ρiI ≥ ρwB, or

T (γ,t) +
ρi

ρw
I(γ,t)≥ 0, (S6)10

hence according to the definitions given by Eqs. (S1) and (S3), we have O = 0 and C = 1.
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B
<latexit sha1_base64="KAXY9Sgl6y+fOvq9oqvV9ezGGdk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrebtoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AkWGMvA==</latexit><latexit sha1_base64="KAXY9Sgl6y+fOvq9oqvV9ezGGdk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrebtoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AkWGMvA==</latexit><latexit sha1_base64="KAXY9Sgl6y+fOvq9oqvV9ezGGdk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrebtoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AkWGMvA==</latexit><latexit sha1_base64="KAXY9Sgl6y+fOvq9oqvV9ezGGdk=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrebtoFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AkWGMvA==</latexit>

x
<latexit sha1_base64="e5t6h2YEaajYrcuXiaWMalzl608=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjC/YD2lA220m7drMJuxuxhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOISvNY3ptpgn5ER5KHnFFjrebToFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4zmM8g==</latexit><latexit sha1_base64="e5t6h2YEaajYrcuXiaWMalzl608=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjC/YD2lA220m7drMJuxuxhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOISvNY3ptpgn5ER5KHnFFjrebToFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4zmM8g==</latexit><latexit sha1_base64="e5t6h2YEaajYrcuXiaWMalzl608=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjC/YD2lA220m7drMJuxuxhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOISvNY3ptpgn5ER5KHnFFjrebToFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4zmM8g==</latexit><latexit sha1_base64="e5t6h2YEaajYrcuXiaWMalzl608=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeyx4MVjC/YD2lA220m7drMJuxuxhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9t5vfOISvNY3ptpgn5ER5KHnFFjrebToFxxq+5CZB28HCqQqzEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ1HSCLWfLRadkQvrDEkYK/ukIQv390RGI62nUWA7I2rGerU2N/+r9VIT1vyMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv1Wh5HEc7gHC7Bgxuowx00oAUMEJ7hFd6cB+fFeXc+lq0FJ585hT9yPn8A4zmM8g==</latexit>

water ⇢w
<latexit sha1_base64="uSJTM4mvvzGpT1H3A3xZbSQmfuE=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEeyy4MZlBXuBdiyZNNPGZpIhyShl6Du4caGIW9/HnW9j2s5CW38IfPznHHLOHyaCG+t536iwtr6xuVXcLu3s7u0flA+PWkalmrImVULpTkgME1yypuVWsE6iGYlDwdrh+HpWbz8ybbiSd3aSsCAmQ8kjTol1VqunR+r+qV+ueFVvLrwKfg4VyNXol796A0XTmElLBTGm63uJDTKiLaeCTUu91LCE0DEZsq5DSWJmgmy+7RSfOWeAI6XdkxbP3d8TGYmNmcSh64yJHZnl2sz8r9ZNbVQLMi6T1DJJFx9FqcBW4dnpeMA1o1ZMHBCqudsV0xHRhFoXUMmF4C+fvAqti6rv+PayUq/lcRThBE7hHHy4gjrcQAOaQOEBnuEV3pBCL+gdfSxaCyifOYY/Qp8/rQ2PJg==</latexit><latexit sha1_base64="uSJTM4mvvzGpT1H3A3xZbSQmfuE=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEeyy4MZlBXuBdiyZNNPGZpIhyShl6Du4caGIW9/HnW9j2s5CW38IfPznHHLOHyaCG+t536iwtr6xuVXcLu3s7u0flA+PWkalmrImVULpTkgME1yypuVWsE6iGYlDwdrh+HpWbz8ybbiSd3aSsCAmQ8kjTol1VqunR+r+qV+ueFVvLrwKfg4VyNXol796A0XTmElLBTGm63uJDTKiLaeCTUu91LCE0DEZsq5DSWJmgmy+7RSfOWeAI6XdkxbP3d8TGYmNmcSh64yJHZnl2sz8r9ZNbVQLMi6T1DJJFx9FqcBW4dnpeMA1o1ZMHBCqudsV0xHRhFoXUMmF4C+fvAqti6rv+PayUq/lcRThBE7hHHy4gjrcQAOaQOEBnuEV3pBCL+gdfSxaCyifOYY/Qp8/rQ2PJg==</latexit><latexit sha1_base64="uSJTM4mvvzGpT1H3A3xZbSQmfuE=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEeyy4MZlBXuBdiyZNNPGZpIhyShl6Du4caGIW9/HnW9j2s5CW38IfPznHHLOHyaCG+t536iwtr6xuVXcLu3s7u0flA+PWkalmrImVULpTkgME1yypuVWsE6iGYlDwdrh+HpWbz8ybbiSd3aSsCAmQ8kjTol1VqunR+r+qV+ueFVvLrwKfg4VyNXol796A0XTmElLBTGm63uJDTKiLaeCTUu91LCE0DEZsq5DSWJmgmy+7RSfOWeAI6XdkxbP3d8TGYmNmcSh64yJHZnl2sz8r9ZNbVQLMi6T1DJJFx9FqcBW4dnpeMA1o1ZMHBCqudsV0xHRhFoXUMmF4C+fvAqti6rv+PayUq/lcRThBE7hHHy4gjrcQAOaQOEBnuEV3pBCL+gdfSxaCyifOYY/Qp8/rQ2PJg==</latexit><latexit sha1_base64="uSJTM4mvvzGpT1H3A3xZbSQmfuE=">AAAB7XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEeyy4MZlBXuBdiyZNNPGZpIhyShl6Du4caGIW9/HnW9j2s5CW38IfPznHHLOHyaCG+t536iwtr6xuVXcLu3s7u0flA+PWkalmrImVULpTkgME1yypuVWsE6iGYlDwdrh+HpWbz8ybbiSd3aSsCAmQ8kjTol1VqunR+r+qV+ueFVvLrwKfg4VyNXol796A0XTmElLBTGm63uJDTKiLaeCTUu91LCE0DEZsq5DSWJmgmy+7RSfOWeAI6XdkxbP3d8TGYmNmcSh64yJHZnl2sz8r9ZNbVQLMi6T1DJJFx9FqcBW4dnpeMA1o1ZMHBCqudsV0xHRhFoXUMmF4C+fvAqti6rv+PayUq/lcRThBE7hHHy4gjrcQAOaQOEBnuEV3pBCL+gdfSxaCyifOYY/Qp8/rQ2PJg==</latexit>

a) Floating ice. 

y
<latexit sha1_base64="6MQtVT+4HWKLPu4XEVZLW0YDCfs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigj0WvHhswX5AG8pmO2nXbjZhdyOE0F/gxYMiXv1J3vw3btsctPWFhYd3ZtiZN0gE18Z1v52Nza3tnd3SXnn/4PDouHJy2tFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9G5e7z6h0jyWDyZL0I/oWPKQM2qs1cqGlapbcxci6+AVUIVCzWHlazCKWRqhNExQrfuemxg/p8pwJnBWHqQaE8qmdIx9i5JGqP18seiMXFpnRMJY2ScNWbi/J3IaaZ1Fge2MqJno1drc/K/WT01Y93Muk9SgZMuPwlQQE5P51WTEFTIjMguUKW53JWxCFWXGZlO2IXirJ69D57rmWW7dVBv1Io4SnMMFXIEHt9CAe2hCGxggPMMrvDmPzovz7nwsWzecYuYM/sj5/AHkvYzz</latexit><latexit sha1_base64="6MQtVT+4HWKLPu4XEVZLW0YDCfs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigj0WvHhswX5AG8pmO2nXbjZhdyOE0F/gxYMiXv1J3vw3btsctPWFhYd3ZtiZN0gE18Z1v52Nza3tnd3SXnn/4PDouHJy2tFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9G5e7z6h0jyWDyZL0I/oWPKQM2qs1cqGlapbcxci6+AVUIVCzWHlazCKWRqhNExQrfuemxg/p8pwJnBWHqQaE8qmdIx9i5JGqP18seiMXFpnRMJY2ScNWbi/J3IaaZ1Fge2MqJno1drc/K/WT01Y93Muk9SgZMuPwlQQE5P51WTEFTIjMguUKW53JWxCFWXGZlO2IXirJ69D57rmWW7dVBv1Io4SnMMFXIEHt9CAe2hCGxggPMMrvDmPzovz7nwsWzecYuYM/sj5/AHkvYzz</latexit><latexit sha1_base64="6MQtVT+4HWKLPu4XEVZLW0YDCfs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigj0WvHhswX5AG8pmO2nXbjZhdyOE0F/gxYMiXv1J3vw3btsctPWFhYd3ZtiZN0gE18Z1v52Nza3tnd3SXnn/4PDouHJy2tFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9G5e7z6h0jyWDyZL0I/oWPKQM2qs1cqGlapbcxci6+AVUIVCzWHlazCKWRqhNExQrfuemxg/p8pwJnBWHqQaE8qmdIx9i5JGqP18seiMXFpnRMJY2ScNWbi/J3IaaZ1Fge2MqJno1drc/K/WT01Y93Muk9SgZMuPwlQQE5P51WTEFTIjMguUKW53JWxCFWXGZlO2IXirJ69D57rmWW7dVBv1Io4SnMMFXIEHt9CAe2hCGxggPMMrvDmPzovz7nwsWzecYuYM/sj5/AHkvYzz</latexit><latexit sha1_base64="6MQtVT+4HWKLPu4XEVZLW0YDCfs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigj0WvHhswX5AG8pmO2nXbjZhdyOE0F/gxYMiXv1J3vw3btsctPWFhYd3ZtiZN0gE18Z1v52Nza3tnd3SXnn/4PDouHJy2tFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9G5e7z6h0jyWDyZL0I/oWPKQM2qs1cqGlapbcxci6+AVUIVCzWHlazCKWRqhNExQrfuemxg/p8pwJnBWHqQaE8qmdIx9i5JGqP18seiMXFpnRMJY2ScNWbi/J3IaaZ1Fge2MqJno1drc/K/WT01Y93Muk9SgZMuPwlQQE5P51WTEFTIjMguUKW53JWxCFWXGZlO2IXirJ69D57rmWW7dVBv1Io4SnMMFXIEHt9CAe2hCGxggPMMrvDmPzovz7nwsWzecYuYM/sj5/AHkvYzz</latexit>

ice ⇢i
<latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit><latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit><latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit><latexit sha1_base64="I0pnR4iPnmHFww0aG6gnsDg9n6U=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCPZY8OKxgv2Adi3ZNNvGZpMlmRVK6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqkUFn3/21tb39jc2i7sFHf39g8OS0fHTaszw3iDaalNO6KWS6F4AwVK3k4Np0kkeSsa3czqrSdurNDqHscpDxM6UCIWjKKzml0z1A+iVyr7FX8usgpBDmXIVe+Vvrp9zbKEK2SSWtsJ/BTDCTUomOTTYjezPKVsRAe841DRhNtwMt92Ss6d0yexNu4pJHP398SEJtaOk8h1JhSHdrk2M/+rdTKMq+FEqDRDrtjioziTBDWZnU76wnCGcuyAMiPcroQNqaEMXUBFF0KwfPIqNC8rgeO7q3KtmsdRgFM4gwsI4BpqcAt1aACDR3iGV3jztPfivXsfi9Y1L585gT/yPn8Al9WPGA==</latexit> I � x
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b) Ice grounded below sea level. 
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Figure S2. Diagrams showing floating ice (a) and ice grounded below sea level (b), where I and B are the ice thickness and sea level,

respectively.

Condition 4: ice grounded above sea level. When ice is grounded above sea level, the topography and the ice thickness are

T > 0 and I > 0, respectively. In this case, from Eqs. (S1) and (S3), we have O = 0 and C = 1.

Condition 5: ice-free land. Across ice-free lands, where according to Figure S1 we have T > 0 and I = 0, Eqs. (S1) and (S3)

give O = 0 and C = 1, respectively.

S2.2 Topography and sea level5

From the definition of topography given by Eq. (S2), it is possible to draw a few important consequences. We first define

sea-level change by the difference

S(γ,t) =B−B0, (S7)

where B0 =B(γ,t0) is sea level in a reference equilibrium state attained for t≤ t0 ≡ 0 (the time discretisation adopted in this

study is described in §S8.1). Then, taking the difference between Eq. (S2) and the same equation evaluated at present time (i.e.,10

t= tN ), we obtain

T (γ,t)−T (γ,tN ) = −(B−BN ) (S8)

= −((B−B0)− (BN −B0)) , (S9)
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where BN =B(γ,tN ). Hence, using Eq. (S7) and defining TN = T (γ,tN ), we have

T (γ,t) = TN − (S −SN ) . (S10)

This last equation, which shall be referred to as “PT equation” in the following, allows for the reconstruction of paleo-

topography (i.e., the time history of topography T (γ,t)) once present topography T (γ,tN ) is known and the solution of the

SLE is has been found (i.e., sea-level change S(γ,t) is determined at all times t and places γ). Using e.g., model ETOPO1 (see5

Amante and Eakins, 2009; Eakins and Sharman, 2012) as a representation for the modern relief, the PT equation can be used

to refine the value of T (γ,t) using successive iterations of the SLE.

The method of reconstruction based on Eq. (S10) has been first introduced by Peltier (1994) and since then applied to

paleogeographic investigations made in the framework of GIA studies (see e.g., Spada and Galassi, 2017, and references

therein). It is worth to note that Peltier (1994) has also defined another quantity, which he has defined true paleo-topography,10

as follows

PT (γ,t) = T + I, (S11)

where T is topography and I is ice thickness. It is clear that PT (γ,t) can be easily reconstructed once T has been determined

by solving the SLE, since I is given a priori.

S2.3 Surface load15

This section is devoted to the description of the surface load L associated to the ice and water distributions at the Earth’s

surface. We shall also consider its variation L with respect to a reference state, since it has a central role in the numerical

implementation of the SLE.

Surface load. In SM19, we have defined the surface load L(γ,t) by means of

M(t) =

∫
e

LdA, (S12)20

where M(t) is the mass distributed over the whole Earth’s surface in the form of ice or water, and

dA= a2dγ (S13)

is the area element, being a the average Earth’s radius and

dγ = sinθdθdλ (S14)

is the area of the infinitesimal solid angle. Hence, according to Eq. (S12), the surface load represents the mass acting on the25

Earth’s surface per unit area, i.e.,

L(γ,t) =
dM

dA
. (S15)
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Surface mass distribution. At a given time t, the mass M(t) distributed over the Earth’s surface can be expressed as

M(t) =M i +Mw, (S16)

where M i and Mw are the mass of the ice and of the water at time t, respectively. We now consider these two terms separately.

The ice mass term stems from two contributions, with

M i(t) =M i,gr +M i,fl, (S17)5

where superscript gr denotes grounded ice (either above or below sea level), while fl indicates floating ice. By the definition

of CF (see Eq. S3), we can equivalently write

M i(t) = ρi
∫
e

ICdA+ ρi
∫
fl

IdA, (S18)

where the first integral over the whole Earth’s surface accounts for the contribution of all the grounded ice M i,gr, while the

second accounts for the floating ice contribution M i,fl.10

In a similar way, Mw(t) stems from two terms, with

Mw(t) =Mw,if +Mw,fl, (S19)

where superscripts if and fl indicate contributions from the ice-free oceans and from ocean regions where there is floating

ice, respectively. Using the condition of isostasy given by Eq. (S4), we obtain

Mw(t) = ρw
∫
if

BdA+

∫
fl

(
ρwB− ρiI

)
dA. (S20)15

Hence, using Eqs. (S18) and (S20) in (S16), the total mass of the (ice+water) system is

M(t) = ρi
∫
e

ICdA+ ρi
∫
fl

IdA+ ρw
∫
if

BdA+ ρw
∫
fl

BdA− ρi
∫
fl

IdA, (S21)

where we note that the integrals of I over region fl cancel out and those involving B can be merged taking advantage of the

OF definition (see Eq. S1), so that

M(t) =

∫
e

(
ρiIC + ρwBO

)
dA, (S22)20

which compared to Eq. (S12) provides the following compact (and symmetrical) expression for the surface load

L(γ,t) = ρiIC + ρwBO. (S23)

Surface load variation. The surface load variation is defined as the difference between the actual surface load and its value

in a previous reference state:

L(γ,t) = L−L0, (S24)25

9



which using Eq. (S23) gives

L(γ,t) = ρi(IC − I0C0) + ρw(BO−B0O0). (S25)

We now define the ice thickness variation as

I(γ,t) = I − I0, (S26)

and the ocean function variation5

O(γ,t) =O−O0 , (S27)

where subscript 0 indicates reference values. Also using the definition of topography given by Eq. (S2) and of sea-level change

(S7), (S25) can be manipulated as follows

L(γ,t) = ρi ((I0 + I)C − I0C0) + ρw ((B0 +S)O−B0O0)

= ρiIC + ρiI0(C −C0) + ρwSO+ ρwB0(O−O0)10

= ρiIC − ρiI0(O−O0) + ρwSO− ρwT0(O−O0)

= ρiCI + ρwOS − (ρiI0 + ρwT0)O. (S28)

Thus, the load variation can be conveniently decomposed as

L(γ,t) = La +Lb +Lc, (S29)

with15

La(γ,t) ≡ ρiW (S30)

Lb(γ,t) ≡ ρwZ (S31)

Lc(γ,t) ≡ ρrX , (S32)

where

W(γ,t) ≡ CI (S33)20

Z(γ,t) ≡ OS (S34)

X (γ,t) ≡ QO, (S35)

and we have defined the auxiliary variable

Q(γ)≡−
(
ρi

ρr
I0 +

ρw

ρr
T0

)
, (S36)

being ρr > 0 an arbitrary reference density. We note that adopting the decomposition (S29) for the load variation L, variables25

W , Z and X are uniquely associated to variations of the ice thickness, of sea level and of the OF, respectively.

Variable Z defined by Eq. (S34), which can be interpreted as the “projection” of sea-level change S on the OF, shall

play an important role in the development of the pseudo-spectral approach to the SLE detailed in §S7 below. We note that,

symmetrically, in Eq. (S33)W projects the ice thickness variation I on the CF.

10



S2.4 Mass conservation

The mass conservation principle states that

M(t) =M0, (S37)

where M(t) is the mass of the (ice+water) system at an arbitrary time t and M0 is the mass at the reference time t0. Note that

we assume that the mass of the solid Earth is unvaried. Defining the mass variation as5

M(t) =M −M0, (S38)

the mass conservation principle reads

M(t)≡
∫
e

LdA= 0, (S39)

where L is the surface load variation defined by Eq. (S24). An equivalent expression is

< L(γ,t)>e= 0, (S40)10

where the average over the whole Earth’s surface of a scalar function F (γ,t) is defined as

< F (γ,t)>e (t)≡ 1

Ae

∫
e

F (γ,t)dA. (S41)

We anticipate that using Eq. (S432), (S40) implies

L00(t) = 0, (S42)

where L00 is the coefficient of degree l = 0 of the expansion coefficient of L(γ,t) in series of (complex) spherical harmonics.15

In this work we shall only consider physically plausible loads, which obey the principle of mass conservation given by (S39)

or by the equivalent forms (S40) or (S42).

Using the expression for the surface load variation given by Eq. (S25), the mass conservation principle can be also stated as

M(t) = ρi
∫
e

(IC − I0C0)dA+ ρw
∫
e

(BO−B0O0)dA= 0 (S43)

which can be rearranged as20

µ(t) + ρw
∫
e

(BO−B0O0)dA= 0, (S44)

where

µ(t) = ρi
∫
e

(IC − I0C0)dA (S45)
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represents the time-variation of the grounded ice mass M i,gr (see Eq. S18). We note, in passing, that from the definition of

whole Earth surface average (S41), Eq. (S45) can be equivalently written as

µ(t) = ρiAe < IC − I0C0 >
e . (S46)

Using simple algebra, from Eq. (S44) we obtain

µ+ ρw
∫
e

(
(B−B0 +B0)O−B0O0

)
dA = 05

µ+ ρw
∫
e

(
(B−B0)O+B0(O−O0)

)
dA = 0

µ+ ρw
∫
e

SOdA+ ρw
∫
e

B0OdA = 0

µ+ ρwAo < S >o −ρw
∫
e

T0OdA = 0

µ+ ρwAo
(
<Rsur >o + c +<Rrot >o

)
− ρw

∫
e

T0OdA = 0, (S47)

where we have used the definition of sea-level change (Eq. S7) and of the OF variation (S27), we have taken advantage of SLE10

in the form given by Eq. (25) in SM19,Rsur andRrot are the surface and the rotation sea-level response functions defined by

Eqs. (26) and (27) of SM19, respectively, and the ocean average of a scalar function F (γ,t) is defined as

< F >o (t)≡ 1

Ao

∫
o

F (γ,t)dA, (S48)

where label o stands for ocean, and the integration is over the region where O = 1 at time t. Hence, in an equivalent manner

we can write15

< F >o (t)≡ 1

Ao

∫
e

F (γ,t)O(γ,t)dA, (S49)

where now the integration is over the entire Earth’s surface. Furthermore, being

Ao(t) =

∫
o

dA (S50)

the area of the oceans, the ocean average of F (γ,t) can be also expressed by

< F >o (t)≡

∫
o

F (γ,t)dA∫
o

dA

. (S51)20

The mass conservation constraint expressed by Eq. (S47) is now easily solved for the c constant, providing:

c(t) = Save−<Rsur >o −<Rrot >o, (S52)
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where

Save(t) = Sequ +Sofu =< S >o (S53)

is the average of over the oceans and we have defined two spatially invariant terms

Sequ(t)≡− µ

ρwAo
(S54)

and5

Sofu(t)≡ 1

Ao

∫
e

T0OdA. (S55)

As discussed in SM19, terms Sequ(t) (equivalent sea-level change) and Sofu(t) are both dependent upon variations of the

OF caused by variations of the geometry of the oceans. We note that if a constant OF is imposed, as in the traditional Farrell

and Clark (1976) (FC76) theory, Sofu(t) vanishes and Sequ(t) is equivalent to Seus(t), the eustatic sea-level change (this term

is attributed to Suess, 1906). Substitution of Eq. (S52) into Eq. (29) of SM19 proves Eq. (30) of SM19.10

S3 Earth models and Love numbers

In this section, we first describe the geometrical and physical features of the Earth models that can be adopted in the framework

of SELEN4. Then, we review the definition of loading and tidal Love numbers and we describe their form both in the time and

in the Laplace domains. These constitute essential ingredients for the construction of the surface and of the rotational response

functions which shall be introduced in later sections.15

S3.1 Spherically symmetric models

The Earth models accessible by SELEN4, and therefore considered in this theory supplement, are all characterised by the

spherically symmetric structure shown in Figure S3. In the literature, these models are often referred to as “1-D GIA models”,

since the density field, the elastic and the rheological parameters only depend on radius r. However, note that since the surface

load is distributed unevenly over the Earth’s surface, the response of 1-D GIA models shall be 3-D, in general. The 1-D models20

had (and are still having) a fundamental role in the development of the Post Glacial Rebound (PGR) and of the GIA theories for

a spherical Earth. References to fundamental papers on the subject are given below. The reader is also referred to Whitehouse

(2009, 2018) and Spada (2017) for in-depth reviews of GIA and PGR.

In 1-D GIA modelling, it is assumed that: i) the Earth is isotropic, self-gravitating, and usually incompressible (i.e., its

volume is assumed to be constant), ii) the core is fluid, uniform, and inviscid (i.e., with zero viscosity), iii) the Earth’s mantle25

is spherically layered and characterised by a Maxwell linear viscoelastic rheology, iv) the lithosphere is purely elastic and

characterised by a uniform thickness. For such 1-D GIA models, the response of the Earth is conveniently described by Love

numbers (Love, 1911), for which closed-form solutions are available in some cases (Vermeersen et al., 1996a; Vermeersen and

13



1-D GIA model.

Figure S3. A 1-D (spherically symmetric) GIA model. The elastic lithosphere is in blue. The mantle is composed ofNv Maxwell viscoelastic

layers of arbitrary thickness, rheological parameters, rigidity and density. The fluid uniform core is in green.

Sabadini, 1997). For the simplest 1-D model, constituted by a homogeneous incompressible sphere (the so-called Kelvin Earth

model), an elegant analytical expression of the Love numbers is available (see e.g., Munk and MacDonald, 1960). However,

the complexity of the analytical solutions increases considerably with the number of layers, even excluding self-gravitation

effects (see Wu and Ni, 1996). SELEN4 is designed to assimilate Love numbers of general multi-layered 1-D models. These

are often computed making use of the well established viscoelastic normal mode theory, due to Peltier (1974), which indeed5

can be extended also to more advanced models, like those characterised by compressible (e.g., Vermeersen et al., 1996b) or

transient (e.g., Yuen et al., 1986; Caron et al., 2017) rheologies.

Love numbers represent the response of the 1-D GIA models to a unit, localised and impulsive (i.e., δ-like, where δ is

Dirac’s delta function) surface load or to a change in the external potential. In the first case they are referred to as loading

Love numbers (LLNs), in the second case to as tidal Love numbers (TLNs). Here we only give the essentials on this subject in10

a quite informal manner; the reader is referred to Love (1911), Longman (1962), Longman (1963) and Farrell (1972) for the

fundamental definitions, and to Peltier (1974), Lambeck (1980), Wu and Peltier (1982) and Wu and Peltier (1984) for a detailed
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discussion on the use of Love numbers in the context of GIA. For the relevance of Love numbers in the rotational dynamics

of the Earth, the reader is referred to Lambeck (1980) while for a condensed review also describing the various analytical and

numerical methods available for the computation of the Love numbers, see Spada et al. (2011) and references therein. This

same work also provides community-agreed, high-precision numerical values of Love numbers for realistic 1-D GIA models.

We remark that the values of the LLNs and TLNs of harmonic degree l = 1 depend on the choice of the origin of the reference5

frame adopted to describe the deformation and the change in the geopotential (e.g., Spada et al., 2011). In the following, we

assume that the Love numbers are expressed in the centre of mass (CM) reference frame of the system (Earth + Load). For a

discussion, see e.g., Greff-Lefftz and Legros (1997) and Greff-Lefftz (2000).

S3.2 Loading Love numbers

The ‘k’ LLN determines, at harmonic degree l, the change in the gravitational potential of the Earth associated with the10

deformations induced by a localised surface load. In the framework of the viscoelastic normal modes theory (Peltier, 1974;

Vermeersen et al., 1996a; Vermeersen and Sabadini, 1997), it is shown that the ‘k’ LLN is a causal function characterised by two

distinct parts. The first (elastic part of the LLN) is in-phase with the impulsive load and only depends on the elastic constants

and density profile of the Earth, the second (viscous part) is also sensitive to the rheological profile and is characterised by a

delayed multi-exponential form. Hence the ‘k’ LLN has the general form15

kLl (t) = kLel δ(t) +H(t)

M∑
i=1

kLli eslit, (S56)

where kLel is the elastic LLN, H(t) is the unit step function defined by Eq. (S290), the terms kLli describe the viscous com-

ponents of the LLN, each associated to frequency sli =−1/τli where τli are the characteristic relaxation times of the Earth’s

model, and M is the number of viscoelastic normal modes, determined by the rheological layering. We note that the viscous

part of the LLN has the form of a Prony series (e.g., Tschoegl, 2012). In the special case of a rigid (i.e., undeformable) Earth,20

we have kLel = kLli = 0. The non-rigid response is, in general, determined by the (model dependent) values of kLel , kLli , and sLli.

In Eq. (S56) we note that kLl (t) has dimensions of [T−1]; the same holds for kLli , while kLel is non-dimensional.

In a similar way, it is possible to define a loading Love number ‘h’ that determines, for each harmonic degree l, the vertical

displacement of the Earth’s surface in response to a localised load. Such LLN, which with ‘k’ is an essential component of

sea-level Green’s function (see Eq. S88 below), has also the multi-exponential form25

hLl (t) = hLel δ(t) +H(t)

M∑
i=1

hLli eslit, (S57)

where hLel and hLli describe the elastic and the viscous parts of hLl (t), respectively, and the sli are the same as for the ‘k’ LLn

(Eq. S56). For a rigid Earth, the surface load does not induce vertical displacements, hence hLel = hLli = 0. Although hori-

zontal movements do not enter into the sea-level Green’s function, the expression for the LLN ‘`’ corresponding to horizontal

displacement is useful since GIA produces, in addition to gravity changes and vertical movements, significant horizontal move-30

ments, now detectable using ground-based geodetic techniques (see e.g., King et al., 2010, and references therein). In analogy
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with the expressions for ‘h’ and ‘k’ above, ‘`’ reads

`Ll (t) = `Lel δ(t) +H(t)

M∑
i=1

`Lli eslit, (S58)

where `Lel and `Lli define the elastic and viscous parts of `Ll (t), respectively. The LLNs for horizontal displacements are also

sometimes referred to as Shida Love numbers (Shida, 1912; Lambeck, 1980).

Since numerical methods for computing the LLNs very often rely upon the Correspondence Principle of linear viscoelasticity5

(e.g., Tschoegl, 2012), it is useful to consider the Laplace transform (LT) of the LLNs, i.e.,

kLl (s) = kLel +

M∑
i=1

kLli
s− sli

(S59)

hLl (s) = hLel +

M∑
i=1

hLli
s− sli

(S60)

`Ll (s) = `Lel +

M∑
i=1

`Lli
s− sli

, (S61)

where s is the complex Laplace variable (for the definition of LT and some basic LTs, the readers are referred to Table S2).10

For incompressible and stably stratified Earth models (i.e., models in which density is not varying in consequence of de-

formation, and the density is increasing with depth, the inverse decay times sli are real-valued and negative (e.g., Vermeersen

et al., 1996a; Vermeersen and Sabadini, 1997; Spada et al., 2011). We note that the numerical values sli and the number of

modes M only depend on the density and rheological profile of the Earth model and not on the type of forcing, either loading

or tidal, so that they are the same for the LLNs and the TLNs. At a given harmonic degree l, the sli are roots of an algebraic15

equation of degree M in the Laplace domain, often referred to as secular equation

Nl(s) = 0, (S62)

where the secular polynomial is

Nl(s) =

M∏
k=1

(s− slk) =

M∑
k=0

nkls
k, (S63)

where nkl are the (real-valued) coefficients of the polynomial. With varying harmonic degree, the sli’s define the spectrum20

of relaxation of the Earth model (e.g., Spada et al., 1992b). For the 1-D GIA model considered in this work (see Figure S3),

M = 4Nv where Nv is the number of Maxwell viscoelastic layers that compose the mantle (for a review and more details, see

e.g., Vermeersen et al., 1996a; Spada et al., 2011). For Earth models characterised by more complex rheologies, also including

transient components of deformation (see e.g., Sabadini et al., 1985; Yuen et al., 1986), the secular equation is still an algebraic

equation, but M increases with Nv following different laws.25

The fluid LLNs are defined as the values attained by the LLNs at long times, when a new state of equilibrium is reached

after a unit step surface load has been applied (i.e., after the Earth has creeped). These can be computed by taking the limit for
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Time domain: f(t) = LT−1[f(s)] Laplace domain: f(s) = LT [f(t)]

1) f(t)

∞∫
0

e−stf(t)dt

2) δ(t) 1

3) H(t)
1

s

4) H(t− τ)
e−sτ

s

5) eat
1

s− a

6) H(t− τ)

t−τ∫
0

f(t′)dt′
e−sτ

s
f(s)

7) f(t) ∗ g(t) f(s)g(s)

8)

ν∑
k=1

P (αk)

Q′(αk)
eαkt P (s)

Q(s)

Table S2. Some Laplace transforms used in this supplement. In 1) the definition of Laplace Transform is given, where LT is the Laplace

operator. In 7), symbol ∗ denotes time convolution, i.e., f(t) ∗ g(t) =
∫ +∞
−∞ f(t− t′)g(t′)dt′. In 8), polynomials P (s) and Q(s) are such

that deg(P ) < deg(Q) and constants αk are the ν (distinct) roots of equation Q(αk) = 0, and Q′(αk) is the derivative of Q(s) computed at

s= αk.

t 7→∞ of Eqs. (S56-S58) after convolving them with the unit step function H(t), or, equivalently, taking the limit for s 7→ 0

of Eqs. (S59-S61), thus obtaining

kLfl = kLel −
M∑
i=1

kLli
sli

(S64)

hLfl = hLel −
M∑
i=1

hLli
sli

(S65)

`Lfl = `Lel −
M∑
i=1

`Lli
sli
, (S66)5
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for the three LLNs, respectively. We note that the fluid values of the LLNs
(
kLfl ,hLfl , `Lfl

)
are dimensionless and do not

depend upon the viscosity profile adopted, but they are sensitive to the density layering of the mantle (see e.g., Spada et al.,

2011).

S3.3 Tidal Love numbers

According to the viscoelastic normal modes theory, the tidal Love numbers (TLNs) have the same multi-exponential form of5

the LLNs, but they correspond to different surface boundary conditions, since in this case the forcing is an external potential

that does not load the Earth (Munk and MacDonald, 1960; Peltier, 1974; Wu and Peltier, 1982, 1984). Hence they are, in

general, numerically distinct (and independent) from the LLNs (see e.g., Spada et al., 2011). Note, however, that

kLl (t) = kTl −hTl (S67)

and that more complex relationships exist between loading, tidal, and shear Love numbers (e.g., Saito, 1974; Molodensky,10

1977; Saito, 1978; Lambeck, 1980). Since changes in the centrifugal potential of the Earth are essentially expressed by har-

monic functions of degree l = 2 (see Lambeck 1980 and §S8.4 below), TLNs of higher harmonic degrees have no direct role

in GIA studies.

In close analogy with the expressions found for the LLNs, for the TLNs we thus write

kTl (t) = kTel δ(t) +H(t)

M∑
i=1

kTli eslit (S68)15

hTl (t) = hTel δ(t) +H(t)

M∑
i=1

hTli eslit (S69)

`Tl (t) = `Tel δ(t) +H(t)

M∑
i=1

`Tli eslit, (S70)

with LTs

kTl (s) = kTel +

M∑
i=1

kTli
s− sli

(S71)

hTl (s) = hTel +

M∑
i=1

hTli
s− sli

(S72)20

`Tl (s) = `Tel +

M∑
i=1

`Tli
s− sli

, (S73)
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and fluid limits

kTfl = kTel −
M∑
i=1

kTli
sli

(S74)

hTfl = hTel −
M∑
i=1

hTli
sli

(S75)

`Tfl = `Tel −
M∑
i=1

`Tli
sli
. (S76)

S4 Response to surface loads5

In this section we introduce the surface response functions (SRFs), which at a given place and time describe the response of

the Earth to surface loads in terms of gravity field variations, vertical displacements and relative sea-level change. As we shall

see below in detail, from a mathematical standpoint the SRFs are given by spatio-temporal convolutions involving a particular

Green’s function (containing a suitable combination of LLNs) and the surface load variation function L.

Here we shall consider three SRFs. The first, associated with height variations of the geoid, shall be denoted by Gsur10

and referred to as the “geoid SRF”. The second, referred to as the “vertical displacement SRF”, is associated with vertical

displacements at the Earth’s surface and denoted by Usur. These two SRFs are effectively independent, since as we shall see

they are constructed using independent sets of loading Love numbers. The third SRF, i.e., the “sea-level SRF”, is defined

by the difference

Rsur(γ,t) = Gsur −Usur, (S77)15

and is of particular importance, since it enters directly into the SLE. Our purpose here is to make the three SRFs explicit,

also providing formulas for their expansion in series of complex spherical harmonics (CSH), an essential prerequisite for the

numerical solution of the SLE.

We note that additional SRFs for other geophysical quantities can be defined as well, such as those for horizontal displace-

ments, gravity anomalies, tilts, etc.. These are constructed using Green’s functions which entail specific combinations of the20

three LLNs, and will be considered in future editions of this supplement.

S4.1 Surface Green’s functions

All the SRFs have the form

SRF(γ,t) = GF⊗L, (S78)
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where GF(α,t) is a general surface Green’s function describing the response to an impulsive load acting at time t= 0, L(γ,t)

is the surface load variation defined in §S2.3, and symbol ⊗ denotes the 3-D spatio-temporal convolution

(GF⊗L)(γ,t)≡
+∞∫
−∞

dt′
∫
e

GF(α,t− t′)L(γ′, t′)dA′, (S79)

which implies a 1-D time convolution and a 2-D spatial convolution over the sphere, where α is the angular distance between

γ = (θ,λ) (the observer) and γ′ = (θ′,λ′) (each of the points where the load is applied), given by the law of cosines in spherical5

trigonometry

cosα= cosθ cosθ′+ sinθ sinθ′ cos(λ−λ′) (S80)

and

dA′ = a2dγ′ = a2 sinθ′dθ′dλ′, (S81)

where a is the average Earth radius.10

Surface GF for the geoid. Following Eq. (S78), for the geoid SRF we write

Gsur(γ,t) = Γg ⊗L, (S82)

where according to e.g., Wu and Peltier (1982) the surface GF for the geoid is

Γg(α,t)≡ a

me

∞∑
l=0

(
δ(t) + kLl (t)

)
Pl(cosα), (S83)

where me is Earth’s mass, Pl(cosα) is the degree l Legendre polynomial (see §S8.5), and kLl (t) is the gravity potential LLN15

defined in §S3.2. The impulsive term δ(t) accounts for the direct effect of the load on changes of the geoid height, while kLl (t)

describes the indirect effect induced by elastic and viscous deformation. Thus, Γg does not vanish in the case of a rigid Earth

(i.e., for kLl = 0).

In this supplement and in the numerical implementation of the theory, we shall only consider physically plausible surface

loads which obey the principle of mass conservation. According to the results of §S2.4, this means that the spherical harmonics20

expansion of the surface load variation is identically zero, in agreement with Eq. (S42). Since in Eq. (S82) Gsur depends upon

the load linearly (the convolution ⊗ indeed is a linear operator), a vanishing L00(t) would imply a vanishing SRF regardless

the actual value of the degree 0 LLNs. For a discussion on LLNs in the presence of mass conserving surface loads, the reader

is also referred to Farrell (1972).

We observe that in the reference frame with origin in the Earth CM (including the solid and fluid portions), which is25

conventionally adopted here since this seems to us to be the most natural choice, there will be no first-degree terms in the

spherical harmonic expansion of the gravitational potential (Hofmann-Wellenhof and Moritz, 2006), nor of its variation in

response to surface loads (Greff-Lefftz and Legros, 1997; Greff-Lefftz, 2000). Hence, there must be no degree l = 1 terms in
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the expansion of Γg in Eq. (S83). This means that δ(t) + kL1 (t) must vanish. Recalling the expression for kLl (t) (Eq. S56),

this condition is met if kLe1 =−1 and kLe1i = 0 (i= 1,2, . . .M ). Our following numerical results are consistent with these

conditions. Note that other choices are possible, as discussed in Greff-Lefftz and Legros (1997); for instance, in Farrell (1972),

the LLNs are expressed in the reference frame with origin at the centre of the undeformed Earth (often this point is indicated

as CE).5

Surface GF for vertical displacement. According to Eqs. (S78) and (S82), this SRF has the form

Usur(γ,t) = Γu⊗L, (S84)

where the surface GF for vertical displacement is defined as

Γu(α,t)≡ a

me

∞∑
l=0

hLl (t)Pl(cosα), (S85)

where hLl (t) is the LLN for vertical displacement (Wu and Peltier, 1982). We observe that i) since hLl (t) is independent on10

kLl (t), Usur and Gsur are mutually independent, ii) contrary to Gsur, there is no “direct effect” accounted for in Usur, hence

the vertical displacement SRF vanishes for a rigid Earth, i.e., for hLl (t) = 0, and that iii) differently from kL1 (t), hL1 (t) is not

a priori constrained by the choice of the origin of the reference frame in the CM of the whole Earth; its value is numerically

determined by the solution of the equilibrium equations (see Spada et al. 2011).

Surface GF for sea level. According to Eq. (S78), the sea-level SRF115

Rsur(γ,t) = Γs⊗L, (S86)

where, consistently with Eqs. (S77), (S82) and (S84), the surface GF for sea level Γs is

Γs(α,t)≡ Γg −Γu, (S87)

hence

Γs(α,t)≡ a

me

∞∑
l=0

(
δ(t) + kLl (t)−hLl (t)

)
Pl(cosα). (S88)20

We observe that Γs has dimensions of [T−1LM−1] and that the same holds for Γg and Γu (note that both δ(t) and the LLNs

have dimensions of [T−1]). Accordingly,Rsur and the other two SRFs considered above, i.e., Gsur and Usur, have dimensions

of [L].

To lighten the computations needed to expandRsur in series of CSH, which shall be accomplished in the following section,

it is convenient to define the particular combination of LLNs25

ηLl (t) = δ(t) + kLl (t)−hLl (t), (S89)
1SinceRsur is a response function for sea level, a more appropriate definition for it could be Ssur , probably. However, this could lead to some confusion

with symbol S (sea-level change) that already appears in the SLE. Indeed, the superscript s in Γs recalls that we are dealing with sea level.
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so that Eq. (S88) simply reads

Γs(α,t)≡ a

me

∞∑
l=0

ηLl (t)Pl(cosα). (S90)

It is interesting to note that, by virtue of the relationship between LLNs and TLNs given by Eq. (S67), we have

ηLl (t) = δ(t) + kTl (t), (S91)

showing that the surface GF for sea level Γs(α,t), and consequently the SRF Ssur can be expressed only in terms of the ‘k’5

tidal Love number.

S4.2 Sea-level surface response function

Using the surface load decomposition given by Eq. (S29) into (S86) leads to

Rsur(γ,t) =Ra +Rb +Rc, (S92)

where each of the three terms on the right hand side has the form10

R(γ,t)≡ Γs⊗ ρF , (S93)

in which according to Eqs. (S30-S32), ρF = ρiW , ρF = ρwZ and ρF = ρrO for terms Ra, Rb and Rc, respectively, and F
is a causal piecewise constant (PC) function, defined in §S8.1 (see, in particular, Eq. S296). From Eq. (S93), using (S90) and

(S79), and recalling that dA= a2dγ, for R we obtain

R(γ,t) =

+∞∫
−∞

dt′
∫
e

Γs(α,t− t′)ρF(γ′, t′)dA′15

=
a3ρ

me

+∞∫
−∞

dt′
∫
γ

( ∞∑
l=0

ηLl (t− t′)Pl(cosα)

)
F(γ′, t′)dγ′

=
a3ρ

me

∞∑
l=0

+∞∫
−∞

dt′ ηLl (t− t′)
∫
γ

Pl(cosα)F(γ′, t′)dγ′.
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We now transform Pl(cosα) by the Addition Theorem (Eq. S426), we expand F in series of CSHs according to (S297), and

use the orthogonality property (S423) of the spherical harmonics to obtain

R(γ,t) =
a3ρ

me

∑
lm

1

2l+ 1

+∞∫
−∞

dt′ ηLl (t− t′)
∫
γ

Y∗lm(γ′)Ylm(γ)F(γ′, t′)dγ′

=
a3ρ

me

∑
lm

1

2l+ 1

+∞∫
−∞

dt′ ηLl (t− t′)
∫
γ

Y∗lm(γ′)Ylm(γ)
∑
l′m′

Fl′m′(t′)Yl′m′(γ′)dγ′

=
a3ρ

me

∑
lm

1

2l+ 1

+∞∫
−∞

dt′ ηLl (t− t′)
∑
l′m′

Fl′m′(t′)Ylm(γ)

∫
γ

Y∗lm(γ′)Yl′m′(γ′)dγ′5

=
4πa3ρ

me

∑
lm

1

2l+ 1

+∞∫
−∞

dt′ ηLl (t− t′)
∑
l′m′

Fl′m′(t′)Ylm(γ)δll′δmm′

=
4πa3ρ

me

∑
lm

1

2l+ 1

 +∞∫
−∞

ηLl (t− t′)Flm(t′)dt′

Ylm(γ), (S94)

which represents an expansion in series of CSHs

R(γ,t) =
∑
lm

Rlm(t)Ylm(γ), (S95)

with coefficients10

Rlm(t) =
3ρ

ρe
Clm

2l+ 1
, (S96)

where

ρe =
3me

4πa3
(S97)

is the Earth’s average density and Clm is the time convolution in parentheses in Eq. (S94).

With the aid of the normal mode forms of the LLNs (Eqs. S56 and S57), and using definition (S89), the time convolution is15

easily transformed, obtaining

Clm(t) ≡
+∞∫
−∞

(
δ(t− t′) + kLl (t− t′)−hLl (t− t′)

)
Flm(t′)dt′

= (1 + kLel −hLel )

+∞∫
−∞

δ(t− t′)Flm(t′)dt′+

M∑
i=1

(kLli −hLli)
+∞∫
−∞

H(t− t′)esli(t−t
′)Flm(t′)dt′ =

= (1 + kLel −hLel )Flm(t) +

M∑
i=1

(kLli −hLli)
t∫

−∞

esli(t−t
′)Flm(t′)dt′, (S98)
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where we have used the sifting property of Dirac’s delta2 and the definition of unit step function (Eq. S290). Hence by substi-

tuting into Eq. (S96) we obtain

Rlm(t) =Relm +Rvlm, (S99)

where the elastic and viscous components of Rlm are

Relm(t) =
3ρ

ρe
eslFlm(t) (S100)5

with

esl =
1 + kLel −hLel

2l+ 1
(S101)

and

Rvlm(t) =
3ρ

ρe
1

2l+ 1

M∑
i=1

(
kLli −hLli

) t∫
−∞

esli(t−t
′)Flm(t′)dt′, (S102)

respectively.10

Since F(γ,t) is stepwise constant

F(γ,t) =

N∑
k=0

(Fk+1(γ)−Fk(γ))H(t− tk), (S103)

according to Eq. (S299) the expansion coefficients Flm(t) in (S100) and (S102) are stepwise constant as well:

Flm(t) =

N∑
k=0

∆Flm,kH(t− tk), (S104)

where ∆Flm,k is given by Eq. (S301) for k = 0, . . .N . Thus the elastic component of Rlm is15

Relm(t) =
3ρ

ρe
esl

N∑
k=0

∆Flm,kH(t− tk). (S105)

2The sifting property of Dirac’s delta δ(t) reads
∫+∞
−∞ f(t)δ(t− t0)dt= f(t0), see e.g., http://mathworld.wolfram.com/SiftingProperty.html.
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Using Eq. (S104), the integral that appears in the expression for the viscous component (S102) becomes

t∫
−∞

esli(t−t
′)Flm(t′)dt′ =

N∑
k=0

∆Flm,k
t∫

−∞

esli(t−t
′)H(t′− tk)dt′

=

N∑
k=0

∆Flm,k H(t− tk)

t∫
tk

esli(t−t
′)dt′

=

N∑
k=0

∆Flm,k H(t− tk) eslit
[
− 1

sli
e−slit

′
]t
tk

=

N∑
k=0

∆Flm,k H(t− tk)

(
− 1

sli

)
eslit

(
e−slit− e−slitk

)
5

=

N∑
k=0

∆Flm,k H(t− tk)

(
esli(t−tk)− 1

sli

)
, (S106)

hence

Rvlm(t) =
3ρ

ρe

N∑
k=0

∆Flm,k βl(t− tk)H(t− tk), (S107)

where we have defined

βsl (t)≡ 1

2l+ 1

M∑
i=1

kLli −hLli
sli

(
eslit− 1

)
. (S108)10

Substituting Eqs. (S105) and (S107) into (S99), we conclude that the coefficients of the CSHs expansion of the generic SRF

are

Rlm(t) =
3ρ

ρe

N∑
k=0

∆Flm,k (esl +βsl (t− tk))H(t− tk), (S109)

hence, according to Eq. (S92), for the individual harmonic components ofRsur(γ,t) we obtain:

Ralm(t) =
3ρi

ρe

N∑
k=0

∆Wlm,k

(
esl +βsl (t− tk)

)
H(t− tk) (S110)15

Rblm(t) =
3ρw

ρe

N∑
k=0

∆Zlm,k
(
esl +βsl (t− tk)

)
H(t− tk) (S111)

Rclm(t) =
3ρr

ρe

N∑
k=0

∆Xlm,k
(
esl +βsl (t− tk)

)
H(t− tk). (S112)
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We close this section with a consideration about the harmonic degree l = 0 component of the SRF Rsur(γ,t). From

Eqs. (S92) and (S110-S112) we have

Rsur00 (t) = Ra00 +Rb00 +Rc00

=
3

ρe

N∑
k=0

(
ρi∆W00,k + ρw∆Z00,k + ρr∆X00,k

)(
esl +βsl (t− tk)

)
H(t− tk)

=
3

ρe

N∑
k=0

∆L00,k

(
esl +βsl (t− tk)

)
H(t− tk)5

=
3

ρe

N∑
k=0

(L00,k+1−L00,k)
(
esl +βsl (t− tk)

)
H(t− tk)

= 0, (S113)

since we are considering mass conserving surface loads, for which with L00(t) = 0 (see §S2.4).

S4.3 Other surface response functions

Following the same procedure outlined in previous section, it is possible to decompose the Gsur and Usur SRFs in individual10

contributions associated with the surface load components La, Lb and Lb, respectively.

In particular, in analogy with Eqs. (S110-S112), for the geoid SRF we have

Gsur(γ,t) = Ga +Gb +Gc, (S114)

with

Gsurlm (t) = Galm +Gblm +Gclm, (S115)15

where

Galm(t) =
3ρi

ρe

N∑
k=0

∆Wlm,k

(
egl +βgl (t− tk)

)
H(t− tk) (S116)

Gblm(t) =
3ρw

ρe

N∑
k=0

∆Zlm,k
(
egl +βgl (t− tk)

)
H(t− tk) (S117)

Gclm(t) =
3ρr

ρe

N∑
k=0

∆Xlm,k
(
egl +βgl (t− tk)

)
H(t− tk), (S118)

with20

egl =
1 + kLel
2l+ 1

(S119)

and

βgl (t)≡ 1

2l+ 1

M∑
i=1

kLli
sli

(
eslit− 1

)
. (S120)
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Similar expressions hold for the vertical displacement SRF, with:

Usur(γ,t) = Ua +Ub +Uc, (S121)

where the coefficient of the harmonic expansion are

Usurlm (t) = Ualm +Ublm +Uclm, (S122)

with5

Ualm(t) =
3ρi

ρe

N∑
k=0

∆Wlm,k

(
eul +βul (t− tk)

)
H(t− tk) (S123)

Ublm(t) =
3ρw

ρe

N∑
k=0

∆Zlm,k
(
eul +βul (t− tk)

)
H(t− tk) (S124)

Uclm(t) =
3ρr

ρe

N∑
k=0

∆Xlm,k
(
eul +βul (t− tk)

)
H(t− tk), (S125)

where we have defined

eul =
hLel

2l+ 1
(S126)10

and

βul (t)≡ 1

2l+ 1

M∑
i=1

hLli
sli

(
eslit− 1

)
. (S127)

We note, in closing, that by the same argument we have used forRsur00 (t) in Eq. (S113), for the geoid SRF and for the surface

displacement SRF we have

Gsur00 (t) = 0 (S128)15

Usur00 (t) = 0, (S129)

respectively, since we are assuming a mass conserving (or plausible) surface load. Using Eq. (S432), we can equivalently state

that the whole-Earth-surface averages are

< Gsur(γ,t)>e = 0 (S130)

< Usur(γ,t)>e = 0, (S131)20

which are useful for the interpretation of the geodetic fingerprints of GIA in §S8.9.

S5 Polar motion

Polar motion (or wobble) is the motion of the rotation axis with respect to the Earth’s crust (Lambeck, 1980).
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The rotational behavior of the Earth in response to geophysical excitations is governed by the Liouville equations, which

have been discussed in various treaties (see e.g., Routh, 1905; Munk and MacDonald, 1960; Lambeck, 1980, and references

therein). They are obtained by imposing the conservation of angular momentum for a rotating deformable body. For small

displacements of the rotation axis, the Liouville equations can be decoupled into two sets of equations, describing polar motion

and the variations of the length-of-day, respectively (Lambeck, 1980). For the purpose of modeling rotational effects on sea-5

level change, it is not necessary to consider the problem of the length-of-day variations. Hence, we deal with the Liouville

equations for polar motion, which constitute a set of two coupled linear ordinary differential equations.

S5.1 Liouville equations

The (linearised) Liouville equations are traditionally written3 as

i
ṁ

σr
+ m = Ψ, (S133)10

where the dot denotes the time derivative,

m(t)≡m1 + im2 =
1

Ω
(ω1 + iω2) (S134)

represents the displacement of the pole of rotation, i=
√
−1 is the imaginary unit, Ω is the mean angular velocity of the

Earth, ω1 and ω2 are the cartesian x and y components of the Earth’s angular velocity vector −→ω = (ω1,ω2,ω3) in a rotating

(non-inertial) reference frame, respectively. Furthermore15

Ψ(t) = Ψ1 + iΨ2 (S135)

is the polar motion excitation function, and the constant

σr =

(
C −A
C

)
Ω≈ 1

306
d−1 (S136)

is the Euler precession frequency for a rigid Earth, C and A being the observed polar and equatorial moments of inertia (Lam-

beck, 1980). Hereinafter, we shall only consider small excursions of the pole of rotation; hence Eqs. (S133) are consistent with20

the assumptions |m| � 1 and m3� 1, where m3 is defined by

(1 +m3) =
ω3

Ω
. (S137)

For a more general non-linear approach, also valid for large displacements of the axis of rotation, the reader is referred to

e.g.,Spada et al. (1992a) and Ricard et al. (1993).
3As mentioned by Munk and MacDonald (1960), quoting the work of Routh (1905), these equations were first obtained by Liouville in 1858. We note that

the linearised Liouville equations can be also expressed in a real, matrix form as

1

σr

(
ṁx

ṁy

)
+

(
0 1

−1 0

)(
mx

my

)
=

(
−Ψx

Ψy

)
. (S132)
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Following Lambeck (1980), here we consider two sources of polar motion excitation separately. The first one is associated

with loads acting at the Earth’s surface, like for example the waning and waxing continental ice sheets; the second is associated

with the rotationally-induced deformations. Here we do not consider possible contributions arising from external torques and

momentum transferred to the solid Earth from its fluid portions, which would constitute another source of excitation.

Accordingly, Ψ can be split into two parts as follows5

Ψ(t) = Ψsur + Ψrot (S138)

where Ψsur and Ψrot are associated to the surface and to the rotation excitations, respectively. While Ψsur shall be made

explicit below, for Ψrot we have

Ψrot(t) =
kT2 (t)

ks
∗m, (S139)

where kT2 (t) is the degree 2 ‘k’ TLN (see §S3.3), symbol ∗ denotes the operation of time convolution (for the definition of time10

convolution, see Table S2) and the secular ‘k’ Love number is

ks =
3(C −A)G

Ω2R5
e

' 0.942, (S140)

where G= 6.67× 10−11 N m2 kg−2 is the universal gravitational constant, Re is the equatorial radius of the Earth, and the

observed values of C, A, Re and Ω have been used (Lambeck, 1980).

Substitution of Eq. (S139) into (S133) through (S138) gives15

i
ṁ

σr
+

(
δ(t)− kT2 (t)

ks

)
∗m = Ψsur, (S141)

where the first term can be neglected when m varies on time scales exceeding 2π/σr ≈ 10 months. This is fully appropriate

in GIA modelling, since the late-Pleistocene ice sheets are evolving on time scales millennia, thus not causing an excitation

the “fast” Chandler wobble (Lambeck, 1980), but simply a drift of the mean pole of rotation. Hence, the form of the Liouville

equations suitable for GIA studies is20 (
δ(t)− kT2 (t)

ks

)
∗m = Ψsur. (S142)

Dealing with the Liouville equations, it is often convenient to work in the Laplace domain, since this allows to transform

time convolutions into simple products and differential equations into algebraic equations (e.g., Tschoegl, 2012). Thus, taking

the fundamental property of the time convolution into account (see Table S2), the LT of Eq. (S142) is(
1− kT2 (s)

ks

)
m(s) = Ψsur(s), (S143)25

where kT2 (s), m(s) and Ψsur(s) are the LTs of kT2 (t), m(t), and Ψsur(t), respectively.
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S5.2 Rotation theories

As first pointed by Mitrovica et al. (2005) and later rediscussed in depth by Mitrovica and Wahr (2011), in GIA modeling it is

possible to approach the solution of Eq. (S143) into two distinct ways. This is related with the interpretation of the meaning

of the secular ‘k’ Love number, which in previous section has been evaluated using observed values of the relevant geodetic

quantities. A problem arises when the secular ‘k’ is to be employed for a specific GIA model. Indeed, in GIA modelling it is5

customary to employ Earth models characterised by a lithosphere of finite strength, something that is considered appropriate in

view of the relatively short time scale of GIA, compared to the time scale of mantle convection. However, for Earth models that

include such a feature, the long-term equilibrium rotational shape may well differ from the observed shape, due to the elastic

stress “frozen” in the elastic lithosphere, even assuming that the Earth has been spinning for a very long time.

Traditional rotation theory. Many previous studies have been based on the so-called traditional rotation theory, briefly10

illustrated by e.g.,Spada et al. (2011). In this framework, is assumed that

ks = lim
s7→0

kT2 (s)≡ kTf2 , (S144)

i.e., that the secular Love number coincides with the fluid ‘k’ TLN kTf2 characterising the employed Earth model (see Eq. S74),

possibly including an elastic lithosphere having a long-term finite strength. In conjunction with a coarse description of the

Earth’s density profile that is sometimes adopted in GIA modelling (e.g., Spada et al., 1992b, 2011) using Eq. (S144) may lead15

to significant inaccuracies in the prediction of the present-day rate of polar motion.

New (or revised) rotation theory. The new (or revised) rotation theory (Mitrovica et al., 2005; Mitrovica and Wahr, 2011),

suggests that the ks values employed in GIA modelling should not depend upon the Earth’s elasticity, and that a density closely

matching the seismically determined profile (e.g., the PREM profile, see Dziewonski and Anderson 1981) should be employed

in order to accurately describe the Earth’s rotational response. Furthermore, the ks value should also account for the Earth’s20

excess ellipticity. Accordingly, they have proposed to model the secular Love number as

ks ≡ kTf2 (LT = 0) + kee, (S145)

where kTf2 (LT = 0) is the fluid ’k’ TLN of an effectively fluid Earth, characterised by a viscous lithosphere and a PREM

density profile, and kee is a small correction associated to the excess ellipticity. Following Nakiboglu (1982) and Mitrovica

and Wahr (2011), in SELEN4 we have adopted the numerical value kee = 0.0082.25

As discussed in detail in Mitrovica and Wahr (2011), the two rotation theories predict responses that differ qualitatively

and quantitatively, with the revised one implying a less significant impact of GIA long-wavelength (harmonic degree l = 2)

geodetic signatures compared to the traditional theory, and a reduced rate of polar drift. In SELEN4, both theories can be

employed. We remark that in both cases the fast Chandler wobble is filtered out since the onset, according to Eq. (S142).
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S5.3 Polar motion transfer function

Regardless the rotational theory adopted (either traditional or revised), the Liouville equations in the Laplace domain (S143)

can be formally solved to obtain

m(s) =A(s)Ψsur(s), (S146)

where5

A(s) =

(
1− kT2 (s)

ks

)−1

(S147)

is the polar motion transfer function (PMTF). We note that, in the time domain, Eq. (S146) would correspond to the time

convolution

m(t) =A(t) ∗Ψsur(t). (S148)

Relationship (S146) can be used to provide a physical interpretation for the PMTF. Indeed, assuming an excitation function10

Ψ(t)∼ δ(t) where the tilde denotes proportionality, and recalling that the LT of a Dirac delta is 1 (see Table S2), from (S148)

we would obtain A(t)∼m(t), showing that the PMTF physically represents the polar motion driven by a impulsive (i.e.,

δ-like) surface excitation. We also observe that obtaining Ψsur(t) assuming the knowledge of A(t) and some astronomical or

geodetic observation of m(t) constitutes a classical deconvolution problem (Lambeck, 1980).

The PMTF is studied in detail in §S8.2, where it is shown that it can be cast in the general form15

A(s) =Ae +
As

s
+

M ′∑
i=1

Ai
s− ai

, (S149)

where constants Ae, As, Ai and ai, which depend upon the rheological layering of the Earth, are known in the literature

as elastic rotational residue, secular rotational residue, rotational residues, and rotational roots, respectively (e.g., Spada

et al., 2011). All these constants turn out to be quite complex combinations of degree l = 2 LLNs and TLNs. Accordingly,

using the LT Table (S2), in the time domain the PMTF reads20

A(t) =Ae δ(t) +AsH(t) +H(t)

M ′∑
i=1

Aieait. (S150)

Furthermore, in §S8.2 it is also shown that when the traditional rotation theory is employed, we have

M ′ =M − 1 and As 6= 0, (S151)

where M is the number of modes, while adopting the new (or revised) rotation theory one obtains

M ′ =M and As = 0, (S152)25

in agreement with Mitrovica and Wahr (2011). In both cases, Ae, As, Ai are numerically found to be real-valued (i.e., their

imaginary parts are negligible in front of their real parts), and all the ai’s are real-valued and negative that ensures the asymp-

totic stability of Eq. (S150). We are not aware, however, of theoretical arguments that can justify and provide a motivation for

the numerical evidence.
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S5.4 Surface loading excitation function

To solve explicitly the Liouville equations (Eq. S146) we need, in addition to the PMTF (S149), an expression for the excitation

function Ψsur that accounts for variations of the Earth’s inertia tensor associated with surface loading. We note that Ψrot, i.e.,

the polar motion excitation function associated with the rotation-induced deformation, given by Eq. (S139), has been already

assimilated in the PMTF.5

Following e.g., Lambeck (1980), the excitation function for surface loading, also referred to as matter excitation function, is

defined as

Ψsur(t) =
Jsur

C −A, (S153)

with

Jsur(t) = J13 + iJ23, (S154)10

where J13 and J23 are variations (relative to the reference state defined in §S8.1) of the corresponding inertia tensor compo-

nents induced by surface loading. According to e.g., Ricard et al. (1992), we have

Jsur(t) =
(
δ(t) + kL2 (t)

)
∗Jrig(t) (S155)

where ∗ is time convolution, the ‘k’ LLN of harmonic degree l = 2 accounts for the isostatic compensation of the surface load,

and Jrig is the inertia variation for a rigid Earth (i.e., Jsur = Jrig for kL2 = 0). Therefore, from Eq. (S153) we obtain15

Ψsur(t) =
(
δ(t) + kL2 (t)

)
∗Ψrig(t), (S156)

where the surface loading excitation function for a rigid Earth is

Ψrig(t) =
Jrig

C −A. (S157)

In the analysis of §S8.3 it is shown that Jrig is only determined by the time-variations of the degree l = 2 and order m=±1

components of the surface load. In consequence of that20

Ψrig(t) = cψ21

N∑
k=0

∆L∗21,kH(t− tk), (S158)

where the asterisk denotes complex conjugation,

∆L21,k = L21,k+1−L21,k , (S159)

and where cψ21 is a positive constant given explicitly by Eq. (S371). In closing, we note that from Table S2 the LT of Ψrig(t)

can be expressed as25

Ψrig(s) = cψ21

N∑
k=0

∆L∗21,k

e−stk

s
. (S160)
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S5.5 Solution of Liouville equations

We have now all the elements needed to solve explicitly the Liouville equations for GIA. By substitution of Eq. (S156) into

(S148), we obtain the polar motion displacement in the form of a double time convolution

m(t) =A(t) ∗
(
δ(t) + kL2 (t)

)
∗Ψrig(t), (S161)

which in the Laplace domain corresponds to the double product5

m(s) =A(s)
(
1 + kL2 (s)

)
Ψrig(s). (S162)

It is now convenient to define a modified PMTF as

A′(s)≡A(s)
(
1 + kL2 (s)

)
(S163)

which, according to the analysis performed in §S8.2, has the spectral form

A′(s) =A′e +
A′s

s
+

M ′∑
i=1

A′i
s− ai

, (S164)10

where A′e, A′s and A′i are appropriate constants obtained from Ae, As and Ai.

Hence, substituting Eqs. (S160) and (S163) into (S162) using (S164) gives

m(s) =

N∑
k=0

ψrigk

A′e +
A′s

s
+

M ′∑
i=1

A′i
s− ai

 e−stk

s
, (S165)

where we have set

ψrigk = cψ21∆L∗21,k. (S166)15

Using the Laplace transforms Table S2, Eq. (S165) can be easily inverted back into the time domain giving

m(t) =

N∑
k=0

ψrigk

A′e +A′s(t− tk) +

M ′∑
i=1

A′i

ai

(
eai(t−tk)− 1

)H(t− tk), (S167)

which represents the sought explicit solution of the Liouville equations for polar motion.

We note that, taking the time derivative of Eq. (S167) and ignoring δ-like terms arising from the time derivative of H(t), the

rate of polar motion can be expressed as20

ṁ(t) =

N∑
k=0

ψrigk

A′s +

M ′∑
i=1

A′ieai(t−tk)

H(t− tk). (S168)
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S6 Rotational response

Here we study of the Earth’s response to variations in the centrifugal potential. There are analogies with the theory framework

adopted for the surface response functions (SRFs, see §S4.2), but also some important differences. As we have done for the

SRFs, here we introduce three rotation response functions (RRFs), i.e., the “geoid RRF” (Grot), the “vertical displacement

RRF” (Urot) and the “sea-level RRF” (Rrot). The latter, which enters directly into the SLE (see Eq. 30 in SM19), is defined5

by the difference

Rrot(γ,t) = Grot−Urot. (S169)

As we did previously for the SRFs, our purpose is to determine explicit expressions for the three RRFs, providing in particular

the CSH expansions which are necessary for the numerical implementation of the SLE in SELEN4.

S6.1 Rotation Green’s functions10

The harmonic component of the three RRFs considered here (i.e., Grot, Urot, andRrot) have all the general form

RRF lm(t) = GFl ∗Λlm, (S170)

where here GFl(t) denotes the corresponding rotation Green’s function, Λlm(t) is degree l and order m harmonic component

of the change of centrifugal potential associated with variations in the Earth’s angular velocity (see §S8.4), and ∗ denotes the

1-D temporal convolution, i.e.,15

(GFl ∗Λlm)(t)≡
+∞∫
−∞

GFl(t− t′)Λlm(t′)dt′, (S171)

as opposed to the 3-D spatio-temporal convolution employed in the construction of the SRFs (see Eq. S79). For a further

clarification about this important difference, the reader is referred to Milne and Mitrovica (1998).

Rotation GF for the geoid. Following Eq. (S170), for the geoid RRF we write

Grotlm (t) = Υg
l ∗Λlm, (S172)20

where the rotation GF for the geoid is defined by

Υg
l (t)≡

1

g

(
δ(t) + kTl (t)

)
, (S173)

where kTl (t) is the degree l tidal ‘k’ Love number introduced in §S3.3, and g is the reference surface gravity acceleration. The

term δ(t) represents the direct effect of the change in centrifugal potential upon Grot, while kTl (t) describes the indirect effect

induced by rotational deformation. Thus, the geoid RRF would not vanish in the case of a rigid Earth (i.e., for kTl = 0). We25

note that, contrary to the surface geoid GF for surface loads (Eq. S83), the rotation GF Υg
l (t) does not imply a sum over the
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harmonic degrees; for this reason, the l-dependence remains explicit (Milne and Mitrovica, 1998). Furthermore, Υs
l (t) does

not depend upon the coordinates of the ‘observer’ γ = (θ,λ).

It is interesting to observe that, by virtue of the relationship between LLNs and TLNs expressed by Eq. (S67), the rotation

GF for the geoid could be expressed only in terms of loading Love numbers, with

Υg
l (t)≡

1

g

(
δ(t) + kLl (t)−hLl (t)

)
. (S174)5

Rotation GF for vertical displacement. According to Eq. (S170), the vertical displacement RRF is

Urotlm (t) = Υu
l ∗Λlm, (S175)

with the rotation GF for vertical displacement given by

Υu
l (t)≡ 1

g
hTl (t), (S176)

where hTl (t) is the tidal ‘h’ Love number at harmonic degree l, introduced in §S3.3 (Milne and Mitrovica, 1998). We observe10

that since hTl (t) and kTl (t) are mutually independent, Urot and Grot are also mutually independent. We also note that, contrary

to Grot, for a rigid Earth Urot vanishes, since in this case hTl (t) = 0 by definition.

Rotation GF for sea level. According to Eq. (S170), the sea-level RRF is

Rrotlm (t) = Υs
l ∗Λlm, (S177)

where consistently with Eqs. (S169), (S172) and (S175), the GF is given by the difference15

Υs
l (t) = Υg

l −Υu
l , (S178)

hence

Υs
l (t)≡

1

g

(
δ(t) + kTl (t)−hTl (t)

)
. (S179)

We note that Υs
l has dimensions of [TL−1] and that the same holds for Υg

l and Υu
l . Hence,Rrot in Eq. (S177) has dimensions

of [L], like Grot and Urot.20

S6.2 Rotation response functions

To obtain explicit expressions for the RRFs, it is convenient to consider the geoid RRF (Grot) first. The expression for vertical

displacement (Urot) has a similar structure, while the sea-level RRF (Rrot) is simply given by the difference between Grot and

Urot. The details follow.

Rotation response function for the geoid. According to its definition (S172), the geoid RRF in the Laplace domain reads25

Grotlm (s) = Υg
l (s)Λlm(s), (S180)
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where taking Eq. (S408) into account, gives

Grotlm (s) = cλ21Υg
l (s)δl2δm±1m

∗(s), (S181)

showing that the only non-vanishing coefficients are those of degree l = 2 and order m=±1, expressed by

Grot21 (s) = cλ21Υg
2(s) m∗(s)

=
cψ21c

λ
21

g

N∑
k=0

∆L21,k

(
1 + kTe2 +

M∑
i=1

kT2i
s− s2i

)(
A′e +

A′s

s
+

M ′∑
i=1

A′i
s− ai

)
e−stk

s
, (S182)5

where we have used the definition of the rotation GF for the geoid (Eq. S173), the LT of the ‘k’ TLN (Eq. S71), the solution of

the Liouville equations (Eq. S165), the expression for the surface excitation function (Eq. S160), and where we have also taken

advantage of the fact that A′e, A′s, A′i and ai are real-valued constants. We now note that the product of the two factors in

parentheses above is analogous to the product
(
1 + kL2 (s)

)
A(s) that defines the modified PMTF in Eq. (S163). Thus, without

the need of further computations, we arrive at10

Grot21 (s) =
cψ21c

λ
21

g

N∑
k=0

∆L21,k

g′e +
g′s

s
+

M ′∑
i=1

g′i
s− ai

+

M∑
i=1

g′′i
s− si

 e−stk

s
, (S183)

where, according to Eqs. (S358-S361) and (S355-S356), we have introduced the new constants

g′e =
(
1 + kTe2

)
A′e,

g′s =
(

1 + kTf2

)
A′s,

g′i =

(
1 + kTe2 +

M∑
i′=1

kT2i′

ai− si′

)
A′i ≡

(
1 + kT2 (ai)

)
A′i, (i= 1, . . . ,M ′)15

g′′i =

A′e +
A′s

si
+

M ′∑
i′=1

A′i′

si− ai′

kT2i ≡A′(si) kT2i, (i= 1, . . . ,M).

Using Table S2, the inverse LT of Eq. (S183) is now readily found, giving the time-domain degree l = 2 and order m= 1

CSH coefficient of the geoid RRF:

Grot21 (t) =
cψ21c

λ
21

g

N∑
k=0

∆L21,k γ
g(t− tk) H(t− tk), (S184)

where all the other coefficients are identically zero, except Grot2−1 =−(Grot21 )∗, and where we have defined the function20

γg(t)≡ g′e + g′st+

M ′∑
i=1

g′i
ai

(
eait− 1

)
+

M∑
i=1

g′′i
si

(
esit− 1

)
. (S185)

Rotation response function for vertical displacement. Following its definition (S175), the LT of the vertical displacement

RRF is

Urotlm (s) = Υu
l (s)Λlm(s), (S186)

36



formally identical to the geoid RRF (Eq. S180), but with the important difference that the GF Υu
l (s) contains the ‘h’ TLN

instead of the combination ‘1+k’ (this can be seen comparing Eq. S176 with S173). However, it is clear that we can imme-

diately take advantage of the computations above for Grotlm , by making the appropriate substitutions. In particular, in analogy

with Eq. (S183), we write

Urot21 (s) =
cψ21c

λ
21

g

N∑
k=0

∆L21,k

u′e +
u′s

s
+

M ′∑
i=1

u′i
s− ai

+

M∑
i=1

u′′i
s− si

 e−stk

s
, (S187)5

where now the constants u′e, u′s, u′i and u′′i are defined as

u′e = hTe2 A′e,

u′s = hTf2 A′s,

u′i =

(
hTe2 +

M∑
i′=1

hT2i′

ai− si′

)
A′i ≡ hT2 (ai) A

′
i, (i= 1, . . . ,M ′)

u′′i =

A′e +
A′s

si
+

M ′∑
i′=1

A′i′

si− ai′

hT2i ≡A′(si) hT2i, (i= 1, . . . ,M).10

Hence, by the same arguments used for the geoid RRF, we can conclude that

Urot21 (t) =
cψ21c

λ
21

g

N∑
k=0

∆L21,k γ
u(t− tk) H(t− tk), (S188)

all the other coefficients being identically zero, except Urot2−1 =−(Urot21 )∗, with

γu(t)≡ u′e +u′st+

M ′∑
i=1

u′i
ai

(
eait− 1

)
+

M∑
i=1

u′′i
si

(
esit− 1

)
. (S189)

Rotation response function for sea level. Since, by definition,Rrot = Grot−Urot (see Eq. S169), we immediately conclude,15

from Eqs. (S184) and (S188), that

Rrot21 (t) =
cψ21c

λ
21

g

N∑
k=0

∆L21,kγ
s(t− tk)H(t− tk), (S190)

with

γs(t) = γg − γu, (S191)

where γg and γu are given by Eqs. (S185) and (S189), respectively.20

S7 Numerical discretisation of the SLE

In this section, we aim at providing discrete forms of all the terms which appear in the SLE, in view of the numerical implemen-

tation in SELEN4. The time discretisation is performed on the 1-D grid introduced in §S8.1 below. The spatial discretisation

37



on the surface of the sphere is carried out by either a direct evaluation of the field variables on a spherical grid or by a spectral

approach based on the CSH functions, defined in §S8.5. For the spatial discretisation and for the computation of the required

surface integrals, we take advantage of the properties of the equal-area, icosahedron-shaped, spherical pixelization introduced

by Tegmark (1996) and described in §S8.6. The material presented in this section extends the analysis first presented by Spada

and Stocchi (2006) and Spada and Stocchi (2007). A summary of the discretised variables considered in this Section is given5

in Table S3.

For the reader’s convenience, from SM19 we recall that the SLE, in its ultimate “ocean-projected” form, reads

Z(γ,t) = Zave +Ka +Kb(Z) +Kc +Krot(Z), (S192)

where the unknown is

Z(γ,t) =OS (S193)10

where O is the OF, S is sea-level change, and

Zave(t) =OSave =O
(
Sequ +Sofu

)
, (S194)

with Sequ and Sofu given by Eqs. (S54) and (S55), and

Kabc(γ,t) ≡ OR′ abc (S195)

Krot(γ,t) ≡ OR′ rot , (S196)15

where

R′ abc(γ,t) = Rabc−<Rabc >o (S197)

R′ rot(γ,t) = Rrot−<Rrot >o, (S198)

where Rabc denotes each of the three components of the sea-level SRF, Rrot is the sea-level RRF and < · · ·>o indicates the

ocean-average.20

Our purpose here is to discretise the variables contained in the SLE (S192), in order to reduce it to a spectral form that easily

admits a numerical implementation, which shall read as follows

Zj,n = Zavej,n +Kaj,n +Kbj,n(Z) +Kcj,n +Krotj,n(Z), (S199)

where j stands for lm and subscript n denotes a given time t= tn. The maximum range of harmonics to be included in the

discretisation (i.e., lmax) shall depend upon the spatial resolution that is to be achieved and from the available computing power.25

In SM19, we examine the effects of truncating the CSH series to increasing values of lmax in a test run of SELEN4 having

some geophysical significance. The maximum range of index n (i.e., N ) shall be suggested from the specific chronology of the

ice sheets employed in the simulation.
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Field‡ Discretised field(s) Definitions, equivalences, and notes . . .

Ylm(γ) Yj,p CSH of degree and order j = lm and its c.c.

I(γ,t) Ip,n Obtained by pixelizing the input ice model (e.g., ICE-X )

T (γ,t) Tp,n = Tp,N − (Sp,n−Sp,N ), with Tp,N from e.g., ETOPO1

O(γ,t) Op,n, Oj,n For Op,n, see Eq. (S210); Oj,n = (1/P)
∑
pOp,nY

∗
j,p

C(γ,t) Cp,n, Cj,n Cp,n = 1−Op,n; Cj,n = δl0δm0−Oj,n
< F >o (t) < F >on

(∑
pFp,nOp,n

)
/
(∑

pOp,n
)

< F >e (t) < F >en (1/P)
∑
pFp,n

Ao(t) Aon =Ac
∑
pOp,n = 4πa2O00,n

µ(t) µn = ρiAc
∑
p (Ip,nCp,n− Ip,0Cp,0)

Sequ(t) Sequn , Sequj,n Sequn =− ρi

ρw

(∑
p(Ip,nCp,n−Ip,0Cp,0)∑

pOp,n

)
; Sequj,n = Sequn δl0δm0

Sofu(t) Sofun , Sofuj,n Sofun =
(∑

pTp,0 (Op,n−Op,0)
)
/
(∑

pOp,n
)

; Sofuj,n = Sofun δl0δm0

Save(t) Saven , Savej,n Saven = Sequn +Sofun ; Savej,n = Saven δl0δm0

c(t) cn = Saven −<Ra >on −<Rb >on −<Rc >on −<Rrot >on
Zave(γ,t) Zavej,n =Oj,n(Sequn +Sofun ) =Oj,nS

ave
n

W(γ,t) Wj,n = (1/P)
∑
p (Ip,n− Ip,0)(1−Op,n)Y∗j,p

X (γ,t) Xj,n = (1/P)
∑
pQp (Op,n−Op,0)Y∗j,p(γ)

Labc(γ,t) Labcj,n Laj,n = ρiWj,n , Lbj,n = ρwZj,n , Lcj,n = ρrXj,n
βsgul (t) βsgul,n = βsgul (n∆t)

(R,G,U)abc(γ,t) (R,G,U)abcj,n See Eqs. (S249-S251), (S257-S259), and (S262-S264), respectively.

<Rabc >o (t) <Rabc >on =
(∑

jR
abc
j,n O

∗
j,n

)
/
(
O00,n

)
R
′abc R

′abc
j,n =Rabcj,n−<Rabc >on δl0δm0

Kabc(γ,t) Kabcj,n =
∑

(p: Op,n=1)χ
abc
p,n Y∗j,p, with χabcp,n ≡ (1/P)

∑
jR
′ abc
j,n Yj,p

γsgu(t) γsgun = γsug(n∆t)

(R,G,U)rot(γ,t) (R,G,U)rotj,n = δl2δm±1

(
cψ21c

λ
21/g

)∑n−1
k=0 ∆Lj,kγsugn−k

<Rrot >o (t) <Rrot >on =
(∑

jR
rot
j,n O

∗
j,n

)
/
(
O00,n

)
R
′rot(γ,t) R

′rot
j,n =Rrotj,n−<Rrot >on δl0δm0

Krot(γ,t) Krotj,n =
∑

(p: Op,n=1)χ
rot
p,n Y∗j,p, with χrotp,n ≡ (1/P)

∑
jR
′ rot
j,n Yj,p

Ψrig(t) Ψrig
n = cψ21L∗21,n

S(γ,t) Sp,n ,Sj,n Sj,n = Savej,n +R′ aj,n +R′ bj,n(Z) +R′ cj,n +R′ rotj,n (Z)

Z(γ,t) Zj,n = Zavej,n +Kaj,n +Kbj,n(Z) +Kcj,n +Krotj,n(Z)

Table S3. Scalar fields involved in the SLE (left) and discretised forms (middle), with notes (right). See §S7 for details of the discretisation.

In the following subsections, all the terms in Eq. (S192) and (S194-S198) shall be considered and analyzed in detail. Of

course, our ensuing analysis shall also provide convenient forms for all the terms that appear into the “lower level” SLE

Sj,n = Savej,n +R′ aj,n +R′ bj,n(Z) +R′ cj,n +R′ rotj,n (Z), (S200)
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which represents the discretised counterpart of Eq. (39) in SM19.

Notation and conventions. To deal with discretised fields, henceforth we use the following notation and conventions. With

Fp,n we indicate the scalar field F (γ,t) evaluated on a given pixel of coordinates γp = (θp,λp) and at time t= tn, where tn is

a point of the time grid that we have conventionally adopted in this work (see §S8.1). Hence we define

Fp,n ≡ F (γp, tn), (S201)5

where p= (1, . . .P) and n= (0, . . .N + 1). The coefficient of the CSH expansion of F (γ,t), evaluated at time t= tn, shall be

denoted by

Fj,n ≡ Fj(tn), (S202)

where j = lm indicates a couple of harmonic degrees and orders. Furthermore, to denote a CSH computed at a given grid point

of coordinates γp, we shall conventionally write10

Yj,p ≡ Yj(γp). (S203)

Finally, a spatially invariant quantity like e.g., µ(t), evaluated at time t= tn, shall be simply denoted as

µn ≡ µ(tn). (S204)

Note that confusion between symbols Fj,n (Eq. S202) and Fp,n (S201) should be easily avoided, since henceforth letters j

(or j′) will always denote the couple composed by harmonic degree and order lm (or l′m′), subscript n (or k) always represents15

a point on the time grid, while letters p (or p′) conventionally indicate a generic pixel on the sphere. Thus, for instance

Xj,k indicates a spectral quantity (as denoted by symbol j) that represents the harmonic coefficient of the CSH expansion of

field X (γ,t), evaluated at time t= tk, while Up′,n denotes scalar function U(γ,t) in the spatial domain, evaluated at a pixel

of coordinates γp′ and time t= tn. Similarly, Tp,0 indicates the field T (γ,t) (i.e., topography) at pixel γp and time t= t0.

Furthermore, to indicate the (4π-normalised) CSHs, we shall always employ the calligraphic symbol Y (see §S8.5). Hence,20

for example, Yj′,p unequivocally identifies the CSH of degree and order j′ = l′m′, evaluated on the grid at the pixel placed at

coordinates γp.

S7.1 Ice thickness, topography and ocean function

In this section, we consider the discretised forms of ice thickness I(γ,t), of topography T (γ,t), and of the ocean function

O(γ,t). While for variables I and T a discretisation in space and in time is sufficient for solving the SLE, the OF also needs to25

be decomposed in the spectral domain, since its harmonic coefficients are explicitly required by the solution algorithm; these

shall be determined exploiting the properties of the Tegmark grid.

Ice thickness. The ice thickness distribution is the basic input of SELEN4, along with a description of the Earth’s rheology. We

assume to know the function I(γ,t), i.e., the ice thickness at any location and time, based on a priori geological information,
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ad hoc hypotheses, glaciological arguments, or reconstructions published in the literature. These typically constrain the time-

evolution of ice thickness distribution by the knowledge of Relative Sea Level (RSL) at specific locations since the Last Glacial

Maximum (LGM, ∼ 21,000 years ago), using predictions obtained by solving the SLE. Hence, we assume that the array

Ip,n ≡ I(γp, tn), (S205)

where p= (1, . . .P) and n= (0, . . .N + 1), is given a priori. The choice of the time step ∆t= tk+1− tk that characterises the5

time-discretisation in SELEN (see §S8.1) is indeed made according to the natural time step of the ice chronology. Typical

values in GIA modelling are ∆t= 1000 or ∆t= 500 years. We also note that ice models currently employed in GIA studies4

are normally defined on traditional, cartesian latitude-longitude grids. Pixelised versions of these datasets, characterised by

different spatial resolutions, are made available with the SELEN4 package.

Topography. Consistent with our conventions on notation, at time t= tn, the discretised topography is10

Tp,n ≡ T (γp, tn), (S206)

where we use the same grid employed to describe the ice thickness distribution in Eq. (S205), γp = (θp,λp) denotes the pixels

coordinates with p= (1, . . .P), and time is labelled by n, with n= (0, . . .N + 1).

Array Tp,n is however not known a priori. Indeed, according to Eq. (S2) the past topography (or paleo-topography) is

determined by the history of the sea-level variations, which is not known in advance, i.e., before the SLE is solved. Indeed, the15

present-day relief serves as a “final condition” for the Earth topography, in order to constrain its evolution in the past. In this

way, paleo-topography can be iteratively reconstructed using the PT equation given by Eq. (S10), which in discretised form

reads

Tp,n = Tp,N − (Sp,n−Sp,N ) , (S207)

where Tp,N is topography at present time (t= tN ), and Sp,n is sea-level change at a given time t= tn and at pixel γp, as given20

by the SLE in Eq. (S200). Using the definition of true paleo-topography TP (see Eq. S11), we have

PT p,n = Tp,n + Ip,n, (S208)

where Ip,n is the input array containing the ice thickness, and Tp,n is given by Eq. (S207).

In SELEN4, the present topography is based on the global relief dataset ETOPO1 (see Amante and Eakins, 2009; Eakins

and Sharman, 2012). ETOPO1 is provided 5 on a traditional cartesian longitude-latitude grid with a resolution of 1 arc-minute6,25

so it needs to be interpolated on the pixels of the Tegmark grid before the code is run. With SELEN4, suitably interpolated

datasets are provided, characterised by different spatial resolutions.

4Some of the more recent models belonging to the ICE-X family are available from the home page of Prof. WR Peltier, see http:// www.atmosp.physics.

utoronto.ca/ peltier/data.php - last accessed Jan. 23, 2019.
5See https://www.ngdc.noaa.gov/mgg/global/ - last accessed 26 Feb 2019.
6One arc-minute is (1/60)◦ and corresponds to an arc of latitude of ∼ 1.85 km.
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Ocean function. From its definition

O(γ,t)≡


1, if T +

ρi

ρw
I < 0

0, if T +
ρi

ρw
I ≥ 0,

(S209)

the OF is totally determined by I and T . On the Tegmark grid, the OF is written as

Op,n ≡O(γp, tn)≡


1, if Tp,n +

ρi

ρw
Ip,n < 0

0, if Tp,n +
ρi

ρw
Ip,n ≥ 0,

(S210)

where we have used the discretised forms of the topography (Eq. S206) and of the ice thickness distribution (S205), respectively.5

Hence, by its own definition, the CF is discretised as

Cp,n = 1−Op,n. (S211)

According to Eq. (S452), the harmonic coefficients of the CSH expansion of the OF, i.e.,

Oj(t) =
1

4π

∫
γ

O(γ,t)Y∗j (γ)dγ (S212)

are found by quadrature on the grid as10

Oj,n =
1

P

∑
p

Op,nY∗j,p, (S213)

where the discrete values Op,n are obtained from Eq. (S210). Using the definition of CF, its harmonic coefficients are

Cj,n = δl0δm0−Oj,n. (S214)

S7.2 Spatially invariant terms

In the SLE, several spatially invariant terms appear (see in particular Eq. S192 and those that follow immediately). Most of15

them shall be analysed here, in order to provide discretised forms suitable for the numerical solution of the SLE. However,

note that some others shall be discussed in later sections devoted to the surface and rotational response of the Earth.

Ocean averages. The ocean-average of a function F (γ,t) is a spatially invariant term that often appears in the treatment of

the SLE. It is defined as

< F >o (t)≡

∫
o

F (γ,t)dA∫
o

dA

, (S215)20
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where the surface integrals are over the region where, at time t, the OF has value O = 1. Hence, with the aid of the OF, the

ocean average can be equivalently written as

< F >o (t) =

∫
e

F (γ,t)OdA∫
e

OdA

, (S216)

which is easily discretised on the grid using the quadrature rule given by Eq. (S446), obtaining

< F >on≡< F >o (tn) =

∑
p

Fp,nOp,n∑
p

Op,n
, (S217)5

where Fp,n = F (γp, tn) and Op,n is given by Eq. (S210).

Global averages. The global spatial average of function F (γ,t), defined as

< F >e (t)≡

∫
e

F (γ,t)dA∫
e

dA

, (S218)

is discretised on the grid according to

< F >en≡< F >e (tn) =

Ac
∑
p

Fp,n

4πa2 =
1

P

∑
p

Fp,n , (S219)10

since the area of all cells (or pixels) is given by the ratio

Ac =
4πa2

P
. (S220)

Area of the oceans. At a given time t, the area of the oceans is

Ao(t) =

∫
o

dA, (S221)

where the integral is over the surface where the OF is O = 1 at time t. Equivalently, using the OF definition and the quadrature15

rule given by Eq. (S446), we have

Ao(t) =

∫
e

OdA=Ac
∑
p

O(γp, t), (S222)
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where Ac is the area of each of the cells in Tegmark grid and the sum is over all the pixels. Hence, in discretised form, the area

of the oceans is

Aon ≡Ao(tn) =Ac
∑
p

Op,n. (S223)

It is worth to note that Ao(t) is proportional to the harmonic degree l = 0 component of the OF. In fact, since Y00,p = 1, for

harmonic degree l = 0, Eq. (S213) provides5

O00,n =
1

P

∑
p

Op,n, (S224)

which, by comparison with Eq. (S223) and also recalling (S220), shows that Aon can be also expressed as

Aon = 4πa2O00,n. (S225)

Grounded ice mass. According to Eq. (S45), the mass variation of the grounded ice is

µ(t) = ρi
∫
e

(IC − I0C0)dA, (S226)10

where I is ice thickness, C is the CF, and subscript 0 denotes reference quantities. Thus, according to the integration rule given

by Eq. (S446), we have

µ(t) = ρiAc
∑
p

(
I(γp, t)C(γp, t)− I0(γp, t0)C0(γp, t0)

)
, (S227)

which at time t= tn gives

µn ≡ µ(tn) = ρiAc
∑
p

(Ip,nCp,n− Ip,0Cp,0) , (S228)15

where Ip,n and Cp,n are given by Eqs. (S205) and (S211), respectively.

Term Sequ. This term of the SLE, defined as

Sequ(t)≡− µ(t)

ρwAo(t)
, (S229)

and referred to as equivalent sea-level change in the body of the paper, describes the effects of time-variations of the mass of

the grounded ice µ(t), also taking the consequent changes in the area of the oceans Ao(t) into account. Taking advantage of20

expressions (S223) and (S227) for Ao(t) and µ(t), respectively, the discretisation of Sequ(t) is straightforward, with:

Sequn ≡ Sequ(tn) =− µn
ρwAon

=− ρ
i

ρw

∑
p

(Ip,nCp,n− Ip,0Cp,0)∑
p

Op,n
. (S230)
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Since Sequ is spatially invariant, in its CSH expansion all the coefficients vanish except those of harmonic degree l = 0 and

order m= 0, i.e.,

Sequj,n = Sequn δl0δm0. (S231)

Term Sofu. This second spatially invariant term of the SLE, introduced in §S2.4, and defined as

Sofu(t)≡ 1

Ao

∫
e

T0OdA, (S232)5

accounts for time-variations of the ocean function (hence the superscript ofu) either associated to the horizontal migration of

the shorelines or to transitions between grounded and floating ice (or viceversa). Contrary to Sequ(t), this term is not explicitly

dependent upon variations of the grounded ice mass.

Using Eq. (S27) and applying the integration rule (S446), we have

Sofu(t) =
Ac

Ao(t)

∑
p

T (γp, t0)
(
O(γp, t)−O(γp, t0)

)
, (S233)10

so that

Sofun ≡ Sofu(tn) =

∑
p

Tp,0 (Op,n−Op,0)∑
p

Op,n
, (S234)

where we have also used Eq. (S223). Since Sofu(t) is spatially invariant, the coefficients of its CSH expansion are

Sofuj,n = Sofun δl0δm0. (S235)

Term Save. According to Eq. (S53), this spatially invariant term is simply given by15

Save(t) = Sequ +Sofu (S236)

and represents the ocean-average of S(γ,t). Thus we have

Saven ≡ Save(tn) = Sequn +Sofun (S237)

where Sequn and Sequn are given by Eqs. (S230) and (S234), respectively. Furthermore, its CSH coefficients are given by

Savej,n =
(
Sequn +Sofun

)
δl0δm0. (S238)20

Term Zave. We note that the ocean-projected Save, i.e., the term Zave =OSave given by Eq. (S194), is certainly not spatially

invariant, since O is variable in space and time (i.e., O =O(γ,t)). However, since Save is invariant, its CSH expansion is

straightforward, with

Zavej,n =Oj,nS
ave
n , (S239)
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where Saven is given by Eq. (S237).

The c constant. The so-called “c constant”, first introduced by Farrell and Clark (1976), arises from the imposition of mass

conservation. According to Eq. (S52), it is given by the following combination of spatially invariant quantities

c(t) = Save−<Rsur >o −<Rrot >o, (S240)

which using Eq. (S92), can be immediately discretised as follows5

cn ≡ c(tn) = Saven −<Ra >on −<Rb >on −<Rc >on −<Rrot >on, (S241)

where terms <Rabc >on and <Rrot >on, are made explicit by Eqs. (S271) and (S286), respectively.

S7.3 Surface response

The three sea-level SRFs Ra, Rb and Rc which appear in the SLE (see Eq. S192 and in those that immediately follow)

share common structures. Below, we first discretise the surface load variation L, then we make the CSH coefficients of the10

sea-level SRFs explicit; we evaluate the ocean-averages of the SRFs, and lastly we construct the “primed SRFs” defined by

Eq. (S197).

Surface load. Based on Eqs. (S29-S32), the surface load variation is easily expanded in series of CSHs, with

Lj,n = Laj,n +Lbj,n +Lcj,n (S242)

with15

Laj,n ≡ ρiWj,n (S243)

Lbj,n ≡ ρwZj,n (S244)

Lcj,n ≡ ρrXj,n. (S245)

According to Eq. (S33), variableW is defined asW = IC, where I = I − I0 is the ice thickness variation and C = 1−O
is the CF. The CSH coefficientsWj,n in Eq. (S243) above are obtained by direct integration ofW on the Tegmark grid using20

Eq. (S452), with

Wj,n =
1

P

∑
p

Ip,nCp,nY∗j,p =
1

P

∑
p

(Ip,n− Ip,0)(1−Op,n)Y∗j,p. (S246)

In Eq. (S244) Zj,n represents the spectral discrete form of the basic unknown of the final form of the SLE (see Eq. S192 and

those that immediately follow), namely the ocean-projected sea-level change Z =OS . Within the iteration scheme of the SLE

described in §S8.7, progressively updated values of Zj,n are used in Eq. (S244) in order to determine Lbj,n.25

Based upon Eq. (S35), we recall that variable X is defined as X =QO, where variable Q is given by Eq. (S36) and O is

the OF variation. Again, integration on the spatial grid using Eq. (S452) provides the CSH coefficients required in Eq. (S245),
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namely

Xj,n =
1

P

∑
p

QpOp,nY∗j,p =
1

P

∑
p

Qp (Op,n−Op,0)Y∗j,p, (S247)

where, using Eq. (S36), we have defined

Qp =−
(
ρi

ρr
Ip,0 +

ρw

ρr
Tp,0

)
. (S248)

Response functions Rabc, Uabc, and Gabc. Eqs. (S110-S112) of §S4.2 give the CSH coefficients of the three SRFs Ra, Rb5

andRc, respectively, for an arbitrary time. Setting t= tn, where tn is one of the time grid points, exploiting the property of the

Heaviside step function, and following our conventions for notation, the SRFs harmonic coefficients are discretised as follows

Raj,n =
3ρi

ρe

(
eslWj,n +

n−1∑
k=0

∆Wj,kβ
s
l,n−k

)
(S249)

Rbj,n =
3ρw

ρe

(
esl Zj,n +

n−1∑
k=0

∆Zj,k βsl,n−k

)
(S250)

Rcj,n =
3ρr

ρe

(
esl Xj,n +

n−1∑
k=0

∆Xj,k βsl,n−k

)
, (S251)10

where we have defined

∆Wj,k = Wj,k+1−Wj,k (S252)

∆Zj,k = Zj,k+1−Zj,k (S253)

∆Xj,k = Xj,k+1−Xj,k , (S254)

and15

βsl,k ≡ βsl (k∆t), (S255)

(k = 0, . . .N), with βsl (t) given by Eq. (S108). We finally remark that sinceWj,0 = Zj,0 = Xj,0 = 0 and since the sums give

no contributions for n= 0, we haveRabcj,0 = 0.

We note that following the scheme above, discretised forms for the SRFs Usur (vertical displacement) and Gsur (geoid

height variation) are easily obtained. Indeed, from Eqs. (S123-S125) and (S116-S118), we have20

Usurj,n = Uaj,n +Ubj,n +Ucj,n (S256)
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where

Uaj,n =
3ρi

ρe

(
eulWj,n +

n−1∑
k=0

∆Wj,kβ
u
l,n−k

)
(S257)

Ubj,n =
3ρw

ρe

(
eul Zj,n +

n−1∑
k=0

∆Zj,k βul,n−k

)
(S258)

Ucj,n =
3ρr

ρe

(
eul Xj,n +

n−1∑
k=0

∆Xj,k βul,n−k

)
, (S259)

where, for any value of index k,5

βul,k ≡ βul (k∆t), (S260)

with βul (t) given by Eq. (S127), and

Gsurj,n = Gaj,n +Gbj,n +Gcj,n (S261)

with

Gaj,n =
3ρi

ρe

(
eglWj,n +

n−1∑
k=0

∆Wj,kβ
g
l,n−k

)
(S262)10

Gbj,n =
3ρw

ρe

(
egl Zj,n +

n−1∑
k=0

∆Zj,k βgl,n−k

)
(S263)

Gcj,n =
3ρr

ρe

(
egl Xj,n +

n−1∑
k=0

∆Xj,k βgl,n−k

)
, (S264)

where

βgl,n ≡ β
g
l (k∆t), (S265)

for any k, with βgl (t) given by Eq. (S120).15

Ocean averages of Rabc. The (spatially invariant) ocean-averages of the three SRFs Ra, Rb, and Rc are evaluated by a

straightforward application of the definition of ocean-average. Hence, according to Eq. (S48), we have

<Rabc >o (t) =
1

Ao(t)

∫
o

Rabc(γ,t)dA; (S266)
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then, taking advantage of the spectral decompositions given above for the SRF (Eqs. S110-S112) and for the OF (S212), and

since the OF is a real-valued function (i.e., O =O∗), we have

<Rabc >o (t) =
a2

Ao(t)

∫
γ

Rabc(γ,t)O∗(γ,t)dγ (S267)

=
a2

Ao(t)

∫
γ

∑
j

Rabcj (t)Yj(γ)

∑
j′

O∗j′(t)Y∗j′(γ)

dγ (S268)

=
a2

Ao(t)

∑
j

∑
j′

Rabcj (t)O∗j′(t)

∫
γ

Yj(γ)Y∗j′(γ)dγ (S269)5

=
4πa2

Ao(t)

∑
j

Rabcj (t) O∗j (t), (S270)

where we have exploited the orthonormality of the CSHs. Hence, at a given time t= tn, the ocean-averaged SRFs are

<Rabc >on≡<Rabc >o (tn) =

∑
j

Rabcj,n O∗j,n

O00,n
, (S271)

where we have used Eq. (S225).

Primed SRFs R′ abc. According to Eq. (S197), the primed SRFs are obtained by the unprimed SRFs simply by subtracting10

their ocean-averages. Hence, their discretisation is straightforward, with

R′ abcj,n =Rabcj,n−<Rabc >on δl0δm0, (S272)

where <Rabc >on is given by Eq. (S271).

The terms Kabc. According to Eq. (S195), the three terms Kabc result from projecting the primed SRFs over the OF, i.e.,

Kabc(γ,t)≡OR′ abc. (S273)15

For these terms, we assume a CSH expansion

Kabc(γ,t) =
∑
j

Kabcj (t)Yj(γ), (S274)
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where, according to Eqs. (S430) and (S451), coefficients Kabcj (t) are evaluated by a numerical quadrature on the grid:

Kabcj (t) =
1

4π

∫
γ

O(γ,t)R′ abc(γ,t)Y∗j (γ)dγ (S275)

≈ 1

P

∑
p

O(γp, t)R′ abc(γp, t)Y∗j (γp) (S276)

=
1

P

∑
p

O(γp, t)

∑
j′

R′ abcj′ (t)Yj′(γp)

Y∗j (γp) (S277)

=
1

P

∑
p such that
O(γp,t)=1

∑
j′

R′ abcj′ (t)Yj′(γp)

Y∗j (γp) ; (S278)5

hence, at time t= tn, we have

Kabcj,n ≡Kabcj (tn) =
∑

p: Op,n=1

χabcp,n Y∗j,p , (S279)

where we have defined the three arrays

χabcp,n ≡
1

P

∑
j

R′ abcj,n Yj,p. (S280)

S7.4 Rotational response10

For the RRFRrot, the discretisation scheme largely follows the one adopted for the three SRFs termsRabc. Again, we consider

separately the various terms depending onRrot, which appear in the SLE.

CSH expansion of Rrot. The RRF for sea level which appears in the SLE is given by Eq. (S190). Since it is a pure harmonic

function of degree l = 2 and order m=±1, its discretisation is straightforward:

Rrotj,n = δl2δm±1
cψ21c

λ
21

g

n−1∑
k=0

∆Lj,kγsn−k (S281)15

where

∆Lj,k = Lj,k+1−Lj,k , (S282)

with Lj,k given by Eq. (S242), and where for any index k, we have

γsk = γgk − γuk , (S283)

with20

γgk = γg(k∆t) (S284)

γuk = γu(k∆t), (S285)
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where γg(t) and γu(t) are given by Eqs. (S185) and (S189), respectively.

Ocean-average ofRrot. The ocean-average of the RRFRrot is evaluated following the same principles which have led to the

evaluation of the ocean-averaged SRF. Indeed, using Eq. (S271), we have immediately

<Rrot >on≡<Rrot >o (tn) =

∑
j

Rrotj,n O∗j,n

O00,n
, (S286)

whereRrotj,n is given by (S281).5

Primed RRF R′ rot. According to Eq. (S198), the primed RRF is obtained by the corresponding RRFs by subtracting the

ocean-averages; hence, the discretisation is

R′ rotj,n =Rrotj,n−<Rrot >n δl0δm0, (S287)

where <Rrot >n is given by Eq. (S286).

The term Krot. This term of the SLE is stemming from the projection of the primed RRFR′ rot over the OF. In analogy with10

what we have done for the terms Kabc associated to surface loading, we thus write

Krotj,n ≡Krotj (tn) =
∑

p: Op,n=1

χrotp,n Y∗j,p, (S288)

where we have defined the array

χrotp,n ≡
1

P

∑
j

R′ rotj,n Yj,p, (S289)

withR′ rotj,n given by Eq. (S287).15
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S8 Miscellaneous topics

S8.1 Piecewise constant functions

Here we first define the unit step function (also often referred to as Heaviside step function); then, we describe how we are

dealing with the time-evolution of scalar functions. The CSH expansion of piecewise-constant functions is discussed at the end

of the section.5

Unit step function. We define the unit step function as

H(t)≡

 0 if t≤ 0

1 if t > 0,
(S290)

where we note that H(t) is “left-continuous”, i.e., H(0) = 0. The unit step function is shown in Figure S4a.

Time discretisation. We denote by F = F (γ,t) a function that, at a given point γ = (θ,λ), varies with time in discrete steps

according to the diagram of Figure S4b. This type of “piecewise constant” (PC) time history is particularly convenient for the10

numerical discretisation adopted in SELEN4.

With F0(γ) we denote the value attained by F (γ,t) for −∞< t≤ t0 ≡ 0, and with Fk(γ) the value in the time interval

tk−1 < t≤ tk (k = 1, . . . ,N). For t > tN , the value of F (γ,t) is FN+1(γ).

Thus:

F (γ,t)≡



F0(γ), −∞< t≤ t0 ≡ 0

F1(γ), t0 < t≤ t1
F2(γ), t1 < t≤ t2
. . . . . .

Fk(γ), tk−1 < t≤ tk
. . . . . .

FN (γ), tN−1 < t≤ tN
FN+1(γ), t > tN ,

(S291)15

where N is the number of time steps in the interval 0≤ t≤ tN , each time step having the constant length

∆t≡ tk − tk−1 ≡
tN
N
, (S292)

and where it is useful to remark that, according to Eq. (S291), at the time grid points we have

F (γ,tk) = Fk(γ), (S293)

which is a consequence of the left-continuity of H(t) in Eq. (S290).20
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Using the definition of unit step function we have

F (γ,t) = F0(γ)(1−H(t− t0)) +

N∑
k=1

Fk(γ)(H(t− tk−1)−H(t− tk)) +FN+1(γ)H(t− tN )

= F0(γ)−F0(γ)H(t− t0) +

N∑
k=1

Fk(γ)H(t− tk−1)−
N∑
k=1

Fk(γ)H(t− tk) +FN+1(γ)H(t− tN )

= F0(γ)−F0(γ)H(t− t0) +

N−1∑
k′=0

Fk′+1(γ)H(t− tk′)−
N∑
k′=1

Fk′(γ)H(t− tk′) +FN+1(γ)H(t− tN )

= F0(γ)−F0(γ)H(t− t0) +F1(γ)H(t− t0) +

N−1∑
k′=1

Fk′+1(γ)H(t− tk′) +5

−
N−1∑
k′=1

Fk′(γ)H(t− tk′)−F (γ)NH(t− tN ) +F (γ)N+1H(t− tN )

= F0(γ) + (F1(γ)−F0(γ))H(t− t0) +

N−1∑
k′=1

(Fk′+1(γ)−Fk′(γ))H(t− tk′) + (FN+1(γ)−FN (γ))H(t− tN ),

hence, merging all the contributions, we obtain the compact form

F (γ,t) = F0(γ) +

N∑
k=0

(Fk+1(γ)−Fk(γ))H(t− tk). (S294)

Accordingly, the time-variation of F (γ,t), defined as10

F(γ,t)≡ F (γ,t)−F0(γ), (S295)

admits a PC time history as well, with:

F(γ,t) =

N∑
k=0

(Fk+1(γ)−Fk(γ))H(t− tk),

=

N∑
k=0

( (Fk+1(γ)−F0(γ))− (Fk(γ)−F0(γ)) )H(t− tk),

=

N∑
k=0

(Fk+1(γ)−Fk(γ))H(t− tk). (S296)15

CSH expansion of a PC function. Dealing with the numerical implementation of the SLE, it is often necessary to expand a

PC function F(γ,t) in series of CSHs. According to the general expression given by Eq. (S428), the expansion reads

F(γ,t) =
∑
lm

Flm(t)Ylm(γ), (S297)

where using Eq. (S430) the (time-dependent) coefficients turn out to be

Flm(t) =
1

4π

∫
γ

F(γ,t)Y∗lm(γ)dγ. (S298)20
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a) The unit step function b) Piecewise constant function

t0 ⌘ 0
<latexit sha1_base64="FbJ1IjLi5ey52PvSWmIfGKizO9M=">AAAB83icbZDJSgNBEIZr4hbjFvXopTEInsKMCHoMePEYwSyQGUJPpydp0rPYXR0IQ17DiwdFvPoIvoEnb76NneWgiT80fPxVRVX/YSaFRtf9dgpr6xubW8Xt0s7u3v5B+fCoqVOjGG+wVKaqHVLNpUh4AwVK3s4Up3EoeSsc3kzrrRFXWqTJPY4zHsS0n4hIMIrW8rHrEp8/GDEibrdccavuTGQVvAVUasXPD7Cqd8tffi9lJuYJMkm17nhuhkFOFQom+aTkG80zyoa0zzsWExpzHeSzmyfkzDo9EqXKvgTJzP09kdNY63Ec2s6Y4kAv16bmf7WOweg6yEWSGeQJmy+KjCSYkmkApCcUZyjHFihTwt5K2IAqytDGVLIheMtfXoXmRdWzfOdVapcwVxFO4BTOwYMrqMEt1KEBDDJ4hGd4cYzz5Lw6b/PWgrOYOYY/ct5/AFJCkqs=</latexit><latexit sha1_base64="wh9vit+v52C51frLaemtpwG4Uoc=">AAAB83icbZC7SgNBFIbPxluMtxhLmyFBsAq7ImgZ0MIygrlAdgmzk9lkyOzsOpdAWPIaNhaKiJ2P4BtY2fk2Ti6FJv4w8PGfczhn/jDlTGnX/XZya+sbm1v57cLO7t7+QfGw1FSJkYQ2SMIT2Q6xopwJ2tBMc9pOJcVxyGkrHF5N660RlYol4k6PUxrEuC9YxAjW1vJ110U+vTdshNxuseJW3ZnQKngLqNTynx+l67dyvVv88nsJMTEVmnCsVMdzUx1kWGpGOJ0UfKNoiskQ92nHosAxVUE2u3mCTqzTQ1Ei7RMazdzfExmOlRrHoe2MsR6o5drU/K/WMTq6DDImUqOpIPNFkeFIJ2gaAOoxSYnmYwuYSGZvRWSAJSbaxlSwIXjLX16F5lnVs3zrVWrnMFcejqEMp+DBBdTgBurQAAIpPMATPDvGeXRenNd5a85ZzBzBHznvP9Crk8k=</latexit><latexit sha1_base64="wh9vit+v52C51frLaemtpwG4Uoc=">AAAB83icbZC7SgNBFIbPxluMtxhLmyFBsAq7ImgZ0MIygrlAdgmzk9lkyOzsOpdAWPIaNhaKiJ2P4BtY2fk2Ti6FJv4w8PGfczhn/jDlTGnX/XZya+sbm1v57cLO7t7+QfGw1FSJkYQ2SMIT2Q6xopwJ2tBMc9pOJcVxyGkrHF5N660RlYol4k6PUxrEuC9YxAjW1vJ110U+vTdshNxuseJW3ZnQKngLqNTynx+l67dyvVv88nsJMTEVmnCsVMdzUx1kWGpGOJ0UfKNoiskQ92nHosAxVUE2u3mCTqzTQ1Ei7RMazdzfExmOlRrHoe2MsR6o5drU/K/WMTq6DDImUqOpIPNFkeFIJ2gaAOoxSYnmYwuYSGZvRWSAJSbaxlSwIXjLX16F5lnVs3zrVWrnMFcejqEMp+DBBdTgBurQAAIpPMATPDvGeXRenNd5a85ZzBzBHznvP9Crk8k=</latexit><latexit sha1_base64="UbFP+Ac6zyp4gRs5Cq2lGRwGRyM=">AAAB83icbZBNS8NAEIY39avWr6pHL4tF8FQSEfRY8OKxgv2AJpTNdtIu3Wzi7qRQQv+GFw+KePXPePPfuG1z0NYXFh7emWFm3zCVwqDrfjuljc2t7Z3ybmVv/+DwqHp80jZJpjm0eCIT3Q2ZASkUtFCghG6qgcWhhE44vpvXOxPQRiTqEacpBDEbKhEJztBaPvZd6sNTJibU7Vdrbt1diK6DV0CNFGr2q1/+IOFZDAq5ZMb0PDfFIGcaBZcwq/iZgZTxMRtCz6JiMZggX9w8oxfWGdAo0fYppAv390TOYmOmcWg7Y4Yjs1qbm//VehlGt0EuVJohKL5cFGWSYkLnAdCB0MBRTi0wroW9lfIR04yjjaliQ/BWv7wO7au6Z/nBqzWuizjK5Iyck0vikRvSIPekSVqEk5Q8k1fy5mTOi/PufCxbS04xc0r+yPn8Ad3QkNo=</latexit>

t1
<latexit sha1_base64="Bk9tT4DEKSOAFFhExuHogP6qIMs=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCoTEXRZcOOyom2FdiiZNNOGZjJDckYoQx/BjQtF3PoavoErd76N6WWhrT8EPv7/HHLOCVMlLfr+t1dYWV1b3yhulra2d3b3yvsHTZtkhosGT1Ri7kNmhZJaNFCiEvepESwOlWiFw6tJ3noQxspE3+EoFUHM+lpGkjN01i12abdc8av+VGQZ6BwqteLnBzjVu+WvTi/hWSw0csWsbVM/xSBnBiVXYlzqZFakjA9ZX7QdahYLG+TTUcfkxDk9EiXGPY1k6v7uyFls7SgOXWXMcGAXs4n5X9bOMLoMcqnTDIXms4+iTBFMyGRv0pNGcFQjB4wb6WYlfMAM4+iuU3JHoIsrL0PzrEod39BK7RxmKsIRHMMpULiAGlxDHRrAoQ+P8AwvnvKevFfvbVZa8OY9h/BH3vsPdNePXA==</latexit><latexit sha1_base64="1tkZRd7Kv4crbQZ5lVVYJ8pkdy0=">AAAB6nicbZC7SgNBFIbPxluMtxhLmyFBsAq7ImgZ0MIyorlAsoTZyWwyZHZ2mTkrhCWPYGOhiK34Fr6BlZ1v4+RSaPSHgY//P4c55wSJFAZd98vJrayurW/kNwtb2zu7e8X9UtPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqY5q07ro2I1S2OE+5HdKBEKBhFa91gz+sVK27VnYn8BW8BlVr+4710+Vau94qf3X7M0ogrZJIa0/HcBP2MahRM8kmhmxqeUDaiA96xqGjEjZ/NRp2QI+v0SRhr+xSSmfuzI6ORMeMosJURxaFZzqbmf1knxfDcz4RKUuSKzT8KU0kwJtO9SV9ozlCOLVCmhZ2VsCHVlKG9TsEewVte+S80T6qe5WuvUjuFufJwCGU4Bg/OoAZXUIcGMBjAPTzCkyOdB+fZeZmX5pxFzwH8kvP6DfNAkHo=</latexit><latexit sha1_base64="1tkZRd7Kv4crbQZ5lVVYJ8pkdy0=">AAAB6nicbZC7SgNBFIbPxluMtxhLmyFBsAq7ImgZ0MIyorlAsoTZyWwyZHZ2mTkrhCWPYGOhiK34Fr6BlZ1v4+RSaPSHgY//P4c55wSJFAZd98vJrayurW/kNwtb2zu7e8X9UtPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqY5q07ro2I1S2OE+5HdKBEKBhFa91gz+sVK27VnYn8BW8BlVr+4710+Vau94qf3X7M0ogrZJIa0/HcBP2MahRM8kmhmxqeUDaiA96xqGjEjZ/NRp2QI+v0SRhr+xSSmfuzI6ORMeMosJURxaFZzqbmf1knxfDcz4RKUuSKzT8KU0kwJtO9SV9ozlCOLVCmhZ2VsCHVlKG9TsEewVte+S80T6qe5WuvUjuFufJwCGU4Bg/OoAZXUIcGMBjAPTzCkyOdB+fZeZmX5pxFzwH8kvP6DfNAkHo=</latexit><latexit sha1_base64="8GjCMrgwFttvQfQcCufqOy913+U=">AAAB6nicbZBNSwMxEIYn9avWr6pHL8EieCq7Iuix4MVjRVsL7VKyabYNzWaXZFYoS3+CFw+KePUXefPfmLZ70NYXAg/vzJCZN0yVtOh536S0tr6xuVXeruzs7u0fVA+P2jbJDBctnqjEdEJmhZJatFCiEp3UCBaHSjyG45tZ/fFJGCsT/YCTVAQxG2oZSc7QWffY9/vVmlf35qKr4BdQg0LNfvWrN0h4FguNXDFru76XYpAzg5IrMa30MitSxsdsKLoONYuFDfL5qlN65pwBjRLjnkY6d39P5Cy2dhKHrjNmOLLLtZn5X62bYXQd5FKnGQrNFx9FmaKY0NnddCCN4KgmDhg30u1K+YgZxtGlU3Eh+Msnr0L7ou47vvNrjcsijjKcwCmcgw9X0IBbaEILOAzhGV7hjSjyQt7Jx6K1RIqZY/gj8vkDAHSNiw==</latexit>

t2
<latexit sha1_base64="saWZcnUFTmWAPuEKWnJvYkTHVsM=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMJuELQM2FhGNBdIljA7mU2GzM4uM2eFsOQRbCwUsfU1fAMrO9/GSTaFJv4w8PH/5zDnnCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjK9nefuBayNidY+ThPsRHSoRCkbRWnfYr/XLFbfqzkVWwVtApV78/ACrRr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdi4pG3PjZfNQpObPOgISxtk8hmbu/OzIaGTOJAlsZURyZ5Wxm/pd1Uwyv/EyoJEWuWP5RmEqCMZntTQZCc4ZyYoEyLeyshI2opgztdUr2CN7yyqvQqlU9y7depX4BuYpwAqdwDh5cQh1uoAFNYDCER3iGF0c6T86r85aXFpxFzzH8kfP+A3Zbj10=</latexit><latexit sha1_base64="BSBXMwhqZPYOrby+9kVKYgFRMhM=">AAAB6nicbZC7SgNBFIbPxluMtxhLmyFBsAq7QdAyoIVlRHOBZAmzk0kyZHZ2mTkrhCWPYGOhiK34Fr6BlZ1v4+RSaOIPAx//fw5zzgliKQy67reTWVvf2NzKbud2dvf2D/KHhYaJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHQ5zZv3XBsRqTscx9wP6UCJvmAUrXWL3Uo3X3LL7kxkFbwFlKrZz4/C1Xux1s1/dXoRS0KukElqTNtzY/RTqlEwySe5TmJ4TNmIDnjboqIhN346G3VCTqzTI/1I26eQzNzfHSkNjRmHga0MKQ7NcjY1/8vaCfYv/FSoOEGu2PyjfiIJRmS6N+kJzRnKsQXKtLCzEjakmjK018nZI3jLK69Co1L2LN94peoZzJWFYyjCKXhwDlW4hhrUgcEAHuAJnh3pPDovzuu8NOMseo7gj5y3H/TEkHs=</latexit><latexit sha1_base64="BSBXMwhqZPYOrby+9kVKYgFRMhM=">AAAB6nicbZC7SgNBFIbPxluMtxhLmyFBsAq7QdAyoIVlRHOBZAmzk0kyZHZ2mTkrhCWPYGOhiK34Fr6BlZ1v4+RSaOIPAx//fw5zzgliKQy67reTWVvf2NzKbud2dvf2D/KHhYaJEs14nUUy0q2AGi6F4nUUKHkr1pyGgeTNYHQ5zZv3XBsRqTscx9wP6UCJvmAUrXWL3Uo3X3LL7kxkFbwFlKrZz4/C1Xux1s1/dXoRS0KukElqTNtzY/RTqlEwySe5TmJ4TNmIDnjboqIhN346G3VCTqzTI/1I26eQzNzfHSkNjRmHga0MKQ7NcjY1/8vaCfYv/FSoOEGu2PyjfiIJRmS6N+kJzRnKsQXKtLCzEjakmjK018nZI3jLK69Co1L2LN94peoZzJWFYyjCKXhwDlW4hhrUgcEAHuAJnh3pPDovzuu8NOMseo7gj5y3H/TEkHs=</latexit><latexit sha1_base64="6qOI9dfjxTYlXXDFsaLGMQcneqA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ7fzeueJayMS9YjTlAcxHSkRCUbRWg84aAyqNbfuLkTWwSugBoVag+pXf5iwLOYKmaTG9Dw3xSCnGgWTfFbpZ4anlE3oiPcsKhpzE+SLVWfkwjpDEiXaPoVk4f6eyGlszDQObWdMcWxWa3Pzv1ovw+gmyIVKM+SKLT+KMkkwIfO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8FZPXod2o+5ZvvdqzasijjKcwTlcggfX0IQ7aIEPDEbwDK/w5kjnxXl3PpatJaeYOYU/cj5/AAH4jYw=</latexit>

t3
<latexit sha1_base64="9GRo/b+xqil7wB4TfAhZDIln60Q=">AAAB6nicbZC7SgNBFIbPxtsab1FLm8EgWIVdFbQM2FhGNBdIljA7mU2GzM4uM2eFsOQRbCwUsfU1fAMrO9/GyaXQxB8GPv7/HOacE6ZSGPS8b6ewsrq2vuFuFre2d3b3SvsHDZNkmvE6S2SiWyE1XArF6yhQ8laqOY1DyZvh8HqSNx+4NiJR9zhKeRDTvhKRYBStdYfd826p7FW8qcgy+HMoV93PD7CqdUtfnV7CspgrZJIa0/a9FIOcahRM8nGxkxmeUjakfd62qGjMTZBPRx2TE+v0SJRo+xSSqfu7I6exMaM4tJUxxYFZzCbmf1k7w+gqyIVKM+SKzT6KMkkwIZO9SU9ozlCOLFCmhZ2VsAHVlKG9TtEewV9ceRkaZxXf8q1frl7ATC4cwTGcgg+XUIUbqEEdGPThEZ7hxZHOk/PqvM1KC8685xD+yHn/AXffj14=</latexit><latexit sha1_base64="e22m8J/LrRHGrOB04+hidu+uCr0=">AAAB6nicbZC7SgNBFIbPxluMtxhLmyFBsAq7KmgZ0MIyorlAsoTZyWwyZHZ2mTkrhJBHsLFQxFZ8C9/Ays63cXIpNPGHgY//P4c55wSJFAZd99vJrKyurW9kN3Nb2zu7e/n9Qt3EqWa8xmIZ62ZADZdC8RoKlLyZaE6jQPJGMLic5I17ro2I1R0OE+5HtKdEKBhFa91i57STL7lldyqyDN4cSpXs50fh6r1Y7eS/2t2YpRFXyCQ1puW5CfojqlEwyce5dmp4QtmA9njLoqIRN/5oOuqYHFmnS8JY26eQTN3fHSMaGTOMAlsZUeybxWxi/pe1Ugwv/JFQSYpcsdlHYSoJxmSyN+kKzRnKoQXKtLCzEtanmjK018nZI3iLKy9D/aTsWb7xSpUzmCkLh1CEY/DgHCpwDVWoAYMePMATPDvSeXRenNdZacaZ9xzAHzlvP/ZIkHw=</latexit><latexit sha1_base64="e22m8J/LrRHGrOB04+hidu+uCr0=">AAAB6nicbZC7SgNBFIbPxluMtxhLmyFBsAq7KmgZ0MIyorlAsoTZyWwyZHZ2mTkrhJBHsLFQxFZ8C9/Ays63cXIpNPGHgY//P4c55wSJFAZd99vJrKyurW9kN3Nb2zu7e/n9Qt3EqWa8xmIZ62ZADZdC8RoKlLyZaE6jQPJGMLic5I17ro2I1R0OE+5HtKdEKBhFa91i57STL7lldyqyDN4cSpXs50fh6r1Y7eS/2t2YpRFXyCQ1puW5CfojqlEwyce5dmp4QtmA9njLoqIRN/5oOuqYHFmnS8JY26eQTN3fHSMaGTOMAlsZUeybxWxi/pe1Ugwv/JFQSYpcsdlHYSoJxmSyN+kKzRnKoQXKtLCzEtanmjK018nZI3iLKy9D/aTsWb7xSpUzmCkLh1CEY/DgHCpwDVWoAYMePMATPDvSeXRenNdZacaZ9xzAHzlvP/ZIkHw=</latexit><latexit sha1_base64="UjMaCrYZjd2XVdcRAcNSPCel6as=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY8OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3KY5aOsLCw/vzLAzb5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrfzeueJayNi9YjThPsRHSkRCkbRWg84uBxUa27dzUVWwSugBoWag+pXfxizNOIKmaTG9Dw3QT+jGgWTfFbpp4YnlE3oiPcsKhpx42f5qjNyZp0hCWNtn0KSu78nMhoZM40C2xlRHJvl2tz8r9ZLMbzxM6GSFLlii4/CVBKMyfxuMhSaM5RTC5RpYXclbEw1ZWjTqdgQvOWTV6F9Ufcs33u1xlURRxlO4BTOwYNraMAdNKEFDEbwDK/w5kjnxXl3PhatJaeYOYY/cj5/AAN8jY0=</latexit>

· · · tk
<latexit sha1_base64="LwZQtkI8m9A2Ps+w/WzJor9opPM=">AAAB8XicbZDLSgMxFIbPeK31VnXpJlgEV2VGBF0W3LisYC/YDiWTSdvQTDIkZ4Qy9C3cuFDErc/gG7hy59uYXhba+kPg4//PIeecKJXCou9/eyura+sbm4Wt4vbO7t5+6eCwYXVmGK8zLbVpRdRyKRSvo0DJW6nhNIkkb0bD60nefODGCq3ucJTyMKF9JXqCUXTWfYfFGi3B7rBbKvsVfyqyDMEcytXC5wc41bqlr06sWZZwhUxSa9uBn2KYU4OCST4udjLLU8qGtM/bDhVNuA3z6cRjcuqcmPS0cU8hmbq/O3KaWDtKIleZUBzYxWxi/pe1M+xdhblQaYZcsdlHvUwS1GSyPomF4QzlyAFlRrhZCRtQQxm6IxXdEYLFlZehcV4JHN8G5eoFzFSAYziBMwjgEqpwAzWoAwMFj/AML571nrxX721WuuLNe47gj7z3H8+KknU=</latexit><latexit sha1_base64="02+SlUUyoQ2dbe5uiWK40XlUE/w=">AAAB8XicbZC7SgNBFIbPeo3xFmNpMyQIVmFXBC0DWlhGMBdMljA7O0mGzM4uM2eFsOQtbCwUsbDxGXwDKzvfxsml0MQfBj7+/xzmnBMkUhh03W9nZXVtfWMzt5Xf3tnd2y8cFBsmTjXjdRbLWLcCargUitdRoOStRHMaBZI3g+HlJG/ec21ErG5xlHA/on0leoJRtNZdh4UxGoLdYbdQdivuVGQZvDmUq7nPj+LVW6nWLXx1wpilEVfIJDWm7bkJ+hnVKJjk43wnNTyhbEj7vG1R0YgbP5tOPCbH1glJL9b2KSRT93dHRiNjRlFgKyOKA7OYTcz/snaKvQs/EypJkSs2+6iXSoIxmaxPQqE5QzmyQJkWdlbCBlRThvZIeXsEb3HlZWicVjzLN165egYz5eAISnACHpxDFa6hBnVgoOABnuDZMc6j8+K8zkpXnHnPIfyR8/4DTgKTkw==</latexit><latexit sha1_base64="02+SlUUyoQ2dbe5uiWK40XlUE/w=">AAAB8XicbZC7SgNBFIbPeo3xFmNpMyQIVmFXBC0DWlhGMBdMljA7O0mGzM4uM2eFsOQtbCwUsbDxGXwDKzvfxsml0MQfBj7+/xzmnBMkUhh03W9nZXVtfWMzt5Xf3tnd2y8cFBsmTjXjdRbLWLcCargUitdRoOStRHMaBZI3g+HlJG/ec21ErG5xlHA/on0leoJRtNZdh4UxGoLdYbdQdivuVGQZvDmUq7nPj+LVW6nWLXx1wpilEVfIJDWm7bkJ+hnVKJjk43wnNTyhbEj7vG1R0YgbP5tOPCbH1glJL9b2KSRT93dHRiNjRlFgKyOKA7OYTcz/snaKvQs/EypJkSs2+6iXSoIxmaxPQqE5QzmyQJkWdlbCBlRThvZIeXsEb3HlZWicVjzLN165egYz5eAISnACHpxDFa6hBnVgoOABnuDZMc6j8+K8zkpXnHnPIfyR8/4DTgKTkw==</latexit><latexit sha1_base64="nbz/89Dj7nXMw7bJHh4N8IkH4w4=">AAAB8XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBjwYvHCrYV26Vks9k2NJssyaxQSv+FFw+KePXfePPfmLZ70NYXAg/vzJCZN8qksOj7315pbX1jc6u8XdnZ3ds/qB4eta3ODeMtpqU2DxG1XArFWyhQ8ofMcJpGknei0c2s3nnixgqt7nGc8TClAyUSwSg667HHYo2WYH/Ur9b8uj8XWYWggBoUavarX71YszzlCpmk1nYDP8NwQg0KJvm00sstzygb0QHvOlQ05TaczDeekjPnxCTRxj2FZO7+npjQ1NpxGrnOlOLQLtdm5n+1bo7JdTgRKsuRK7b4KMklQU1m55NYGM5Qjh1QZoTblbAhNZShC6niQgiWT16F9kU9cHwX1BqXRRxlOIFTOIcArqABt9CEFjBQ8Ayv8OZZ78V79z4WrSWvmDmGP/I+fwBbJ5Ck</latexit>

tN
<latexit sha1_base64="Q8uWahmdbs97oVLylIanVwDOAh8=">AAAB6nicbZC7SgNBFIbPxtsab1FLm8EgWIVdEbQM2FhJRHOBZAmzk9lkyOzsMnNWCEsewcZCEVtfwzewsvNtnFwKTfxh4OP/z2HOOWEqhUHP+3YKK6tr6xvuZnFre2d3r7R/0DBJphmvs0QmuhVSw6VQvI4CJW+lmtM4lLwZDq8mefOBayMSdY+jlAcx7SsRCUbRWnfYvemWyl7Fm4osgz+HctX9/ACrWrf01eklLIu5QiapMW3fSzHIqUbBJB8XO5nhKWVD2udti4rG3AT5dNQxObFOj0SJtk8hmbq/O3IaGzOKQ1sZUxyYxWxi/pe1M4wug1yoNEOu2OyjKJMEEzLZm/SE5gzlyAJlWthZCRtQTRna6xTtEfzFlZehcVbxLd/65eo5zOTCERzDKfhwAVW4hhrUgUEfHuEZXhzpPDmvztustODMew7hj5z3H6DLj3k=</latexit><latexit sha1_base64="zkro5rzFrhJd43+Lpj0JBEpvVLo=">AAAB6nicbZC7SgNBFIbPxluMtxhLmyFBsAq7ImgZ0MJKIpoLJEuYncwmQ2Znl5mzQgh5BBsLRWzFt/ANrOx8GyeXQhN/GPj4/3OYc06QSGHQdb+dzMrq2vpGdjO3tb2zu5ffL9RNnGrGayyWsW4G1HApFK+hQMmbieY0CiRvBIOLSd6459qIWN3hMOF+RHtKhIJRtNYtdq47+ZJbdqciy+DNoVTJfn4ULt+L1U7+q92NWRpxhUxSY1qem6A/ohoFk3yca6eGJ5QNaI+3LCoaceOPpqOOyZF1uiSMtX0KydT93TGikTHDKLCVEcW+Wcwm5n9ZK8Xw3B8JlaTIFZt9FKaSYEwme5Ou0JyhHFqgTAs7K2F9qilDe52cPYK3uPIy1E/KnuUbr1Q5hZmycAhFOAYPzqACV1CFGjDowQM8wbMjnUfnxXmdlWacec8B/JHz9gMfQ5CX</latexit><latexit sha1_base64="zkro5rzFrhJd43+Lpj0JBEpvVLo=">AAAB6nicbZC7SgNBFIbPxluMtxhLmyFBsAq7ImgZ0MJKIpoLJEuYncwmQ2Znl5mzQgh5BBsLRWzFt/ANrOx8GyeXQhN/GPj4/3OYc06QSGHQdb+dzMrq2vpGdjO3tb2zu5ffL9RNnGrGayyWsW4G1HApFK+hQMmbieY0CiRvBIOLSd6459qIWN3hMOF+RHtKhIJRtNYtdq47+ZJbdqciy+DNoVTJfn4ULt+L1U7+q92NWRpxhUxSY1qem6A/ohoFk3yca6eGJ5QNaI+3LCoaceOPpqOOyZF1uiSMtX0KydT93TGikTHDKLCVEcW+Wcwm5n9ZK8Xw3B8JlaTIFZt9FKaSYEwme5Ou0JyhHFqgTAs7K2F9qilDe52cPYK3uPIy1E/KnuUbr1Q5hZmycAhFOAYPzqACV1CFGjDowQM8wbMjnUfnxXmdlWacec8B/JHz9gMfQ5CX</latexit><latexit sha1_base64="rYasILABg0x1g4MIYR+wiZxefns=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY8OJJKtoPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw784apFAY979spra1vbG6Vtys7u3v7B+7hUcskmWa8yRKZ6E5IDZdC8SYKlLyTak7jUPJ2OL6Z1dtPXBuRqEecpDyI6VCJSDCK1nrA/l3frXo1by6yCn4BVSjU6LtfvUHCspgrZJIa0/W9FIOcahRM8mmllxmeUjamQ961qGjMTZDPV52SM+sMSJRo+xSSuft7IqexMZM4tJ0xxZFZrs3M/2rdDKPrIBcqzZArtvgoyiTBhMzuJgOhOUM5sUCZFnZXwkZUU4Y2nYoNwV8+eRVaFzXf8r1frV8WcZThBE7hHHy4gjrcQgOawGAIz/AKb450Xpx352PRWnKKmWP4I+fzByxojag=</latexit>

F1
<latexit sha1_base64="Bzwwd36a3qoqtQa+KFU5FWwWK6Y=">AAAB6nicbZDLSgMxFIbPVK213qou3QSL4KrMdKPLgiAuW7QXaIeSSc+0oZnMkGSEMvQR3LhQxK0P4jO4E1/G9LLQ1h8CH/9/DjnnBIng2rjul5Pb2NzKbxd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G17O8/YBK81jem0mCfkSHkoecUWOtu5u+1y+V3Yo7F1kHbwnlWr7x/QEA9X7pszeIWRqhNExQrbuemxg/o8pwJnBa7KUaE8rGdIhdi5JGqP1sPuqUnFtnQMJY2ScNmbu/OzIaaT2JAlsZUTPSq9nM/C/rpia88jMuk9SgZIuPwlQQE5PZ3mTAFTIjJhYoU9zOStiIKsqMvU7RHsFbXXkdWtWKZ7nhlWtVWKgAp3AGF+DBJdTgFurQBAZDeIRneHGE8+S8Om+L0pyz7DmBP3LefwCvo4+N</latexit><latexit sha1_base64="Nv1kN828Y3CCeKGk23OAA7/m7w8=">AAAB6nicbZA9SwNBEIbnosYYv6KWNotBsAp3abQMCGKZoPmAGMLeZi5Zsrd37O4J4chPsNAiIraC/8XSTvwzbj4KTXxh4eF9Z9iZ8WPBtXHdLyeztr6R3cxt5bd3dvf2CweHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOkPL6d58x6V5pG8NaMYOyHtSx5wRo21bq66XrdQdEvuTGQVvAUUK9na98fk8b3aLXze9SKWhCgNE1TrtufGppNSZTgTOM7fJRpjyoa0j22LkoaoO+ls1DE5tU6PBJGyTxoyc393pDTUehT6tjKkZqCXs6n5X9ZOTHDRSbmME4OSzT8KEkFMRKZ7kx5XyIwYWaBMcTsrYQOqKDP2Onl7BG955VVolEue5ZpXrJRhrhwcwwmcgQfnUIFrqEIdGPThASbw7AjnyXlxXuelGWfRcwR/5Lz9ACZjkWU=</latexit><latexit sha1_base64="Nv1kN828Y3CCeKGk23OAA7/m7w8=">AAAB6nicbZA9SwNBEIbnosYYv6KWNotBsAp3abQMCGKZoPmAGMLeZi5Zsrd37O4J4chPsNAiIraC/8XSTvwzbj4KTXxh4eF9Z9iZ8WPBtXHdLyeztr6R3cxt5bd3dvf2CweHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOkPL6d58x6V5pG8NaMYOyHtSx5wRo21bq66XrdQdEvuTGQVvAUUK9na98fk8b3aLXze9SKWhCgNE1TrtufGppNSZTgTOM7fJRpjyoa0j22LkoaoO+ls1DE5tU6PBJGyTxoyc393pDTUehT6tjKkZqCXs6n5X9ZOTHDRSbmME4OSzT8KEkFMRKZ7kx5XyIwYWaBMcTsrYQOqKDP2Onl7BG955VVolEue5ZpXrJRhrhwcwwmcgQfnUIFrqEIdGPThASbw7AjnyXlxXuelGWfRcwR/5Lz9ACZjkWU=</latexit><latexit sha1_base64="BA28FEZ51w5cgjK06m8NebeiNrA=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FSSXvRYEMRjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jCVwqDnfTuljc2t7Z3ybmVv/+DwyD0+aZsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4JJzfzeueJayMS9YjTlAcxHSkRCUbRWg+3A3/gVr2atxBZB7+AKhRqDtyv/jBhWcwVMkmN6fleikFONQom+azSzwxPKZvQEe9ZVDTmJsgXq87IhXWGJEq0fQrJwv09kdPYmGkc2s6Y4tis1ubmf7VehtF1kAuVZsgVW34UZZJgQuZ3k6HQnKGcWqBMC7srYWOqKUObTsWG4K+evA7tes23fO9XG/UijjKcwTlcgg9X0IA7aEILGIzgGV7hzZHOi/PufCxbS04xcwp/5Hz+ALm3jVs=</latexit>

F0
<latexit sha1_base64="LfaTUa0BZMGI+h49dsgQGWctyJg=">AAAB6nicbZDLSgMxFIbPVK213qou3QSL4KrMdKPLgiAuW7QXaIeSSTNtaCYzJGeEMvQR3LhQxK0P4jO4E1/G9LLQ1h8CH/9/DjnnBIkUBl33y8ltbG7ltws7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp7l7QeujYjVPU4S7kd0qEQoGEVr3d303X6p7Fbcucg6eEso1/KN7w8AqPdLn71BzNKIK2SSGtP13AT9jGoUTPJpsZcanlA2pkPetahoxI2fzUedknPrDEgYa/sUkrn7uyOjkTGTKLCVEcWRWc1m5n9ZN8Xwys+ESlLkii0+ClNJMCazvclAaM5QTixQpoWdlbAR1ZShvU7RHsFbXXkdWtWKZ7nhlWtVWKgAp3AGF+DBJdTgFurQBAZDeIRneHGk8+S8Om+L0pyz7DmBP3LefwCuH4+M</latexit><latexit sha1_base64="7czeb8T4kAdCOZbDkywmaLeQibE=">AAAB6nicbZA9SwNBEIbnosYYv6KWNotBsAp3abQMCGKZoPmAGMLeZi9Zsrd37M4J4chPsNAiIraC/8XSTvwzbj4KTXxh4eF9Z9iZ8WMpDLrul5NZW9/Ibua28ts7u3v7hYPDhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/eDnNm/dcGxGpWxzFvBPSvhKBYBStdXPVdbuFoltyZyKr4C2gWMnWvj8mj+/VbuHzrhexJOQKmaTGtD03xk5KNQom+Th/lxgeUzakfd62qGjITSedjTomp9bpkSDS9ikkM/d3R0pDY0ahbytDigOznE3N/7J2gsFFJxUqTpArNv8oSCTBiEz3Jj2hOUM5skCZFnZWwgZUU4b2Onl7BG955VVolEue5ZpXrJRhrhwcwwmcgQfnUIFrqEIdGPThASbw7EjnyXlxXuelGWfRcwR/5Lz9ACTfkWQ=</latexit><latexit sha1_base64="7czeb8T4kAdCOZbDkywmaLeQibE=">AAAB6nicbZA9SwNBEIbnosYYv6KWNotBsAp3abQMCGKZoPmAGMLeZi9Zsrd37M4J4chPsNAiIraC/8XSTvwzbj4KTXxh4eF9Z9iZ8WMpDLrul5NZW9/Ibua28ts7u3v7hYPDhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/eDnNm/dcGxGpWxzFvBPSvhKBYBStdXPVdbuFoltyZyKr4C2gWMnWvj8mj+/VbuHzrhexJOQKmaTGtD03xk5KNQom+Th/lxgeUzakfd62qGjITSedjTomp9bpkSDS9ikkM/d3R0pDY0ahbytDigOznE3N/7J2gsFFJxUqTpArNv8oSCTBiEz3Jj2hOUM5skCZFnZWwgZUU4b2Onl7BG955VVolEue5ZpXrJRhrhwcwwmcgQfnUIFrqEIdGPThASbw7EjnyXlxXuelGWfRcwR/5Lz9ACTfkWQ=</latexit><latexit sha1_base64="Vt+m+vl/v7IrmXlokE+hwZLPktw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FSSXvRYEMRjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jCVwqDnfTuljc2t7Z3ybmVv/+DwyD0+aZsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4JJzfzeueJayMS9YjTlAcxHSkRCUbRWg+3A2/gVr2atxBZB7+AKhRqDtyv/jBhWcwVMkmN6fleikFONQom+azSzwxPKZvQEe9ZVDTmJsgXq87IhXWGJEq0fQrJwv09kdPYmGkc2s6Y4tis1ubmf7VehtF1kAuVZsgVW34UZZJgQuZ3k6HQnKGcWqBMC7srYWOqKUObTsWG4K+evA7tes23fO9XG/UijjKcwTlcgg9X0IA7aEILGIzgGV7hzZHOi/PufCxbS04xcwp/5Hz+ALgzjVo=</latexit>

F (t)
<latexit sha1_base64="ed8YUi8WFamroPHqmLqpHi7+3jA=">AAAB63icbZBNS8NAEIYnftb6VevRy2IR2ktJetFjQRCPFewHtKFstpt26W4SdidCCf0LXjwo4tU/5M1/46btQVtfWHh43xl2ZoJECoOu++1sbe/s7u0XDoqHR8cnp6WzcsfEqWa8zWIZ615ADZci4m0UKHkv0ZyqQPJuML3N8+4T10bE0SPOEu4rOo5EKBjF3LqrYm1Yqrh1dyGyCd4KKs3yoAZWrWHpazCKWap4hExSY/qem6CfUY2CST4vDlLDE8qmdMz7FiOquPGzxaxzcmWdEQljbV+EZOH+7sioMmamAlupKE7Mepab/2X9FMMbPxNRkiKP2PKjMJUEY5IvTkZCc4ZyZoEyLeyshE2opgzteYr2CN76ypvQadQ9yw9epdmApQpwAZdQBQ+uoQn30II2MJjAM7zCm6OcF+fd+ViWbjmrnnP4I+fzB1K7jnE=</latexit><latexit sha1_base64="eyVzUssZuSXgiQUL0hAjkBi3lNg=">AAAB63icbZDLSgMxFIbPeK31VuvSTbAIdVNmutFlQRCXFewFOkPJpJk2NMkMSUYoQ19BFy4UceuL+AjufBD3ZtoutPWHwMf/n0POOWHCmTau++WsrW9sbm0Xdoq7e/sHh6WjclvHqSK0RWIeq26INeVM0pZhhtNuoigWIaedcHyV5517qjSL5Z2ZJDQQeChZxAg2uXVdNef9UsWtuTOhVfAWUGmU/er3x6Pf7Jc+/UFMUkGlIRxr3fPcxAQZVoYRTqdFP9U0wWSMh7RnUWJBdZDNZp2iM+sMUBQr+6RBM/d3R4aF1hMR2kqBzUgvZ7n5X9ZLTXQZZEwmqaGSzD+KUo5MjPLF0YApSgyfWMBEMTsrIiOsMDH2PEV7BG955VVo12ue5Vuv0qjDXAU4gVOoggcX0IAbaEILCIzgAZ7hxRHOk/PqvM1L15xFzzH8kfP+A9hLkRI=</latexit><latexit sha1_base64="eyVzUssZuSXgiQUL0hAjkBi3lNg=">AAAB63icbZDLSgMxFIbPeK31VuvSTbAIdVNmutFlQRCXFewFOkPJpJk2NMkMSUYoQ19BFy4UceuL+AjufBD3ZtoutPWHwMf/n0POOWHCmTau++WsrW9sbm0Xdoq7e/sHh6WjclvHqSK0RWIeq26INeVM0pZhhtNuoigWIaedcHyV5517qjSL5Z2ZJDQQeChZxAg2uXVdNef9UsWtuTOhVfAWUGmU/er3x6Pf7Jc+/UFMUkGlIRxr3fPcxAQZVoYRTqdFP9U0wWSMh7RnUWJBdZDNZp2iM+sMUBQr+6RBM/d3R4aF1hMR2kqBzUgvZ7n5X9ZLTXQZZEwmqaGSzD+KUo5MjPLF0YApSgyfWMBEMTsrIiOsMDH2PEV7BG955VVo12ue5Vuv0qjDXAU4gVOoggcX0IAbaEILCIzgAZ7hxRHOk/PqvM1L15xFzzH8kfP+A9hLkRI=</latexit><latexit sha1_base64="U87RfPA+WY/mswc7juZ57H30ZRk=">AAAB63icbZBNS8NAEIYn9avWr6pHL4tFqJeS9KLHgiAeK9hWaEPZbDft0s0m7E6EEvoXvHhQxKt/yJv/xk2bg7a+sPDwzgw78waJFAZd99spbWxube+Udyt7+weHR9Xjk66JU814h8Uy1o8BNVwKxTsoUPLHRHMaBZL3gulNXu89cW1ErB5wlnA/omMlQsEo5tZtHS+H1ZrbcBci6+AVUINC7WH1azCKWRpxhUxSY/qem6CfUY2CST6vDFLDE8qmdMz7FhWNuPGzxa5zcmGdEQljbZ9CsnB/T2Q0MmYWBbYzojgxq7Xc/K/WTzG89jOhkhS5YsuPwlQSjEl+OBkJzRnKmQXKtLC7EjahmjK08VRsCN7qyevQbTY8y/derdUs4ijDGZxDHTy4ghbcQRs6wGACz/AKb07kvDjvzseyteQUM6fwR87nDy+tjZo=</latexit>

t
<latexit sha1_base64="TMpdUOWVlrMOD2FJTcD1cmQhhqo=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ7PJmNnZZeasEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkQKg5737eTW1jc2t/Lb7s7u3v5B4fCoYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3Uzz5gPXRsTqDscJ70Z0oEQoGEVr1bBXKHolbyayCv4Citef7tUjAFR7ha9OP2ZpxBUySY1p+16C3YxqFEzyidtJDU8oG9EBb1tUNOKmm80GnZAz6/RJGGv7FJKZ+7sjo5Ex4yiwlRHFoVnOpuZ/WTvF8LKbCZWkyBWbfxSmkmBMpluTvtCcoRxboEwLOythQ6opQ3sb1x7BX155FRrlkm+55hcrZZgrDydwCufgwwVU4BaqUAcGHJ7gBV6de+fZeXPe56U5Z9FzDH/kfPwANAKOog==</latexit><latexit sha1_base64="Or/EJWw4rdIKw5ppBPucnDRqBVA=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLsZDYZMzu7zJwVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEyRSGPS8b2dldW19YzO35W7v7O7t5w8O6yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeC4fUkb9xzbUSsbnGU8E5E+0qEglG0VhW7+YJX9KYiy+DPoXD14V4m719upZv/bPdilkZcIZPUmJbvJdjJqEbBJB+77dTwhLIh7fOWRUUjbjrZdNAxObVOj4Sxtk8hmbq/OzIaGTOKAlsZURyYxWxi/pe1UgwvOplQSYpcsdlHYSoJxmSyNekJzRnKkQXKtLCzEjagmjK0t3HtEfzFlZehXir6lqt+oVyCmXJwDCdwBj6cQxluoAI1YMDhAZ7g2blzHp0X53VWuuLMe47gj5y3HyWRkBY=</latexit><latexit sha1_base64="Or/EJWw4rdIKw5ppBPucnDRqBVA=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7CbRhsxYGOZgLlAEsLsZDYZMzu7zJwVwpInsLFQxFYfwvewEd/GyaXQxB8GPv7/HOacEyRSGPS8b2dldW19YzO35W7v7O7t5w8O6yZONeM1FstYNwNquBSK11Cg5M1EcxoFkjeC4fUkb9xzbUSsbnGU8E5E+0qEglG0VhW7+YJX9KYiy+DPoXD14V4m719upZv/bPdilkZcIZPUmJbvJdjJqEbBJB+77dTwhLIh7fOWRUUjbjrZdNAxObVOj4Sxtk8hmbq/OzIaGTOKAlsZURyYxWxi/pe1UgwvOplQSYpcsdlHYSoJxmSyNekJzRnKkQXKtLCzEjagmjK0t3HtEfzFlZehXir6lqt+oVyCmXJwDCdwBj6cQxluoAI1YMDhAZ7g2blzHp0X53VWuuLMe47gj5y3HyWRkBY=</latexit><latexit sha1_base64="zah+LnyDOeJ8yB6YUQ0go2hjeIk=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIW7NFoGbCwTMB+QHGFvM5es2ftgd04IIb/AxkIRW3+Snf/GTXKFJr6w8PDODDvzBqmShlz32ylsbe/s7hX3SweHR8cn5dOztkkyLbAlEpXobsANKhljiyQp7KYaeRQo7ASTu0W984TayCR+oGmKfsRHsQyl4GStJg3KFbfqLsU2wcuhArkag/JXf5iILMKYhOLG9Dw3JX/GNUmhcF7qZwZTLiZ8hD2LMY/Q+LPlonN2ZZ0hCxNtX0xs6f6emPHImGkU2M6I09is1xbmf7VeRuGtP5NxmhHGYvVRmClGCVtczYZSoyA1tcCFlnZXJsZcc0E2m5INwVs/eRPatapnuelV6rU8jiJcwCVcgwc3UId7aEALBCA8wyu8OY/Oi/PufKxaC04+cw5/5Hz+ANprjOU=</latexit>

F2
<latexit sha1_base64="OayU80hAVE+eutuOVavMLpqQHm8=">AAAB6nicbZDLSgMxFIbPVK213qou3QSL4KrMdKPLgiAuW7QXaIeSSc+0oZnMkGSEMvQR3LhQxK0P4jO4E1/G9LLQ1h8CH/9/DjnnBIng2rjul5Pb2NzKbxd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7G17O8/YBK81jem0mCfkSHkoecUWOtu5t+tV8quxV3LrIO3hLKtXzj+wMA6v3SZ28QszRCaZigWnc9NzF+RpXhTOC02Es1JpSN6RC7FiWNUPvZfNQpObfOgISxsk8aMnd/d2Q00noSBbYyomakV7OZ+V/WTU145WdcJqlByRYfhakgJiazvcmAK2RGTCxQpridlbARVZQZe52iPYK3uvI6tKoVz3LDK9eqsFABTuEMLsCDS6jBLdShCQyG8AjP8OII58l5dd4WpTln2XMCf+S8/wCxJ4+O</latexit><latexit sha1_base64="7DiK/QZtO8V2eEoMJHnI/aTJr0s=">AAAB6nicbZA9SwNBEIbnosYYv6KWNotBsAp3abQMCGKZoPmAGMLeZi5Zsrd37O4J4chPsNAiIraC/8XSTvwzbj4KTXxh4eF9Z9iZ8WPBtXHdLyeztr6R3cxt5bd3dvf2CweHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOkPL6d58x6V5pG8NaMYOyHtSx5wRo21bq665W6h6JbcmcgqeAsoVrK174/J43u1W/i860UsCVEaJqjWbc+NTSelynAmcJy/SzTGlA1pH9sWJQ1Rd9LZqGNyap0eCSJlnzRk5v7uSGmo9Sj0bWVIzUAvZ1Pzv6ydmOCik3IZJwYlm38UJIKYiEz3Jj2ukBkxskCZ4nZWwgZUUWbsdfL2CN7yyqvQKJc8yzWvWCnDXDk4hhM4Aw/OoQLXUIU6MOjDA0zg2RHOk/PivM5LM86i5wj+yHn7ASfnkWY=</latexit><latexit sha1_base64="7DiK/QZtO8V2eEoMJHnI/aTJr0s=">AAAB6nicbZA9SwNBEIbnosYYv6KWNotBsAp3abQMCGKZoPmAGMLeZi5Zsrd37O4J4chPsNAiIraC/8XSTvwzbj4KTXxh4eF9Z9iZ8WPBtXHdLyeztr6R3cxt5bd3dvf2CweHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOkPL6d58x6V5pG8NaMYOyHtSx5wRo21bq665W6h6JbcmcgqeAsoVrK174/J43u1W/i860UsCVEaJqjWbc+NTSelynAmcJy/SzTGlA1pH9sWJQ1Rd9LZqGNyap0eCSJlnzRk5v7uSGmo9Sj0bWVIzUAvZ1Pzv6ydmOCik3IZJwYlm38UJIKYiEz3Jj2ukBkxskCZ4nZWwgZUUWbsdfL2CN7yyqvQKJc8yzWvWCnDXDk4hhM4Aw/OoQLXUIU6MOjDA0zg2RHOk/PivM5LM86i5wj+yHn7ASfnkWY=</latexit><latexit sha1_base64="aSsMg/KtRenQI1SxtdvP1dhhB5E=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FSSXvRYEMRjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3jAVXBvP+3ZKG5tb2zvl3cre/sHhkXt80tZJphi2WCIS1Q2pRsEltgw3ArupQhqHAjvh5GZe7zyh0jyRj2aaYhDTkeQRZ9RY6+F2UB+4Va/mLUTWwS+gCoWaA/erP0xYFqM0TFCte76XmiCnynAmcFbpZxpTyiZ0hD2Lksaog3yx6oxcWGdIokTZJw1ZuL8nchprPY1D2xlTM9artbn5X62Xmeg6yLlMM4OSLT+KMkFMQuZ3kyFXyIyYWqBMcbsrYWOqKDM2nYoNwV89eR3a9Zpv+d6vNupFHGU4g3O4BB+uoAF30IQWMBjBM7zCmyOcF+fd+Vi2lpxi5hT+yPn8Abs7jVw=</latexit>

F3
<latexit sha1_base64="ajVHpNZBzEpxjD23mqD7/PBJTkI=">AAAB6nicbZDPSgMxEMZnq9Za/1U9egkWwVPZrQc9FgTx2KJthXYp2XS2Dc1mlyQrlKWP4MWDIl59EJ/Bm/gypn8O2vpB4Mf3zZCZCRLBtXHdLye3tr6R3yxsFbd3dvf2SweHLR2nimGTxSJW9wHVKLjEpuFG4H2ikEaBwHYwuprm7QdUmsfyzowT9CM6kDzkjBpr3V73znulsltxZyKr4C2gXMs3vj8AoN4rfXb7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY1HSCLWfzUadkFPr9EkYK/ukITP3d0dGI63HUWArI2qGejmbmv9lndSEl37GZZIalGz+UZgKYmIy3Zv0uUJmxNgCZYrbWQkbUkWZsdcp2iN4yyuvQqta8Sw3vHKtCnMV4BhO4Aw8uIAa3EAdmsBgAI/wDC+OcJ6cV+dtXppzFj1H8EfO+w+yq4+P</latexit><latexit sha1_base64="Co4EfeZ6e1J9so+cjhTlh0AHozo=">AAAB6nicbZDLSgMxFIZPqtZab1WXboJFcFVm6kKXBUFctmgv0A4lk2ba0ExmSDJCGfoILnRREbeC7+LSnfgyppeFtv4Q+Pj/c8g5x48F18ZxvlBmbX0ju5nbym/v7O7tFw4OGzpKFGV1GolItXyimeCS1Q03grVixUjoC9b0h1fTvHnPlOaRvDOjmHkh6UsecEqMtW6vu+fdQtEpOTPhVXAXUKxka98fk8f3arfw2elFNAmZNFQQrduuExsvJcpwKtg430k0iwkdkj5rW5QkZNpLZ6OO8al1ejiIlH3S4Jn7uyMlodaj0LeVITEDvZxNzf+ydmKCSy/lMk4Mk3T+UZAIbCI83Rv3uGLUiJEFQhW3s2I6IIpQY6+Tt0dwl1dehUa55FquucVKGebKwTGcwBm4cAEVuIEq1IFCHx5gAs9IoCf0gl7npRm06DmCP0JvPylrkWc=</latexit><latexit sha1_base64="Co4EfeZ6e1J9so+cjhTlh0AHozo=">AAAB6nicbZDLSgMxFIZPqtZab1WXboJFcFVm6kKXBUFctmgv0A4lk2ba0ExmSDJCGfoILnRREbeC7+LSnfgyppeFtv4Q+Pj/c8g5x48F18ZxvlBmbX0ju5nbym/v7O7tFw4OGzpKFGV1GolItXyimeCS1Q03grVixUjoC9b0h1fTvHnPlOaRvDOjmHkh6UsecEqMtW6vu+fdQtEpOTPhVXAXUKxka98fk8f3arfw2elFNAmZNFQQrduuExsvJcpwKtg430k0iwkdkj5rW5QkZNpLZ6OO8al1ejiIlH3S4Jn7uyMlodaj0LeVITEDvZxNzf+ydmKCSy/lMk4Mk3T+UZAIbCI83Rv3uGLUiJEFQhW3s2I6IIpQY6+Tt0dwl1dehUa55FquucVKGebKwTGcwBm4cAEVuIEq1IFCHx5gAs9IoCf0gl7npRm06DmCP0JvPylrkWc=</latexit><latexit sha1_base64="cdmYrti2aOJCi4cNRW45B0+2Bdw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSeqjHgiAeK9oPaEPZbCft0s0m7G6EEvoTvHhQxKu/yJv/xm2bg7a+sPDwzgw78waJ4Nq47rdT2Njc2t4p7pb29g8Oj8rHJ20dp4phi8UiVt2AahRcYstwI7CbKKRRILATTG7m9c4TKs1j+WimCfoRHUkeckaNtR5uB1eDcsWtuguRdfByqECu5qD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKeRUkj1H62WHVGLqwzJGGs7JOGLNzfExmNtJ5Gge2MqBnr1drc/K/WS0147WdcJqlByZYfhakgJibzu8mQK2RGTC1QprjdlbAxVZQZm07JhuCtnrwO7VrVs3zvVRq1PI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3I+fwC8v41d</latexit>

FN
<latexit sha1_base64="i6ATqJzN+hhfnPq8ZGcnrCLKAcA=">AAAB6nicbZDPSgMxEMZnq9Za/1U9egkWwVPZ7UWPBUE8SYu2FdqlZNPZNjSbXZKsUJY+ghcPinj1QXwGb+LLmP45aOsHgR/fN0NmJkgE18Z1v5zc2vpGfrOwVdze2d3bLx0ctnScKoZNFotY3QdUo+ASm4YbgfeJQhoFAtvB6HKatx9QaR7LOzNO0I/oQPKQM2qsdXvVu+mVym7FnYmsgreAci3f+P4AgHqv9NntxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjkVJI9R+Nht1Qk6t0ydhrOyThszc3x0ZjbQeR4GtjKgZ6uVsav6XdVITXvgZl0lqULL5R2EqiInJdG/S5wqZEWMLlCluZyVsSBVlxl6naI/gLa+8Cq1qxbPc8Mq1KsxVgGM4gTPw4BxqcA11aAKDATzCM7w4wnlyXp23eWnOWfQcwR857z/bl4+q</latexit><latexit sha1_base64="QqO0q6VdAuyZrBMzY3wd4/czEsI=">AAAB6nicbZDLSgMxFIZPqtZab1WXboJFcFVmutFlQRBX0qK9QDuUTJppQzOZIckIZegjuNBFRdwKvotLd+LLmF4W2vpD4OP/zyHnHD8WXBvH+UKZtfWN7GZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH15O8+Y9U5pH8s6MYuaFpC95wCkx1rq96t50C0Wn5MyEV8FdQLGSrX1/TB7fq93CZ6cX0SRk0lBBtG67Tmy8lCjDqWDjfCfRLCZ0SPqsbVGSkGkvnY06xqfW6eEgUvZJg2fu746UhFqPQt9WhsQM9HI2Nf/L2okJLryUyzgxTNL5R0EisInwdG/c44pRI0YWCFXczorpgChCjb1O3h7BXV55FRrlkmu55hYrZZgrB8dwAmfgwjlU4BqqUAcKfXiACTwjgZ7QC3qdl2bQoucI/gi9/QBSV5GC</latexit><latexit sha1_base64="QqO0q6VdAuyZrBMzY3wd4/czEsI=">AAAB6nicbZDLSgMxFIZPqtZab1WXboJFcFVmutFlQRBX0qK9QDuUTJppQzOZIckIZegjuNBFRdwKvotLd+LLmF4W2vpD4OP/zyHnHD8WXBvH+UKZtfWN7GZuK7+9s7u3Xzg4bOgoUZTVaSQi1fKJZoJLVjfcCNaKFSOhL1jTH15O8+Y9U5pH8s6MYuaFpC95wCkx1rq96t50C0Wn5MyEV8FdQLGSrX1/TB7fq93CZ6cX0SRk0lBBtG67Tmy8lCjDqWDjfCfRLCZ0SPqsbVGSkGkvnY06xqfW6eEgUvZJg2fu746UhFqPQt9WhsQM9HI2Nf/L2okJLryUyzgxTNL5R0EisInwdG/c44pRI0YWCFXczorpgChCjb1O3h7BXV55FRrlkmu55hYrZZgrB8dwAmfgwjlU4BqqUAcKfXiACTwjgZ7QC3qdl2bQoucI/gi9/QBSV5GC</latexit><latexit sha1_base64="ml2UNpfwmLjHOLvl7jvrt/qn5F0=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSXuyxIIgnqWg/oA1ls520SzebsLsRSuhP8OJBEa/+Im/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLme1ztPqDSP5aOZJuhHdCR5yBk11nq4GdwNyhW36i5E1sHLoQK5moPyV38YszRCaZigWvc8NzF+RpXhTOCs1E81JpRN6Ah7FiWNUPvZYtUZubDOkISxsk8asnB/T2Q00noaBbYzomasV2tz879aLzVh3c+4TFKDki0/ClNBTEzmd5MhV8iMmFqgTHG7K2FjqigzNp2SDcFbPXkd2rWqZ/neqzRqeRxFOINzuAQPrqABt9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sj5/AHlq414</latexit>

FN+1
<latexit sha1_base64="ClQP4n/RBEEtwoWVxzw8E7c6/sw=">AAAB7nicbZDLSgMxFIbP1Futt1aXboJFKAhlphtdFgRxJRVsK7RDyaSZNjSTGZIzQhn6EG5cKOLWx/AZ3Pkg7k0vC239IfDx/+eQc06QSGHQdb+c3Nr6xuZWfruws7u3f1AsHbZMnGrGmyyWsb4PqOFSKN5EgZLfJ5rTKJC8HYwup3n7gWsjYnWH44T7ER0oEQpG0Vrtq152c+ZNesWyW3VnIqvgLaBcL1W+PwCg0St+dvsxSyOukElqTMdzE/QzqlEwySeFbmp4QtmIDnjHoqIRN342G3dCTq3TJ2Gs7VNIZu7vjoxGxoyjwFZGFIdmOZua/2WdFMMLPxMqSZErNv8oTCXBmEx3J32hOUM5tkCZFnZWwoZUU4b2QgV7BG955VVo1aqe5VuvXK/BXHk4hhOogAfnUIdraEATGIzgEZ7hxUmcJ+fVeZuX5pxFzxH8kfP+A3M6kSI=</latexit><latexit sha1_base64="0JmI1JUgHlo+lGVLr4hNYQHqHm8=">AAAB7nicbZDLSgMxFIbPeK311urSTbAIFaHMdKPLgiCupIK9QDuUTJq2oZnMkJwRytBnEDcuFHHrc/gI7nwQ96aXhbb+EPj4/3PIOSeIpTDoul/Oyura+sZmZiu7vbO7t5/LH9RNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLSd6459qISN3hKOZ+SPtK9ASjaK3GVSe9OfPGnVzBLblTkWXw5lCo5IvfHw/t02on99nuRiwJuUImqTEtz43RT6lGwSQfZ9uJ4TFlQ9rnLYuKhtz46XTcMTmxTpf0Im2fQjJ1f3ekNDRmFAa2MqQ4MIvZxPwvayXYu/BToeIEuWKzj3qJJBiRye6kKzRnKEcWKNPCzkrYgGrK0F4oa4/gLa68DPVyybN86xUqZZgpA0dwDEXw4BwqcA1VqAGDITzCM7w4sfPkvDpvs9IVZ95zCH/kvP8A5xeSOA==</latexit><latexit sha1_base64="0JmI1JUgHlo+lGVLr4hNYQHqHm8=">AAAB7nicbZDLSgMxFIbPeK311urSTbAIFaHMdKPLgiCupIK9QDuUTJq2oZnMkJwRytBnEDcuFHHrc/gI7nwQ96aXhbb+EPj4/3PIOSeIpTDoul/Oyura+sZmZiu7vbO7t5/LH9RNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLSd6459qISN3hKOZ+SPtK9ASjaK3GVSe9OfPGnVzBLblTkWXw5lCo5IvfHw/t02on99nuRiwJuUImqTEtz43RT6lGwSQfZ9uJ4TFlQ9rnLYuKhtz46XTcMTmxTpf0Im2fQjJ1f3ekNDRmFAa2MqQ4MIvZxPwvayXYu/BToeIEuWKzj3qJJBiRye6kKzRnKEcWKNPCzkrYgGrK0F4oa4/gLa68DPVyybN86xUqZZgpA0dwDEXw4BwqcA1VqAGDITzCM7w4sfPkvDpvs9IVZ95zCH/kvP8A5xeSOA==</latexit><latexit sha1_base64="9ZikbiC2E0F49/UUXUsExQIUa6g=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tFEISS9FKPBUE8SQX7AW0om+2mXbrZhN2JUEJ/hBcPinj193jz37htc9DWFxYe3plhZ94gkcKg6347hY3Nre2d4m5pb//g8Kh8fNI2caoZb7FYxrobUMOlULyFAiXvJprTKJC8E0xu5vXOE9dGxOoRpwn3IzpSIhSMorU6t4Ps/sqbDcoVt+ouRNbBy6ECuZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9ywqGnHjZ4t1Z+TCOkMSxto+hWTh/p7IaGTMNApsZ0RxbFZrc/O/Wi/F8NrPhEpS5IotPwpTSTAm89vJUGjOUE4tUKaF3ZWwMdWUoU2oZEPwVk9eh3at6ll+8CqNWh5HEc7gHC7Bgzo04A6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9yPn8AgsWO9A==</latexit>

1
<latexit sha1_base64="lSWyP8f5JdNVqqwlinQwVZFUxws=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdNNqIARvLBMwFkhBmJ2eTMbOzy8ysEJaAvY2FIra+hO9h59s4uRSa+MPAx/+fw5xzgkRwbTzv28mtrW9sbuW33Z3dvf2DwuFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAajm2nefECleSzvzDjBbkQHkoecUWOtmt8rFL2SNxNZBX8BxetP9+oRAKq9wlenH7M0QmmYoFq3fS8x3Ywqw5nAidtJNSaUjegA2xYljVB3s9mgE3JmnT4JY2WfNGTm/u7IaKT1OApsZUTNUC9nU/O/rJ2a8LKbcZmkBiWbfxSmgpiYTLcmfa6QGTG2QJnidlbChlRRZuxtXHsEf3nlVWiUS77lml+slGGuPJzAKZyDDxdQgVuoQh0YIDzBC7w6986z8+a8z0tzzqLnGP7I+fgBzmeOXw==</latexit><latexit sha1_base64="wZLu+GdONzFOK70sZ1Cl2/zNqlg=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmE3jTZiwMYygrlAsoTZydlkzOzsMjMrhCVPYGOh2Ao+hO9hI76Nk0uhiT8MfPz/Ocw5J0wF18bzvp3C2vrG5lZx293Z3ds/KLmHTZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWOrqd56wGV5om8M+MUg5gOJI84o8Zat36vVPYq3kxkFfwFlK8+3Mv0/cut90qf3X7CshilYYJq3fG91AQ5VYYzgRO3m2lMKRvRAXYsShqjDvLZoBNyap0+iRJlnzRk5v7uyGms9TgObWVMzVAvZ1Pzv6yTmegiyLlMM4OSzT+KMkFMQqZbkz5XyIwYW6BMcTsrYUOqKDP2Nq49gr+88io0qxXfcrlWhbmKcAwncAY+nEMNbqAODWCA8AjP8OLcO0/O67yw4Cw6juCPnLcfSfiOrA==</latexit><latexit sha1_base64="wZLu+GdONzFOK70sZ1Cl2/zNqlg=">AAAB5HicbZC7SgNBFIbPxltcb9HWZjAIVmE3jTZiwMYygrlAsoTZydlkzOzsMjMrhCVPYGOh2Ao+hO9hI76Nk0uhiT8MfPz/Ocw5J0wF18bzvp3C2vrG5lZx293Z3ds/KLmHTZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWOrqd56wGV5om8M+MUg5gOJI84o8Zat36vVPYq3kxkFfwFlK8+3Mv0/cut90qf3X7CshilYYJq3fG91AQ5VYYzgRO3m2lMKRvRAXYsShqjDvLZoBNyap0+iRJlnzRk5v7uyGms9TgObWVMzVAvZ1Pzv6yTmegiyLlMM4OSzT+KMkFMQqZbkz5XyIwYW6BMcTsrYUOqKDP2Nq49gr+88io0qxXfcrlWhbmKcAwncAY+nEMNbqAODWCA8AjP8OLcO0/O67yw4Cw6juCPnLcfSfiOrA==</latexit><latexit sha1_base64="L9yx63ACYbEd1Gj221oZ2rMrtj0=">AAAB5HicbZBNSwMxEIZn61ddv6pXL8EieCq7veix4MVjBfsB7VKy6Wwbm02WJCuUpb/AiwfFq7/Jm//GtN2DVl8IPLwzQ2beOBPc2CD48ipb2zu7e9V9/+Dw6Pik5p92jco1ww5TQul+TA0KLrFjuRXYzzTSNBbYi2e3y3rvCbXhSj7YeYZRSieSJ5xR66z7cFSrB41gJfIXwhLqUKo9qn0Ox4rlKUrLBDVmEAaZjQqqLWcCF/4wN5hRNqMTHDiUNEUTFatFF+TSOWOSKO2etGTl/pwoaGrMPI1dZ0rt1GzWluZ/tUFuk5uo4DLLLUq2/ijJBbGKLK8mY66RWTF3QJnmblfCplRTZl02vgsh3Dz5L3SbjdBxvdUsw6jCOVzAFYRwDS24gzZ0gAHCM7zCm/fovXjv68aKV06cwS95H98LpYt7</latexit>

0
<latexit sha1_base64="ubV9PT+piBiUtkc7V6MM3Vlm9oQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRjwYvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpneLevcJleaxfDCzBP2IjiUPOaPGWi13WK64VXcpsgleDhXI1RyWvwajmKURSsME1brvuYnxM6oMZwLnpUGqMaFsSsfYtyhphNrPlovOyZV1RiSMlX3SkKX7eyKjkdazKLCdETUTvV5bmP/V+qkJb/2MyyQ1KNnqozAVxMRkcTUZcYXMiJkFyhS3uxI2oYoyY7Mp2RC89ZM3oVOrepZbN5VGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx90S4yk</latexit><latexit sha1_base64="ubV9PT+piBiUtkc7V6MM3Vlm9oQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRjwYvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpneLevcJleaxfDCzBP2IjiUPOaPGWi13WK64VXcpsgleDhXI1RyWvwajmKURSsME1brvuYnxM6oMZwLnpUGqMaFsSsfYtyhphNrPlovOyZV1RiSMlX3SkKX7eyKjkdazKLCdETUTvV5bmP/V+qkJb/2MyyQ1KNnqozAVxMRkcTUZcYXMiJkFyhS3uxI2oYoyY7Mp2RC89ZM3oVOrepZbN5VGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx90S4yk</latexit><latexit sha1_base64="ubV9PT+piBiUtkc7V6MM3Vlm9oQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRjwYvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpneLevcJleaxfDCzBP2IjiUPOaPGWi13WK64VXcpsgleDhXI1RyWvwajmKURSsME1brvuYnxM6oMZwLnpUGqMaFsSsfYtyhphNrPlovOyZV1RiSMlX3SkKX7eyKjkdazKLCdETUTvV5bmP/V+qkJb/2MyyQ1KNnqozAVxMRkcTUZcYXMiJkFyhS3uxI2oYoyY7Mp2RC89ZM3oVOrepZbN5VGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx90S4yk</latexit><latexit sha1_base64="ubV9PT+piBiUtkc7V6MM3Vlm9oQ=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FSSItRjwYvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpneLevcJleaxfDCzBP2IjiUPOaPGWi13WK64VXcpsgleDhXI1RyWvwajmKURSsME1brvuYnxM6oMZwLnpUGqMaFsSsfYtyhphNrPlovOyZV1RiSMlX3SkKX7eyKjkdazKLCdETUTvV5bmP/V+qkJb/2MyyQ1KNnqozAVxMRkcTUZcYXMiJkFyhS3uxI2oYoyY7Mp2RC89ZM3oVOrepZbN5VGLY+jCBdwCdfgQR0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Y+czx90S4yk</latexit>
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Figure S4. Unit step function (a) and general PC function (b), where Fk = Fk(ω) is the value of F (ω,t) in the k-th time interval (k =

1, . . .N ), F0 = F0(ω) is the value of F (ω,t) in the reference state before the inception of melting, and FN+1 = FN+1(ω) is the future

value.

By substituting Eq. (S296) into (S298) we obtain

Flm(t) =

N∑
k=0

(Flm,k+1−Flm,k)H(t− tk), (S299)

or, equivalently

Flm(t) =

N∑
k=0

∆Flm,kH(t− tk), (S300)

where5

∆Flm,k ≡Flm,k+1−Flm,k, (k = 0, . . .N) (S301)

and

Flm,k ≡Flm(tk) =
1

4π

∫
γ

Fk(γ)Y∗lm(γ)dγ. (S302)

S8.2 Polar motion transfer function

This section is devoted to the study of the Polar Motion Transfer Function (PMTF). We shall obtain the PMTF for both the10

traditional and the revised rotation theory, described in §S5.2. Then, we shall provide an expression for the modified form of

the PMTF, necessary to solve the Liouville equations.
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Traditional rotation theory. Our purpose here is to show that when the traditional rotation theory is adopted, the PMTF

defined by Eq. (S147) takes the form:

A(s) =Ae +
As

s
+

M ′∑
i=1

Ai
s− ai

, (S303)

where M ′ =M − 1 and the secular residue As is, in general, a non-vanishing constant.

First of all, we recall that the Laplace-transformed Liouville equations (S143) read5 (
1− kT (s)

ks

)
m(s) = Ψsur(s), (S304)

where m is the displacement of the pole of rotation, ks is the secular Love number, Ψsur(s) is the surface loading polar motion

excitation function and

kT (s) = kTe +

M∑
i=1

kTi
s− si

(S305)

is the Laplace-transformed ‘k’ TLN of degree l = 2. To simplify notation, here we have dropped subscript ‘2’, i.e., we have10

defined kTe ≡ kTe2 , kTi ≡ kT2i, and si ≡ s2i. Now, following e.g., Spada et al. (2011) we approximate the secular Love number

with the degree 2 fluid TLN ’k’, i.e.,

ks = kTf , (S306)

where kTf ≡ kTf2 and according to Eqs. (S74) and (S305), we have

kTf ≡ lim
s 7→0

kT (s)≡ kTe−
M∑
i=1

kTi
si
. (S307)15

Taking advantage of Eqs. (S306) and (S307) and using simple algebra, the factor multiplying m in Eq. (S304) can be

rearranged as

1− kT (s)

ks
= s

M∑
i=1

γi
s− si

, (S308)

with constants

γi ≡−
1

kTf

(
kTi
si

)
, (i= 1, . . . ,M) (S309)20

so that the Liouville equations take the form(
M∑
i=1

γi
s− si

)
m(s) =

Ψsur(s)

s
. (S310)

By a comparison with Eq. (S146), we note that the PMTF can be expressed as

A(s) =
1

s

M∑
i=1

γi
s− si

(S311)
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showing that, in the hypothesis that all the si’s are distinct, A(s) has M simple zeros in s= si, i.e.,

A(si) = 0 (i= 0,1, . . .M). (S312)

Multiplying both the denominator and the numerator of Eq. (S311) by the secular polynomial with roots s= si, defined by

Eq. (S63), we obtain

A(s) =
N(s)

s

M∑
i=1

γi
N(s)

s− si

. (S313)5

We now observe that the ratio

Bi(s)≡
N(s)

s− si
(S314)

is a degree M − 1 polynomial

Bi(s) =

M−1∑
k=0

bk,is
k, (S315)

with coefficients10

bM−1,i = nM

bk−1,i = nk + bk,isi (k =M − 1,M − 2, . . . ,1);

thus from Eq. (S313) we have

A(s) =
N(s)

s

(
M∑
i=1

γi

M−1∑
k=0

bk,is
k

)

=
N(s)

s

(
M−1∑
k=0

(
M∑
i=1

γibk,i

)
sk

)15

=
N(s)

s

M−1∑
k=0

cks
k

. (S316)

Hence, defining the new polynomial

C(s) =

M−1∑
k=0

cks
k (S317)

with coefficients

ck =

M∑
i=1

γibk,i (k = 0,1, . . .M − 1), (S318)20
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from Eq. (S316) we see that the PMTF can expressed, in the Laplace domain, by a rational function of s involving two degree

M polynomials:

A(s) =
N(s)

sC(s)
. (S319)

The structure of the PMTF suggests the decomposition

A(s) =Ae +
As

s
+
P (s)

C(s)
, (S320)5

where P (s) is a degree M − 2 polynomial with coefficients

pk = nk+1−Aeck −Asck+1 (k = 0, . . .M − 2) (S321)

and

As = lim
s7→0

sA(s) =
n0

c0
6= 0 (S322)

is the secular rotational residue while10

Ae = lim
s7→∞

A(s) =
nM
cM−1

(S323)

is the elastic rotational residue. Furthermore, assuming that C(s) has M − 1 distinct zeros at s= ai (i.e., C(ai) = 0 ) we can

follow the usual method for the Laplace inversion of a rational function (e.g., Longman and Sharir, 1971). Hence, defining the

rotational residues as

Ai =
P (ai)

C ′(ai)
(i= 1, . . .M − 1), (S324)15

where here the prime denotes the derivative with respect to s, from Eq. (S320) we obtain

A(s) =Ae +
As

s
+

M ′∑
i=1

Ai
s− ai

, (S325)

with

M ′ =M − 1, (S326)

which confirm Eqs. (S303) and (S151).20

New (or revised) rotation theory. Here we show that according to the revised rotation theory, the PMTF defined by Eq. (S147)

takes the form:

A(s) =Ae +
As

s
+

M ′∑
i=1

Ai
s− ai

, (S327)

where M ′ =M and the secular rotational residue is, in this case, As = 0.
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The computations below follow quite closely those for the traditional rotation theory, but some important details differ. From

Eq. (S143), we first recall that the Laplace-transformed Liouville equations read(
1− kT (s)

ks

)
m(s) = Ψsur(s), (S328)

where m(s) is polar motion, ks is the secular Love number, Ψsur(s) is the polar motion excitation function for surface loading

and5

kT (s) = kTe +

M∑
i=1

kTi
s− si

(S329)

is the Laplace-transformed ‘k’ TLN of degree l = 2 where, to simplify notation, we have again dropped subscript ‘2’, i.e., we

have set kTe ≡ kTe2 , kTi ≡ kT2i and si ≡ s2i.

Now, following Mitrovica et al. (2005) and Mitrovica and Wahr (2011) we do not make the assumption ks = kTf that is

at the basis of the traditional rotation theory. Rather, we assume, for the moment, an arbitrary value of ks. By substitution10

of Eq. (S329) into (S328) also using the definition of fluid TLN (S74) and simple algebra, the factor in front of m(s) in the

Liouville equations can be cast in the form

1− kT (s)

ks
= ε+ s

M∑
i=1

δi
s− si

, (S330)

where

ε≡ 1− kTf

ks
(S331)15

where kTf = kTf2 and

δi ≡−
1

ks

(
kTi
si

)
, (i= 1, . . . ,M), (S332)

where we note that, for ks = kTf , ε= 0 and according to Eq. (S309) δi = γi, so that the traditional rotation theory is recovered.

Using Eq. (S330), the Liouville equations (S328) become(
ε+ s

M∑
i=1

δi
s− si

)
m(s) = Ψsur(s), (S333)20

which compared with (S146) gives the PMTF:

A(s) =
1

ε+ s

M∑
i=1

δi
s− si

(S334)

showing that, in the hypothesis that all the si’s are distinct, also in this case A(s) has M simple zeros in s= si, i.e.,

A(si) = 0 (i= 0,1, . . .M). (S335)
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Multiplying both the denominator and the numerator of Eq. (S334) by N(s), we obtain

A(s) =
N(s)

εN(s) + s

M∑
i=1

δi
N(s)

s− si

=
N(s)

εN(s) + s

M∑
i=1

δiBi(s)

=
N(s)

εN(s) + s

M−1∑
k=0

(
M∑
i=1

δibk,i

)
sk

, (S336)

where we have used Eqs. (S63), (S314), and (S315). Hence, defining the new degree M − 1 polynomial5

D(s) =

M−1∑
k=0

dks
k, (S337)

with coefficients

dk =

M∑
i=1

δibk,i (k = 0,1, . . .M − 1), (S338)

from Eq. (S336) we see that the PMTF is expressed, as for the traditional rotation theory, as the ratio of two degree M

polynomials10

A(s) =
N(s)

E(s)
, (S339)

where

E(s)≡ εN(s) + sD(s), (S340)

with coefficients

e0 = εn015

ek = εnk + dk−1 (k = 1, . . .M).

The secular residue of A is

As = lim
s7→0

sA(s) = 0, (S341)

while the elastic residue is

Ae = lim
s7→∞

A(s) =
nM
eM

. (S342)20
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Following the usual method of inverting the rational function (e.g., Longman and Sharir, 1971), the rotational residues are

Ai =
N(ai)

E′(ai)
, (i= 0,1, . . .M), (S343)

where the prime denotes the derivative with respect to s, and ai are the (simple) roots of equationE(s) = 0. Hence from (S325)

we obtain

A(s) =Ae +
As

s
+

M ′∑
i=1

Ai
s− ai

, (S344)5

with

M ′ =M, (S345)

which confirm Eqs. (S149) and (S152).

Modified form of the PMTF. Here we show that the modified PMTF in the Laplace domain, defined in §S5.5 as

A′(s)≡A(s)
(
1 + kL2 (s)

)
(S346)10

can be cast in the form

A′(s) =A′e +
A′s

s
+

M ′∑
i=1

A′i
s− ai

+

M∑
i=1

A′′i
s− si

, (S347)

where A′e, A′s, A′i and A′′i are appropriate constants, and where in particular A′′i ≡ 0.

We start recalling, from Eq. (S149), the general form of the PMTF

A(s) =Ae +
As

s
+

M ′∑
i=1

Ai
s− ai

, (S348)15

where for the traditional rotation theoryM ′ =M−1 andAs 6= 0, while for the new theoryM ′ =M andAs = 0. Furthermore,

according to (S59), the degree 2 LLN is

kL(s) = kLe +

M∑
i=1

kLi
s− si

, (S349)

where we have dropped subscript ‘2’ to simplify notation, i.e., we have set kLe ≡ kLe2 , kLi ≡ kL2i, and si ≡ s2i.

Direct substitution of Eqs. (S349) and (S348) into (S346) gives20

A′(s) =

Ae +
As

s
+

M ′∑
i=1

Ai
s− ai

(1 + kLe +

M∑
i=1

kLi
s− si

)

= Ae
(
1 + kLe

)
+

M∑
i=1

AekLi
s− si

+
As(1 + kLe)

s
+

M ′∑
i=1

(1 + kLe)Ai
s− ai

+

+

M∑
i=1

AskLi
s(s− si)

+

M ′∑
i′=1

M∑
i=1

Ai′k
L
i

(s− ai′)(s− si)
, (S350)
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where we note that since

1

s(s− si)
=

1/si
s− si

− 1/si
s
, (S351)

the fifth term is
M∑
i=1

AskLi
s(s− si)

=

M∑
i=1

AskLi /si
s− si

− 1

s

M∑
i=1

As
kLi
si

; (S352)

furthermore, since5

1

(s− ai′)(s− si)
=

1/(ai′ − si)
s− ai′

− 1/(ai′ − si)
s− si

, (S353)

the sixth term is
M ′∑
i′=1

M∑
i=1

Ai′k
L
i

(s− ai′)(s− si)
=

M ′∑
i′=1

M∑
i=1

Ai′k
L
i /(ai′ − si)
s− ai′

−
M ′∑
i′=1

M∑
i=1

Ai′k
L
i /(ai′ − si)
s− si

=

M ′∑
i′=1

1

s− ai′
M∑
i=1

Ai′k
L
i

ai′ − si
−

M∑
i=1

1

s− si

M ′∑
i′=1

Ai′k
L
i

ai′ − si

=

M ′∑
i′=1

Fi′

s− ai′
−

M∑
i=1

Gi
s− si

, (S354)10

where we have defined

Fi′ ≡
M∑
i=1

Ai′k
L
i

ai′ − si
(i′ = 1, . . . ,M ′) (S355)

Gi ≡
M ′∑
i′=1

Ai′k
L
i

ai′ − si
(i= 1, . . . ,M). (S356)

Hence, substituting Eqs. (S354) and (S352) into (S350) using (S355) and (S356), we obtain

A′(s) = Ae
(
1 + kLe

)
+

M∑
i=1

AekLi
s− si

+
As(1 + kLe)

s
+

M ′∑
i=1

(1 + kLe)Ai
s− ai

+

M∑
i=1

AskLi /si
s− si

− 1

s

M∑
i=1

As
kLi
si

+15

+

M ′∑
i=1

Fi
s− ai

−
M∑
i=1

Gi
s− si

= Ae
(
1 + kLe

)
+
As

s

(
1 + kLf

)
+

M∑
i=1

kLi (Ae +As/si)−Gi
s− si

+

M ′∑
i=1

(1 + kLe)Ai +Fi
s− ai

, (S357)

where we have used the expression for the fluid ’k’ LLN given by Eq. (S64). Thus, defining

A′e =
(
1 + kLe

)
Ae, (S358)

A′s =
(
1 + kLf

)
As, (S359)20

A′i = (1 + kLe)Ai +Fi, (i= 1, . . . ,M ′) (S360)

A′′i = kLi

(
Ae +

As

si

)
−Gi, (i= 1, . . . ,M) (S361)
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we find that the modified PMTF can be written as

A′(s) =A′e +
A′s

s
+

M ′∑
i=1

A′i
s− ai

+

M∑
i=1

A′′i
s− si

, (S362)

which confirms Eq. (S347).

In conclusion, we observe that a remarkable identity exists, already noted7 in Spada et al. (2011). In fact, from Eqs. (S361)

and (S356), we obtain5

A′′i = kLi

(
Ae +

As

si

)
−Gi

= kLi

(
Ae +

As

si

)
−

M ′∑
i′=1

Ai′k
L
i

ai′ − si

= kLi

Ae +
As

si
+

M ′∑
k=1

Ak
si− ak


= kLi A(si) (i= 1, . . . ,M), (S363)

where we have used the definition of PMFT given by Eq. (S149). But from Eqs. (S312) and (S335), valid for the traditional10

and the revised rotation theories, respectively, we have

A(si) = 0, (S364)

so that Eq. (S363) simply gives

A′′i = 0, (i= 1, . . . ,M). (S365)

Therefore, A′(s) has the same structure of A(s).15

S8.3 Inertia variation for a rigid Earth

In this section, devoted to the evaluation of the inertia change for a rigid Earth, we will show that

Jrig(t) =
4πa4

3

√
6

5
L∗21(t), (S366)

where L21 is the harmonic degree l = 2 and order m= 1 coefficient of the CSH expansion of the load variation L. We shall

also find a convenient expression for the excitation function Ψrig , both in the time and in the Laplace domains.20

Since here we are assuming a rigid Earth, Jrig can only depend upon the surface mass redistribution, so that it must be

expressed as a surface integral. Also using the definition of inertia tensor8, we have

Jrig(t) =−
∫
e

(x1x3 + ix2x3)dM, (S367)

7V. R. Barletta (2011), personal communication.

8The inertia tensor is
∫
V

(xlxlδik−xixk)dm, where the integration is over the volume of the body and dm is the mass element (e.g., Landau et al., 1986).
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where dM is the change in the unit surface mass. But recalling from Eq. (S24) that the load variation represents the change of

mass per unit area, i.e., L= dM/dA, we obtain:

Jrig(t) = −a2

∫
γ

(x1x3 + ix2x3)L(γ,t)dγ

= −a4

∫
γ

sinθ cosθ eiλL(γ,t)dγ

=
a4

3

√
6

5

∫
γ

L(γ,t)Y21(γ)dγ, (S368)5

where by the definition polar spherical coordinates we have made the substitutions x1 = asinθ cosλ, x2 = asinθ sinλ, x3 =

acosθ, and we have used the expression of Y21 given in Table S4. We now expand the (real-valued) scalar field L in series of

CSHs, also using the orthogonality condition, to obtain

Jrig(t) =
a4

3

√
6

5

∫
γ

(∑
lm

L∗lm(t)Y∗lm(γ)

)
Y21(γ)dγ

=
a4

3

√
6

5

∑
lm

L∗lm(t)

∫
γ

Y∗lm(γ)Y21(γ)dγ10

=
4πa4

3

√
6

5

∑
lm

L∗lm(t)δl2δm1

=
4πa4

3

√
6

5
L∗21(t), (S369)

hence, based upon definition of surface loading excitation function given by Eq. (S157), we have

Ψrig(t) = cψ21L∗21(t) (S370)

with15

cψ21 ≡
4π

3

√
6

5

a4

C −A. (S371)

Assuming, for the harmonic coefficients of the load variation, a PC evolution

L21(t) =

N∑
k=0

∆L21,k H(t− tk) , (S372)

from Eq. (S370) we obtain, for Ψrig, the following expression

Ψrig(t) = cψ21

N∑
k=0

∆L∗21,k H(t− tk). (S373)20
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<latexit sha1_base64="8uB/qRefRp2tc7proRy8YPu1XAI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNjYmYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB6ZJjM0=</latexit><latexit sha1_base64="8uB/qRefRp2tc7proRy8YPu1XAI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNjYmYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB6ZJjM0=</latexit><latexit sha1_base64="8uB/qRefRp2tc7proRy8YPu1XAI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNjYmYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB6ZJjM0=</latexit><latexit sha1_base64="8uB/qRefRp2tc7proRy8YPu1XAI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNjYmYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB6ZJjM0=</latexit>

H
<latexit sha1_base64="xXsOlzGweo0y2MPC2cbkwMVQszY=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNikTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSb383rnCZXmsXww0wT9iI4kDzmjxlrN+qBccavuQmQdvBwqkKsxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny0WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE976GZdJalCy5UdhKoiJyfxqMuQKmRFTC5QpbnclbEwVZcZmU7IheKsnr0P7qupZbl5Xand5HEU4g3O4BA9uoAZ1aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/5Hz+AJutjMY=</latexit><latexit sha1_base64="xXsOlzGweo0y2MPC2cbkwMVQszY=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNikTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSb383rnCZXmsXww0wT9iI4kDzmjxlrN+qBccavuQmQdvBwqkKsxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny0WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE976GZdJalCy5UdhKoiJyfxqMuQKmRFTC5QpbnclbEwVZcZmU7IheKsnr0P7qupZbl5Xand5HEU4g3O4BA9uoAZ1aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/5Hz+AJutjMY=</latexit><latexit sha1_base64="xXsOlzGweo0y2MPC2cbkwMVQszY=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNikTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSb383rnCZXmsXww0wT9iI4kDzmjxlrN+qBccavuQmQdvBwqkKsxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny0WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE976GZdJalCy5UdhKoiJyfxqMuQKmRFTC5QpbnclbEwVZcZmU7IheKsnr0P7qupZbl5Xand5HEU4g3O4BA9uoAZ1aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/5Hz+AJutjMY=</latexit><latexit sha1_base64="xXsOlzGweo0y2MPC2cbkwMVQszY=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNikTMB8QHKEvc1csmZv79jdE8KRX2BjoYitP8nOf+MmuUITX1h4eGeGnXmDRHBtXPfbKWxsbm3vFHdLe/sHh0fl45O2jlPFsMViEatuQDUKLrFluBHYTRTSKBDYCSb383rnCZXmsXww0wT9iI4kDzmjxlrN+qBccavuQmQdvBwqkKsxKH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGdR0gi1ny0WnZEL6wxJGCv7pCEL9/dERiOtp1FgOyNqxnq1Njf/q/VSE976GZdJalCy5UdhKoiJyfxqMuQKmRFTC5QpbnclbEwVZcZmU7IheKsnr0P7qupZbl5Xand5HEU4g3O4BA9uoAZ1aEALGCA8wyu8OY/Oi/PufCxbC04+cwp/5Hz+AJutjMY=</latexit>

~a
<latexit sha1_base64="hB10TPAuWSzxZk9HgtgRLvryN7s=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHrwUPDisYL9gHYp2XTaxmaTJckWytL/4MWDIl79P978N6btHrT1hcDDOzNk5o0SwY31/W9vbX1jc2u7sFPc3ds/OCwdHTeMSjXDOlNC6VZEDQousW65FdhKNNI4EtiMRnezenOM2nAlH+0kwTCmA8n7nFHrrEZnjIzQbqnsV/y5yCoEOZQhV61b+ur0FEtjlJYJakw78BMbZlRbzgROi53UYELZiA6w7VDSGE2YzbedknPn9EhfafekJXP390RGY2MmceQ6Y2qHZrk2M/+rtVPbvwkzLpPUomSLj/qpIFaR2emkxzUyKyYOKNPc7UrYkGrKrAuo6EIIlk9ehcZlJXD8cFWu3uZxFOAUzuACAriGKtxDDerA4Ame4RXePOW9eO/ex6J1zctnTuCPvM8fHfaOyw==</latexit><latexit sha1_base64="hB10TPAuWSzxZk9HgtgRLvryN7s=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHrwUPDisYL9gHYp2XTaxmaTJckWytL/4MWDIl79P978N6btHrT1hcDDOzNk5o0SwY31/W9vbX1jc2u7sFPc3ds/OCwdHTeMSjXDOlNC6VZEDQousW65FdhKNNI4EtiMRnezenOM2nAlH+0kwTCmA8n7nFHrrEZnjIzQbqnsV/y5yCoEOZQhV61b+ur0FEtjlJYJakw78BMbZlRbzgROi53UYELZiA6w7VDSGE2YzbedknPn9EhfafekJXP390RGY2MmceQ6Y2qHZrk2M/+rtVPbvwkzLpPUomSLj/qpIFaR2emkxzUyKyYOKNPc7UrYkGrKrAuo6EIIlk9ehcZlJXD8cFWu3uZxFOAUzuACAriGKtxDDerA4Ame4RXePOW9eO/ex6J1zctnTuCPvM8fHfaOyw==</latexit><latexit sha1_base64="hB10TPAuWSzxZk9HgtgRLvryN7s=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHrwUPDisYL9gHYp2XTaxmaTJckWytL/4MWDIl79P978N6btHrT1hcDDOzNk5o0SwY31/W9vbX1jc2u7sFPc3ds/OCwdHTeMSjXDOlNC6VZEDQousW65FdhKNNI4EtiMRnezenOM2nAlH+0kwTCmA8n7nFHrrEZnjIzQbqnsV/y5yCoEOZQhV61b+ur0FEtjlJYJakw78BMbZlRbzgROi53UYELZiA6w7VDSGE2YzbedknPn9EhfafekJXP390RGY2MmceQ6Y2qHZrk2M/+rtVPbvwkzLpPUomSLj/qpIFaR2emkxzUyKyYOKNPc7UrYkGrKrAuo6EIIlk9ehcZlJXD8cFWu3uZxFOAUzuACAriGKtxDDerA4Ame4RXePOW9eO/ex6J1zctnTuCPvM8fHfaOyw==</latexit><latexit sha1_base64="hB10TPAuWSzxZk9HgtgRLvryN7s=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHrwUPDisYL9gHYp2XTaxmaTJckWytL/4MWDIl79P978N6btHrT1hcDDOzNk5o0SwY31/W9vbX1jc2u7sFPc3ds/OCwdHTeMSjXDOlNC6VZEDQousW65FdhKNNI4EtiMRnezenOM2nAlH+0kwTCmA8n7nFHrrEZnjIzQbqnsV/y5yCoEOZQhV61b+ur0FEtjlJYJakw78BMbZlRbzgROi53UYELZiA6w7VDSGE2YzbedknPn9EhfafekJXP390RGY2MmceQ6Y2qHZrk2M/+rtVPbvwkzLpPUomSLj/qpIFaR2emkxzUyKyYOKNPc7UrYkGrKrAuo6EIIlk9ehcZlJXD8cFWu3uZxFOAUzuACAriGKtxDDerA4Ame4RXePOW9eO/ex6J1zctnTuCPvM8fHfaOyw==</latexit>

⇥
<latexit sha1_base64="iZ9L0Vi0WJQwK6yCKuLz1Go0cgM=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHrwUPDisUK/oF1KNk3b2GyyJLNCWfofvHhQxKv/x5v/xrTdg7a+EHh4Z4bMvFEihUXf//bW1jc2t7YLO8Xdvf2Dw9LRcdPq1DDeYFpq046o5VIo3kCBkrcTw2kcSd6KxnezeuuJGyu0quMk4WFMh0oMBKPorGa3PuJIe6WyX/HnIqsQ5FCGXLVe6avb1yyNuUImqbWdwE8wzKhBwSSfFrup5QllYzrkHYeKxtyG2XzbKTl3Tp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcBNmQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUdCEEyyevQvOyEjh+uCpXb/M4CnAKZ3ABAVxDFe6hBg1g8AjP8ApvnvZevHfvY9G65uUzJ/BH3ucPcSuPAg==</latexit><latexit sha1_base64="iZ9L0Vi0WJQwK6yCKuLz1Go0cgM=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHrwUPDisUK/oF1KNk3b2GyyJLNCWfofvHhQxKv/x5v/xrTdg7a+EHh4Z4bMvFEihUXf//bW1jc2t7YLO8Xdvf2Dw9LRcdPq1DDeYFpq046o5VIo3kCBkrcTw2kcSd6KxnezeuuJGyu0quMk4WFMh0oMBKPorGa3PuJIe6WyX/HnIqsQ5FCGXLVe6avb1yyNuUImqbWdwE8wzKhBwSSfFrup5QllYzrkHYeKxtyG2XzbKTl3Tp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcBNmQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUdCEEyyevQvOyEjh+uCpXb/M4CnAKZ3ABAVxDFe6hBg1g8AjP8ApvnvZevHfvY9G65uUzJ/BH3ucPcSuPAg==</latexit><latexit sha1_base64="iZ9L0Vi0WJQwK6yCKuLz1Go0cgM=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHrwUPDisUK/oF1KNk3b2GyyJLNCWfofvHhQxKv/x5v/xrTdg7a+EHh4Z4bMvFEihUXf//bW1jc2t7YLO8Xdvf2Dw9LRcdPq1DDeYFpq046o5VIo3kCBkrcTw2kcSd6KxnezeuuJGyu0quMk4WFMh0oMBKPorGa3PuJIe6WyX/HnIqsQ5FCGXLVe6avb1yyNuUImqbWdwE8wzKhBwSSfFrup5QllYzrkHYeKxtyG2XzbKTl3Tp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcBNmQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUdCEEyyevQvOyEjh+uCpXb/M4CnAKZ3ABAVxDFe6hBg1g8AjP8ApvnvZevHfvY9G65uUzJ/BH3ucPcSuPAg==</latexit><latexit sha1_base64="iZ9L0Vi0WJQwK6yCKuLz1Go0cgM=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHrwUPDisUK/oF1KNk3b2GyyJLNCWfofvHhQxKv/x5v/xrTdg7a+EHh4Z4bMvFEihUXf//bW1jc2t7YLO8Xdvf2Dw9LRcdPq1DDeYFpq046o5VIo3kCBkrcTw2kcSd6KxnezeuuJGyu0quMk4WFMh0oMBKPorGa3PuJIe6WyX/HnIqsQ5FCGXLVe6avb1yyNuUImqbWdwE8wzKhBwSSfFrup5QllYzrkHYeKxtyG2XzbKTl3Tp8MtHFPIZm7vycyGls7iSPXGVMc2eXazPyv1klxcBNmQiUpcsUWHw1SSVCT2emkLwxnKCcOKDPC7UrYiBrK0AVUdCEEyyevQvOyEjh+uCpXb/M4CnAKZ3ABAVxDFe6hBg1g8AjP8ApvnvZevHfvY9G65uUzJ/BH3ucPcSuPAg==</latexit>

✓p
<latexit sha1_base64="4H4Wa2L6QWVVcvd+yGE/UHOyikI=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbSwCNhYRjAfkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwtr6xuZWcbu0s7u3f1A+PGqaONUcGzyWsW6HzKAUChskSGI70ciiUGIrHN/O6q0n1EbE6oEmCQYRGyoxEJyRtdpdGiGxXtIrV7yqN5e7Cn4OFchV75W/uv2YpxEq4pIZ0/G9hIKMaRJc4rTUTQ0mjI/ZEDsWFYvQBNl836l7Zp2+O4i1fYrcuft7ImORMZMotJ0Ro5FZrs3M/2qdlAbXQSZUkhIqvvhokEqXYnd2vNsXGjnJiQXGtbC7unzENONkIyrZEPzlk1eheVH1Ld9fVmo3eRxFOIFTOAcfrqAGd1CHBnCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/JHz+QMrJpAF</latexit><latexit sha1_base64="4H4Wa2L6QWVVcvd+yGE/UHOyikI=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbSwCNhYRjAfkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwtr6xuZWcbu0s7u3f1A+PGqaONUcGzyWsW6HzKAUChskSGI70ciiUGIrHN/O6q0n1EbE6oEmCQYRGyoxEJyRtdpdGiGxXtIrV7yqN5e7Cn4OFchV75W/uv2YpxEq4pIZ0/G9hIKMaRJc4rTUTQ0mjI/ZEDsWFYvQBNl836l7Zp2+O4i1fYrcuft7ImORMZMotJ0Ro5FZrs3M/2qdlAbXQSZUkhIqvvhokEqXYnd2vNsXGjnJiQXGtbC7unzENONkIyrZEPzlk1eheVH1Ld9fVmo3eRxFOIFTOAcfrqAGd1CHBnCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/JHz+QMrJpAF</latexit><latexit sha1_base64="4H4Wa2L6QWVVcvd+yGE/UHOyikI=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbSwCNhYRjAfkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwtr6xuZWcbu0s7u3f1A+PGqaONUcGzyWsW6HzKAUChskSGI70ciiUGIrHN/O6q0n1EbE6oEmCQYRGyoxEJyRtdpdGiGxXtIrV7yqN5e7Cn4OFchV75W/uv2YpxEq4pIZ0/G9hIKMaRJc4rTUTQ0mjI/ZEDsWFYvQBNl836l7Zp2+O4i1fYrcuft7ImORMZMotJ0Ro5FZrs3M/2qdlAbXQSZUkhIqvvhokEqXYnd2vNsXGjnJiQXGtbC7unzENONkIyrZEPzlk1eheVH1Ld9fVmo3eRxFOIFTOAcfrqAGd1CHBnCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/JHz+QMrJpAF</latexit><latexit sha1_base64="4H4Wa2L6QWVVcvd+yGE/UHOyikI=">AAAB73icbZA9SwNBEIbn4leMX1FLm8MgWIU7EbSwCNhYRjAfkBxhbzNJluztnbtzQjjyJ2wsFLH179j5b9wkV2jiCwsP78ywM2+YSGHI876dwtr6xuZWcbu0s7u3f1A+PGqaONUcGzyWsW6HzKAUChskSGI70ciiUGIrHN/O6q0n1EbE6oEmCQYRGyoxEJyRtdpdGiGxXtIrV7yqN5e7Cn4OFchV75W/uv2YpxEq4pIZ0/G9hIKMaRJc4rTUTQ0mjI/ZEDsWFYvQBNl836l7Zp2+O4i1fYrcuft7ImORMZMotJ0Ro5FZrs3M/2qdlAbXQSZUkhIqvvhokEqXYnd2vNsXGjnJiQXGtbC7unzENONkIyrZEPzlk1eheVH1Ld9fVmo3eRxFOIFTOAcfrqAGd1CHBnCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/JHz+QMrJpAF</latexit>

✓
<latexit sha1_base64="jfM8LenTMH4KbKcciOgk4ZTCuNE=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLyaZpG5tNlmRWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKpLDo+99eYW19Y3OruF3a2d3bPygfHjWtTg3jDaalNu2IWi6F4g0UKHk7MZzGkeStaHw7q7eeuLFCqwecJDyM6VCJgWAUndXs4ogj7ZUrftWfi6xCkEMFctV75a9uX7M05gqZpNZ2Aj/BMKMGBZN8WuqmlieUjemQdxwqGnMbZvNtp+TMOX0y0MY9hWTu/p7IaGztJI5cZ0xxZJdrM/O/WifFwXWYCZWkyBVbfDRIJUFNZqeTvjCcoZw4oMwItythI2ooQxdQyYUQLJ+8Cs2LauD4/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuGPvM8foiuPIg==</latexit><latexit sha1_base64="jfM8LenTMH4KbKcciOgk4ZTCuNE=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLyaZpG5tNlmRWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKpLDo+99eYW19Y3OruF3a2d3bPygfHjWtTg3jDaalNu2IWi6F4g0UKHk7MZzGkeStaHw7q7eeuLFCqwecJDyM6VCJgWAUndXs4ogj7ZUrftWfi6xCkEMFctV75a9uX7M05gqZpNZ2Aj/BMKMGBZN8WuqmlieUjemQdxwqGnMbZvNtp+TMOX0y0MY9hWTu/p7IaGztJI5cZ0xxZJdrM/O/WifFwXWYCZWkyBVbfDRIJUFNZqeTvjCcoZw4oMwItythI2ooQxdQyYUQLJ+8Cs2LauD4/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuGPvM8foiuPIg==</latexit><latexit sha1_base64="jfM8LenTMH4KbKcciOgk4ZTCuNE=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLyaZpG5tNlmRWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKpLDo+99eYW19Y3OruF3a2d3bPygfHjWtTg3jDaalNu2IWi6F4g0UKHk7MZzGkeStaHw7q7eeuLFCqwecJDyM6VCJgWAUndXs4ogj7ZUrftWfi6xCkEMFctV75a9uX7M05gqZpNZ2Aj/BMKMGBZN8WuqmlieUjemQdxwqGnMbZvNtp+TMOX0y0MY9hWTu/p7IaGztJI5cZ0xxZJdrM/O/WifFwXWYCZWkyBVbfDRIJUFNZqeTvjCcoZw4oMwItythI2ooQxdQyYUQLJ+8Cs2LauD4/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuGPvM8foiuPIg==</latexit><latexit sha1_base64="jfM8LenTMH4KbKcciOgk4ZTCuNE=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLyaZpG5tNlmRWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKpLDo+99eYW19Y3OruF3a2d3bPygfHjWtTg3jDaalNu2IWi6F4g0UKHk7MZzGkeStaHw7q7eeuLFCqwecJDyM6VCJgWAUndXs4ogj7ZUrftWfi6xCkEMFctV75a9uX7M05gqZpNZ2Aj/BMKMGBZN8WuqmlieUjemQdxwqGnMbZvNtp+TMOX0y0MY9hWTu/p7IaGztJI5cZ0xxZJdrM/O/WifFwXWYCZWkyBVbfDRIJUFNZqeTvjCcoZw4oMwItythI2ooQxdQyYUQLJ+8Cs2LauD4/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuGPvM8foiuPIg==</latexit>

�� �p
<latexit sha1_base64="856OLNYmFhCO2bo0jjh7Bu/VNgM=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSC1WCKsHAUImFsUj0IbVR5DhOa9VxItsBVaGfwsIAQqx8CRt/g9tmgJYjWT4651z5+gQpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zqYUclmSS0TRKeyF6AFeVM0LZmmtNeKimOA067wfhm5ncfqFQsEfd6klIvxkPBIkawNpJvVwfchEN8Xtx+6ts1p+7MgVaJW5AaFGj59tcgTEgWU6EJx0r1XSfVXo6lZoTTaWWQKZpiMsZD2jdU4JgqL5+vPkWnRglRlEhzhEZz9fdEjmOlJnFgkjHWI7XszcT/vH6moysvZyLNNBVk8VCUcaQTNOsBhUxSovnEEEwkM7siMsISE23aqpgS3OUvr5LORd01/K5Ra14XdZThGE7gDFy4hCbcQgvaQOARnuEV3qwn68V6tz4W0ZJVzBzBH1ifP/R6k8U=</latexit><latexit sha1_base64="856OLNYmFhCO2bo0jjh7Bu/VNgM=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSC1WCKsHAUImFsUj0IbVR5DhOa9VxItsBVaGfwsIAQqx8CRt/g9tmgJYjWT4651z5+gQpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zqYUclmSS0TRKeyF6AFeVM0LZmmtNeKimOA067wfhm5ncfqFQsEfd6klIvxkPBIkawNpJvVwfchEN8Xtx+6ts1p+7MgVaJW5AaFGj59tcgTEgWU6EJx0r1XSfVXo6lZoTTaWWQKZpiMsZD2jdU4JgqL5+vPkWnRglRlEhzhEZz9fdEjmOlJnFgkjHWI7XszcT/vH6moysvZyLNNBVk8VCUcaQTNOsBhUxSovnEEEwkM7siMsISE23aqpgS3OUvr5LORd01/K5Ra14XdZThGE7gDFy4hCbcQgvaQOARnuEV3qwn68V6tz4W0ZJVzBzBH1ifP/R6k8U=</latexit><latexit sha1_base64="856OLNYmFhCO2bo0jjh7Bu/VNgM=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSC1WCKsHAUImFsUj0IbVR5DhOa9VxItsBVaGfwsIAQqx8CRt/g9tmgJYjWT4651z5+gQpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zqYUclmSS0TRKeyF6AFeVM0LZmmtNeKimOA067wfhm5ncfqFQsEfd6klIvxkPBIkawNpJvVwfchEN8Xtx+6ts1p+7MgVaJW5AaFGj59tcgTEgWU6EJx0r1XSfVXo6lZoTTaWWQKZpiMsZD2jdU4JgqL5+vPkWnRglRlEhzhEZz9fdEjmOlJnFgkjHWI7XszcT/vH6moysvZyLNNBVk8VCUcaQTNOsBhUxSovnEEEwkM7siMsISE23aqpgS3OUvr5LORd01/K5Ra14XdZThGE7gDFy4hCbcQgvaQOARnuEV3qwn68V6tz4W0ZJVzBzBH1ifP/R6k8U=</latexit><latexit sha1_base64="856OLNYmFhCO2bo0jjh7Bu/VNgM=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSC1WCKsHAUImFsUj0IbVR5DhOa9VxItsBVaGfwsIAQqx8CRt/g9tmgJYjWT4651z5+gQpZ0o7zrdVWlvf2Nwqb1d2dvf2D+zqYUclmSS0TRKeyF6AFeVM0LZmmtNeKimOA067wfhm5ncfqFQsEfd6klIvxkPBIkawNpJvVwfchEN8Xtx+6ts1p+7MgVaJW5AaFGj59tcgTEgWU6EJx0r1XSfVXo6lZoTTaWWQKZpiMsZD2jdU4JgqL5+vPkWnRglRlEhzhEZz9fdEjmOlJnFgkjHWI7XszcT/vH6moysvZyLNNBVk8VCUcaQTNOsBhUxSovnEEEwkM7siMsISE23aqpgS3OUvr5LORd01/K5Ra14XdZThGE7gDFy4hCbcQgvaQOARnuEV3qwn68V6tz4W0ZJVzBzBH1ifP/R6k8U=</latexit>

z
<latexit sha1_base64="FLf6qZAmcYaDHZ7JZzCildyNvXo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhYJmA+IDnC3mYuWbO3d+zuCfHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+PbWb39iErzWN6bSYJ+RIeSh5xRY63GU79ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAZ3UIcmMEB4hld4cx6cF+fd+Vi0Fpx85hj+yPn8Aed1jPg=</latexit><latexit sha1_base64="FLf6qZAmcYaDHZ7JZzCildyNvXo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhYJmA+IDnC3mYuWbO3d+zuCfHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+PbWb39iErzWN6bSYJ+RIeSh5xRY63GU79ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAZ3UIcmMEB4hld4cx6cF+fd+Vi0Fpx85hj+yPn8Aed1jPg=</latexit><latexit sha1_base64="FLf6qZAmcYaDHZ7JZzCildyNvXo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhYJmA+IDnC3mYuWbO3d+zuCfHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+PbWb39iErzWN6bSYJ+RIeSh5xRY63GU79ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAZ3UIcmMEB4hld4cx6cF+fd+Vi0Fpx85hj+yPn8Aed1jPg=</latexit><latexit sha1_base64="FLf6qZAmcYaDHZ7JZzCildyNvXo=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNhYJmA+IDnC3mYuWbO3d+zuCfHIL7CxUMTWn2Tnv3GTXKGJLyw8vDPDzrxBIrg2rvvtFNbWNza3itulnd29/YPy4VFLx6li2GSxiFUnoBoFl9g03AjsJAppFAhsB+PbWb39iErzWN6bSYJ+RIeSh5xRY63GU79ccavuXGQVvBwqkKveL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWtR0gi1n80XnZIz6wxIGCv7pCFz9/dERiOtJ1FgOyNqRnq5NjP/q3VTE177GZdJalCyxUdhKoiJyexqMuAKmRETC5QpbnclbEQVZcZmU7IheMsnr0LroupZblxWajd5HEU4gVM4Bw+uoAZ3UIcmMEB4hld4cx6cF+fd+Vi0Fpx85hj+yPn8Aed1jPg=</latexit>

O
<latexit sha1_base64="8uB/qRefRp2tc7proRy8YPu1XAI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNjYmYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB6ZJjM0=</latexit><latexit sha1_base64="8uB/qRefRp2tc7proRy8YPu1XAI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNjYmYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB6ZJjM0=</latexit><latexit sha1_base64="8uB/qRefRp2tc7proRy8YPu1XAI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNjYmYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB6ZJjM0=</latexit><latexit sha1_base64="8uB/qRefRp2tc7proRy8YPu1XAI=">AAAB6HicbZA9SwNBEIbn4leMX1FLm8UgWIU7EbSwCNjYmYD5gOQIe5u5ZM3e3rG7J4Qjv8DGQhFbf5Kd/8ZNcoUmvrDw8M4MO/MGieDauO63U1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ/X2EyrNY/lgJgn6ER1KHnJGjbUa9/1yxa26c5FV8HKoQK56v/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK5FSSPUfjZfdErOrDMgYazsk4bM3d8TGY20nkSB7YyoGenl2sz8r9ZNTXjtZ1wmqUHJFh+FqSAmJrOryYArZEZMLFCmuN2VsBFVlBmbTcmG4C2fvAqti6pnuXFZqd3kcRThBE7hHDy4ghrcQR2awADhGV7hzXl0Xpx352PRWnDymWP4I+fzB6ZJjM0=</latexit>

A(✓,�)
<latexit sha1_base64="0m05YwCOapKBdqlHZNeNT3sEKEE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQQUoigi5cVNy4rGAf0IQymUzaoZNJmLlRSu2nuHGhiFu/xJ1/47TNQlsPDBzOuYd75wSp4Boc59sqrKyurW8UN0tb2zu7e3Z5v6WTTFHWpIlIVCcgmgkuWRM4CNZJFSNxIFg7GN5M/fYDU5on8h5GKfNj0pc84pSAkXp2+brqwYABOfWESYXkpGdXnJozA14mbk4qKEejZ395YUKzmEmggmjddZ0U/DFRwKlgk5KXaZYSOiR91jVUkphpfzw7fYKPjRLiKFHmScAz9XdiTGKtR3FgJmMCA73oTcX/vG4G0aU/5jLNgEk6XxRlAkOCpz3gkCtGQYwMIVRxcyumA6IIBdNWyZTgLn55mbTOaq7hd+eV+lVeRxEdoiNURS66QHV0ixqoiSh6RM/oFb1ZT9aL9W59zEcLVp45QH9gff4AIGiTPA==</latexit><latexit sha1_base64="0m05YwCOapKBdqlHZNeNT3sEKEE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQQUoigi5cVNy4rGAf0IQymUzaoZNJmLlRSu2nuHGhiFu/xJ1/47TNQlsPDBzOuYd75wSp4Boc59sqrKyurW8UN0tb2zu7e3Z5v6WTTFHWpIlIVCcgmgkuWRM4CNZJFSNxIFg7GN5M/fYDU5on8h5GKfNj0pc84pSAkXp2+brqwYABOfWESYXkpGdXnJozA14mbk4qKEejZ395YUKzmEmggmjddZ0U/DFRwKlgk5KXaZYSOiR91jVUkphpfzw7fYKPjRLiKFHmScAz9XdiTGKtR3FgJmMCA73oTcX/vG4G0aU/5jLNgEk6XxRlAkOCpz3gkCtGQYwMIVRxcyumA6IIBdNWyZTgLn55mbTOaq7hd+eV+lVeRxEdoiNURS66QHV0ixqoiSh6RM/oFb1ZT9aL9W59zEcLVp45QH9gff4AIGiTPA==</latexit><latexit sha1_base64="0m05YwCOapKBdqlHZNeNT3sEKEE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQQUoigi5cVNy4rGAf0IQymUzaoZNJmLlRSu2nuHGhiFu/xJ1/47TNQlsPDBzOuYd75wSp4Boc59sqrKyurW8UN0tb2zu7e3Z5v6WTTFHWpIlIVCcgmgkuWRM4CNZJFSNxIFg7GN5M/fYDU5on8h5GKfNj0pc84pSAkXp2+brqwYABOfWESYXkpGdXnJozA14mbk4qKEejZ395YUKzmEmggmjddZ0U/DFRwKlgk5KXaZYSOiR91jVUkphpfzw7fYKPjRLiKFHmScAz9XdiTGKtR3FgJmMCA73oTcX/vG4G0aU/5jLNgEk6XxRlAkOCpz3gkCtGQYwMIVRxcyumA6IIBdNWyZTgLn55mbTOaq7hd+eV+lVeRxEdoiNURS66QHV0ixqoiSh6RM/oFb1ZT9aL9W59zEcLVp45QH9gff4AIGiTPA==</latexit><latexit sha1_base64="0m05YwCOapKBdqlHZNeNT3sEKEE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQQUoigi5cVNy4rGAf0IQymUzaoZNJmLlRSu2nuHGhiFu/xJ1/47TNQlsPDBzOuYd75wSp4Boc59sqrKyurW8UN0tb2zu7e3Z5v6WTTFHWpIlIVCcgmgkuWRM4CNZJFSNxIFg7GN5M/fYDU5on8h5GKfNj0pc84pSAkXp2+brqwYABOfWESYXkpGdXnJozA14mbk4qKEejZ395YUKzmEmggmjddZ0U/DFRwKlgk5KXaZYSOiR91jVUkphpfzw7fYKPjRLiKFHmScAz9XdiTGKtR3FgJmMCA73oTcX/vG4G0aU/5jLNgEk6XxRlAkOCpz3gkCtGQYwMIVRxcyumA6IIBdNWyZTgLn55mbTOaq7hd+eV+lVeRxEdoiNURS66QHV0ixqoiSh6RM/oFb1ZT9aL9W59zEcLVp45QH9gff4AIGiTPA==</latexit>

P (✓p,�p)
<latexit sha1_base64="wC5I46EBN0FStyEJakW2GOIBnSM=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoYKURARduCi4cVnBXqAJYTKZtkMnkzBzIpRQ8FXcuFDErc/hzrdx2mahrT8MfPznHM6ZP0wF1+A431ZpZXVtfaO8Wdna3tnds/cP2jrJFGUtmohEdUOimeCStYCDYN1UMRKHgnXC0e203nlkSvNEPsA4ZX5MBpL3OSVgrMA+atY8GDIgQXruCTMXGToL7KpTd2bCy+AWUEWFmoH95UUJzWImgQqidc91UvBzooBTwSYVL9MsJXREBqxnUJKYaT+fnT/Bp8aJcD9R5knAM/f3RE5ircdxaDpjAkO9WJua/9V6GfSv/ZzLNAMm6XxRPxMYEjzNAkdcMQpibIBQxc2tmA6JIhRMYhUTgrv45WVoX9Rdw/eX1cZNEUcZHaMTVEMuukINdIeaqIUoytEzekVv1pP1Yr1bH/PWklXMHKI/sj5/AFw9lRE=</latexit><latexit sha1_base64="wC5I46EBN0FStyEJakW2GOIBnSM=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoYKURARduCi4cVnBXqAJYTKZtkMnkzBzIpRQ8FXcuFDErc/hzrdx2mahrT8MfPznHM6ZP0wF1+A431ZpZXVtfaO8Wdna3tnds/cP2jrJFGUtmohEdUOimeCStYCDYN1UMRKHgnXC0e203nlkSvNEPsA4ZX5MBpL3OSVgrMA+atY8GDIgQXruCTMXGToL7KpTd2bCy+AWUEWFmoH95UUJzWImgQqidc91UvBzooBTwSYVL9MsJXREBqxnUJKYaT+fnT/Bp8aJcD9R5knAM/f3RE5ircdxaDpjAkO9WJua/9V6GfSv/ZzLNAMm6XxRPxMYEjzNAkdcMQpibIBQxc2tmA6JIhRMYhUTgrv45WVoX9Rdw/eX1cZNEUcZHaMTVEMuukINdIeaqIUoytEzekVv1pP1Yr1bH/PWklXMHKI/sj5/AFw9lRE=</latexit><latexit sha1_base64="wC5I46EBN0FStyEJakW2GOIBnSM=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoYKURARduCi4cVnBXqAJYTKZtkMnkzBzIpRQ8FXcuFDErc/hzrdx2mahrT8MfPznHM6ZP0wF1+A431ZpZXVtfaO8Wdna3tnds/cP2jrJFGUtmohEdUOimeCStYCDYN1UMRKHgnXC0e203nlkSvNEPsA4ZX5MBpL3OSVgrMA+atY8GDIgQXruCTMXGToL7KpTd2bCy+AWUEWFmoH95UUJzWImgQqidc91UvBzooBTwSYVL9MsJXREBqxnUJKYaT+fnT/Bp8aJcD9R5knAM/f3RE5ircdxaDpjAkO9WJua/9V6GfSv/ZzLNAMm6XxRPxMYEjzNAkdcMQpibIBQxc2tmA6JIhRMYhUTgrv45WVoX9Rdw/eX1cZNEUcZHaMTVEMuukINdIeaqIUoytEzekVv1pP1Yr1bH/PWklXMHKI/sj5/AFw9lRE=</latexit><latexit sha1_base64="wC5I46EBN0FStyEJakW2GOIBnSM=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoYKURARduCi4cVnBXqAJYTKZtkMnkzBzIpRQ8FXcuFDErc/hzrdx2mahrT8MfPznHM6ZP0wF1+A431ZpZXVtfaO8Wdna3tnds/cP2jrJFGUtmohEdUOimeCStYCDYN1UMRKHgnXC0e203nlkSvNEPsA4ZX5MBpL3OSVgrMA+atY8GDIgQXruCTMXGToL7KpTd2bCy+AWUEWFmoH95UUJzWImgQqidc91UvBzooBTwSYVL9MsJXREBqxnUJKYaT+fnT/Bp8aJcD9R5knAM/f3RE5ircdxaDpjAkO9WJua/9V6GfSv/ZzLNAMm6XxRPxMYEjzNAkdcMQpibIBQxc2tmA6JIhRMYhUTgrv45WVoX9Rdw/eX1cZNEUcZHaMTVEMuukINdIeaqIUoytEzekVv1pP1Yr1bH/PWklXMHKI/sj5/AFw9lRE=</latexit>

x
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Figure S5. Geometry for the study of variations of the centrifugal potential Λ(γ,t). A is an Earth-fixed observer at (a,θ,λ), P = (a,θp,λp)

is the instantaneous position of the pole of rotation, and −→ω is the angular velocity vector. With Θ we denote the the co-latitude of A with

respect to P .

S8.4 Centrifugal potential variations

This section is devoted to the study of the variations of the centrifugal potential Λ(γ,t) caused by movements of the Earth’s

rotation axis. In particular, we show that Λ(γ,t) can be expressed by harmonic functions of degrees l = 2 and l = 0, with

Λ(γ,t) = Λ00Y00 +

2∑
m=−2

Λ2mY2m, (S374)

where coefficients Λ00 and Λ2m (|m| ≤ 2) depend upon the components the (time variable) angular velocity vector.5

Rotational states. To obtain a suitable expression for the coefficients Λlm(t) in Eq. (S374), in the following we consider the

centrifugal potential in two distinct rotation states. In particular, following the scheme outlined in §S8.1, we assume a reference

state in which the Earth has been rotating in equilibrium until time t0 = 0, with its angular velocity vector constantly aligned
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with the z axis, i.e.,

ω0
i = Ωδi3, (S375)

where Ω is a constant. Subsequently, for t > t0 = 0, a new dynamical state is attained in response to the forcing imposed by

e.g., GIA. In this state, the rotation axis is slightly displaced with respect to the equilibrium axis, so that

ωi(t) = Ω(mi + δi3), (S376)5

where the mi’s (i= 1,2,3) are small dimensionless quantities (mi� 1) introduced in §S5.1. We note that, in the new state,

the squared modulus of the angular velocity vector is

ω2(t) ≡ ω2
1 +ω2

2 +ω2
3 (S377)

= Ω2
(
m2

1 +m2
2 +m2

3 + 2m3 + 1
)

(S378)

= Ω2
(
1 + 2m3 +m2

)
, (S379)10

where

m2(t) =m2
1 +m2

2 +m2
3. (S380)

Furthermore, denoting by θp and λp the co-latitude and longitude of the instantaneous pole of rotation, i.e., the point where the

rotation axis pierces the Earth’s surface (see Figure S5), we have

ω1(t) ≡ ω sinθp cosλp = Ωm1 (S381)15

ω2(t) = ω sinθp sinλp = Ωm2 (S382)

ω3(t) = ω cosθp = Ω(1 +m3), (S383)

where from Eq. (S377) the modulus of the angular rotation vector is ω = ω(t) =
√
ω2

1 +ω2
2 +ω2

3 .

Centrifugal potential. In the general rotation state, the centrifugal potential experienced by an observer A located at the

Earth’s surface (hence rotating with the Earth) is20

U c(A) =
1

2
ω2d2, (S384)

where d is the distance between point A and the instantaneous rotation axis −→ω (see Figure S5). Since d= asinΘ, where Θ is

the co-latitude of A with respect to the direction of −→ω , we have

U c(A) =
1

2
ω2a2

(
1− cos2 Θ

)
, (S385)

showing that the potential vanishes when the observer is located at the instantaneous pole of rotation (i.e., Θ = 0) or at the25

antipodes (Θ = π) and it is maximum along the equator (Θ = π/2).
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On one hand, using Table S4, in the general rotation state the centrifugal potential U c(A) can be easily expressed in terms

of degree l = 0 and l = 2 Legendre polynomials:

U c(A) =
ω2a2

3
(P0(cosΘ)−P2(cosΘ)) ; (S386)

on the other hand, in the reference rotation state, at the same point the centrifugal potential is

U c0(A) =
Ω2a2

3
(P0(cosθ)−P2(cosθ)) , (S387)5

where θ is the co-latitude of A in the geographical reference frame. Hence, the centrifugal potential variation experienced at

point A is

Λ(γ,t)≡ U c−U c0, (S388)

which according to Eqs. (S386) and (S387) can be cast in the form

Λ(γ,t) = Λ′(t) + Λ′′(γ,t), (S389)10

where we have defined

Λ′(t) =
a2

3

(
ω2−Ω2

)
(S390)

and

Λ′′(γ,t) =−a
2

3

(
ω2P2(cosΘ)−Ω2P2(cosθ)

)
, (S391)

and where γ = (θ,λ) are the geographical coordinates of A.15

Harmonic degree l = 0. Since Λ′ in Eq. (S390) is constant over the Earth’s surface (i.e., it does not depend on γ), its CSH

expansion is straightforward. Indeed, using Eq. (S379), we have

Λ′(γ,t) =
a2

3

(
ω2−Ω2

)
=

a2

3

(
Ω2
(
1 + 2m3 +m2

)
−Ω2

)
=

a2Ω2

3

(
m2 + 2m3

)
, (S392)20

hence Λ′(t) is a harmonic function of degree l = 0, i.e.,

Λ′(t) = Λ00Y00 (S393)

where Y00 = 1 and

Λ00(t) =
a2Ω2

3

(
m2 + 2m3

)
. (S394)
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Harmonic degree l = 2. The expansion of Λ′′(γ,t), defined by Eq. (S391), requires some more work. First of all, with the aid

of Table S5, we obtain the l = 2 CSHs at γp:

Y20(γp) ≡
√

5P20(cosθp) =

√
5

2

(
3cos2 θp− 1

)
, (S395)

Y21(γp) ≡
√

5

6
P21(cosθp) eiλp =−3

√
5

6
sinθp cosθp eiλp , (S396)

Y22(γp) ≡
√

5

24
P22(cosθp) e2iλp = 3

√
5

24
sin2 θp e2iλp . (S397)5

Then, applying the Addition Theorem expressed by Eq. (S426) to the spherical triangle with sides Θ, θ and θp, we have

P2(cosΘ) =
1

5

2∑
m=−2

Y∗2m(γp)Y2m(γ), (S398)

which makes it possible to express the centrifugal potential variation only in terms of γ and γp, i.e., of the geographical

coordinates of points A and P , respectively (see Figure S5). In fact, substitution of Eq. (S398) into (S391), also taking (S395)

into account, provides10

Λ′′(γ,t) = −a
2

3

(
ω2

5

2∑
m=−2

Y∗2m(γp)Y2m(γ)− Ω2

√
5
Y20(γ)

)
= (S399)

= −a
2

3

(
ω2

5
Y20(γp)−

Ω2

√
5

)
Y20(γ) +

−a
2ω2

15
Y∗21(γp)Y21(γ)− a2ω2

15
Y∗22(γp)Y22(γ) +

−a
2ω2

15
Y∗2−1(γp)Y2−1(γ)− a2ω2

15
Y∗2−2(γp)Y2−2(γ), (S400)

which has the form of a CSH expansion at degree l = 2, i.e.,15

Λ′′(γ,t) =

2∑
m=−2

Λ2mY2m, (S401)

where the coefficients Λ2m, considered separately below, can be expressed entirely in terms of the polar motion vector

components mi. Note that since Λ′′(γ,t) is real-valued, we just need to compute the three terms Λ20, Λ21 and Λ22, being

Λ2−m = (−1)m Λ∗2m from Eq. (S431).

Degree l=2 and order m=0. This zonal coefficient Λ20 appears in front of Y20(γ) in Eq. (S400). Using Eqs. (S395), (S383)20

and (S379) and some algebra gives

Λ20(t) = −a
2

3

(
ω2

5
Y20(γp)−

Ω2

√
5

)
= − a2

6
√

5

(
3ω2 cos2 θp−ω2− 2Ω2

)
=

a2Ω2

6
√

5
(m2

1 +m2
2− 2m2

3− 4m3). (S402)
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Degree l=2 and order m=1. The tesseral coefficient Λ21 multiplies Y21(γ) in Eq. (S400). Thus, using (S396), we have

Λ21(t) = −a
2ω2

15
Y∗21(γp)

= −a
2ω2

15

(
−3

√
5

6

)
sinθp cosθp (cosλp− isinλp)

=
a2Ω2

√
30

(m1(1 +m3)− im2(1 +m3)) , (S403)

where from Eqs. (S381) and (S382) we have employed the identities ω1ω3 = Ω2m1(1 +m3) = ω2 sinθp cosθp cosλp and5

ω2ω3 = Ω2m2(1 +m3) = ω2 sinθp cosθp sinλp.

Degree l=2 and order m=2. The sectorial coefficient Λ22 is the term in front of Y22(γ) in Eq. (S400). Thus, using (S397) we

obtain

Λ22(t) = −a
2ω2

15
Y∗22(γp) (S404)

= − a
2ω2

√
120

sin2 θp (cos2λp− isin2λp) (S405)10

=
a2ω2

2
√

30

(
m2

2−m2
1 + 2im1m2

)
, (S406)

where based upon Eqs. (S381) and (S382), we have used ω2
1−ω2

2 = ω2 sin2 θp cos2λp = Ω2(m2
1−m2

2) and ω1ω2 = ω2

2 sin2 θp sin2λp =

Ω2m1m2.

CSH expansion of Λ. Recalling Eqs. (S389), (S393), and (S401), we conclude that in the geographical reference frame, the

CSH expansion of the centrifugal potential variation only contains terms of degree l = 0 and l = 2:15

Λ(γ,t) = Λ00Y00 +

2∑
m=−2

Λ2mY2m, (S407)

in agreement with Eq. (S374). The coefficients of the expansion are:

Λ00(t) =
a2Ω2

3

(
m2 + 2m3

)
,

Λ20(t) =
a2Ω2

6
√

5

(
m2

1 +m2− 2m2
3− 4m3

)
,

Λ21(t) =
a2Ω2

√
30

(m1(1 +m3)− im2(1 +m3)) ,20

Λ22(t) =
a2Ω2

2
√

30

(
m2

2−m2
1− 2im1m2

)
,

68



where neglecting quadratic terms in mi� 1, as it is appropriate for small excursions of the rotation axis and consistently with

the linearised polar motion theory of §S5.1, gives:

Λ00(t) ' +
2a2Ω2

3
m3

Λ20(t) ' −2a2Ω2

3
√

5
m3,

Λ21(t) ' +
a2Ω2

√
30

(m1− im2),5

Λ22(t) ' 0.

However, as pointed by Han and Wahr (1989) and Milne and Mitrovica (1998), rotational perturbations due to GIA induce

m3 variations which are several orders of magnitude smaller than either m1 or m2. Thus, we conclude that the variation in

the centrifugal potential is, to a good approximation, a pure degree l = 2 and order m=±1 harmonic function, whose CSH

expansion simply contains the coefficients Λ2±1, where10

Λ21(t) = cλ21m
∗, (S408)

with

cλ21 =
a2Ω2

√
30
. (S409)

We note, in closing, that using Eqs. (S407) and (S408), it is possible to obtain a simple expression for the centrifugal potential

variation, as a function of the observer coordinates, namely:15

Λ(γ,t) = Λ21Y21 + Λ2−1Y2−1

= Λ21Y21 + Λ∗21Y∗21

= 2 Re(Λ21Y21)

= −1

2
a2Ω2 (m1 cosλ+m2 sinλ)sin2θ. (S410)

S8.5 Spherical harmonic functions20

The spherical harmonic functions play an important role in the context of the development of the SLE, since the equation is

solved by a (pseudo)spectral method in which all the fields are decomposed in series of spherical harmonics. In this section of

the supplement, we introduce the Legendre polynomials, the associated Legendre polynomials, and the complex spherical har-

monics. The expansion of a scalar function in series of harmonic functions is accomplished using both complex and real-valued

harmonics. Here we only provide the basic definitions and properties; for a more in-depth presentation the reader is referred25

to the classical textbooks (e.g., Ferrers, 1877; Sternberg et al., 1946; MacRobert, 1947) and to more recent contributions (e.g.,

Atkinson and Han, 2012; Wieczorek and Meschede, 2018) or web resources9.
9See: https://en.wikipedia.org/wiki/Spherical_harmonics and http://mathworld.wolfram.com/SphericalHarmonic.html - last accessed 24 Jan 2019.
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degree, l order, m Pl(x) Plm(cosθ)

0 0 1 1

1 0 x cosθ

1 1 −sinθ

2 0 1
2
(3x2− 1) 1

2

(
3cos2 θ− 1

)
2 1 −3sinθ cosθ

2 2 3sin2 θ

Table S4. Low-degree Legendre polynomials Pl(x) with x= cosθ, and (un-normalised) ALPs Plm(cosθ) of harmonic degree 0≤ l ≤ 2

and order 0≤m≤ l.

Legendre polynomials. The Legendre polynomials (LPs) Pl(x) are10 functions of variable x, defined in the interval −1≤
x≤+1. The LPs are solutions of the Legendre differential equation

d

dx

((
1−x2

) dPl(x)

dx

)
+ l(l+ 1)Pl(x) = 0, (S411)

where l (l = 0,1, . . .) is the degree of the LP. A compact expression for the LPs is given by Rodriguez formula

Pl(x) =
1

2ll!

dl

dxl
(x2− 1)l. (S412)5

We note that Pl(x) is a degree l polynomial in x. The low-degree (l = 0,1,2) LPs are listed in Table S4; in particular, we note

that

P0(x) = 1. (S413)

Associated Legendre polynomials. The associated Legendre polynomials11 Plm(cosθ) (ALPs) are defined as the canonical

solution to the general Legendre differential equation10

(1−x2)
d2Plm(x)

dx2
− 2x

dPlm(x)

dx
+

(
l(l+ 1)− m2

1−x2

)
Plm(x) = 0, (S414)

where integers l (l = 0,1, . . .) and m (m= 0,1, . . . l) are the degree and the order of the ALP, respectively. Solutions of

Eq. (S414) corresponding to arbitrary real or complex values of l and m are referred to as associated Legendre functions.

The ALPs can be obtained in terms of m order derivatives of the Legendre polynomials, as follows

Plm(x) = (−1)m(1−x2)m/2
dm

dxm
Pl(x), (S415)15

10See also http://mathworld.wolfram.com/LegendrePolynomial.html - last visited May 16, 2019.
11A nice introduction is found at the page https://en.wikipedia.org/wiki/Associated_Legendre_polynomials - last accessed 16 May, 2019.
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where in this definition of Plm(x) we have included the so-called “Condon-Shortley phase factor” (−1)m. We also note that

the ALPs of order m= 0 coincide with the corresponding LP, i.e.,

Pl0(x) = Pl(x). (S416)

The Plm’s defined by Eq. (S415) are also referred to as un-normalised ALPs. For them, the following orthogonality condition

holds5

+1∫
−1

Plm(x)Pl′m(x)dx=
2(l+m)!

(2l+ 1)(l−m)!
δll′ , (S417)

where δij is the Kronecker delta (see Table 1 of Wieczorek and Meschede, 2018).

degree, l order, m Ylm(γ) Ylm(γ)

0 0 1 1

1 0
√

3P10(cosθ)
√

3cosθ

1 1
√

3
2
P11(cosθ)eiλ −

√
3
2

sinθeiλ

2 0
√

5P20(cosθ)
√
5

2

(
3cos2 θ− 1

)
2 1

√
5
6
P21(cosθ)eiλ −3

√
5
6

sinθ cosθeiλ

2 2
√

5
24
P22(cosθ)e2iλ 3

√
5
24

sin2 θe2iλ

Table S5. Low-degree, 4π-normalised complex spherical harmonics (CSHs) of degree l ≤ 2 and order 0≤m≤ l, for argument γ = (θ,λ). In

the third column, the CSHs are expressed in terms of Plm(x) while in the fourth column they are written explicitely in terms of trigonometric

functions. Note that, for negative orders, Yl−m(γ) = (−1)mY∗lm(γ).

Fully normalised associated Legendre polynomials. Along with the un-normalised Plm’s, various normalised forms of the

ALPs exist, which have been recently categorized by Wieczorek and Meschede (2018). One of these forms is of interest here,

since it is usually employed in the field of geodesy and spectral analysis, and referred to as the fully normalised form of the10

ALP (or FNALP). We note that in Wieczorek and Meschede 2018) the term fully normalised is not adopted and this form is

rather referred to as a 4π-normalised (real) form.

The FNALPs of degree l and order m are defined by

P lm(x) =

√
(2− δ0m)(2l+ 1)

(l−m)!

(l+m)!
Plm(x), (S418)

where Plm(x) is the usual un-normalised form given by Eq. (S415). Note that by virtue of definition (S415), the FNALPs15

include the Condon-Shortley phase factor. Using (S418) and (S417) it is easily verified that for the FNALPs the following
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orthogonality condition holds true

+1∫
−1

P lm(x)P l′m(x)dx= 2(2− δ0m)δll′ , (S419)

in agreement with Wieczorek and Meschede (2018).

Complex Spherical Harmonics. The complex spherical harmonics (CSHs) are complex-valued functions of colatitude θ and

longitude λ, defined on the unit sphere i.e., for 0≤ θ ≤ π and 0≤ λ≤ 2π. In this work, for the development of the SLE theory5

and for the numerical implementation, we use conventionally the so-called 4π-normalised form of the CSHs. Other choices,

characterised by different normalisations are however possible, as explained in Wieczorek and Meschede (2018). Indeed, in

a previous treatment of the SLE (Spada and Stocchi, 2006), “quantum mechanics” (or “1-normalised”) complex spherical

harmonics have been used.

For non-negative orders, the 4π-normalised CSHs are defined as10

Ylm(γ) =

√
(2l+ 1)

(l−m)!

(l+m)!
Plm(cosθ)eimλ, m≥ 0, (S420)

where γ = (θ,λ), Plm(cosθ) is the un-normalised ALP given by Eq. (S415), and integers l (l = 0,1, . . .) and m (|m| ≤ l) are

harmonic degree and order of the CSH, respectively.

For negative orders, the CSHs are obtained as

Yl−m(γ) = (−1)mY∗lm(γ) (S421)15

where the asterisk denotes complex conjugation.

We observe that, using Eq. (S418), the CSHs can be also written in terms of FNALPs, with

Ylm(γ) =
1√

2− δ0m
P lm(cosθ)eimλ. (S422)

A few properties of the Complex Spherical Harmonics. We only give a few essential properties, needed for the development

of the SLE theory.20

1. Orthonormality. The CSH are orthonormal. In particular, due to the particular choice of the normalization factor in

Eq. (S420), the following orthogonality condition holds∫
γ

Ylm(γ)Y∗l′m′(γ)dγ = 4πδll′δmm′ , (S423)

which motivates the attribute “4π-normalised” of the CSH.

2. Degree 0 CSH. By definition of CSHs (see Eq. S420), since P00 = 1 (see S416 and S413), it turns out that25

Y00(γ) = 1. (S424)
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Other low-degree CSHs are listed in Table S4.

3. Addition Theorem. We consider two points on the unit sphere, with coordinates γ = (θ,λ) and γ′ = (θ′,λ′), and we

denote with Θ the angular distance between γ and γ′ along the great circle connecting the two points. By the law of cosines

(or “cosine rule for sides”) in spherical trigonometry, we have

cosΘ = cosθ cosθ′+ sinθ sinθ′ cos(λ−λ′), (S425)5

and the Addition Theorem for CSHs states that

Pl(cosΘ) =
1

2l+ 1

l∑
m=−l

Y∗lm(γ′)Ylm(γ), (S426)

where Pl(x) is the degree l LP given by Eq. (S412).

4. Average of the CSHs. All the CSHs have a vanishing average over the sphere, except Y00(γ). This can be seen immedi-

ately using the definition of average (see Eq. S218), the orthogonality condition (S423) and using (S424):10

< Ylm(γ)>e ≡ 1

4πa2

∫
e

Ylm(γ)dA

=
1

4πa2

∫
e

Ylm(γ)a2dγ

=
1

4π

∫
γ

Ylm(γ)Y∗00(γ)dγ

= δl0δm0. (S427)

Expansion in series of CSHs. It is often useful to expand a scalar, square-integrable, real-valued, time-dependent function as15

an infinite series of CSHs, with

F (γ,t) =
∑
lm

Flm(t)Ylm(γ), (S428)

where Flm(t) are the (complex) coefficients of the CSH expansion and we use the notation

∑
lm

≡
∞∑
l=0

l∑
m=−l

. (S429)
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Multiplying both sides of Eq. (S428) by Y∗l′m′(γ), where l′ and m′ are an arbitrary degree and order, integrating over the unit

sphere and using the orthogonality condition (S423), the coefficients of the CSH expansion are easily obtained:

F (γ,t)Y∗l′m′(γ) =
∑
lm

Flm(t)Ylm(γ)Y∗l′m′(γ)∫
γ

F (γ,t)Y∗l′m′(γ)dγ =
∑
lm

Flm(t)

∫
γ

Ylm(γ)Y∗l′m′(γ)dγ,

∫
γ

F (γ,t)Y∗l′m′(γ)dγ = 4π
∑
lm

Flm(t)δll′δmm′5

∫
γ

F (γ,t)Y∗l′m′(γ)dγ = 4πFl′m′(t),

hence, for an arbitrary degree l and order m, we have

Flm(t) =
1

4π

∫
γ

F (γ,t)Y∗lm(γ)dγ, (S430)

where, taking Eq. (S421) into account, we have the symmetry condition on the coefficients

Fl−m(t) = (−1)mF ∗lm(t). (S431)10

It can be easily verified that the degree l = 0 coefficient in the CSH expansion (S428) simply represents the average of

F (γ,t) over the sphere. In fact, using l =m= 0 and Eq. (S424) into (S430) we see that

F00(t) =
1

4π

∫
γ

F (γ,t)dγ

=
1

4πa2

∫
e

F (γ,t)dA

≡ < F (γ,t)>e, (S432)15

where according to (S218) < F (γ,t)>e is the spatial average of F (γ,t) over the sphere of radius a.

Expansion in series of FNALPs. In the field of geodesy and spectral analysis, real harmonic functions are generally preferred

to complex harmonics (see e.g., Heiskanen and Moritz, 1967). Here we show that a CSH expansion like

F (γ) =
∑
lm

FlmYlm(γ), (S433)

where we have omitted the time-dependence of F for the sake of simplicity, is equivalent to a (real) FNALP expansion restricted20

to positive orders, with

F (γ) =
∑
lm
m≥0

(ulm cosmλ+ vlm sinmλ)P lm(cosθ), (S434)
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where the cosine and sine real-valued coefficients ulm and vlm are univocally determined by Flm. The demonstration is

straightforward, and is based on condition (S431), on Eq. (S422), and some algebra. The details follow:

F (γ) =
∑
lm

FlmYlm(γ)

=
∑
l

(∑
m<0

FlmYlm +Fl0Yl0 +
∑
m>0

FlmYlm
)

=
∑
l

(∑
m′>0

Fl−m′Yl−m′ +Fl0Yl0 +
∑
m>0

FlmYlm
)

5

=
∑
l

(∑
m′>0

(−1)m
′
F ∗lm′(−1)m

′Y∗lm′ +Fl0Yl0 +
∑
m>0

FlmYlm
)

=
∑
l

(∑
m>0

F ∗lmY∗lm +Fl0Yl0 +
∑
m>0

FlmYlm
)

=
∑
lm
m≥0

(2− δ0m)Re(FlmYlm)

=
∑
lm
m≥0

(2− δ0m)(Re(Flm)Re(Ylm)− Im(Flm)Im(Ylm))

=
∑
lm
m≥0

(2− δ0m)
1√

2− δ0m
(Re(Flm)cosmλ− Im(Flm)sinmλ)P lm(cosθ)10

=
∑
lm
m≥0

(ulm cosmλ+ vlm sinmλ)P lm(cosθ), (S435)

hence, for a general time-dependent scalar function F (γ,t), the relationship between the coefficients of the CSH expansion

(S433) and those of the real expansion (S434) over the FNALPs is:

ulm(t) = +
√

2− δ0m Re(Flm(t)) (S436)

vlm(t) = −
√

2− δ0m Im(Flm(t)) ; (S437)15

we note that this relationship can be equivalently stated as

ulm(t) + ivlm(t) =
√

2− δ0mF ∗lm(t), (S438)

where F ∗lm(t) is the complex conjugate of Flm(t).

S8.6 The Tegmark grid

In all the versions of program SELEN published so far (Spada and Stocchi, 2006, 2007; Spada et al., 2012; Spada and Melini,20

2015), the spatial discretisation of the SLE has been accomplished with the aid of the equal-area, icosahedron-shaped, spherical

pixelization introduced by Tegmark (1996), and employed in astrophysics to study the Cosmic Microwave Background (e.g.,
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Tegmark et al., 2003). The Tegmark grid is also employed in SELEN4. The grid is particularly convenient for the manipulation

of harmonic functions, for the computation of power spectra, and for the numerical evaluation of surface integrals (quadrature)

on the sphere.

Properties of the Tegmark grid. The Tegmark grid is characterised by a “resolution parameter”R that determines the density

of the pixels on the surface of the unit sphere, and consequently the size of the grid cells. For a given value of R, the number5

of pixels on the grid is

P = 40R(R− 1) + 12, (S439)

where each pixel is the center of slightly distorted, hexagonal equal-area grid cells. As an example, Figure S6 shows four

Tegmark pixelizations characterised by resolutions R= 18, 28, 44, and 60.

For a given pixelization, the cell area is10

Ac =
4πa2

P
, (S440)

where a= 6371 km is Earth’s radius. Thus, the angular half-amplitude of a disk on the sphere having an area Ac, is

δ =

(
180◦

π

)
cos−1

(
1− 2

P

)
, (S441)

where δ is expressed in degrees. For a sufficiently large number of pixels, the cell can be assimilated to a disk on a plane. An

approssimate value for the radius of the disk is15

rcell ≈
2a√

P
, (S442)

an expression which is useful to obtain a quick estimate of the grid spacing.

Tegmark (1996) has shown that a sufficiently accurate numerical integration of harmonic functions up to degree lmax de-

mands a commensurately large number of pixels, with

P≥ l2max
3

. (S443)20

This implies that, for a given value of P, there is an upper limit to the lmax value that can be safely employed in the numerical

solution of the SLE, namely lmax ≤ LM . Values of lmax exceeding LM would not guarantee that some fundamental properties

of the CSHs (such as their orthonormality) can be numerically reproduced on the grid with a sufficient precision. According to

Eq. (S443), we have

LM =
√

3P. (S444)25

We also note that the constraint given by Eq. (S443) can be employed to provide a very rough rule of thumb that gives the

minimum spatial resolution R that is to be employed for a fixed lmax. In fact, since from (S439), P ∼ 40R2, (S443) gives

40R2 ≥ l2max/3, hence

R≥ lmax
10

. (S445)
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Figure S6. Four pixelizations of the sphere according to the icosahedron-based algorithm by Tegmark (1996), with increasing spatial reso-

lutions R= 18,28,44 and 60 (for the geometrical properties of these and other pixelizations, see Table S6).
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R P δ (deg) rcell (km) LM

14 7,292 1.34 149.22 147

18 12,252 1.04 115.12 191

24 22,092 0.77 85.73 257

32 39,692 0.58 63.96 345

44 75,692 0.42 46.31 476

60 141,612 0.30 33.86 651

80 252,812 0.23 25.34 870

100 396,012 0.18 20.25 1089

200 1,592,012 0.09 10.10 2185

500 9,980,012 0.04 4.03 5471

2,000 159,920,012 ∼ 0.01 ∼ 1 21,903

Table S6. Statistics of the Tegmark grid. R is the grid resolution, P is the corresponding number of pixels, δ is the radius of the equivalent

(i.e., with the same area) disk on the sphere, rcell is the approximate radius of the equivalent disk on a plane, and LM is the maximum

harmonic degree admissible for the chosen R value. Note that a characteristic cell size of ∼ 1 km is attained for R= 2,000.

The statistics of the Tegmark grid are summarised in Table S6 for some values of the resolution parameter R.

Quadrature rule. In the numerical implementation of the SLE, the Tegmark grid is intensively exploited, especially for

computing coefficients of the CSH expansions of relevant scalar fields (Spada and Stocchi, 2006, 2007; Spada et al., 2012;

Spada and Melini, 2015). Of course, other integration methods are possible, such as the traditional Gauss-Legendre quadrature

(e.g., Press 2007). However, the almost regular grid of points implied by the icosahedron method of Tegmark (1996) makes it5

very attractive for problems in spherical geometry, where a maximally regular pixelization is needed to optimise the algorithm.

The Tegmark grid provides a set of equal-weight integration points which allow for a straightforward, nearly optimal quadra-

ture on the sphere, i.e.,∫
e

F (γ) dA≈Ac
∑
p

F (γp), (S446)

where10

∑
p

≡
P∑
p=1

(S447)

denotes the sum over all the pixels, we have taken advantage of the equal-area property of the grid, F (γp) is the value of F (γ)

at the pixel (the center of the cell) and γp = (θp,λp) denotes the spherical coordinates (colatitide and longitude) of the pixels.

Eq. (S446) constitutes the basic principle adopted in our numerical implementation of the SLE.
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The quadrature rule given by Eq. (S446) can be applied to the computation of the coefficients of the CSH expansion of a

general scalar field, a problem that is often encountered in this supplement. As discussed in §S8.5 above, the CSH expansion

of a scalar function F (γ,t) reads

F (γ,t) =
∑
lm

Flm(t)Ylm(γ), (S448)

where, using the orthonormality property of the CSHs given by Eq. (S423), the computation of the coefficients Flm(t) demands5

the evaluation of the following surface integral over the unit sphere:

Flm(t) =
1

4π

∫
γ

F (γ,t)Y∗lm(γ)dγ, (S449)

where Y∗lm(γ) is the complex conjugate of Ylm(γ). Recalling that dγ is such that dA= a2dγ and applying Eq. (S446) provides

the CSH coefficients

Fj(t) =
1

P

∑
p

F (γp, t)Y∗j (γp), (S450)10

where conventionally letter j stands for the couple lm. Setting t= tn, where tn is a specific point of the time grid adopted in

this work (see §S8.1) gives

Fj(tn) =
1

P

∑
p

F (γp, tn)Y∗j (γp), (S451)

which, according to the conventions described in §S7, can be written in compact form as

Fj,n =
1

P

∑
p

Fp,nY∗j,p. (S452)15

S8.7 Numerical solution of the SLE

In SELEN4, the SLE is solved iteratively in the spectral domain. Since some of the computations are performed directly on

a grid, the term pseudospectral is often invoked, with reference to this approach. The equation is decomposed in series of

CSHs and the harmonic components constitute the unknowns in the iteration. By an harmonic synthesis, the coefficients are

subsequently employed to retrieve the solution in the space domain by summation over the CSHs. An iterative approach is20

natural in the context of integral Fredholm equations (e.g., Jerri, 1999), and it has been utilized systematically in the literature

since the integral nature of the SLE has been recognized first (Farrell and Clark, 1976; Spada, 2017).

A very detailed treatment of the iterative approach to the SLE is given by Kendall et al. (2005), who however is based on

a formalism that differs from the one employed here. The iterative solution scheme of the SLE also takes advantage of the

so-called pseudo-spectral method (Mitrovica and Peltier, 1991; Mitrovica and Milne, 2003), in which the original unknown25

field S (i.e., sea-level change) is substituted by the ocean-projected unknown field Z =OS (see Eq. S192), thus making the

cumbersome evaluation of Wigner coupling coefficients (Plag and Jüettner, 2001) unnecessary.

Execution phases. The execution of SELEN4 sees six distinct phases.
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- Phase 1. Some basic data are input from external files. These include the spherical coordinates (longitude and colatitude)

of the Tegmark pixels (γp), a set of pre-computed CSHs (Yj,p) to a given maximum degree lmax, a pixelization of the

modern Earth’s relief (Tp,N ), and the full history of the ice thickness (Ip,n). Furthermore, the program reads the combi-

nations of Love numbers that build the Green’s functions (i.e., arrays βugl,n and γugn ), which are employed to compute the

isostatic and rotational response functions. These quantities must be pre-computed and supplied by the User. However,5

our release of SELEN4 comes with a small set of these input fields, corresponding to different spatial resolutions.

- Phase 2. SELEN4 initializes the global topography, assuming to a first approximation that it corresponds to present-

day topography during the whole time interval since the inception of melting, setting Tp,n = Tp,N . A first guess of

the OF Op,n is obtained using this approximation of topography and the chosen input ice model. Initial values of the

CSH coefficients Sj,n are computed assuming a globally uniform sea-level change, matching the ocean-averaged value10

evaluated by the initialized OF, i.e., setting S(0)
j,n = Savej,n .

- Phases 3 and 4. The program executes two nested do-loops (iterations). The external iteration is performed next times

over the topography, which is progressively updated taking advantage of the PT equation (see Eq. S10) once the internal

iterations are accomplished. In the external iteration, the response functions Raj,n and Rcj,n are evaluated, as well as

arraysKaj,n andKcj,n, which do not depend upon the value of Zj,n. The solution of the SLE in terms of variable Z =OS15

is performed in the internal iteration, based on an iterative scheme as well and performed nint times, assuming as starting

value Zj,n = Zavej,n . Here, the Zj,n-dependent response functions Rbj,n and Rrotj,n are progressively updated, as well as

Kbj,n and the rotational contribution Krotj,n .

- Phase 5. The CSH components of the response functions Uj,n, Gj,n and Nj,n (including their surface and rotational

components) are evaluated, using the outcomes of the last external iteration executed. In this phase, SELEN4 writes20

several outputs on external files; however some outputs are also created (or updated) during the previous phases.

- Phase 6. SELEN4 executes some post-processing steps, in which the CSH coefficients previously copied on the output

files are read and synthesized to obtain several geophysical quantities of interest (RSL variations at specific sites, paleo-

topography grids, geodetic variations at specific locations, the excursion of the Earth’s axis of rotation, variations of the

Stokes coefficients of the Earth’s gravity field, geodetic fingerprints, et cetera). In SM19, an intermediate-resolution test25

run of SELEN4 (i.e., R= 44, lmax = 128 and next = nint = 3) is performed to illustrate the outputs that are available

at end of the post-processing phase.

Workflow of SELEN4. Below, we outline the workflow of the Fortran 90 program that we have progressively developed to

solve the SLE, based on the theory illustrated in this supplement.

Declarations30

The program begins
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� Phase 1: Data input.

Read: (γp, Yj,p, Tp,N , Ip,n),

Read:
(
βugl,n, γ

ug
n

)
.

� Phase 2: Initialisation.

Set: Tp,n = Tp,N ,5

Write: Tp,n,

Op,n⇐= (Tp,n, Ip,n),

Write: Op,n,

Sequn ⇐= (Ip,n,Op,n),

Sofun ⇐= (Tp,0,Op,n),10

Saven ⇐=
(
Sequn ,Sofun

)
,

Savej,n ⇐= (Saven ),

Set: S(0)
j,n = Savej,n .

� Phase 3: External iteration (over the topography)

DO i_ext = 1, n_ext15

Qp⇐= (Tp,0, Ip,0),

Oj,n⇐=
(
Op,n,Y∗j,p

)
,

Zavej,n ⇐= (Saven ,Oj,n),[
Computing Kaj,n

]
Wj,n⇐=

(
Ip,n,Op,n,Y∗j,p

)
,20

La21,n⇐= (W21,n),

Raj,n⇐=
(
Wj,n,β

s
l,n

)
,

<Ra >on⇐=
(
Raj,n,O∗j,n

)
,

R′aj,n⇐=
(
Raj,n,<Ra >on

)
,

χap,n⇐=
(
R′aj,n,Yj,p

)
,25

Kaj,n⇐=
(
χap,n,Y∗j,p

)
,[

Computing Kcj,n
]

Xj,n⇐=
(
Qp,Op,n,Y∗j,p

)
,

Lc21,n⇐= (X21,n),

Rcj,n⇐=
(
Xj,n,βsl,n

)
,30

<Rc >on⇐=
(
Rcj,n,O∗j,n

)
,

R′cj,n⇐=
(
Rcj,n,<Rc >on

)
,
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χcp,n⇐=
(
R′cj,n,Yj,p

)
,

Kcj,n⇐=
(
χcp,n,Y∗j,p

)
,

Set: Z(0)
j,n = Zavej,n .

� Phase 4: Internal iteration (to solve the SLE)

DO i_int = 1, n_int5 [
Computing Kbj,n

]
Lb21,n⇐=

(
Zi_int−1

21,n

)
,

Rbj,n⇐=
(
Zi_int−1
j,n ,βsl,n

)
,

<Rb >on⇐=
(
Rbj,n,O∗j,n

)
,

R′bj,n⇐=
(
Rbj,n,<Rb >on

)
,10

χbp,n⇐=
(
R′bj,n,Yj,p

)
,

Kbj,n⇐=
(
χbp,n,Y∗j,p

)
,[

Computing Krotj,n

]
L21,n⇐=

(
La21,n,Lb21,n,Lc21,n

)
,

Grot21,n⇐=
(
L21,n,γ

g
n

)
,15

Urot21,n⇐=
(
L21,n,γ

u
n

)
,

Rrotj,n ⇐=
(
Grotj,n ,Urotj,n

)
,

<Rrot >on⇐=
(
Rrotj,n,O∗j,n

)
,

R′rotj,n ⇐=
(
Rrotj,n,<Rrot >on

)
,

χrotp,n⇐=
(
R′rotj,n ,Yj,p

)
,20

Krotj,n ⇐=
(
χrotp,n,Y∗j,p

)
,

Ψrig
n ⇐=

(
L∗21,n

)
,

cn⇐=
(
Saven ,<Rabc >on,<Rrot >on

)
,

Z(i_int)
j,n ⇐=

(
Zavej,n ,Kabcj,n ,Krotj,n

)
.

ENDDO25

S(i_ext)
j,n ⇐=

(
Savej,n ,R

′abc
j,n ,R

′rot
j,n

)
,

Sp,n⇐=
(
S(i_ext)
j,n ,Yj,p

)
,

Tp,n⇐=
(
Tp,N ,Sp,n,Sp,N

)
,

Write: Tp,n

Op,n⇐=
(
Tp,n, Ip,n

)
,30

Write: Op,n

Sequn ⇐= (Ip,n,Op,n),

Sofun ⇐= (Tp,0,Op,n),
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Saven ⇐=
(
Sequn ,Sofun

)
,

Savej,n ⇐= (Saven ).

ENDDO

Write: Sj,n

� Phase 5: Response functions5

Uaj,n⇐=
(
Wj,n,β

u
l,n

)
,

Ubj,n⇐=
(
Zi_int_maxj,n ,βul,n

)
,

Ucj,n⇐=
(
Xj,n,βul,n

)
,

Usurj,n ⇐=
(
Uaj,n,Ubj,n,Ucj,n

)
,

Uj,n⇐=
(
Usurj,n ,Urotj,n

)
,10

Write: Uj,n
Gaj,n⇐=

(
Wj,n,β

g
l,n

)
,

Gbj,n⇐=
(
Zi_int_maxj,n ,βgl,n

)
,

Gcj,n⇐=
(
Xj,n,βgl,n

)
,

Gsurj,n ⇐=
(
Gaj,n,Gbj,n,Gcj,n

)
,15

Gj,n⇐=
(
Gsurj,n ,Grotj,n

)
,

Write: Gj,n
Nj,n⇐=

(
Gj,n, cn

)
.

Write: Nj,n
Write: ψrign20

Write: Saven

� Phase 6: Post-processing

End of Program

Convergence to the solution. In Figure S7 we address the problem of the rate of convergence to a stable solution of the

iterative process which we have set up to solve the SLE (see §S8.7). In SELEN4, we have not assumed a pre-defined stopping25

criterion, like done by e.g.,Milne and Mitrovica (1998) and Kendall et al. (2005). Indeed, the user is requested to configure a

priori the number next of external iterations and the number nint of internal iterations. To help the user to establish a number

of iterations that ensure a reasonable accuracy of the solution obtained, in Figure S7 we visualize the convergence pattern of

two SELEN4 outputs as a function of the number of iterations, keeping fixed the spatial resolution to R44/L128. The first is

γ, i.e., the average rate12 of present-day sea-level change at the tide gauges sites considered by Douglas (1997) in his study of30
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Figure S7. Convergence plots for γ (left) and for < Ṡ > (right) using configuration R44/L128, as a function of the number of internal and

of external iterations in the SLE.

global sea-level rise (left frame, see also Table 5 in SM19). The second is < Ṡ >e, which represents the whole-Earth-surface

average of the fingerprint Ṡ (right frame, see also Fig. 4 of SM19).

The asymmetry of the convergence pattern obtained with varying next and nint is apparent. We recall that the external

iteration determines the topography and consequently the ocean function (OF) while the internal iteration solves the SLE for

a given topography. Thus, the two iteration processes have a different nature and similar patterns of convergence should not5

be expected a priori. When nint is varied, for a fixed value of next, a substantial convergence (indicated by the plateau in

Figure S7), is monotonically achieved already for nint = 3. This holds for both γ and < Ṡ >e. Our finding is fully consistent

with Milne and Mitrovica (1998), who noted that . . . three to five iterations are required for convergence for a pre-determined

convergence parameter ε= 10−4 (see their Eq. 48). However, Figure S7 clearly shows that when next is varied keeping nint

fixed, the convergence is not monotonic, and a value next = 5 would certainly appear more appropriate in this case. So, the10

reconstruction of paleo-topography (and of the OF) is more burdensome than the solution of the SLE, for a given topography

and ice distribution. This finding disagrees with Milne and Mitrovica (1998), who found that . . . one or two (external) iterations

are normally adequate. The cause of the different pattern of convergence probably depends on how the algorithms have been

designed, and on the starting values (the zero order guess) adopted to initialize the iteration. Anyway, according to our experi-

ence and based on the results obtained for the test run in the body of the paper, we agree with Milne and Mitrovica (1998) that15

the choice nint = next = 3 provides reliable results for the whole output set of SELEN4. The user can push the algorithm to

higher values in the case the data set under study requires a high-precision evaluation of the GIA predictions.

12This symbol should not be confused with γ = (θ,λ) used extensively in this document to indicate the spherical coordinates of an arbitrary point of the

surface of the sphere.
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Figure S8. SELEN4 execution times as a function of resolution R, maximum harmonic degree lmax and number of iterations next and nint.

Each set of runs is based on a R44/L128/I33 configuration, in which the investigated parameter is varied while keeping the remaining ones

fixed to their nominal values. Execution times have been measured on a quad-processor Intel Xeon E7 “Broadwell” system running CentOS

Linux 7.3, using 16 out of 56 cores.

Execution times. On a given computer system, the time needed by SELEN4 to obtain a numerical solution of the SLE scales

with the following parameters: i) the number of external and internal iterations (next and nint, respectively); ii) the number

of pixels in the Tegmark grid, P = 40R(R− 1) + 12; iii) the number of harmonic terms of degree 0≤m≤ l ≤ lmax, given

jmax = (lmax + 1)(lmax + 2)/2. To help the user in estimating the run time of SELEN for a given choice of these parameters,

we configured a test run in the R44/L128/I33 setup, and performed four sets of runs in which we varied one of the four5

parameters (R, lmax, next and nint) while keeping the remaining three fixed to their nominal value. Figure S8 shows the

measured execution times as a function of the corresponding parameter for each suite of runs. Increasing the number of
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Figure S9. Execution time texe for a SELEN run in R30/L64/I33 configuration as a function of the number of compute cores n, measured on

a quad-processor Intel Xeon E7 “Broadwell” system running CentOS Linux 7.3. A red dashed curve shows the best-fitting relation between

texe and n obtained with Eq. (S454).

iterations (either external or internal) results in a linear increase of execution time. Increasing lmax results in a nearly quadratic

increase of execution time, that corresponds to a linear proportionality with the number of harmonic terms (indeed, jmax ∼
l2max). Conversely, run time turns out to scale with resolution R as ∼R2.7, which corresponds to a ∼ P 1.4 scaling with the

nummber of grid pixels, since P ∼R2. The lack of a linear proportionality between run time and the number of grid nodes

may be attributed to memory overhead and/or disk I/O, and its investigation is beyond the scope of the present work.5

Code parallelism. On modern multi-core systems, SELEN takes advantage of shared-memory parallelism in order to speed up

the most computationally intensive portions of the code. As first pointed out by Amdahl (1967), if inter-thread communication
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overhead is negligible the execution time texe of a parallel code can be written as

texe = t0

(
fs +

fp
n

)
(S453)

where n is the number of threads, fs and fp are the serial and parallel fractions of the code (fs+fp = 1) and t0 is the execution

time for n= 1. Eq. (S453) can be rewritten as

ntexe = t0 (fp +nfs) (S454)5

showing that, if the communication overhead is negligible, a linear relation exists between ntexe and n. Eq. (S454) can be used

to determine through a linear regression the parallel fraction fp, by running a code for different values of n and measuring the

corresponding execution times. Figure S9 shows measured values of texe and ntexe as a function of n for a SELEN run in the

R30/L64/I33 configuration. Scaling of ntexe with n is linear up to n∼ 30, after which significant oscillations arise due to the

increasing impact of communication overhead and bandwith saturation. A dashed red line shows the best-fitting linear relation10

obtained through least squares, from which we can estimate t0 ∼ 1072 s and fp ∼ 0.98, indicating that a remarkably high level

of parallelism is attained by SELEN.

S8.8 Relative sea-level variations

Geological and archaeological evidence of sea-level variations from various regions of the globe constitute an essential con-

straint to GIA models (e.g., Tushingham and Peltier, 1991; Lambeck and Chappell, 2001). In particular, relative sea level15

(RSL) variations since the Last Glacial Maximum represent the amount of sea-level rise (or fall) relative to present datum (e.g.,

Farrell and Clark, 1976).

More specifically, RSL stems from the difference

RSL(γ,t) =B−BN , (S455)

where γ indicates the coordinates of the RSL site (θ,λ), t is the epoch at which RSL is determined, B =B(γ,t) is sea level at20

that epoch, andBN =B(γ,tN ) is present sea level at the site. Hence, by the same definition of RSL, we haveRSL(γ,tN ) = 0.

We note, however, that the solution of the SLE (see e.g., Eq. S200) yields S (i.e., sea-level change), notRSL(γ,t). According

to the discussion in §S2.2, sea-level change S is defined as

S(γ,t) =B−B0, (S456)

where B0 =B(γ,t0) is not present sea level, but sea level at a remote (and arbitrary) reference epoch that we have previously25

denoted by t= t0. Nonetheless, the relationship between RSL and S can be easily established observing that

RSL(γ,t) = (B−B0)− (BN −B0)

= S −SN , (S457)
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where we have used Eq. (S456). This shows that the history of RSL can be immediately obtained once the solution of the SLE

has been determined at site γ and at all time steps, by taking the difference (S457).

Combining Eq. (S457) with the PT equation (S10), or simply recalling that the topography is defined as T =−B (see

Eq. S2), we note that at a time t RSL can be interpreted as the difference between the value of present-day topography and the

value of topography at that time, with5

RSL(γ,t) = TN −T. (S458)

This last equation shows that reconstructing the evolution of the variations of the Earth’s topography is indeed equivalent to

reconstruct the history of RSL variations (Peltier, 1994); the present relief TN constitutes the basic constraint of the process of

reconstruction. The locus

γ = γs(t) (S459)10

for which

RSL(γs(t), t) = 0 (S460)

determines the location (i.e., longitude and latitude) of the shoreline at time t, apart from correction to compensate for the

erosion or sedimentation processes (see Lambeck, 2004, page 685).

In SELEN4, the user can schedule the computation ofRSL(γ,t) at specific locations of interest. In the default configuration15

of the program, the sites are those belonging to the RSL database of Tushingham and Peltier (1993) (TP), which has had (and

still maintains) a central importance in GIA studies (e.g., Tushingham and Peltier, 1991, 1992; Melini and Spada, 2019). Of

course, other input dataset can be supplied, provided that they are properly formatted (or the source code is suitably adapted).

In the post-processing phase, the program first computes Si,n by spherical harmonic synthesis of the Sj,n coefficients, where

γi = (θi,λi) are the spherical coordinates of the i-th site of the TP database. Then, according to Eq. (S457), at time tk Before20

Present (BP), RSL is evaluated by

RSLi,k = Si,N−k −Si,N , (S461)

where index k varies in the range (0,1,2, . . .N).

S8.9 Geodetic effects of GIA

GIA produces a number of geodetically observable effects (see e.g., King et al., 2010). At the current stage of development,25

the geodetic predictions of SELEN4 include so-called GIA fingerprints, the rate of relative sea-level variation at tide gauges,

vertical movements at GPS stations, the current rates of change of the Stokes coefficients of the Earth’s gravity field, and polar

motion.

GIA fingerprints. The GIA fingerprints are functions that describe the spatial variability of any quantity involved into the

process of isostatic readjustment. The variability manifests the effects of deformation, gravitational attraction, and rotation30
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within the system composed by the solid Earth, the oceans and the ice sheets. As far as we know, in GIA studies the concept of

fingerprint function has been first explicitly introduced by Plag and Jüettner (2001) in the context of the inversion of global tide

gauge data for modern load changes. However, the concept is not limited to present-day signatures, since it also encompasses

the effects of GIA on past variations of sea level or of other physical quantities (Clark et al., 1978; Mitrovica and Milne, 2002).

Currently, the term GIA fingerprints is normally (but not uniquely) adopted to indicate the present-day effects of GIA, being5

either caused by past or contemporary ice sources, expressed as rates of change. Hence, in the following, we shall refer to the

basic set of GIA fingerprints to as Ṡ , U̇ , Ṅ , and Ġ, where the dot indicates the time detivative evaluated at present time. Some

physical and geometrical properties of the GIA fingerprints have been presented by e.g., Tamisiea (2011) and Spada (2017); a

short discussion can be found in SM19.

In SELEN4, the GIA fingerprints constitute one of the standard outputs of the post-processing phase. Examples of finger-10

prints obtained for a specific test run can be found in SM19. Specifically, the program produces arrays of Ṡp, U̇p, Ṅ p and Ġp,

where the over-dot indicates the time-derivative evaluated at present time t= tN , and subscript p indicates that the fingerprints

are computed at γp = (θp,λp), i.e., on the pixels of the Tegmark grid adopted in the numerical solution of the SLE.

In practice, using the output of the SLE solver, the fingerprints are evaluated according to

Ḟp =
1

2∆t

∑
j

(Xj,N+1−Xj,N−1)Yj,p, (S462)15

where
∑
j indicates a sum over lm to maximum degree lmax and here Ḟp stands for Ṡp, U̇p, Ṅ p, or Ġp, ∆t is the natural

step of the 1-D time grid described in §S8.1, Fj,n represents any of the harmonic coefficients Sj,n, Uj,n, Nj,n and Gj,n, with

jmax we denote the maximum harmonic degree, and we have performed a numerical differentiation in time by computing a

symmetric difference quotient.

Spatial averages of GIA fingerprints. Spatial averages of the fingerprints, either computed over the (present-day) oceans or20

across the whole Earth’s surface, are also provided as a default SELEN4 output. According to Eq. (S217), the ocean-averages

are evaluated by computing:

< Ḟ >o=

∑
p

ḞpOp∑
p

Op
, (S463)

where Ḟp is given by Eq. (S462) andOp ≡Op,N is the discretized OF at present time. Based on (S219) the whole-Earth-surface

averages are evaluated by means of25

< Ḟ >e= 1

P

∑
p

Ḟp, (S464)

where we recall that P is the number of pixels over the grid.
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Since we are always adopting mass conserving surface loads (i.e., a plausible surface load, see §S2.4), to a very high degree

of precision, in our numerical experiments for the geoid height fingerprint we obtain

< Ġ >e= 1

P

∑
p

Ġp = 0, (S465)

and similarly for the vertical displacement fingerprint

< U̇ >e= 1

P

∑
p

U̇p = 0. (S466)5

GIA and altimetric sea-level rise. According to Eq. (S463), the ocean-average of the Ṅ fingerprint reads

< Ṅ >o=

∑
p

Ṅ pOp∑
p

Op
. (S467)

Often, this quantity is adopted to correct absolute sea-level rise obtained from altimetry for the effects of GIA (Tamisiea, 2011;

Spada and Galassi, 2015; Spada, 2017; Melini and Spada, 2019). The value of < Ṅ >o depends quite weakly from the GIA

model adopted; according to the literature quoted above, a useful rule of thumb is10

< Ṅ >o≈−0.30 mm yr−1. (S468)

GIA at tide gauges. Tide gauges (TGs) observe sea-level relative to the solid Earth (e.g., Spada and Galassi, 2012; Wöppel-

mann and Marcos, 2016). In order to decontaminate the long-term rates of relative sea-level change from GIA to enlighten the

effects of present climate change, an appropriate GIA correction is to be performed. To obtain such correction, we directly map

the fingerprint for relative sea-level on the geographical coordinates γtg = (θtg,λtg) of the TG, computing15

Ṡtg =
1

2∆t

∑
j

(Sj,N+1−Sj,N−1)Yj,tg, (S469)

where Yj,tg are the CSHs evaluated at the TG locations. For the sake of completeness, in the post-processing phase of SELEN4,

the values of U̇ tg , Ṅ tg and Ġtg at TGs are also evaluated (of course, by virtue of the SLE, condition Ṅ tg = Ṡtg + U̇ tg is met).

GIA at GPS stations (vertical component). In order to evaluate the GIA-induced rate of vertical displacement at GPS stations

(see e.g., Serpelloni et al., 2013, for a specific case study), we follow exactly the same approach adopted for the TGs above,20

but we employ the U̇ fingerprint, with

U̇gps =
1

2∆t

∑
j

(Uj,N+1−Uj,N−1)Yj,gps, (S470)

where subscript gps indicates that the corresponding quantity is computed at the GPS station coordinates γgps = (θgps,λgps).

GIA at GPS stations (horizontal component). The topic shall be covered in the NEXT EDITION of SELEN4.
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Stokes coefficients. In gravity field studies, the Earth’s exterior potential (or geopotential) at a point of geocentric radius r,

geographic colatitude θ and longitude λ is conventionally represented using a spherical harmonics expansion like

V (r,θ,λ, t) =
Gme

r

(
1 +

lmax∑
l=2

(a
r

)l l∑
m=0

(clm(t)cosmλ+ slm(t)sinmλ)P lm(cosθ)

)
, (S471)

where G is the universal gravitational constant, me is the mass of the Earth, a is its mean radius, P lm(cosθ) are the fully

normalised associated Legendre polynomials (FNALPs) of harmonic degree l and order m, and the non-dimensional real-5

valued quantities clm and slm are referred to as Stokes coefficients of the geopotential (Heiskanen and Moritz, 1967). Due

to mass movement and exchanges between the components of the Earth system, V is in general time-dependent and this is

reflected in the time dependence of the Stokes coefficients (see e.g., Bettadpur, 2018).

We observe that in writing Eq. (S471) the origin of the reference frame has been chosen to be the center of mass (CM) of

the whole Earth, including the solid and the fluid portions; thus there are no terms of harmonic degree l = 1 in the spherical10

harmonics expansion of V (Heiskanen and Moritz, 1967). The Stokes coefficients of degree l = 2 are determined by the time

variations of the inertia tensor of the Earth (see e.g., Heiskanen and Moritz, 1967). By a proper choice cartesian reference

frame, with the z-axis aligned with the axis of figure of the Earth (i.e., the axis of maximum inertia), the terms of degree and

order 2 and 1 vanish, all first degree harmonics and the degree l = 2 and order m= 1 terms are indeed referred to as forbidden

harmonics by Hofmann-Wellenhof and Moritz (2006).15

GIA perturbs the geopotential and, in consequence of that, it causes a time-variation of the Stokes coefficients. In SM19,

the geopotential variation Φ induced by GIA at the Earth’s surface (r = a) has been quantified in terms of the geoid response

function G, with

G(γ,t) =
Φ

g
, (S472)

where γ = (θ,λ) and g is the (constant) reference gravity acceleration. It is useful to recall that20

G = Gsur +Grot, (S473)

where Gsur and Grot are associated with changes in the load at the Earth’s surface (see Eq. S82) and changes of the rotational

potential (Eq. S172), respectively. Furthermore, we note that both terms contain a direct effect and an indirect effect, stemming

from the ‘δ(t)’ and the ‘k(t)’ terms in Eqs. (S83) and (S173), respectively. Henceforth, we assume that both direct and indirect

contributions are included in G, hence in the Stokes coefficients variations through Φ. Note, however, that an instrument like25

GRACE does not see the direct centrifugal effect on gravity potential, since it is not tied to the rotating Earth. About this point,

it is interesting to read a personal communication of J Wahr to WR Peltier in 2011, reported in the supplementary Text S3

of Peltier et al. (2012). Hence, a comparison between the GRACE-derived rates of gravity change of harmonic degree 2 and

order 1 and the GIA prediction Φ may be misleading (Chambers et al., 2010; Peltier et al., 2012; Chambers et al., 2012).

In close analogy with Eq. (S471), we now write30

Φ(γ,t) =
Gme

a

lmax∑
l=2

l∑
m=0

(
δclm(t)cosmλ+ δslm(t)sinmλ

)
P lm(cosθ), (S474)
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where δclm(t) and δslm(t) are the Stokes coefficients that describe variations of the geopotential induced by GIA. Recalling

that g = Gme

a2 , from Eq. (S472) it follows that the surface response function G can be also expressed in series of spherical

harmonics

G(γ,t) = a

lmax∑
l=2

l∑
m=0

(
δclm(t)cosmλ+ δslm(t)sinmλ

)
P lm(cosθ), (S475)

where no terms of degree l = 0 appear since i) we are only considering mass-conserving loads for which Gsur00 = 0 (see5

Eq. S129) and ii) Grot is a pure degree l = 2 order m= 1 quantity (see §S6.2). Furthermore, harmonic degree l = 1 terms

are also missing from (S475), since we are conventionally using a reference frame with origin in the CM, so that there are no

such terms in the surface GF for the geoid (see §S4.1).

The present-day (t= tp), GIA-induced rates of change of the Stokes coefficients in Eq. (S475) are related with the harmonic

coefficients in the CSH expansion of the Ġ fingerprint. In fact, taking the time-derivative and recalling Eq. (S438), we obtain10

δ̇clm + i δ̇slm = a−1
√

2− δ0m Ġ
∗
lm(tp), l ≥ 2, m= 0, . . . l, (S476)

where the asterisk denotes complex conjugation (these expressions are consistent with those used by Melini and Spada, 2019).

We note that since the sea surface variation is defined as N = G+ c (see Eq. 21 of SM19), where c is the “FC76 constant”, in

the range of harmonic degrees l ≥ 2, we have Ġlm(t) = Ṅ lm(t), since c is a harmonic degree 0 quantity. We observe that in the

context of the Gravity Recovery and Climate Experiment (GRACE) the spherical harmonics normalization convention does15

not include the Condon-Shortley phase factor (−1)m (see Bettadpur, 2018, page 6). Hence, the right hand side of Eq. (S476)

should be multiplied by this factor in order to conform to GRACE conventions for spherical harmonics.

The quantity

S2(l) =

l∑
m=0

((
δ̇clm

)2

+
(
δ̇slm

)2
)

(S477)

represents the power spectrum of the Stokes coefficients at a given harmonic degree l where the present day rates of change of20

the Stokes coefficients are given by Eq. (S476). It provides information on how the “energy” of the GIA-induced variations of

the geopotential depends on wavelength of each harmonic component, which according to Jean’s rule is

λ∼ 2πa

2l+ 1
(S478)

(see e.g., Spada and Galassi, 2015).

Performing a numerical differentiation in time by a symmetric difference quotient, in SELEN4 the rates of change of the25

Stokes coefficients are computed, at present time, according to

δ̇cj = +a−1(−1)m
√

2− δ0m Re(Nj,N+1−Nj,N−1)/(2∆t) (S479)

δ̇sj = −a−1(−1)m
√

2− δ0m Im(Nj,N+1−Nj,N−1)/(2∆t), (S480)

where j = lm, ∆t is the time step and the GRACE convention on the FNALPs is used.
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Polar motion. The fundamental solution of the Liouville equations for polar motion is given by Eq. (S167). In the numerical

implementation of SELEN4, this solution is discretized according to the general scheme outlined in §S7. Accordingly, for the

history of polar motion we have

mn ≡m(t= tn) =

n−1∑
k=0

ψrigk

A′e +A′s (n− k)∆t+

M ′∑
i=1

A′i

ai

(
eai(n−k)∆t− 1

) , (S481)

where we recall that m is a complex variable mn =m1n + im2n and ∆t is the increment of the time grid. In (S481) mn is5

expressed in the natural units of radians, so that it must be rescaled by the factor f = 180◦

π to be given in the more common

units of degrees on the Earth’s surface.

For the rate of polar motion, we discretise the derivative of the fundamental solution of Liouville equations, given by (S168),

obtaining

ṁn ≡ ṁ(t= tn) =

n−1∑
k=0

ψrigk

A′s +

M ′∑
i=1

A′ieai(n−k)∆t

 , (S482)10

which in SELEN4 has the standard units of kyrs−1. So, to transform it into the commonly used unit of deg Myr−1 (degrees per

million years), it must be rescaled by factor g = f × 103.

To characterise the history of polar motion, other quantities are worth to be defined. These are the displacement of the pole

of rotation over the Earth’s surface (in degrees)

pn = f
√
m2

1n +m2
2n, (S483)15

the rate of polar displacement (in deg Myr−1)

ṗn = g
m1nṁ1n +m2nṁ2n√

m2
1n +m2

2n

, (S484)

and the direction of polar motion on the xy plane (in degrees)

φn = f atan2(m2n,m1n) . (S485)
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S8.10 Complementary tables

Acronym Meaning

ALP Associated Legendre Polynomial

CF Continent Function

CSH Complex Spherical Harmonic

FC76 Farrell and Clark (1976)

GIA Glacial Isostatic Adjustment

GF Green’s Function

LLN Loading Love Number

LT Laplace Transform

OF Ocean Function

PC Piecewise Constant

PGR Post Glacial Rebound

PMTF Polar Motion Transfer Function

PT (true) paleo-topography

RSL Relative Sea Level

SELEN4 a Sea LEvel EquatioN solver, version 4

SGF Surface Green’s Function

SRF Surface Response Function

RRF Rotational Response Function

RGF Rotation Green’s Function

TLN Tidal Love Number

Table S7. Acronyms used in this manuscript.
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Symbol Definition Comments, notes, links, dimensions, units, . . .

ai Rotational roots (i= 1, . . .M ′), see §S5.3 and Eq. (S149), natural units are kyrs−1

A,A′ PMTF and its modified form† See Eqs. (S149) and (S163), both dimensionless
Ao Area of the oceans See Eq. (S50) and §S7.2, units are m2

Ac Area of the Tegmark cells Eq. (S220), units are m2

Ae,A′e elastic component of the PMTF Eqs. (S348) and (S164), dimensionless
As,A′s secular component of the PMTF Eqs. (S348) and (S164), units are kyrs−1

Ai,A
′
i,A
′′
i Rotational residues (i= 1, . . .M ′), Eqs. (S348) and (S164), §S8.2, units are kyrs−1

B,S Sea level and sea-level change† See Eq. (S2), (S7); units are m
c(t) The “c constant” of FC76 See Eq. (S52), units are m
C The “Continent Function” Eq. (S3), also denoted by CF, dimensionless
γ Stands for the couple (θ,λ) θ = colatitude, λ= longitude, units are radians or degrees
Γ,Υ Surface and rotation GFs §S4.1 and §S6.1, units are [T−1LM−1] and [TL−1], respectively
dA Element of area Defined as dA= a2 sinθdθdλ = a2dγ, units are m2

δ(t) Dirac delta See footnote on page 24, dimensions are [T−1]
(hl, `l,kl)

L(t) Time-domain LLNsa (l = 1, . . . lmax), see Eqs. (S56-S58), units are kyrs−1

(hl, `l,kl)
L(s) Laplace-domain LLNsa Eq. (S59), dimensionless

(hl, `l,kl)
Le Elastic LLNsa Eqs. (S56-S58), dimensionless

(hl, `l,kl)
Lf Fluid LLNsa Eqs. (S64), dimensionless

(hli, `li,kli)
L Visco-elastic LLNsa (i= 1, . . .M), see Eqs. (S56-S58), units are kyrs−1

H Heaviside (unit step) function See §S8.1 and Eq. (S290)
I, I Ice thickness† See §S2 and Eq. (S26)
Jij Inertia tensor variation See §S5.4, units are kg m2

ks Secular ’k’ Love number See Eq. (S140), dimensionless
l,m Harmonic degree and order 0≤ l ≤ lmax, |m| ≤ l
lmax Maximum harmonic degree e.g., lmax = 128,256,512 . . .
L, L Surface load† See §S2.3, Eqs. (S12) and (S24), units are kg m−2

mi Cartesian polar motion components (i= 1,2,3), see §S5.1 and Eq. (S134), dimensionless
M,M Surface mass and its time variation† See §S2.3, units are kg
M, M ′ No. of Isostatic and Rotational Modes See §S3.2 and §S5.3, respectively; dimensionless
µ Variation of the grounded ice mass See Eq. (S45), units are kg
N Sea surface variation Units are m
O, O The “Ocean Function”† Eqs. (S1) and (S27), also denoted by OF, dimensionless
P, R Tegmark pixels and grid resolution See the whole §S8.6, Eq. (S439) and Table S6; dimensionless
Pl, Plm Legendre polynomial and ALP See §S8.5 for definition and properties
Q An auxiliary variable See Eq. (S36), units are m
R, G, U Response functions See §S4 for the SRFs and §S6, for the RRFs, units are m
ρiW,ρwZ,ρrX Components of L see Eqs. (S30-S32) and (S33-S35), same units as L
s Complex Laplace variable Dimensions are [T−1], units are kyrs−1

si Isostatic roots (i= 1, . . .M), see §S3.2 and §S3.3, Eq. (S62), units are kyrs−1

t, tn, tk Time [T], the natural unit is kyr
T Topography Eq. (S2), units are m
Uc,Λ Centrifugal potential and its variation See Eq. (S384) and whole §S8.4, dimensions are [L2T−2]
Yj 4-π normalised CSHs, with j = lm See §S8.5 for definition and properties
Ψ Excitation function see whole §S5, dimensionless
ωi,Ω Angular velocity (i= 1,2,3), see whole §S5, dimensions are [T−1]

Table S8. Glossary of the some recurrent symbols, with some brief comments. Notes: asimilar expressions hold for the TLNs (see §S3.3),
†the calligraphic symbol denotes a time-variation of the corresponding variable.

95



Symbol Constant or parameter Value SI Units

a Earth’s radius 6.371× 106 m

A Polar inertia 8.0131× 1037 kg m2

C Equatorial inertia 8.0394× 1037 kg m2

g Surface gravity 9.81 m s−2

G Universal gravitational constant 6.67× 10−11 N m2 kg−2

ρe Earth’s average density 5514 kg m−3

ρi Ice density 931 kg m−3

ρw Water density 1000 kg m−3

ρr Reference density 900 kg m−3

ωe Earth’s angular velocity 7.292115× 10−5 s−1

Table S9. Physical constants and parameters used in this supplement and in SM19, with the corresponding numerical values and SI units.
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