
Rebuttal Letter to Anonymous Referee #1

In the present Letter, we report in italic the report by the Referee and in
Times New Roman our reply.

Authors present a physical parametrization of a model developed by one of
the authors to include random processes into operational fire spread models
as a post-processing scheme. These random processes include mainly fire-
spotting, but also turbulence. Authors applied this scheme to wildfire spread
models based on the Level Set Method. The topic of the paper is well suitable
for the journal, and of current interest as wildfires are increasing concerns
in the research community in the context of climate change. The organiza-
tion of the paper is correct. The state of the art included in the introduction
is complete and the bibliography used is updated. I suggest revising also the
following paper: Calculation of Spotting Particles Maximum Distance in Ide-
alised Forest Fire Scenarios José C. F. Pereira, José M. C. Pereira, André
L. A. Leite, and Duarte M. S. Albuquerque, Journal of Combustion, Volume
2015 (2015), Article ID 513576, http://dx.doi.org/10.1155/2015/513576 In
this section, there is a minor typesetting error in line 33 of page 2, no of the
them...

We have included the suggested reference in the introduction where other
approaches are reviewed. In particular, where approaches based on LES are
reported. The typo has been corrected.

Section two is a resume of the mathematical model that is more deeply de-
scribed in previous works of one of the author.

Section three is the main part of the article, where the physical parametriza-
tion is detailed. To make it easier to read and understand we suggest in-
cluding a notation table. Does U represent the meteorological wind?

In the revised version we have included a table with symbols.

In section four, a more detailed description of the experiments is required,
for example the simulation area size and the computational cost of the ex-
periments.

The required information on the simulation set-up are included, and the
computational costs are reported in the section ”Code availability”.

Why the turbulent di↵usion coe�cient is assumed to be 0.15m2 s-1? Sen-
tence of line 15 in page 8 should be detailed with data and/or references.

At the end of section 3, we have included a more detailed estimation of the
value of the di↵usion coe�cient.

Section 5 deserves more attention. We suggest an improvement on figure 1,



top panel by adding intermediate contour lines between 25 and 60 min.

We have included intermediate contour lines.

In this top panel are considered both, turbulence and fire-spotting? The
parameter beta e is an interesting idea to evaluate the e↵ective increase in
the burned area but, we found that the sensitivity of the model to the wind
speed, fire intensity and firebrand radius is not complete with the experiments
developed. A global sensitivity analysis should be performed in order to a
comprehensive study of the physical parametrization of the model.

We did not include a general sensitivity analysis as required by the Referee.
The main reason is that such work is the subject of an other paper in
preparation and next to submission. We intend to upload it in arxiv.org
before the end of August 2018. Actually, the sensitivity analysis to input
parameters and the uncertainty quantification on outputs were performed
by A. Trucchia during a 6-months periods at CERFACS, Toulouse, France,
in collaboration with M. Rochoux. The description of the adopted methods,
comprehensive list of figures and the discussion of the plots needed many
pages, hence we think that such analysis deserves a separate paper.

In conclusion section, sentences between line 20 and 25 in page 10 raise
doubts. When the wind speed or fire intensity is high, ROS is higher, and
the fire front quickly achieves secondary fires, so beta e could be smaller, but
maybe this does not mean that the firebrands fail to cause new ignitions.
When is measured beta e in figure 2?

The referee is right. We changed that explanation.

With the improvements suggested, the paper can be accepted.

We hope the Referee considers the revised version properly improved and
deserving publication.



Rebuttal Letter to Anonymous Referee #2

In the present Letter, we report in italic the report by the Referee and in
Times New Roman our reply.

General comments: The paper outlines a physical parameterization of the
e↵ects of spotting and atmospheric turbulence on the fire propagation. The
main concept utilized in this approach is to treat them as random processes
and apply the correction to the level set function used to trace the fire progres-
sion. The presented method is an extension of the original approach focussed
on the turbulent e↵ects and published by the authors previously. The subject
is definitely of a great importance from the fire modeling standpoint and fits
the journal well.

Specific comments on the structure of the paper: The paper is generally well
written, but its organization should be revised. There are three elements that
are missing in the paper.

First is a clear description of the physics of the process being modeled, as
well as approximations and assumptions necessary to formulate the model.

The physical idea and approximations are written in section 2, for what
concerns the fundamentals, and they are reported at the begining of section
3, for what concerns the application.

The second one is a simple description of the input into the model, the output
from the model and what the model does in practical terms. In the current
form, all the equations need to be deciphered and linked together in order to
reconstruct the proposed data flow.

The flow of the model execution is reported now in section 4.

There are four distinct processes that should be clearly outlined, and framed
by the corresponding input and output parameters: -Firebrand generation
-Firebrand lofting -Firebrand horizontal transport and mass loss -Secondary
ignitions.

The description of these points is now included in section 3.

The third missing element is a detailed description of the modeling setup
used in this. Without that, is not clear how the results presented in the
paper have been obtained, and their replication is impossible.

More information on simulation set-up are included. Moreover, the section
”Code availability” has been re-written and includes further information.

Also, the choice of parameter values used in the study should be discussed
(e.g. the di↵usion coe�cient).



The estimation of the di↵usion coe�cient is now explained in more detail
at the end of section 3.

Specific issues: The main issue that needs to be addressed is the model for-
mulation in terms of the firebrand lifting. In the proposed approach Wang
(2011) formula is used (see eq. 5 on p 5). Unfortunately, this formula
is not used as intended. Contrary to what is suggested, it represents the
downwind propagation distance as a function of the loftable height being a
function of the firebrand size. H in equation 5 has nothing to do with the
maximum plume top height provided by the Sofiev scheme. It is a maxi-
mum loftable height for a firebrand of radius r, (which is a function of the
up-draught flow), not the plume top height which defines at what height the
vertical in-plume velocity goes to zero. Using the plume top height in this
context is incorrect because firebrands do not behave as air parcels due to
their mass and non-zero fall speed. I think this problem may have led to
doubtful conclusions presented in section 6. A logical solution would be to
use the resolved velocity profile from the coupled fire-atmosphere model to
compute the maximum loftable height based on the updraft strength at any
given height. Alternatively, a simplified 1D column model (for instance Fre-
itas model 2007, 2010) could be used to compute the vertical profile of the
updraft velocity needed to assess the lifting height.

The referee is right, and we are really grateful for highligting this error.
In the revised version we decided to remain within the framework mainly
provided by Wang (2011), because other parts of the parametrisation also
followed this framework. This error is now corrected in the description (see
section 3) and in the simulations. Conclusions are also revised.

The aforementioned issue is related to the choice of the host fire model used
for the simulations. The paper could be strengthened by implementing the
proposed method into an actual coupled fire-atmosphere model like WRF-
SFIRE, or FOREFIRE. There are two reasons for that. One is the practical
aspect of the presented work, and the other one is the physical representa-
tion of the spotting process itself. The coupled fire-atmosphere models of-
fer many advantages over uncoupled models especially important from the
standpoint of the fire-spotting modeling. They resolve convective up-drafts
uplifting firebrands, they render the flow downwind from the fire transporting
the firebrands, and they account for the interactions between the secondary
spot fires and the main fire front. All these aspects are missing in the ac-
tual analysis presented in the paper, but when added they would significantly
improve the scientific content of this paper as well as its broader impact.
The WRF-SFIRE mentioned by the authors multiple times, or any other
community open source fire model would be a great choice for a host-model
assuring broader application of the presented method, reaching beyond the-
oretical discussions. I would also suggest reorganizing the discussion of the



model limitation following the general comments. For instance how the ver-
tical wind shear is taken into account? How the wind modification by the
fire itself is represented, do the secondary ignitions interact with the main
fire front etc.

The proposed parametrisation is now implemented in WRF-Sfire. A simple
test case is studied and discussed.

Adding a table with the description of all the symbols used in this study
would be very helpful. Its lack makes following the model description very
di�cult.

A table of symbols has been included.

We hope the Referee considers the revised version properly improved and
deserving publication.



Reply to Executive Editor of GMD A. Kerkweg

Dear authors,
in my role as Executive editor of GMD, I would like to bring to your attention
our Editorial version 1.1: http://www.geosci-model-dev.net/8/3487/2015/gmd-
8-3487-2015.html This highlights some requirements of papers published in
GMD, which is also available on the GMD website in the Manuscript Types
section: http://www.geoscientific-model-development.net/submission/manuscript types.html
In particular, please note that for your paper, the following requirement has
not been met in the Discussions paper:

”The main paper must give the model name and version number (or other
unique identifier) in the title.”

Please provide a name and the version number of your parametrisation in
the title of your revised manuscript. Note, that both, name and version
number, are important to identify your parametrisation and the version
of your parametrisation. As explained in https://www.geoscientific-model-
development.net/about/manuscript types.html GMD is encouragingauthors
to upload the program code of models (including relevant data sets) as sup-
plement or make the code and data of the exact model version described in
the paper accessible through a DOI (digital object identifier). In case your
institution does not provide the possibility to make electronic data accessible
through a DOI you may consider other providers (eg. zenodo.org of CERN)
to create a DOI. Please note that in the code accessibility section you can
still point the reader to how to obtain the newest version.

Yours,
Astrid Kerkweg

We thank the Executive Editor for remarking this point that pushed us
towards a more pragmatic approach. Actually, before the submission we
did not know how to proceed with respect to this point, as we understood
our work as a proof-of-concept. Now, we have numbered all the versions of
the parametrisation, provided their chronology, and named all the codes we
have used.

In this respect, at the end of the revised version we have included in the
Code availability section the information concerning the used codes and we
report the link to the o�cial git repository of BCAM where the both the
implementations of RandomFront 2.3 used in this paper are freely available,
namely at the address:

https://gitlab.bcamath.org/atrucchia/randomfront-wrfsfire-lsfire.

We consider to create a DOI in the future.
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Abstract. Fire-spotting is often responsible for a dangerous flare up in the wildfire and causes secondary ignitions isolated

from the primary fire zone leading to perilous situations. In this paper a complete physical parametrisation of
::::
The

::::
main

::::
aim

::
of

:::
the

::::::
present

:::::::
research

:::
to

::::::
provide

::
a
:::::::
versatile

:::::::::::
probabilistic

:::::
model

:::
for

:
fire-spotting is presented within a formulation aimed to

include random processes into operational fire spread models. This formulation can be implemented into existing operational

models
:::
that

::
is
:::::::

suitable
:::

for
::::::::::::::

implementation as a post-processing scheme at each time step
:
in

::::
any

::
of

:::
the

:::::::
existing

::::::::::
operational5

:::::::::
large-scale

:::::::
wildfire

::::::::::
propagation

::::::
models, without calling for any major changes in the original framework. In particular, the

efficacy of this formulation has already been shown for wildfire simulators based on an Eulerian moving interface method,

namely the Level Set Method (LSM) that forms the baseline of the operational software WRF-SFIRE, and for wildfire

simulators based on a Lagrangian front tracking technique, namely the Discrete Event System Specification (DEVS) that

forms the baseline of the operational software FOREFIRE. The simple and computationally less expensive parametrisation10

includes the important parameters necessary for describing the landing behavior of the firebrands. The a
::::::::

complete
::::::::

physical

::::::::::::
parametrisation

:::
of

::::::::::
fire-spotting

::
is
::::::::
presented

::::
and

:::
the

::::::::::::
corresponding

:::::::
updated

::::::
model

::::::::::::::
RandomFront

::::
2.3

:
is
::::::::::::

implemented
::
in

:
a
:::::::
coupled

:::::::::::::
fire-atmosphere

::::::
model

:
:
:::::::::::
WRF-Sfire

:
.
::
A

::::
test

::::
case

:::
has

::::
been

:::::::::
simulated

:::
and

:::::::::
discussed.

:::::::::
Moreover,

:::
the

:
results from

different simulations with a simple model based on the LSM
:::::
Level

:::
Set

:::::::
Method,

:::::::
namely

:::::::::
LSFire+,

:
highlight the response of

the parametrisation to varying fire intensities, wind conditions and different firebrand radii. The contribution of the firebrands15

towards increasing the fire perimeter varies according to different concurrent conditions and the simulation results prove to be

:::::::::
simulations

:::::
show

:::::
results

:
in agreement with the physical processes. Among the many rigorous approaches available in literature

to model the firebrand transport and distribution, the approach presented here proves to be simple yet versatile for application

to operational
::::::::
large-scale

:
fire spread models.

1



Copyright statement. TEXT

1 Introduction

Fire-spotting is an important phenomenon associated with the wildfires (Fernandez-Pello, 2017). It is documented as a dom-

inant phenomenon contributing towards a rampant spread of fire in many devastating historical fires (Koo et al., 2010). Spot

fires occur when fragments of the fuel tear off from the main fuel source and the horizontal wind transports the burning embers5

beyond the zone of direct ignition. The burning embers/firebrands can develop new secondary ignition spots and lead to a

perilous increase in the effective rate of spread (ROS) of the fire.

:::
The

:::::
main

::::
aim

::
of

:::
the

:::::::
present

::::::::
research

::
is

::
to

:::::::
provide

::
a

:::::::
versatile

:::::::::::
probabilistic

::::::
model

:::
for

:::::::::::
fire-spotting

:::
that

:::
is

:::::::
suitable

:::
for

:::::::::::::
implementation

::
as

:
a
:::::::::::::
post-processing

::::::
scheme

::
at

::::
each

::::
time

::::
step

::
in

:::
any

::
of

:::
the

:::::::
existing

:::::::::
large-scale

:::::::::
operational

:::::
codes

:::
for

:::::::::
simulating

::::::
wildfire

:::::::::::
propagation,

::::::
without

::::::
calling

:::
for

::::
any

:::::
major

:::::::
changes

::
in

:::
the

::::::
original

::::::::::
framework.

:
10

Researchers have tried to understand the phenomenology of fire-spotting through both experimental and theoretical aspects

to update the existing wildfire management decision support systems. Most of the experimental procedures for studying the

fire-spotting phenomenon focus on characterization of the generation of firebrands (Manzello et al., 2007; El Houssami et al.,

2016; Thomas et al., 2017), shape and size of the firebrands (Manzello et al., 2009; Tohidi et al., 2015), drag forces and ignition

processes (Manzello et al., 2008). The short temporal and spatial scales of the experiments limit a detailed description of the15

landing distributions and the flight paths of the firebrands. On the other hand, the firebrand transport models provide an estimate

of the maximum landing distance and flight paths of the firebrands through a simplified overview of the physical dynamics of

the fire behavior, plume characteristics, and the atmospheric conditions around the fire. Tarifa et al. (1965, 1967) and Albini

(1979, 1983) were the foremost to develop simplified plume models for an estimation of firebrand lifetimes, flight paths and the

potential fire-spotting distance. Beginning with their works, there has been a paradigm shift in the development of the firebrand20

transport models, with the latest models benefiting from the advanced computational techniques and resources.

Woycheese et al. (1999) provide a model for the lofting of spherical and cylindrical firebrands by using the plume model pro-

posed by Baum and McCaffrey (1989). They suggest analytical functions for the maximum loftable diameter and the maximum

loftable height in terms of the fire intensity, atmospheric wind and the fuel characteristics. Numerical experiments by Sardoy

and co-workers (Sardoy et al., 2007, 2008)
::::::::::::::::::::::
(Sardoy et al., 2007, 2008) also analyze the effect of atmospheric conditions, fire25

properties and fuel properties on the firebrand behavior and provide a statistical estimate of the ground level distributions of the

disk shaped firebrands. Their results highlight that firebrands landing at short distances (up to 1000m from the source) follow

a lognormal distribution. A study by Wang (2011) also provides a mathematical model to quantify the distribution and the

mass of the firebrands through a Rayleigh distribution function. In an another study, Koo et al. (2007) present a physics based

multiphase transport model for wildfires (FIRETEC
::::::::
FIRETEC) to study the firebrand transport. In a recent study, Martin and30

Hillen (2016) also discuss the underlying physical processes for firebrands in detail and they derive a landing distribution based

on these physical processes. Besides these statistical approaches, few numerical models based on Large Eddy Simulation (LES)

(Himoto and Tanaka, 2005; Thurston et al., 2017; Tohidi and Kaye, 2017)
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
(Himoto and Tanaka, 2005; Pereira et al., 2015; Thurston et al., 2017; Tohidi and Kaye, 2017) or

2



Computational Fluid Dynamics (CFD) (Wadhwani et al., 2017), small world networks (Porterie et al., 2007), cellular automata

models (Perryman et al., 2013) also exist in the literature. Bhutia et al. (2010) present one such study based on coupled

fire/atmosphere LES for predicting the short range fire-spotting. They simulate multiple firebrand trajectories for analyzing

the sensitivity of the flight path to different particle sizes, release heights and wind conditions but also mention the limited5

applicability of such models to operational use due to the computational demands.

Despite the presence of multiple studies focusing on the detailed aspects of the firebrand landing distributions, none of

the them is able to provide a comprehensive yet versatile approach for an application to operational fire spread models. The

continuing demand for the operational management tools is to provide a quick and efficient output with simple inputs but

at the same time taking the most important parameters into consideration. Few operational fire spread models like FARSITE10

(Finney, 1998), BEHAVEPLUS (Andrews and Chase, 1989) and Prometheus
::::::::
FARSITE

:::::::::::::
(Finney, 1998),

::::::::::::
BEHAVEPLUS

:::::::::::::::::::::::::
(Andrews and Chase, 1989) and

::::::::::::
Prometheus (Tymstra et al., 2010) incorporate the phenomenon of fire-spotting through the Albini’s model (Albini, 1979, 1983)

::::::::::::::::
(Albini, 1979, 1983).

But Albini’s model provides only an estimate of the maximum distance for a spot fire and does not include any function for

the ignition probability to model the spread of spot fires. The Australian wildfire simulator PHOENIX Rapidfire
:::::::::
PHOENIX

:::::::::::
Rapidfire (Tolhurst et al., 2008) is designed to model large fast moving fires and also includes a fire-spotting module,15

but the formulations for fire spread in PHOENIX
:::::::::
PHOENIX are calibrated for eucalyptus forests and a generic applica-

tion to other types of fuels requires a re-calibration (Pugnet et al., 2013). The new operational models like WRF-SFIRE

(Mandel et al., 2011) and FOREFIRE
:::::::::::
WRF-Sfire

::::::::::::::::::::
(Mandel et al., 2011) and

::::::::::
FOREFIRE (Filippi et al., 2009) are fast and

allow coupling with the atmospheric models for a better representation of the initial and concurrent atmospheric conditions;

but lack any specific module to tackle the fire-spotting behavior.20

In this article, the authors complete
::::::
proceed

::::
with

:
the statistical formulation proposed by Pagnini and Mentrelli (2014) to

model the firebrand landing distribution by introducing a
:::::::::::::
RandomFront

:::
for

::::::::
including

:::
the

::::::
effects

::
of

:::::::
random

::::::::
processes

::::
into

::::::
wildfire

::::::::::
simulators,

::::::
namely

:::::::::
turbulence

::::
and

::::::::::
fire-spotting

::::::::::
phenomena.

::::
The

::::::::::
chronology

::
of

:::
this

::::::::
approach

:::::
refers

::
to
:::
the

:::::::::
following

::::::
papers:

::::
v1.0

:::::::
includes

:::::
only

:::::::::
turbulence,

:::::
with

:::
no

:::::::::::::
parametrisation

::::::::::::::::::::::::::::
(Pagnini and Massidda, 2012a, b),

::::
v2.0

::::::::
includes

:::::::::
turbulence

:::
and

::::::::::
fire-spotting

::::
with

::::::::
literature

:::::::::::::
parametrisation

:::
for

:::::::::::
fire-spotting

:::::::::::::::::::::::::
(Pagnini and Mentrelli, 2014),

::::
v2.1

:::::::
includes

:::::::::
turbulence

::::
and25

::::::::::
fire-spotting

::::
with

:::::::::::::
parametrisation

:::
for

:::::::::
turbulence

::::::::::::::::::
(Kaur et al., 2016) and

::::
v2.2

::::::::
includes

:::::::::
turbulence

:::
and

::::::::::
fire-spotting

:::::
with

:
a
::::
first

physical parametrisation of the fire-spotting phenomenon.
:::::::::::::::::::::
(Kaur and Pagnini, 2016).

::::::
Finally,

::
in
::::

the
::::::
present

::::::
version

:::::
v2.3

:::
the

::::::::::::
parametrisation

:::
of

::::::::::
fire-spotting

:::
has

::::
been

::::::::
modified

:::
and

::::::::
corrected

::::
(also

:::
in

::::
view

::
of

:
a
::::::
remark

:::
by

:::
one

::
of
:::
the

:::::::::
Referees)

::::
with

::::::
respect

::
to

:::
the

::::::::
previous

:::::::
version.

The physical parametrisation of the probabilistic model is developed to incorporate the fire-spotting behavior
::::::::
behaviour30

in terms of the fire intensity, wind conditions and fuel characteristics. This formulation is independent of the method used

for the fire-line propagation and the definition of the ROS, and
:
it
:
is versatile enough to be utilized with any of the ex-

isting operational fire spread models. In their previous work (Kaur et al., 2016), the authors demonstrate the applicabil-

ity of the formulation to two wildfire models based on different fire-line propagation methods, i.e.
:
,
:
a Eulerian moving in-

terface method based on the Level Set Method (LSM) that is the basis for the WRF-SFIRE
::::::::::
WRF-Sfire model and a35

Lagrangian front tracking technique based on the Discrete Event System Specification (DEVS) that is the basis for the

3



FOREFIRE
::::::::::
FOREFIRE model. The aim of the present study is to provide a simple yet complete addition to operational

fire spread models for representing the random behavior
::::::::
behaviour

:
of fire-spotting through simple inputs related to the wild-

fires. This probabilistic model is devised to provide a physical meaning to the spread of fire by virtue of firebrands.
:::
The

:::::::
proposed

:::::::::::::
parametrisation

:::
has

:::::
been

::::::::::
implemented

::::
into

:::::::::::
WRF-Sfire

:::::::::::::::::::::::::::::::::::
(Coen et al., 2012; Mandel et al., 2014) and

:
a
:::::::::::
paradigmatic5

:::
test

::::
case

:::
has

::::
been

:::::::::
simulated.

::::::::
Moreover,

:::
the

::::::::
proposed

::::::::::
formulation

:::
for

::::::::
including

::::::
random

:::::::
process

:::
and

:::
the

::::::::::::
corresponding

:::::::
physical

::::::::::::
parametrisation

::::
are

:::::::::::
implemented

::::
into

::
a
:::::
much

:::::::
simpler

::::
fire

::::::
spread

::::::::
simulator,

:::::
also

:::::
based

:::
on

:::
the

::::::
LSM,

::::::
namely

::::::::::
LSFire+

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
(Pagnini and Massidda, 2012a, b; Pagnini and Mentrelli, 2014; Chu and Prodanović, 2009; Bevins, 1996). Results from differ-

ent simulations
::
test

:::::
cases

::::
with

:::::::::
LSFire+ are presented to highlight the sensitivity of the simple parametrisation in simulating

the behavior of firebrands
::::::::
generation

::
of

:::::::::
secondary

::::
fires

::
by

::::::::::
fire-spotting

:
under different wind conditionsand fire intensities . The10

formulation to include random process and the proposed physical parametrisation are implemented into a simple fire spread

model based on the LSM
:
,
:::
fire

::::::::
intensities

::::
and

:::::::
firebrand

:::::
radii.

The remaining part of the article is organized
:::::
article

::
is
::::::::
organised

:
as follows.

::
In Section 2 presents a very brief description of

the mathematical model
:
is
::::::::
presented, while the physical parametrisation of fire-spotting within the framework of a lognormal

distribution of the landing distance is described in section 3. Section
::::::
Section

::
3.
::::
The

:::::::::::::
implementation

::
of

::::::::::::::
RandomFront

:::::
2.315

::
in

:::
the

::::::::::::
computational

:::::::::::
environments

::::::::::::
WRF-Sfire

:::::::
together

::::
with

::
a
:::
test

::::
case

::::
and

:::
the

::::::::::::
corresponding

:::::::::
discussion

:::
are

:::::::
reported

:::
in

::::::
Section

:
4describes the set-up of the numerical simulations. Section 5 describes the results pertaining to different numerical

simulations and the ,
::::
and

:::
the

:::::::::::::
implementation

::
in

:::::::::
LSFire+

:::
and

:::
the

::::::::::::
corresponding

:::::::
response

:::::::
analysis

:::
are

::::::::
discussed

::
in

:::::::
Section

::
5.

:::
The

:
conclusions are drawn in section

::::::
Section

:
6.

2 Model formulation20

A mathematical model to represent the random effects associated with the wildland fires has been developed by Pagnini and

co-authors (Pagnini and Massidda, 2012b, a; Pagnini, 2013, 2014; Pagnini and Mentrelli, 2016, 2014; Kaur et al., 2015, 2016;

Mentrelli and Pagnini, 2016). This formulation describes the motion of the fire-line as a composition of the drifting part and

the fluctuating part. The drifting part represents the fire-perimeter obtained through the definition of the ROS based on fuel

characteristics and the averaged fire properties. The output from most of the existing operational fire spread models can be25

considered as the drifting part. On the other hand, the fluctuating part is independent of the drifting part and represents the

additional contribution to the fire-perimeter as an effect of the random processes like turbulence and fire-spotting. This model

can be implemented as a crucial addition to operational fire spread models through a post processing application at each time

step. The drifting component obtained from the output of any wildfire model can be updated with the fluctuating component

at each time step to include the effects of turbulence and fire-spotting. A brief overview of the mathematical details has been30

provided in this section; for a detailed description the interested readers are referred to (Pagnini and Mentrelli, 2014; Kaur

et al., 2016).

In a domain S, let ⌦✓ S represent the burnt area and let X! =X + ⌘
! represent the trajectory of each active fire point as

the sum of a drifting part X and a fluctuating part ⌘! . The drifting part X is obtained from the output of a wildfire propagation

4



model, while the fluctuations in the fire-line are included through a probability density function (PDF) corresponding to the type

of random process under consideration. Let the area enclosed by the drifting part be described through an indicator function

I⌦(x, t) = 1 when x is inside the domain ⌦, and I⌦(x, t) = 0 when x is outside. Considering the ensemble average of the5

active burning points, a new effective indicator function is defined as:

�e(x, t) =

Z

S

I⌦(x, t)f(x; t|x)dx , (1)

where, f(x; t|x) represents the PDF which accounts for the fluctuations of the random effects. The effective indicator �e 2

[0,1] and an arbitrary threshold is fixed to mark points as burned, i.e., ⌦(x, t) = {x 2 S | �e(x, t)> �
th
e }

:::::::::::::::::::::::::::::
⌦e(x, t) = {x 2 S | �e(x, t)> �

th
e }.

The ignition of the fuel by the firebrands involves heat exchange over a sufficient period of time, hence, a sufficient delay is10

also incorporated in the model through an other function  . The function  simulates the ignition of fuel by hot air and burning

embers as an accumulative process over time :
:::::::::::::::::::
(heating-before-burning

:::::::::::
mechanism):

 (x, t) =

tZ

0

�e(x,⌘)
d⌘

⌧
, (2)

where ⌧ is the ignition delay. All points with
::
At

::::
each

::::
time

::
t,

::
all

::::::
points

:
x
::::
that

::::::
satisfy

:::
the

:::::::::
conditions  (x, t)> 1 are labeled as

burnedwhen �e(x, t)> �
th
e ::

or
::::::::::::
�e(x, t)> �

th
e :::

are
:::::::
labelled

::
as

::::::
burned.15

The shape of the PDF
::::::::
f(x; t|x) is established by analyzing the random processes under consideration. The diversity in the

shapes of the PDF provides the model a multifaceted outlook. Assuming fire-spotting to be a downwind phenomenon occurring

in turbulent atmosphere,
:
the shape of the PDF is defined as follows:

f(x; t|x) =

8
>>>>>><

>>>>>>:

1Z

0

G(x�x� l n̂U ; t)q(l)dl , downwind ,

G(x�x; t) , upwind .

(3)

The distribution function G(x�x; t) is an isotropic bi-variate Gaussian and provides for the effect of the turbulent heat fluxes in20

fire propagation while, the distribution function q(l) represents the firebrand landing distribution. The strength of the turbulence

around the fire is parametrised through a turbulent diffusion coefficient D . A short description of the physical characterisation of

D is presented in the next section
::::::
Section. A precise description of the landing distributions through experimental observations

is difficult due to temporal and spatial constraints. But the experimental results analysing the flight paths, shape and landing

distributions of the firebrands have shown that the frequency of the firebrands landing in the positive direction from the source25

increases with distance to a maximum value and then gradually decays to zero (Hage, 1961). The landing distributions of the

firebrands have also been studied though the numerical solution of the energy balance equations (Sardoy et al., 2008; Himoto

and Tanaka, 2005; Kortas et al., 2009). Among the different transport models proposed in literature, both Sardoy et al. (2008)

and Himoto and Tanaka (2005) describe the lognormal density function as an approximate fit to the landing distribution of the

5



firebrands. Whereas, Wang (2011) proposes a Rayleigh distribution for the same. In this article, the shape of q(l) is defined by

a lognormal distribution to describe the frequency profile of the fallen firebrands:5

q(l) =
1

p
2⇡�l

exp
�(ln l/µ)2

2�2
, (4)

where µ is the ratio between the square of the mean of landing distance l and its standard deviation, while � is the standard

deviation of ln l/µ.

3 Physical parametrisation of fire-spotting

The firebrands generated from the vegetation face strong buoyant forces and the ones with size less than the maximum loftable10

size are uplifted vertically in the convective column. These firebrands rise to a maximum height till the buoyant and the

gravitational forces counterbalance each other. Once the firebrands are expelled from the column, they are steered by the

atmospheric wind and they fly at their terminal velocity of fall. The simplified models for the landing distance assume that the

ejection of the firebrands from the vertical convective column is a random process affected by the turbulence in the environment

around the fire. Among other factors, the strength of the convective column, the atmospheric conditions and the dimensions15

of the firebrands play a vital role in governing the trajectory of the firebrands. In this section, the landing distribution of the

firebrands based on a lognormal probability function is combined with the physical characterization of the firebrand transport.

The parametrisation presented here is simplified and includes only the vital ingredients necessary to describe the firebrand

transport. Each firebrand is assumed to be spherical and for a particular set of concurrent atmospheric conditions and fuel

characteristics the size is assumed to be constant. Any modification in the flight of the firebrand due to changing wind fields,20

rotation of firebrand or collision with other firebrands is also neglected. Prelimary
::::::::::
Preliminary results were discussed in Kaur

and Pagnini (2016).

Assuming the shape of the firebrands to be spherical, Tarifa et al. (1965) combines both experimental and theoretical approaches

to characterise the maximum landing distances of the firebrands. Based on these results, Wang (2011) provides an approximation

of the maximum travel distance for spherical firebrands from a vertical convective column in terms of the maximum loftable25

height H, the mean wind U and the radius of the firebrands r:

L=H

✓
3U2

⇢aCd

2⇢f rg

◆1/2

,

where ⇢a and ⇢f represent the density of the ambient air and of the wildland fuels respectively, Cd is the drag coefficient

and g is the acceleration due to gravity. The maximum height reached by the convective column limits the maximum height

which any of the lofted firebrands can attain. Hence, the vertical dimension of the column is assumed to be an estimate of the30

maximum loftable height H. The height of the convective column can be derived from both remote sensing data and analytical

formulations. Fire plume injection heights derived by Multi-angle Imaging Spectro Radiometer (MISR) serve as a surrogate for

the plume height measurements (MISR Plume Height Project, https://misr.jpl.nasa.gov/getData/accessData/MisrMinxPlumes2/).

In addition to the remote sensing observations, analytical formulations defining the plume height
::::::::
Literature

::::::
studies

:::::::
identify

6



::
the

:::::::::
maximum

::::::::
spotting

:::::::
distance

:::
as

:
a
:::::::::

numerical
::::::::
measure

::
to

::::::
assess

:::
the

:::::::
severity

:::
of

:::
the

::::::::::
fire-spotting

:::::::
danger

:::::
under

::::::::
different

:::::::::::
circumstances

:::::::::::::::::::::::::::::::::
(Albini, 1979; Tarifa et al., 1965, 1967).

:::::::::::
Recognizing

:::
the

:::::::::
importance

::
of

::::::::::::::::
maximum-spotting

::::::::
distance,

:::
we

:::::
select

::
to

:::::::::
parametrize

:::
the

::::::::::::
mathematical

:::::
model in terms of the fire intensity are also present in literature. ? state one of such formula for5

the plume height in terms of the fire radiative power (FRP) and Brunt Väisälä frequency N . FRP is the radiative fire intensity

I for a unit depth of the combustion zone d and is often used as a proxy for fire intensity. Adapting the formula by ? in terms

of fire intensity gives:

H= ↵Habl +�

✓
I

dPf0

◆�

exp

✓
�N

2
FT

N
2
0

◆
,

where ↵= 0.24, � = 170m, � = 0.35 and � = 0.6 are empirical constants, Pf0 = 106W is the reference fire power, Habl is10

the height of the atmospheric boundary layer and subscript FT refers to the free troposphere.

Assuming the
::
p
th
:::::::::

percentile
::
of

::
a
:::::::::
lognormal

::::::::::
distribution

::
as

:
a
::::::::

measure
::
of

:::
the

:
maximum landing distanceto be represented

by the .
::::
The p

th percentile of the lognormal distribution , the landing distance can be written as
::
for

:
a
:::::::::
lognormal

::::::::::
distribution

::
is

::::::::
described

::
by

:::
its

::::::
location

::::
and

:::::
shape

:::::::::
parameters

::
µ

:::
and

::
�
::::::::::
respectively:

L= µexp(zp�) , (5)15

where the value of zp corresponding to the p
th percentile can be estimated from the z-tables (

::::::
z-tables

:::::
(see,

:::
for

::::::::
example,

http://www.itl.nist.gov/div898/handbook/eda/section3/eda3671.htm).
:::
We

::::::::::
hypothesize

::::
that

:::
the

:::
p
th

::::::::
percentile

::::::::
represents

:::
the

:::::::::
maximum

::::::
landing

:::::::
distance

:::
for

:::::::::
firebrands

:::::
under

:::::::
different

::::::::
situations

:::
and

:::
no

:::::::
ignition

:
is
:::::::
possible

:::::::
beyond

:::
this

::::::
cut-off.

:
To ascertain the value of the

:
"cut-off

:
"
:
percentile, it is assumed that the effective contribution of the firebrands

cease
:::::
ceases to be meaningful when their probability falls by

::
its

:::::::::
probability

:::::::
reduces

::
to

:
20 times its peak value. Thereafter, the20

ability of the firebrands to cause an ignition is assumed to be negligible. For a lognormal distributions with shape parameters

comparable to the simulation test cases shown here, the probability distribution tends to have an extremely sharp rise and a

gradual decay.
:::
The

::::::
cut-off

::::::
criteria

::
is
::::::
chosen

::::::::::
empirically,

:::
but

::
a
:::::::::
sufficiently

:::::
large

:::::::
number

::::
(like

:::
20)

::::::
ensures

::::
that

:::
we

::
do

::::
not

::::
miss

:::
out

::
on

:::
any

:::::::::::
considerable

::::::::::
fire-spotting

::::::::
behavior

:::::::
existing

::::::
outside

:::
this

::::::
range.

For this particular distribution, the cutoff
:::::
cut-off

:
for 50th percentile lies way beyond the point denoting the 1/20th of the25

maximum probability. In order to define a generalized value of the cutoff
:::::
cut-off percentile for all the simulation cases presented

in this article, the value of zp is chosen to be 0.45, which corresponds to the 67th percentile point. Further, using

:::
The

:::::::
process

::
of

::::::::::
fire-spotting

:::
can

:::
be

::::::
roughly

:::::::::
segregated

::::
into

:::::::::
generation,

::::::
lofting

:::
and

::::::::
transport

::
of

:::::::::
firebrands.

::::
The

:::::::::
generation

::
of

::::::::
firebrands

::::
from

::
a

::::::
burning

::::::
canopy

::
is

:
a
:::::::
random

:::
and

::::::::
dynamic

:::::::
process;

::::
while

:::
the

::::::
lofting

:::
and

::::::::
transport

::
of

:::
the

::::::::
firebrands

::
is

::::::::
regulated

::
by

:::
the

::::::::
firebrand

::::::::
geometry,

:::
fuel

::::::::::
combustion

:::::
rates,

:::::
plume

::::::::
dynamics

::::
and

:::::::
ambient

::::
wind

:::::::::
conditions.

::::
The

::::::::
firebrands

::::::::
generated

:::::
from30

::
the

:::::::::
vegetation

::::
face

:::::
strong

:::::::
buoyant

:::::
forces

::::
and

::
the

::::
ones

::::
with

::::
size

:::
less

::::
than

:::
the

:::::::::
maximum

::::::
loftable

::::
size

::
are

:::::::
uplifted

::::::::
vertically

::
in

:::
the

::::::::
convective

:::::::
column.

::::::
These

::::::::
firebrands

:::
rise

::
to
::
a
::::::::
maximum

::::::
height

::
till

:::
the

:::::::
buoyant

:::
and

:::
the

:::::::::::
gravitational

:::::
forces

:::::::::::::
counterbalance

::::
each

:::::
other.

:::::
Once

:::
the

:::::::::
firebrands

::
are

::::::::
expelled

::::
from

:::
the

:::::::
column,

::::
they

:::
are

::::::
steered

::
by

:::
the

::::::::::
atmospheric

:::::
wind

:::
and

::::
they

:::
fly

:
at
:::::
their

:::::::
terminal

::::::
velocity

:::
of

:::
fall.

::::
The

:::::::
different

::::::::::
sub-process

:::::::
involved

:::
in

::
the

::::::::
firebrand

::::::
lofting

:::
and

::::::::
transport

:::::::
interact

::::
with

::::
each

::::
other

::::
and

:::::
affect

:::
the

::::::::
maximum

:::::::
spotting

::::::::
distances.

:::
An

:::::::
explicit

::::::::
modeling

::
of

:::
the

:::::::
coupled

::::::::
processes

:
is
:::::::
difficult

::::
and

::::
often

:::::::
different

:::::::::::::
approximations

::::
and
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::::::::::
assumptions

:::
are

::::
used

::
to

:::::::
simplify

:::
the

:::::::
physical

::::::::
processes.

::::
One

::::
such

:::::::::
important

:::::
works

::
on

::::::::::
fire-spotting

:::::::::::
distributions

:::
and

:::::::::
maximum

::::::
spotting

::::::::
distances

:::
are

:::
by

:::::
Tarifa

::::
and

:::::::::
co-workers

::::::::::::::::::::::
(Tarifa et al., 1965, 1967).

::
In

::::
their

::::::::
different

:::::
works

::::
they

::::::::
describe

:::
the

:::::::
spotting5

::::::::::
distributions

:::
and

:::
the

:::::::::
maximum

:::::::
spotting

:::::::
distances

:::
by

:::::::::
combining

:
a
:::::
series

::
of

:::::::::::
experimental

:::
and

:::::::::
theoretical

::::::::::
approaches.

:::
We

::::::
follow

::::
these

:::::::
existing

::::::::::
approaches

:::
and

::::::::
formulate

::::
the

:::::::
physical

:::::::::::::
parametrization

:::
for

:::
our

::::::
model.

::::::
Below

:::
we

:::::::
provide

:
a
:::::
brief

::::::::
discussion

:::
of

::
the

::::::::
different

::::::::
processes

:::::
which

:::
are

:::::::::
considered

::
in
:::
the

::::::::
physical

:::::::::::::
parametrization:

:

1.
::::::::
Firebrand

::::::
lofting

(a)
::::::
Vertical

::::
gas

:::::
flow:

::
In

::
a

:::::::::
convective

:::::::
column,

:::
the

:::::::
updraft

:::::::::
introduced

:::
by

::::
fire

:::
lifts

::::
the

::::::::
firebrands

:::
in

:::
the

:::::::::
convective10

:::::::
column.

::::
The

:::::::
strength

::
of

:::::::
vertical

:::
gas

::::
flow

::::
Ugas::::::::

increases
::::
with

:::
the

:::
fire

:::::::
intensity

::
I
:::
and

::
is
::::::::::
empirically

::::::::
expressed

::
as

::
in

:::::::::::::::
(Muraszew, 1974):

:

Ugas = 9.35

✓
I

Hc

◆1/3

,

:::::::::::::::::::

(6)

:::::
where

:::
Hc::

is
:::
the

:::
heat

:::
of

:::::::::
combustion

:::
of

:::::::
wildland

:::::
fuels.

(b)
:::
Size

:::
of

:::::::::
firebrands:

::::
The

:::::::::
convective

::::::
activity

:::::
inside

::::
the

:::::
plume

::::::::
regulates

:::
the

:::::::::
maximum

:::
size

:::
of

:::
the

:::::::
firebrand

::::
that

:::
can15

::
be

::::::
lofted.

:::
The

:::::::
terminal

::::::::
velocities

:::
of

::
the

:::::::
loftable

:::::::::
firebrands

:::
can

:::
not

::::::
exceed

:::
the

::::::
vertical

:::
gas

::::
flow

::::
rate.

:::
As

:::
the

::::::
vertical

:::::::
gas-flow

::::::::
increases

::::
with

:::::::::
increasing

::::
fire

::::
rate,

::::::
heavier

:::::::::
firebrands

::::
can

::
be

:::::::
uplifted

::::
into

:::
the

::::::
plume.

:::
In

::::::::
literature,

:::
the

::::::::
maximum

:::::::
loftable

:::::
radius

:::
for

::::::::
spherical

::::::::
firebrands

::
is

::::::::
expressed

:::
as

::::::::::::::::::::::::::::::::::::::
(Tarifa et al., 1965; Albini, 1979; Wang, 2011):

rmax =
3

2
Cd

⇢a

⇢f

U
2
gas

g
,

:::::::::::::::::

(7)

:::::
where

::
⇢a::::

and
::
⇢f::::::::

represent
:::
the

::::::
density

::
of

:::
the

:::::::
ambient

:::
air

:::
and

::::::::
wild-land

:::::
fuels

::::::::::
respectively,

:::
Cd ::

is
::
the

::::
drag

:::::::::
coefficient20

:::
and

:
g
::
is
:::
the

::::::::::
acceleration

::::
due

::
to

::::::
gravity.

:

(c)
::::::::
Maximum

:::::::
loftable

::::::
height:

::::::::::::::
Wang (2011) and

::::::::::::::::::::::::::::::
Woycheese et al. (1999) parametrize

:::
the

::::::::
maximum

:::::::
loftable

::::::
height

::
for

:::::::
spherical

:::::::::
firebrands

::
in

:::::
terms

:::
of

:::
the

:::::
radius

:::
of

::::::::
firebrand

::
r,

::::::::::
constrained

:::
by

:::
the

:::::::::
maximum

:::::
radius

::
of
::::

the
::::::::
firebrands

:::::
rmax:

H= 1.46

✓
⇢f

⇢aCd

◆
r
5/2
max

r3/2
.

:::::::::::::::::::::

(8)25

2.
:::::::::
Horizontal

::::::::
transport:

(a)
::::::::
Maximum

:::::::
landing

::::::::
distance:

:::::::::
Assuming

:::
the

:::::
shape

::
of

::::
the

::::::::
firebrands

:::
to

::
be

:::::::::
spherical,

:::::::::::::::::::::::
Tarifa et al. (1965) combines

::::
both

:::::::::::
experimental

:::
and

:::::::::
theoretical

::::::::::
approaches

::
to
:::::::::::

characterise
:::
the

:::::::::
maximum

::::::
landing

:::::::::
distances

::
of

:::
the

:::::::::
firebrands.

:::::
Based

:::
on

:::::
these

::::::
results,

:::::::::::::::::::
Wang (2011) provides

::
an

:::::::::::::
approximation

::
of

::::
the

:::::::::
maximum

:::::
travel

:::::::
distance

:::
for

::::::::
spherical

::::::::
firebrands

::::
from

::
a
::::::
vertical

:::::::::
convective

:::::::
column

::
in

:::::
terms

::
of

:::
the

::::::::
maximum

:::::::
loftable

:::::
height

:::
H,

:::
the

:::::::::::::
meteorological

::::
mean

8



::::
wind

::::::::::
U = |Uh|,:::::

where
::::
Uh :

is
:::
the

:::::::::
horizontal

:::::
wind

:::::
vector

::::
field

::
at

:::::::::
fire-height,

::::
and

:::
the

:::::
radius

::
of

:::
the

:::::::::
firebrands

::
r:

L=H
U

Ugas

⇣
rmax

r

⌘1/2
.

::::::::::::::::::::

(9)

3.
::::::
Ignition

::::::::::
probability:

:::
As

::::::::
described

:::
in

:::
the

:::::::
previous

:::::::
section,

:::
the

:::::::::
probability

::::
that

:::
the

::::
fuel

::
is

::::::
ignited

:::
by

::::::
burning

:::::::
embers

::
is5

:::::::
modelled

:::::
using

:::
the

:::::::
function

::
 

:::
(2).

:::::
Here

::
we

:::::::
assume

:::
that

:::
the

:::
fuel

:::::::::
conditions

:::
are

::::::::::::
homogeneous

:::
and

:::
the

:::::::
ignition

:::::::::
probability

:::::::
depends

::::
only

::
on

::
an

:::::::
ignition

:::::
delay

::
⌧ .

:::
No

:::::
other

::::
local

::::::::
variables

:::
are

:::::
taken

:::
into

:::::::
account.

:

4.
::::::::
Secondary

:::::::::
fire-lines:

:::
The

:::::::::
secondary

::::::::
emissions

::::::::
generated

::::::
during

:::
the

::::::::::
fire-spotting

:::::::::
modelling

:::
are

:::::::
assumed

::
as

::::
new

:::::::
sources

::
of

:::
fire

::::
with

:
a
::::::
proper

:::
fire

::::::::
intensity.

:::::
These

::::
new

::::
fires

:::
act

::
as

::::::::
additional

:::::
input

:::::
along

::::
with

:::
the

:::::::
primary

:::
fire

:::::::
towards

:::::::::
generation

::
of

::::
other

:::::::::
secondary

:::::
fires,

:::
and

::
it

::
is

:::::::
assumed

::::
that

::::
these

::::
new

:::::::
sources

:::
are

::::::
capable

:::
of

:::::::::
generating

::::::::
firebrands

::
of

:::
the

:::::
same

::::
size10

::
as

:::
the

::::::
primary

:::::::
source.

:::::::::
Small-scale

:::::::::
processes,

:::::
such

::
as

:::
the

:::::
mass

::::
loss

:::
of

:
a
::::::::
firebrand

::::
due

::
to

:::::::::::
combustion,

:::::
affect

:::
the

:::::::::::
fire-spotting

:::::::::::
phenomenon

:::
by

::::::::
generating

:::::::
random

::::::::::
fluctuations

::
in

:::
the

::::::::
firebrand

:::::::::
trajectory.

::::
This

::::::::::
fluctuations

:::
are

::::::::
embodied

:::
by

:::
the

:::
use

::
of
::

a
::::::::::
distribution

:::
for

:::
the

::::::
landing

:::::::::
distance.

::::::
Finally,

:::
the

:::::
above

:::::::::
large-scale

:::::::::::
subprocesses

:::::
under

::::::
lofting

::::
and

:::::::
transport

:::::::::::
mechanisms

:::
are

:::::
linked

:::::::
through

:::
Eq.

:::
(5)

::
to

::::::
obtain

:::
the15

:::::::
physical

:::::::::::::
parametrisation

::
of

::
µ

:::
and

::
�

::
of

:::
the

:::::::::
lognormal

::::::::::
distribution.

:::::
Using

:
Eq. (9) and Eq. (5), the lognormal shape parameters

µ and � can be physically parametrised
::
8),

:::
we

::::::
express

:::
the

:::::
shape

::::
and

:::::::
location

:::::::::
parameters

:
as follows:

µ�
:
=H

1

2zp
ln

:::::

0

@3⇢aCd

2⇢f

U
2

rg
::

1

A1/2
, (10)

�µ
:
=

1

2zp
lnH

:

0

@U
2

rg

3

2

⇢a

⇢f
Cd

::::::

1

A1/2
::

. (11)20

In this parametrisation of the fire-spotting, the quantification

:::
We

:::::
chose

::::
such

:::::::::::::
parametrization of µ and � is chosen to provide a most rational description for the transport of firebrands. The

parameter
:
in

:::::
order

::
to

:::::::::
de-lineate

:::
the

::::::::
governing

::::::::::
parameters

::
for

::::::
lofting

::::
and

::::::::
transport

::::::::::
mechanisms

:::::::::::
respectively.

:::
We

::::::::::
hypothesise

:::
that

:::
the

::::::::
definition

::
of

:
µ is parametrised to characterize the lofting

:::::
covers

:::
the

:::::::
essential

:::::
input

:::::::::
parameters

::::::
needed

:::
to

:::::::
describe

:::
the

:::::
lofting

::::::::::
mechanism

:
of the firebrands inside the convective column. The relative density

::::::
⇢a/⇢f and atmospheric drag quantify25

the buoyant forces experienced by the firebrand; hence it is appropriate to include these quantities in the definition of µto

describe the maximum allowable height for each firebrand in varying fire intensities. The density ratio ⇢a/⇢f also limits the

maximum allowable height for each firebrand.
::::::::::
Substituting

:::::::::
maximum

::::::
loftable

::::::
height

::::
from

::::
Eq.

::
(8)

::
in
::
µ
:::::
gives:

:

µ= 3.52⇥ 105
✓
⇢a

⇢f
Cd

◆2✓
I

Hc

◆5/3

r
�3/2

g
�5/2

.

::::::::::::::::::::::::::::::::::::::::

(12)
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:::
The

:::::
radius

:::
of

:::
the

:::::::
firebrand

::
r
:::
and

:::
the

::::
fuel

::::::
density

:::
are

::::::::
important

::::::::::
ingredients

::
to

::::::::
determine

:::
the

::::::
height

::
of

:::
the

:::::
lofted

::::::::
firebrands. On30

the other hand, � is parametrised
:::::::::::
hypothesized to define the transport of the firebrands under the effect of the wind after they

are ejected
::::::::
horizontal

:::::
wind

::::
after

:::::::
ejection from the convective column. In a wind driven regime of fire-spotting, the flight path

of the firebrand is affected by its size and firebrands beyond a critical size cannot be steered by the prevailing wind. This critical

size is defined as the maximum liftable radius rmax = U
2
/g. It is interesting to note that the dimensionless ratio U

2
/(rg) is

also known as
:::
The

::::::::
definition

:::
of

:
�
::::::::
includes

:
a
::::::::::::
dimensionless

::::
ratio

::::::::::::
F = U

2
/(rg)

:::::
which

::
is

:::::::::
analogous

::
to the Froude numberand5

:
,
:::::
which

:
quantifies the balance between the inertial and the

::::::
inertial

:::
and

:
gravitational forces experienced by the firebrand.

:::
All

::::::::
firebrands

::::
with

::::::::
r  U

2
/g

::::
can

::
be

:::::::::
transported

:::
by

:::
the

:::::::::
horizontal

:::::
wind.

In this model, the phenomenon of fire-spotting is assumed to occur together with the turbulent heat flux around the fire, and

the turbulent diffusion coefficient D is utilised as a measure of the turbulent heat transfer generated by the fire. It is parametrised

in terms of the Nusselt number Nu. Nusselt number defines the ratio between the convective and conductive heat transfer in10

fluids and is defined as

Nu= (D +�)/� ,

where �
::::::::::::::
Nu= (D +�)/�

::::::
where

:::::::::::::::::
�= 2⇥ 10�5m2s�1 is the thermal diffusivity of air at ambient temperature. Experimentally,

it is shown that Nusselt number is related to Rayleigh number as Nu' 0.1Ra
1/3 (Niemela and Sreenivasan, 2006). Rayleigh

number is defined as Ra= ��Tgh
3
/(⌫�), where �

:::::::::::::::::
� = 3.4⇥ 10�3K�1 is the thermal expansion coefficient, h is the dimen-15

sion of the convective cell, ⌫
::::::::::::::::::
⌫ = 1.5⇥ 10�5m2s�1

:
is the kinematic viscosity and �T is the temperature gradient between the

top and bottom faces of the convective cell.
::::::
Finally,

:::
we

:::::::
estimate

:::
the

::::::::
turbulent

::::::::
diffusion

::::::::
coefficient

:::::::
through

:::
the

:::::::
formula

D ' 0.1
⇣
� g

⌫

⌘1/3
�
2/3�T

1/3
h�� ,

:::::::::::::::::::::::::::::

(13)

:::
and

::::::::
assuming

::::::::::::
�T ' 1000K

:::
and

:::::::::
h' 100m

:::
we

::::
have

::::
that

:::::::::
D ⇠ 10�1.

:::
For

:::
all

:::
the

:::::::::
simulations

:::::::::
presented

::
in

:::
this

::::::
article,

:::
the

:::::
value

::
of

:::
the

:::::::
turbulent

::::::::
diffusion

:::::::::
coefficient

::
D

::
is

:::::::
assumed

::
to
:::
be

::::::::::
0.15m2s�1.

:
20

The simple design of the physical parametrisation makes the model computationally less expensive and the requirement of

defining only few vital parameters to execute any simulation also serves as an added advantage to the operational users.
:::::
Static

:::
and

:::::::
dynamic

:::::
input

:::::::::
parameters

::
of

:::
the

::::::
model

:::
are

:::::::
reported

::
in

:::::
Table

::
1.

4 Simulation set-up
:::::::::
Numerical

::::::::::
simulations

:::
The

:::::::
detailed

::::
steps

:::
of

:::
the

::::::::
numerical

:::::::::
procedure

::
are

:::
as

::::::
follows

::::::::::::::::
(Kaur et al., 2016):25

1.
::::::::
Beginning

:::::
with

::
an

::::::
initial

:::::::
fire-line,

:::
an

::::::::::
operational

:::::
code,

:::
i.e.,

::::::::::::
WRF-Sfire

::
in

::::
this

::::::
Section

::::
and

:::::::::
LSFire+

:
in
::::

the
::::
next

::::::
Section,

::
is
:::::
used

::
to

:::::::
estimate

:::
the

::::::::::
propagation

::
of

:::
the

::::
front

::::
and

::
to

::::
build

:::
up

:
a
::::
new

:::
fire

:::::::::
perimeter

::
for

:::
the

::::
next

::::
time

:::::
step.

::::
This

:::::
output

::
is

::::::::
modified

::
to

::::::
include

:::
the

::::::
effects

::
of

:::::::::
turbulence

::::
and

::::::::::
fire-spotting

::
by

::
a
:::::::::::::
post-processing

:::::::::
numerical

::::::::
procedure

:
.
::::
This

:::::::::::::
post-processing

:::
step

::
is

::::::::::
independent

:::
of

::
the

:::::::::
definition

::
of

:::::
ROS.
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2.
:::
The

:::
fire

:::::::::
perimeter

:::::::
obtained

:::::
from

:::
the

::::::
chosen

::::::::::
operational

::::
code

::
is

::::
used

::
to
::::::::

construct
:::

the
::::::::

indicator
::::::::
function

:::::::
I⌦(x, t),::::

i.e.,

::
the

::::::::
indicator

::::::::
function

:::::::
I⌦(x, t):::

has
::
a

:::::
value

:
1
::::::
inside

:::
the

::::::
domain

::::::::::
surrounded

:::
by

:::
the

:::::::
fire-line

:::
and

::
0
:::::::
outside.

::::
The

::::::
spatial

:::::::::
information

:::::::::
contained

::
in

:::::::
I⌦(x, t)::

is
:::::::::
necessary

::
to

::::::
modify

:::
the

:::::::
fire-line

:::::
with

::::::
respect

::
to

:::::::::
turbulence

::::
and

::::::::::
fire-spotting

::::
and

:::::
serves

::
as

:::
an

::::
input

::
to

:::
the

:::::::::::::
post-processing

:::
step.

:

3.
:::
The

:::::::
effective

::::::::
indicator

:::::::
function

:::::::
�e(x, t):::

(1)
:
is
::::::::
generated

::::
over

::
a

::::::::
Cartesian

:::
grid

::
to

::::::::
facilitate

::
the

:::::::::::
computation

::
of

:::
the

:::::::
function5

::::::
 (x, t)

:::
(2)

::::
over

:::
the

::::
same

::::
grid.

:

4.
:::
The

:::::
value

::
of

:::
the

:::::::
effective

::::::::
indicator

:::::::
�e(x, t) :

is
:::::::::
computed

::::::
through

:::
the

:::::::::
numerical

:::::::::
integration

::
of

:::
the

::::::
product

::
of

:::
the

::::::::
indicator

:::::::
function

:::::::
I⌦(x, t):::

and
:::
the

:::::
PDF

::
of

::::::::::
fluctuations

::::::::
according

::
to
::::

(1).
::::
The

:::::
effect

::
of

:::::::::
turbulence

::
or

:::::::::::
fire-spotting

::
is

:::::::
included

:::
by

:::::::
choosing

:::
the

::::::::::::
corresponding

::::
PDF

::::
(3).

5.
:::
The

:::::::
function

:::::::
 (x, t)

:
is
:::::::
updated

:::
for

::::
each

::::
grid

:::::
point

::
by

:::::::::
integration

::
in

::::
time

::::
with

:::
the

::::::
current

:::::
value

::
of

::::::::
�e(x, t).10

6.
:::
All

:::::
points

::::::
which

:::::
satisfy

:::
the

::::::::
condition

::::::::::
 (x, t)� 1

:::
are

:::::::
labelled

::
as
::::

new
:::::::
ignition

:::::
spots.

::::
The

:::::::::::::
post-processing

::::::::
procedure

::
is

::::::::
completed

::
at
::::
this

::::
step.

7.
::
At

:::
the

::::
next

::::
time

::::
step,

:::
the

::::
new

:::
fire

::::::::
perimeter

::::::
evolves

:::::::::
according

::
to

::
the

::::::
chosen

::::::::::
operational

:::::
code,

:::
and

:::
the

:::::::
updated

::::::::
perimeter

:
is
:::::
again

::::::::
subjected

:::
to

:::
the

:::::::::::::
post-processing

:::::::::
proceedure

:::
to

:::::
enrich

:::
the

:::
fire

:::::
front

::::
with

:::
the

:::::::
random

::::::::::
fluctuations

:::::::::
pertaining

::
to

::::::::
turbulence

::::
and

::::::::::
fire-spotting.

::::
The

::::::::
sequence

::
is

:::::::
repeated

::
till

:::
the

::::
final

::::::
“event

:::::
time"

:::
step

:::
or

::
till

:::
the

:::
fire

:::::::
reaches

:::
the

:::::::::
boundaries15

::
of

:::
the

:::::::
domain.

4.1
:::::::::::::

Implementation
::
of

::::::::::::::
RandomFront

:::::
2.3

::
in

:::::::::::
WRF-Sfire

::
In

::::
order

::
to
:::::

prove
:::

the
::::::::
viability

::
of

:::
the

::::::::
proposed

::::::::::
formulation

:::::
within

:::
an

:::::::::
operational

:::::
code,

:::
we

::::
have

:::::::::::
implemented

::::::::::::::
RandomFront

::::
2.3

::
in

:::
the

::::::::::
framework

::
of

:::
the

::::::::::::
WRF-Sfire

::::::::
simulator

::::::::::::::::::::::::::::::::::
(Coen et al. (2012); Mandel et al. (2014)).

::::::::::::
WRF-Sfire

:
is

::
a

:::::::
coupled

:::::::::::::
fire-atmosphere

::::::
model,

:::::
which

:::::::
operates

:::
in

:::
the

::::::::::::
computational

::::::::::
environment

:::
of

:
a
::::
well

::::::
known

::::::
public

::::::
domain

:::::::::
numerical

:::::::
weather20

::::::::
prediction

::::::
model :

::::
WRF

::::::
v3.4

:::::::
(Weather

::::::::
Research

:::
and

::::::::::
Forecasting;

:::::::::::::::::::::
(Skamarock et al., 2008); http://wrf-model.org/users/users.

php
:
)

:::
The

:::
fire

:::::::
module

::::::::
embedded

::::
into

::::
WRF

::::::::
simulates

:
a
::::::
surface

:::
fire

::::
and

::::
takes

::::
into

:::::::
account

:
a
:::::::
two-way

::::::::
coupling

::::
with

:::
the

::::::::::
atmospheric

::::::
model.

::::
The

:::::::::::
near-surface

:::::
winds

:::::
from

:::
the

:::::::::::
atmospheric

:::::
model

::::
are

::::::::::
interpolated

:::
on

:::
the

:::
fire

::::
grid

::::
and

:::
are

::::
used

::::::
along

::::
with

::::
fuel

::::::::
properties

::::
and

::::
local

::::::
terrain

::::::::
gradients

::
to

::::::::
compute

::::
both

:::
the

:::::
ROS

:::
and

:::
the

::::::::
outward

:::::::::::::
front-direction,

:::
that

:::
are

::::::
further

:::::
used

::
as

:::
an

::::
input

::
to

:::
the

::::
front

:::::::::::
propagation

::::::
routines

:::::::
through

::
a

::::
LSM

:::::::
scheme.

::::
Fuel

:::::::::::
consumption

::
is

:::::::::
responsible

:::
for

:::
the

::::::
release

::
of

:::::::
sensible

::::
and

::::
latent

::::
heat

::::
into

:::
the

::::::
lowest

:::::
layers

::
of

:::
the

::::::::::
atmosphere

:::
and

::::
this

:::
has

:
a
::::

role
::
in

:::
the

:::::::::::
computation

::
of

:::
the

:::::::::::::
boundary-layer

:::::::::::
meteorology.

:::::::
Recently,

::::
the

::::::
model

:::
has

:::::
been

::::::::
equipped

::::
with

::
a
:::::::::::
fuel-moisture

::::::::::
sub-model

:::
and

::
a
:::::::::
chemistry

:::::::::
sub-model

:
(
::::
WRF

::::::
Chem

:
),
::::::
which

::::::::
contribute

:::::::
towards

::::::::::
reproducing

:::
and

:::::::::::
investigating

:::
the

::::::
effects

::
of

:::
the

:::::::::::::
fire-atmosphere

::::::::
coupling.5

::::::::::::::::::::
Coen et al. (2012) points

:::
out

:::
that

::::
fires

::::::::
generally

::::
start

::::
from

:
a
:::::::::
horizontal

:::::
extent

:::::
much

::::::
smaller

::::
than

:::
the

:::
size

::
of

:::
the

:::
fire

:::::::::
mesh-cell.

:::
The

:::::
same

:::
may

:::
be

:::::
argued

:::
for

:::
the

:::::::::
secondary

:::::::
ignitions

::::::
related

::
to

::::::::::
fire-spotting

:::::::::::
phenomenon.

::
In

:::
this

:::::::
respect,

::::::::::::::::::::::
Coen et al. (2012) propose

:::
and

:::::::
explain

::
in

:::::
detail

:::
an

::::::::
algorithm

:::
for

::
a
::::::::
punctual

::
or

::::
line

:::::::
ignition

::::
that

:::::::
actually

::::
runs

:::
on

:::::::::::
WRF-Sfire

:
.
::::
The

:::::::
purpose

::
of

::::
this

11
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::::::::
algorithm

::
is

:::::::
two-fold:

::
i)
::
it
:::::::::
guarantees

::::
from

::
a
:::::::
physical

::::
point

:::
of

::::
view

:::
that

:::
the

:::::::
ignition

:::::
starts

::
at

:::::::
sub-grid

::::
scale

:::::::
without

:::::::::
generating

:::::::::::
unrealistically

:::::
large

:::::
initial

::::
heat

::::
flux

::::
and

::
an

::::::::::
accelerated

:::::::
ignition;

:::
ii)

::::
this

:::::::::
procedure

::
is

::::::::::
numerically

:::::
robust

:::::::
because

::
it
::
is
:::::
fully10

::::::::
integrated

::::
into

:::
the

:::::::::::
representation

::
in
:::::
terms

:::
of

:
a
::::::
signed

:::::::
distance

:::::::
function

::
of

:::
the

:::::
LSM

::::::::::::::::::::::::
(Sethian and Smereka, 2003).

::
In

:::
the

:::::::
proposed

:::::::::::
formulation,

:
a
:::::::
punctual

:::::::
ignition

::::::
occurs

::::::::
whenever

:::
the

::::::::
condition

::::::::::
 (x, t)� 1

::::
holds

::::
true.

::::
This

:::::::::
procedure

::
is

:::
not

:::::::::::::
computationally

:::::
viable

:::
so

::
we

:::
set

::
a

::::::::
threshold

:::::::
distance

::::::::::
Rth = 200m

:::
for

:::::::::
separating

::::
each

:::
pair

:::
of

:::::::
punctual

::::::::
ignitions.

::
In

:::::::::
particular,

::
let

::
P

:::
be

:::
the

:::
set

::
of

:::::::::
point-wise

:::::::::::
fire-spotting

::::::::
ignitions,

:::
the

:::::
actual

:::::::::
algorithm

:::::::::
performed

::
at

::::
each

::::::::
time-step

::::::
within

::::::::::::
WRF-Sfire

:::::
model

:::
is

:::::::
reported

::
in

:::::::::
Algorithm

::
1.15

Algorithm 1
::::::::
Algorithm

:::
for

:::::::::
Point-Wise

:::::::
ignition

::::
due

::
to

:::::::::::
Fire-Spotting

1: for xi 2 Grid do

2: if  (xi, t)> 1^xi 62 ⌦(t) then

3: if dist(P ,xi)>Rth then

4:
:::
New

::::::::::
fire-spotting

::::::
ignition

::
in

::
xi and

5:
:::::::::::
P  P [ {xi}

6: end if

7: end if

8: end for

4.2
:::::::::

Discussion
::
of

:::
the

:::
test

::::
case

:::::
with

:::::::::::
WRF-Sfire

::
In

:::
this

:::::
paper

:::
we

:::::::
consider

:
a
:::::
slight

:::::::::::
modification

::
of

:::
the

:::::
hill

:::
test

::::
case

:
(https://github.com/openwfm/wrf-fire/blob/master/wrfv2_

fire/test/em_fire/hill/namelist.input.hill
:
).
::
In

:::::
order

::
to

:::::::
simplify

:::
the

:::::::::
underlying

::::::::
dynamics,

:::
but

:::::::
keeping

:::
the

:::::::::::::
fire-atmosphere

:::::::
coupling,

::
the

::::
hill

:
is
::::::::::

suppressed
::::::::::::::::::::::::
(fire_mountain_type= 0)

:::
and

:::
we

::::
have

::
a
:::::::::
square-grid

:::::::::
simulation

::::
over

::
a
:::
flat

::::::
domain

::::
with

::::
side

:::::::
2.5km.

:::
The

:::::::::
horizontal

::::::::::
atmospheric

:::::::::::
grid-spacing

::
at

:::::::::::
terrain-height

::
is
:::::
60m,

:::::
while

:::
the

::::
fire

:::::
spread

:::::::::::
grid-spacing

::
is

:::::
15m.

::::
The

:::::::::
simulation20

::::
starts

::
at
:::

the
:::::::

instant
::::::::
t= 0min

:::
and

:::::
ends

::
at

::::::::::
t= 20min.

::::
The

:::::::
fire-line

::
is

:::::::
initially

::::::
located

:::::
along

:::
the

::::::::
segment

::::::
joining

:::
the

::::::
points

::::::::::::::
(1900m,1500m)

:::
and

:::::::::::::::
(1900m,1800m),

::::
and

::
the

::::::
initial

::::
wind

::::
field

::
at

::
the

::::
fire

:::::
height

::
is

::::::::::::::::::::::::::::::::::::::::::::
(U(x; t= 0),V (x; t= 0)) = (�6.4ms�1

,�3.6ms�1)

::
in

::
all

:::
the

:::::
points

:::
of

::
the

:::::::::
simulation

:::::::
domain.

:

:::
The

::::
fuel

:::
has

::::
been

:::
set

::::
equal

::
to
::::
fire

::::
Type

:
9
:
,
:::
i.e.,

:::
FM

::
9
:::::::::
Hardwood

::::
litter

::::::::
according

::
to

::::::::
Anderson

:::::::::::
classification

:::::::::::::::
(Anderson, 1982).

::::
This

:::
fuel

::::
type

::::
may

::::::::
represent

:
a
::::::
terrain

:::::::
covered

::
by

:::::
Pinus

:::::::::
ponderosa

::::
trees.

:::
The

::::::
radius

::
of

:::
the

::::::::
spherical

::::::
embers

:::
has

::::
been

:::
set

:::::
equal25

::
to

:::::::::::
r = 12.5mm

::::::::
following

:
a
::::
size

:::::::::
considered

::
by

:::::::::::::::::::::::
Manzello et al. (2006) with

:::
the

::::
same

::::::::::
vegetation.

:::
For

::::
what

::::::::
concerns

:::
the

::::::::
proposed

:::::::::::
formulation,

:::
the

:::::::
fire-line

::::::::
intensity

::
I
:::
and

::::
the

::::
wind

:::::
field

:::
are

:::::::::
computed

::
by

::::::
means

:::
of

:::
the

:::::::::::
WRF-Sfire

:::::
model,

::::
and

:::
this

::::::
allows

:::
for

::
a
:::::::
varying

::::
field

::
of

:::::
both

:::::::::
parameters

::
�
::::
and

::
µ

::::::::
according

:::
to

:::::::
formulae

:::::
(10)

:::
and

:::::
(12),

::::::::::
respectively.

::
In

:::::::::
particular,

::::::::
following

::::
latest

::::::::::::
advancements

::
of

:::::::
Sfire

::::::::::
environment

::
in

:::::::::::::::::
Mandel et al. (2014),

::::::
spatial

::::::::::::
representation

::
of

:::
the

:::::::::::
potential-fire

::::::::::::
characteristics

:::
are

::::::::
available

::::
from

::::::
which

:
a
::::
field

:::::::::
extension

::
of

:::
the

:::::::
fire-line

:::::::
intensity

::
I
::
is

::::::::
available

::
in

:::::
order30

::
to

::::
have

:
a
:::::
space

::::
and

::::
time

::::::
varying

:::::
field

::
of

::
µ

:::
for

:::
the

::::::::::
fire-spotting

:::::::
routines.

::::::::::
Parameters

::
D

::::
and

:
⌧
:::
are

:::
set

::
as

::::::::::::::
D = 0.15m2s�1

::::
and

::::::
⌧ = 8s,

:::::::
without

:::::
using

:::::::::
estimations

:::
by

:::::::::::
WRF-Sfire.

:

12

https://github.com/openwfm/wrf-fire/blob/master/wrfv2_fire/test/em_fire/hill/namelist.input.hill
https://github.com/openwfm/wrf-fire/blob/master/wrfv2_fire/test/em_fire/hill/namelist.input.hill
https://github.com/openwfm/wrf-fire/blob/master/wrfv2_fire/test/em_fire/hill/namelist.input.hill


::::::
Figures

:::
1-3

:::::::
display

:::
the

:::::::::
simulation

::::::
results.

::
In

::::
each

::::::
figure

:::
the

:::::::
firefront

::
is

:::::::
reported

:::
by

:
a
::::::
dashed

::::
line

::
at

:::
the

::::::::
following

:::::::
instants

::::::::
t= 6min,

::::::::::
t= 10min

:::
and

::::::::::
t= 20min.

::::
The

:::::::
selected

:::::::
instants

:::::
allow

:::
for

::::::::
observing

:::
the

:::::::::::
propagation

::
of

:::
the

:::::
main

:::
fire

::::::
alone,

:::
the

::::::::
generation

:::
of

:
a
:::::::::
secondary

:::
fire

:::
and

:::
the

::::::::::::::
multi-generation

::
of

:::::::::
secondary

:::::
fires.

::
In

::::::::
particular,

::
in
::::
Fig.

::
1

:::
the

::::::::
evolution

::
of

:::
the

:::::::
fire-line

:
is
::::::

shown
::
in
:::::::

relation
::
to
::::

the
::::
three

:::::::::::
components

::
of

:::
the

:::::
wind

:::::
field;

:::
Fig.

::
2
::::::
shows

:::
the

::::::::::
relationship

::::
with

:::::::::
parameter

::
µ

:::
and

:::
the

::::
fire

:::::::
intensity

:::::
field;

:::
Fig.

::
3

:::::
shows

:::
the

::::::::::
relationship

::::
with

:::::::::
parameter

:
�
::::
and

:::
the

::::::
squared

:::::
norm

::
of

:::
the

:::::::::
horizontal

:::::
wind.

::::::
Overall,

:::
we

:::::::
observe

::::
that

:::
the

::::::
fire-line

::::::::::
propagation

::
is
::::::::
"pulled"

::
in

:::
the

:::::::
direction

::
of

:::
the

:::::::::
maximum

:::::
value

::
of

:::
the

:::::::
squared

:::::
norm

::
of

::
the

:::::::::
horizontal

::::
wind

::::
(see

::::
right

:::::::
column

::
in

:::
Fig.

:::
3),

:::
and

::::
this

:::::::
direction

::
is

:::::::
induced

::
by

:::
the

:::
fire

:::::
itself

::
as

:
a
::::::::
feedback

::
on

:::
the

:::::::
weather

::
as

::
it5

:
is
::::::
shown

::
by

:::
the

:::::::
patterns

::
of

:::
the

::::::::::
atmospheric

::::::::::
observables

:::::
when

:::::::::
secondary

::::
fires

:::
are

::::::::
generated.

::::
The

::::::::::
geometrical

::::::
profile

::
of

:::
the

:::
fire

::::::::
perimeter

::::::
always

::::
plays

:::
an

::::::::
important

::::
role

::
in

::::::::::
determining

:::
the

::::::::::
fire-spotting

:::::::::
behaviour.

::::
The

:::::::::
asymmetry

::
in

:::
the

:::
fire

::::::::
perimeter

::
at

:::
20

:::
min

:::::
along

:::
the

:::::::::
prominent

::::::::
direction

::
of

:::::::::::
propagation,

:::::
causes

:::
the

::::
first

:::::::::
secondary

:::
fire

::
to

::::::
appear

::
in

:::
the

:::::::
top-left

:::
part

:::
of

:::
the

:::::::
domain.

::::
With

:::::
time,

::
as

:::
the

::::::::::
fire-activity

:::::::::
increases,

:::
the

:::::::::
differences

:::::::
between

::::
the

::::::::
maximum

:::::
value

:::
of

:::
the

:::::::
squared

:::::
norm

::
of

:::
the

:::::::::
horizontal

::::
wind

:::
and

:::
its

:::::::::::
surroundings

:::::::
increase

:::
and

:::
the

:::::::
fire-line

:::::::
becomes

:::::::::
symmetric

::::
with

::::::
respect

::
to

:::
the

:::::
main

:::::::
direction

::
of

:::::::::::
propagation.

::::
This10

:::
has

:
a
:::::
direct

::::::::
influence

:::
of

:::
the

::::::::::
fire-spotting

::::::
action,

::::
and

:::
the

::::
new

:::::::::
secondary

::::
fires

::::::
appear

::::::::::
increasingly

:::::::
aligned

:::::::
towards

:::
the

:::::
main

:::::::
direction

::
of

:::::::::::
propagation.

:::
The

:::::::::
secondary

:::
fires

:::
are

:::::::
equally

::::::::
important

::
as

:::
the

::::::
primary

:::
fire

::
in

::::::::::
influencing

:::
the

::::::
weather

::::::
around

:::
the

::::
fire.

:::
The

::::
plots

::::::
clearly

:::::
show

::
the

::::::::
influence

::
of

:::::::::::::
fire-atmosphere

::::::::
coupling,

::::
and

:
a
::::::::
feedback

::::::::
dynamics

:::::
from

::::::::
secondary

::::
fires

::
to

:::::::
primary

:::
fire

:::
can

:::
be

::::
also

::::::::
observed.

:::
The

:::::::::
secondary

::::
fires

:::::
affect

:::
the

::::
wind

::::
(see

::::
Fig.

::
1)

::::
and

:::
also

:::
the

:::::::::
parameter

::
�

::::
(Fig.

:::
3),

:::::
which

:::::::
implies

:
a
:::::::::
refinement

::
in
:::::::::::
fire-spotting15

:::::::::::
characteristics

:::
for

::::::
further

::::::::
ignitions.

::
A
:::::
point

:::::
worth

::::::
noting

::
is

:::
that

:::
the

::::
first

:::::::::
secondary

:::
fire

::::::
occurs

::
at

:
a
:::::::
distance

::
of

::::::
almost

:::::::
1500m

::::
from

:::
the

::::
main

::::
fire.

::::
This

::::::::::
observation

:::::::
supports

:::
the

:::::::
viability

:::
of

:::
the

:::::::
proposed

::::::::::
formulation

::
to
::::::::
simulate

::::::::::
fire-spotting

::::::::::
mechanism

::
in

::::::
studies

::
of

:::::::::
large-scale

::::
fires.

:::::::::
However,

:
if
:::
the

:::::::::::::
implementation

:::
in

:::::::::::
WRF-Sfire

::::::
allows

:::
for

:
a
:::::::::::::
comprehensive

::::::
picture

::::::::
including

:::
the

:::::::
physical

:::::::
features

::
of

:
a
::::::::::
multi-scale

:::
and

::::::::::::
multi-physics

:::::::
process,

:::
the

:::::::::
complexity

:::
of

:::
the

::::::
model,

:::
the

:::::::
number

::
of

:::::::::
parameters

::::
and

:::
the

::::::::
numerical

::::
cost

::::::::
increases.

:
20

::
In

:::
the

::::
next

:::::::
section,

:::
we

::::::::
perform

:
a
::::::::

response
:::::::
analysis

:::
of

:::
our

::::::::::::::
parametrisation,

:::
by

:::::
using

:::
the

::::::
simple

:::::
finite

:::::::::
difference

:::::
code

::::::::
LSFire+

:
,
::::
that

::::::
allows

:::
for

::::::::
extensive

::::::::::
simulations

::
in

:::::
terms

:::
of

:::::
spatial

:::::::
domain

::::
and

:::::::::
simulation

:::::
time.

::
A

:::::::::
sensitivity

:::::::
analysis

:::
on

::
the

::::::
inputs

:::
and

:::
an

:::::::::
uncertainty

::::::::::::
quantification

:::
on

:::
the

::::::
outputs

::
of

::::::::::::::
RandomFront

::::::::::
implemented

::
in

:::::::::
LSFire+

:::
will

::
be

::::::::::
considered

::
in

:
a
:::::::
separate

:::::
paper.

:

5
::::::::
Response

::::::::
analysis25

5.1
:::::::::::::
Implementation

:::
on

:::::::::::::
RandomFront

:::::
2.3

:::
into

:::::::::
LSFire+

A few idealized simulations are carried out to highlight the potential applicability of the formulation. For all the simula-

tions, a flat domain with a homogeneous coverage of Pinus ponderosa ecosystem is selected. ,
:::

as
::::
seen

::
in

:::
the

::::::::::::
WRF-Sfire

:::::::::::::
implementation.

:
The simulations are run using a basic set-up of wildfire model

:::::::::
LSFire+ which involves a moving interface

method based on the LSM (Pagnini and Massidda, 2012a, b; Pagnini and Mentrelli, 2014). The Byram formula (Byram, 1959;30
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Alexander, 1982) is used to estimate the ROS of the fire-line:

V Vros
:::

(xx, t) =
I(1+ fw)

H ↵!0
, (14)

where I is the fire intensity, H = 22000KJKg�1
::::::::::::::::
H = 22000kJkg�1

:
is the fuel low heat of combustion, !0 = 2.243Kgm�2

:::::::::::::::
!0 = 2.243kgm�2

:
is the oven-dry mass of the fuel and the functional dependence on the wind is included through the factor

fw. The user has flexibility to introduce a different ecosystem in the simulations by modifying the the parameters H and

!0. The parameter ↵ is chosen to guarantee that the maximum ROS is always equal to the ROS prescribed by the Byram

formulation.5

Sensitivity
:::
The

::::::::
response of the formulation to depict the different firebrand landing distributions is highlighted through two

sets of test cases. In the first test case, the wind conditions and the size of the firebrands are assumed to be constant as the fire

intensity changes. In the second test case, the fire intensity is assumed to be non-changing
::::::
constant

:
and the simulations for

different wind conditions are carried out. The second test case is also repeated for a different radius of the firebrand
:::::::
different

:::::::
firebrand

::::
radii.10

By assuming the size of the convective column to be 100 m and the temperature difference as 100 K, the scale of the

turbulent diffusion coefficient turns out to be approximately 104 times the thermal diffusivity of air at ambient temperature.

For all the simulations presented in this article, the value of the turbulent diffusion coefficient D is assumed to be 0.15m2
s
�1.

For speeding-up all simulations presented in this article
::::::
Section, the domain has been scaled by a factor of 4 to reduce the

computation time. This scaling
::
In

:::
the

:::::
scaled

:::::
mode

::::
each

::::
grid

:::
cell

:::::::::
represents

:
4
::
⇥
::
4
::::
time

:::
the

::::
area

::
of

::::
each

::::
grid

:::
cell

::
of

:::
the

:::::::
original15

:::::::
domain.

::::
This

:::::::
scaling

:::
also

:
affects the ROS and the turbulent diffusion coefficient and their value is reduced by a factor of 4. Fire

intensity and the wind speed remain unaffected by the re-scaling. It is mentioned that such scaling has no effect on the outputs

of the simulations but helps in reducing the computation time.

It is remarked that, in the simulations presented in this paper, the firebrands are considered to be a sphere of constant

radius for each simulation; but in real situations all shapes and sizes of the firebrand are produced from the fuel. The size of20

the firebrand in the set-up of these test cases is assumed to be equal to the "collapse diameter". Experiments show that the

firebrands with size greater than the "collapse diameter" propagate over the same distance under identical initial conditions

(Woycheese et al., 1999). It is also emphasized that the selection of the domain and other parameters do not correspond to any

real fire but an effort is made to chose the values of different parameters to lie in the valid range.

6 Results and Discussion25

5.1
:::::::::

Discussion
:::
for

::::::::
LSFire+

The mathematical formulation of the random effects presented in this article considers the effects of turbulence and fire-spotting

together.

An aspect of the mathematical formulation for fire-spotting worth mentioning here
::::
The

::::
main

::::::::
highlight

::
of

::::
this

::::::::::
formulation

is its ability to generate
:::::::::
incorporate

:::
the

:::::::::
generation

::
of

:
secondary fires. Top panel of Figure

:::
The

:::
top

:::::
panel

::
of

::::
Fig 4 shows the30
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evolving fire perimeter at different time steps. The secondary fires at 60 min and 70min mimic the action of firebrands falling

away from the main fire source. As time progresses, the primary
:::::::
evolution

:::
of

:::::::::::
fire-perimeter

:::::
under

:::
the

:::::
effect

::
of

:::::::::
turbulence

::::
and

::::::::::
fire-spotting.

::::
The

:::::
figure

:::
on

:::
the

:::
left

:::::
shows

:::
the

:::::
effect

::
of

:::::::::::
fire-spotting

::
in

:::
the

:::::::
presence

::
of

::
a
::::::
barrier.

::::
This

::::::
barrier

::
is

:
a
::::
fuel

:::
free

:::::
zone

::::
with

::::
zero

:::::::::
probability

::
of

::::::::
ignition.

:::
The

::::
fire

:::::
break

::::
zone

:::::
stops

:::
the

::::::::
spreading

::
of

:::
the

::::
fire,

:::
but

::
at
:::
50

:::::::
minutes,

::
a
::::
new

::::::::
secondary

::::
fire

::::::
appears

:::::::
beyond

:::
the

::::::
barrier.

::::
This

::::
new

:
fire-line catches up with these isolated fire zones and merges them with itself. Bottom

panel of Figure 4 provides a brief insight into the additional contribution due to the
:
is

:::::::::
completely

::::::::
detached

::::
from

:::
the

::::
main

::::::
parent

:::
line

::::::
though

::
it

::::::::
originates

:::::
from

::
the

:
fire-spotting effects

:::::
effects

::
of

:::
the

::::
main

::::::::
fire-line.

:::
The

::::::
parent

:::
fire

::::::
shows

:
a
:::::::::
negligible

::::::
growth

::
in5

::
the

:::::
head

:::
and

:::::
cross

:::::
wind

::::::::
direction,

:::
but

:::
the

::::::::
secondary

::::
fires

:::::
grow

:::
up

::::::
quickly

:::::
under

:::
the

:::::
effect

:::
of

:::::
wind.

:::
The

:::::
wavy

::::::
pattern

:::
of

:::
the

:::::::::::
fire-perimeter

::::::
results

::::
from

:::
the

:::::::
merging

::
of

::::::::
multiple

::::::::
secondary

::::
fires

::
in

:::
an

:::::::
idealized

::::::
set-up

::
of

:::::::
constant

:::::::::
conditions.

::::
The

:::::
figure

:::
on

::
the

:::::
right

:::::
shows

:::
the

:::::::
scenario

:::::
where

:::::::::
secondary

:::
fires

::::::
appear

:::::::
without

::
the

::::::::
presence

::
of

:
a
::::::
barrier.

::::
The

:::::
effect

::
of

:::::::::
fire-brands

:::
first

:::::::
appears

::::::
around

:::
130

:::::::
minutes

::::
and

:::::::::
henceforth,

:::
the

::::
new

:::::::::
secondary

:::
fire

:::::::
behaves

::
as

::
a

:::::::
separate

:::
fire

::::
and

::::::
evolves

::::::::::
accordingly.

:::
In

:::::::::
LSFire+

::
the

::::::
effects

::
of

::::::::::
firespotting

:::::
occur

::
in

::::::::::
conjunction

::::
with

:::::::::
turbulence

:::
and

::::
both

::::::::
processes

:::::::::
contribute

:::::::
towards

:::
the

:::
fire

::::::::::
propagation.

::
It

::
is10

::::::
difficult

::
to

:::::::
separate

:::
the

::::::
effects

::
of

::::
both

::::::::
processes

:::::::::::
individually,

:::
but

:
a
::::::::::
comparison

::
of

:::
the

:::::::
increase

::
in

::::::
burned

::::
area

:::
due

::
to

:::::::::
turbulence

:::
and

:::::::::
turbulence

::
+

:::::::::
firespotting

::
is
::::::::
presented

:::
in

::::::
bottom

:::::
panel

::
of

::::
Fig.

:
4. The total number of burned points is plotted at different

times for two simulations: only turbulence, and turbulence plus
:
+
:
fire-spotting. All the simulation parameters remain the same

in both the simulations. At lower times,
::
As

:::
the

:::
fire

:::::
starts

::::::::
evolving,

:::
the

::::
line

::::
plots

:::
for

:::::
both

:::
the

:::::::::
simulations

:::::::
overlap

:::::::::
signifying

:::
that

:
fire-spotting has no visible contribution, but after 50min, the activity due to

::
50

:::::::
minutes,

:::
the

:
fire-spotting

::::
effect

:
picks up15

and the burned area increases rapidly. At 140min the
:::
140

:::::::
minutes

:
increase in the burned area with

::::
under

:
the combined effect

of the two random processes is three times more than
:::::
almost

:::::
three

:::::
times

:::
the

:::::
effect

::
of turbulence alone.

Top panel of Figure ?? shows the
:::
For

:::
the

::::::::
response

:::::::
analysis

:::::::
separate

:::
set

:::
of

::::::::::
simulations

:::
are

::::::
carried

::::
and

:::
the

::::::::
response

::
is

::::::::
evaluated

:::::::
through

:
a
:::::::::
parameter

:::
�e,

::::::
which

::::::::
describes

:::
the

::::::::
effective

:
increase in the burned areadue to the combined effect of

turbulence and fire-spotting when
:
:20

�e = (xrandom �xno�random)/xno�random .
:::::::::::::::::::::::::::::::::::

(15)

::
�e::

is
::::::
simply

:::
the

::::::::
increase

::
in

:::
the

:::::::
number

:::
of

::::::
burned

::::
grid

:::::
points

:::::
with

::::::
respect

::
to
::::

the
:::::::::
simulation

:::::
when

:::
no

:::::::
random

::::::
effects

:::
are

:::::::::
considered.

:

:::
The

:::::::::
simulated

::::::
domain

:::
for

:::
the

::::::::
response

:::::::
analysis

::
is

::::::
chosen

:::
as

:
a
::::::::
rectangle

::
of

::::::::::
dimensions

::::::::::::::::::::::::
[0m,6000m]⇥ [0m,6000m].

::::
The

:::::::::
simulations

::::
start

::
at
::::
time

:::::::::
t= 0min

:::
and

::::
end

::
at

::::
time

:::::::::::
t= 140min.

:::
The

::::
grid

:::::::
spacing

::
is

:::::::::::::::
�x=�y = 20m.

::
At

::::
time

:::::::::
t= 0min

:::
the25

:::::
initial

:::::::
fire-line

::
is

:
a
::::::

circle
:::

of
:::::
radius

::::::
180m

::::::::
centered

::
at

::::::::::::::::::
xc = (720m,3000m).

::::
The

:::::::::
horizontal

::::
wind

::::
has

::::
been

::::::::
assumed

::
in

::::
this

::::::::
simulation

::::::
set-up

::
as

:
a
::::::::
constant

::::
field

::::::
parallel

::
to

:::
the

::::::
vector

::::::::
j= (1,0)

:::
and

::::
with

:::::::
modulus

::::::::::::::
|Uh|= |(U,V )|.

:

::::::::
Response

:::::::
analysis

::
to

::::
fire

::::::::
intensity

::
An

::::::::
increase

::
in the fire intensity of the wildfire increases. Constant wind velocity

:::::
causes

::
an

:::::::
increase

:::
in

:::
the

::::::
burned

::::
area

::::
(see

:::
Eqn

::::
(14)

:::
for

:::
the

::::::::
definition

::
of

:::
the

::::::
ROS);

::
at

:::
the

:::::
same

::::
time,

:::
the

:::::::::::
fire-spotting

::::::::
behaviour

::
is

::::
also

:::::::
affected

::
by

::::
any

::::::
change

::
in

::
I .

::::
The30

::::::::
parameter

::
�e::::::

allows
::
us

::
to
:::::::
identify

:::
the

::::::::::
contribution

:::
of

::::::::::
fire-spotting

:::::::
towards

:::
the

:::::::::::::
fire-propagation.

::::
The

:::
top

:::::
panel

::
of

::::
Fig.

:
5
::::::
shows
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::
the

:::::::
change

::
in

:::
the

::::::
burned

::::
area

:::::
under

:::
the

::::::::
combined

:::::
effect

::
of

:::::::::
turbulence

::::
and

::::::::::
fire-spotting

::::
with

:::::::
increase

::
in

:::
the

:::::::::::
fire-intensity.

::::
The

:::
two

:::
line

:::::
plots

:::::::::
correspond

::
to

:
a
:::::::
constant

:::::
wind

:::::
speed (10ms�1) and the firebrand radius (

:::
but

:::
two

::::::::
firebrand

:::::
radii,

:::
i.e., 0.015m ) are

considered for these simulations. From
:::
and

:::::::
0.030m.

:::::::::
According

:
the physical parametrisation of the lognormal shape parameters

µ and �, for these set of simulations (increasing the
:::::::
increase

::
in fire intensity I), the value of

::::::::
parameter µ varies while

::::::::
parameter

� remains constant. The effective increase in the burned area is evaluated through a parameter �e, which describes the
:::
For

:::
the

::::
both

::
set

:::
of

::::
radii,

:::
an

:
increase in the number of burned grid points with respect to the simulation when no random effects are5

considered:

�e = (xrandom �xno�random)/xno�random .

According to the definition of the ROS (Eq. 14), the
::
fire

::::::::
intensity

::::::
shows

::
an

::::::
sharp

:::::::
increase

::
in

:::
the

:::::
burnt

::::
area

::::
for

:::
low

::::
fire

:::::::::
intensities.

:
A
::::::::
zoom-in

::
of

:::
this

:::::
sharp

:::
rise

::
is

:::
also

::::::
shown

::
in

:::
the

:::
top

::::
right

::::::
figure.

:::
For

::::::
smaller

::::::::
firebrand

::::::
radius,

:::
the

::::::::::
fire-spotting

:::::
effect

:::::
shows

:
a
::::::

slight
::::::::
saturation

:::::::
between

::::::
15-25

:::::::::
MWm�1,

:::
but

::::
with

::::::
further

:
increase in the fire intensitycauses an ,

:::
the

:::::::::::
contribution10

::
of

::::::::::
fire-spotting

:::::::
remains

:::::::
positive

::
till

:::::::::::
60MWm�1

:::
and

::::
then

::
it
::::::::
saturates

:::::
again.

::::
Any

::::::
further increase in the total burned area, but

the relative change with respect to the burned area (�e) reflects a sharp rise in the burned area followed by a gradual fall. An

::::::::::
fire-intensity

::::::
causes

:
a
:::::::::
decreasing

::::::::::
importance

::
of

:::
the

:::::::::::
fire-spotting.

:::
For

:::
the

:::::
larger

::::::::
firebrand

:::::
radius,

::
a
::::::
similar

:::::::
behavior

::
is

::::::::
observed

::
for

::::
fire

::::::::
intensities

::::
less

::::
than

:::::::::::
15MWm�1,

:::
but

::::
with

::::::
further

:::::::
increase

::
in
:::
I ,

:::
the

::::::::::
contribution

::::
from

:::::::::::
fire-spotting

::::
takes

::
a
:::
dip

::::::
before

:
it
:::::
starts

::
to

:::::::
increase

::::::
again.

::
A

:::::::
zoom-in

::
of

:::
the

::::::::
response

:::::::
analysis

::
is

::::::::
important

:::
as

:::::::
literature

::::::
shows

::::
that

:::
for

:::
fire

:::::::::
intensities

::::::
around15

:::::::::
8MWm�1

:::
for

:::::::::
vegetation

::::
type

:::::
Pinus

:::::::::
ponderosa

::
are

::::::::
classified

:::
as

::::
high

::::::::
""severity

::::::
class"

:::::::::::::::::::::::
(Chatto and Tolhurst, 2004).

:::
For

::::
fire

::::::::
intensities

:::::::
ranging

::::
upto

:::
10

::::::::
MWm�1

:::
we

::::
can

:::::::
observe

::
a

::::
rapid

::::::::
increase

::
in

:::
the

:::::::::::
fire-spotting

::::::::
behaviour

:::::
upto

::::::::::
4MWm�1.

::::
Any

:::::
further

:
increase in the fire intensity shows a little variation for values between 15� 38KWm�1, but any further increase in

:::
has

:
a
:::::::
positive

:::::
effect

::
on

:::
the

:::::
ROS

:::
and

:::
on

:::
the

::::::::::
propagation

::
of

:::
the

:::::
main

::::
fire,

::::
such

::::
that

:::
less

:::::
effect

:::
on

:::
the

:::::::
fire-line

:::
due

::
to
:::::::::::
fire-spotting

::
are

:::::::::
observed.

:
It
::
is

::::
also

:::::::::
interesting

::
to

::::
note

:::
that

:::
for

:::::
weak

::::
fires

::::
(less

::::
than

::::::::::
1MWm�1),

:::
the

::::::::::
fire-spotting

::::::::::
mechanism

:
is
:::::::::::
independent20

::
of

:::
the

:::::::
firebrand

::::::
radius.

:

::
In

:::::
order

::
to

::::::
explain

:::::
these

::::::::::::
observations,

:::
we

:::
plot

::::
the

:::::::::
lognormal

::::::::::
distribution

:::
for

:::::::
selected

::::::
values

::
of

:
I declines the effective

contribution of the firebrands. In a lognormal distribution ,
::::::
(bottom

:::::
panel,

::::::
Figure

:::
5).

:::::
These

:::::::::
lognormal

::::::::::
distribution

::::
plots

:::::
show

::::::
general

::::
trend

:::
in

::
the

::::::::::
distribution

::::
with

:::::::
varying

:
µ
:::
but

::::::::
constant

::
�.

::::
With

:
an increase in the value of

:
I
:::
(or µreduces

:
),
:
the maximum

probability , and the right tail tends to follow a very slow decay with small values of probability. In such situations, the 67th25

percentile of the lognormal distribution represents the distance where firebrands do not have enough temperature to cause

ignition . Ignition of the unburned fuel is an accumulative process, and an adequate heat transfer is required to reach the

ignition temperature
::::::::
increases

:::
but

:::
the

:::::::::
distribution

::::::::
becomes

::::::::::
increasingly

:::::::
skewed.

:::
For

::::
this

::::::::
particular

:::::
set-up

::
of

::::::::::
parameters

:
µ
::::
and

:
�
:::
the

::::::::
skewness

::
is

::::
more

::::::::::
pronounced

:::
for

:::
fire

:::::::::
intensities

::::::
greater

::::
than

::::::::::
20MWm�1

:::::::
(bottom

:::::
right).

::::
For

:::::
lower

:::::
values

::
of

::
I

::::
(less

::::
than

:::::::::::
20MWm�1),

:::
the

::::::::
lognormal

::::::::::
distribution

:::::
tapers

:::
off

::::::
slowly

:::
and

:::
the

:::::::::
probability

::
of

:
a
:::::::::::
"long-range"

:::::::
ignition

::::::::
increases.

::::
This

:::::::
explains30

::::
large

:::::
initial

:::::::
increase

::
in

:::
the

::::::::::
contribution

::
of

:::
the

::::::::::
fire-spotting

::::::::
behaviour

:::
for

:::
low

:::::
range

::
of

:::::::::::::
fire-intensities.

::
As

:::
the

::
as

:::
the

:::::::::
magnitude

::
of

::
the

::::::::::::
corresponding

::::
peak

:::::
value

::
is

::::
also

::::::::
decreasing

::::
with

:::::::::
increasing

::
µ

::
or

::
I ,

:::
this

:::::::::::
"long-range"

::::::
ignition

:::::::::
probability

::::
can

::::
have

:
a
:::::::
positive

:::::::
influence

::::
only

:::
till

:
a
::::::
certain

:::::::::
threshold.

::::
This

::::::::
threshold

:
is
:::
the

:::::
range

::::::
where

::::::::
parameter

::
�e:::::

takes
:
a
:::
dip

::
or
::::::
shows

:
a
:::::::::
saturation.

:::::::
Beyond
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:::
this

:::::
point,

:::
the

:::::::
effective

:::::::::::
contribution

::
of

:::::::::::
"long-range"

:::::::::
probability

::::::::::
diminishes,

:::
and

:::
the

::::::::::
contribution

::
of
::::::::::::::

the"short-range"
::::::::
ignitions

:::::::
becomes

:::::::::::
increasingly

:::::::::
important.

:::
The

:::::::
gradual

:::::::
increase

:::
in

:::
the

::::::::
effective

::::::
burned

::::
area

:::
for

::::
both

::::::::
firebrand

:::::
sizes

:::::::::::::
(fire-intensities35

::::::
greater

::::
than

::
30

:::::::::
MWm�1)

:::
can

:::
be

::::::::
attributed

::
to

::::
this

::::::
reason.

:::
For

::::
large

::::::
values

::
of

::
µ

:::
the

:::::::::
lognormal

::::::::::
distributions

::::
tend

::
to

:::
be

::::::
similar

::::::
though

::::
they

:::::
retain

::::
their

::::::::
behaviour

:::
of

::::::::
becoming

:::::::::::
increasingly

::::::
skewed

::::::
(figure

::::::
bottom

::::::
right).

::::::
Ideally,

::::
with

:::::::::
increasing

:::::::::
skewness,

::
the

::::::::::::
"short-range"

:::::::::
probability

::::
will

:::
lie

:::::
much

:::::
closer

:::
to

:::
the

::::
main

:::::::
fire-line

::::
and

:::
the

::::::::
effective

::::::::::
contribution

::
of

:::::::::::
fire-spotting

::::::
should

:::::::
decrease.

::::
But

::::
since

:::
we

:::::::
observe

::::
such

:::::::::
behaviour

::::
only

::
for

:::
the

:::::::
smaller

::::::::
firebrand,

::::
such

:::::::::
behaviour

::::
may

::::
exist

:::
for

:::
the

::::
large

::::::::
firebrand

::::
only

::::::
outside

:::
the

::::::
current

:::::
range

::
of

::::::::::
simulations.

:
5

:::
The

:::::
effect

::
of

:::
the

:::
fire

::::::::
intensity

::
on

:::
the

:::::::::::
fire-spotting

::::::::
behaviour

:::
can

::::
also

::
be

:::::::::
explained

::
by

:::
the

:::::::
physical

:::::::::::::
parametrisation

::::::::
provided

::
in

:::
this

::::::
article. According to the physical parametrisation proposed here, an increase in the fire intensity increases the plume

heightand causes the firebrands to be
::::::::
maximum

:::::::
loftable

::::::
height,

:::::
hence

:::
the

::::::::
firebrands

:::
are

:
ejected from elevated heights. Higher

release height contributes towards an increase in the firebrand activity at longer distances and the initial increase in the fire

perimeter points follows this observation. But at the same instance, the increase in the firebrand ejection height over constant10

wind conditions causes the firebrands to travel longer in the atmosphere before hitting the ground. The growing travel time for

a firebrand promotes its combustion and the firebrand reaches the ground with a lower temperature
:::
(less

:::::::::::
"long-range"

:::::::
ignition

:::::::::
probability)

:
than its counterpart ejected at lower heights. Lower temperature of the firebrands leads to an inadequate heat

exchange with the unburned fuel for a successful ignition and hence after reaching an area of maximum activity, the effective

contribution of the
::::::::::
"long-range"

:
firebrands under same atmospheric conditions diminishes with increasing plume height

:::
fire15

::::::
activity.

::::
This

:::::::
explains

:::
the

:::::
initial

::::::::::::
dip/saturation

::
in

:::
the

::::::::
fire-brand

:::::::
activity.

::
At

:::
the

:::::
same

:::::::
instance,

:::
the

:::::::::::
"short-range"

:::::::::
firebrands

::::
have

:::::
larger

::::::
energy

:::
and

::::::::
becomes

:::
the

::::::::
dominant

:::::
cause

:::
of

:::
the

:::::::::
fire-spread.

:::::
This

:::::
range

:::
can

:::
be

:::::::::
considered

::
as

:::
the

:::::::::
transition

::::
time

:::::
when

::
the

:::::::::::
"long-range"

:::::::::
firebrands

::::::
become

::::
less

::::::::
important

:::
but

:::
the

:::::::::::
"short-range"

:::::::
activity

:::::
picks

:::
up.

:::
For

:::
the

::::::
heavier

:::::::::
fire-brands

::
a

::::::
similar

::::::::
behaviour

::
is

::::::::
expected,

::::::
though

:::
the

:::::::::
maximum

:::::::
loftable

:::::
height

:::::
under

::::::::
identical

::::
wind

::::
and

:::
fire

:::::::::
conditions

::
is

:::::
lower.

::::::
Lower

:::::::
loftable

:::::
height

::::::::
decreases

:::
the

:::::::::
maximum

:::::::
landing

:::::::
distance

:::
and

:::
the

:::::::::
magnitude

:::
of

:::
the

::::::
burned

::::
area

:
is
:::::

less,
:::::
which

::
is

::::
also

::::::
evident

:::::
from

:::
the20

:::::
lower

::::::::
magnitude

:::
of

::
�e::

in
:::
the

::::::
results.

::::::::
Response

:::::::
analysis

::
to

:::::
wind

:::::
speed

Bottom panel of Figure ??
:::
Fig.

::
6 highlights the simulation results with an increasing value of the wind velocity over constant

fire intensity (50KWm�1
::::::::::
50MWm�1). The results for two different radii (0.015m and 0.15m

:::::::
0.030m) are presented. In terms

of the lognormal shape parameters, a varying U and r under constant fire intensity correspond to a varying � and constant µ25

respectively
:::
The

::::::::::
fire-spotting

::::::::::
mechanism

:::
over

:::::::
varying

::::
wind

::::::
speeds

::::::
shows

::::::
similar

::::::::
behaviour

:::
for

:::::::
different

::::
size

::
of

:::
the

:::::::::
firebrands.

:::
For

::::
both

:::::
radii,

:::
the

:::::::
effective

:::::
burnt

::::
area

::::::::
increases

::::
with

:::
the

:::::::::
increasing

:::::
wind

:::::
speed

:::
but

:::::
after

:
a
::::::
certain

:::::::::
threshold,

::
an

::::::::
increase

::
in

::
the

:::::
wind

:::::
speed

:::::
leads

::
to
::

a
::::::
decline

:::
in

:::
the

:::::::
effective

:::::
burnt

::::
area. The line plot for r = 0.015m shows that the increasing wind

velocity causes the effective area under fire to increase substantially. The burned area increases 50 times under the combined

effect of the turbulence and fire-spotting over the case of no-random effects. After a peak firebrand contribution observed30

around 15ms�1
::::
after

:
a
:::::

value
:::::::

around
:::::::
10ms�1, the contribution of the firebrands decreasesand at very high wind velocities

(beyond 20ms�1), the total increase in the burned area is constant. On the other hand, for the other set of simulations for radius
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r = 0.15m.
:::::::::
Similarly,

::
in

:::
the

:::
blue

::::::::
line-plot

::
for

::::::
radius

::::::::::
r = 0.030m, the effective increase in the

::::::
burned area follows an identical

pattern with an exception of the uniform behavior exhibited at high wind velocities. The
:::
but

:::
the

:
total increase in the burned

area for a larger firebrand size is also of a lesser magnitude. This response of the model over different wind velocities and

firebrand radii is well contained in the nature
:
is

:::::
lesser

::
in

:::::::::
magnitude

:::
and

::::::
shows

:
a
:::::::::
saturation

::::::
around

:::
the

:::::::
maxima

:::::
before

::
it
:::::
starts

::
to

:::
fall

::::::
(around

:::::::::
22ms�1).

:::
For

::::::
bigger

::::::::
firebrands

:::
the

:::::
onset

::
of

:::
the

::::::::
maximum

::::::
occurs

::
at

::::::
higher

::::
wind

::::::
speeds

:::
and

::
it
:::::::
sustains

::::::
longer.

:::
The

:::::::::
lognormal

::::::::::
distributions

:::
for

:::::::
selected

::::::
values

::
of

:::::
wind

:::::
speed

::::
(but

::::
fixed

::
r

:::
and

::
I)

:::
are

::::::
plotted

:::
in

:::
the

::::::
bottom

:::::
panel

::
of

::::::
Figure

::
6.

:::::
These

::::
two

:::::
plots

:::::
show

::::
two

:::::::
different

:::::::
aspects

::
of

::::
the

:::::::
response

:::::::::
behaviour

:
of the lognormal distribution and the physical5

parametrisation of
:::::
when

::::::::
parameter

:
� . Increasing the value of

::
is

::::::
varying

:::
but

:::::::::
parameter

:
µ
::
is
::::::::
constant.

::::::
Firstly,

:::::
from

:::
the

::::::
bottom

:::
left

:::::
figure

::
it
::
is

:::::::
evident

:::
that

:::::
with

:::::::
increase

::
in

:::
the

:::::
wind

:::::
speed

::::::::::
(increasing

:
�shifts the maximum

:
,
:::::::
constant

:::
µ)

:::
the

:::::::::
lognormal

:::::::::
distribution

:::::
shifts

:::::::
towards

::::
the

:::
left

:::
but

:::
the

:::::
tails

::::
taper

:::
off

:::::::
slowly,

::::::
making

::::
the

::::::::::
distribution

:::::
wider

::::::
around

:::
the

::::::::::
maximum.

::::
The

:::::::
increase

::
in

:::
the

:::::
width of the lognormal distribution towards left with a very sharp rise . Owing to the sharp rise, the right tail

follows a slow and steady decay to zero. This behavior
::::
leads

::
to

::
a
:::::
larger

::::
area

::
of

:::::::::::
"long-range"

::::
and

:::::::::::
"short-range"

::::::::::
probability10

:::
and

:::::
hence

:::::::
explains

:::
the

:::::
initial

::::
rise

::
of

:::
the

::::::
burned

::::
area

::
in

:::
the

:::
top

:::::
panel.

:::
At

:::
the

::::
same

:::::
time,

:::
the

:::::::::
increasing

::::
wind

:::::
speed

::::
also

::::::
causes

:
a
:::::::
decrease

:::
in

:::
the

:::::::::
magnitude

::
of

:::
the

::::::::::
probability,

:::::
hence

:::::::
beyond

:
a
:::::::

certain
::::::::
threshold,

:::
the

::::::
overall

:::::::::::
contribution

::::
from

:::::::::::
fire-spotting

::::
starts

::
to

::::
fall.

:::
The

:::::::::
saturation

::
in

:::
the

::::::::::
fire-spotting

:::::::::
behaviour

:::
can

::
be

::::::::
explained

:::
by

:::
the

::::::
second

:::::
aspect

:
of the lognormal is capable of

replicating the effects of a strong wind over the firebrands. A strong wind
::::::::
response.

::::
The

:::::
figure

::
on

:::
the

::::::
bottom

:::::
right

:::::
shows

::::
that

::::
after

:
a
::::::
certain

::::::::
threshold

::
of

::::::::
parameter

::
�
::
or

:::::
wind

:::::
speed,

:::
the

:::::::::
lognormal

::::::::::
distributions

:::::::
become

::::::::::
increasingly

:::::::
similar.

::::
This

::::::::
threshold15

:::::::
depends

::::
upon

:::
the

:::::
value

::
of

:::::::::
parameter

::
µ,

:::
and

:::
for

:::::::
smaller

:::::
values

::
of

::
µ
:::::::
(smaller

::
r
::
or

:::
I),

:::
we

::::
have

::
an

:::::
early

:::::
onset

::
of

:::
this

:::::::::
threshold.

::
As

:::
the

:::::::::
lognormal

::::::::::
distributions

::::
tend

:::
to

::::
have

::::::
similar

:::::::::
probability

:::::::::::
distributions

::::
with

:::::::::
increasing

::::
wind

:::::
speed

::::::
(figure

::::::
bottom

::::::
right),

::
the

:::::::::::
contribution

::::
from

:::::::::::
fire-spotting

:::
also

::::::::
becomes

::::::
similar

:::
and

::
it
:::::::
explains

:::
the

:::::::::
saturation

::
in

:::
the

::::::::::
fire-spotting

:::::::::
behaviour

::
of

::::::
bigger

:::::::
firebrand

::::::
radius.

:

::::
This

:::::::
response

::
of

::::
the

:::::
model

::::
over

::::::::
different

::::
wind

:::::::::
velocities

:::
can

::::
also

::
be

:::::::::
explained

::::::
through

::::::::
physical

:::::::::::::
parametrisation

::
of

::
�.

:::
In20

::::
terms

:::
of

:::
the

:::::::
physical

::::::::
quantities

::::
used

::
in

:::
the

:::::::::::::
parametrisation,

::
it
:::
can

:::
be

::::::
argued

:::
that

::::::
strong

:::::
winds can carry away the firebrands at

longer distances from the main source
::
and

:::::
result

:::
in

:
a
:::::
larger

::::
fire

::::::::
perimeter

:::::::::
(increasing

::::::::::
"long-range

:::::::::::
probability"). Historically

it has been reported that strong winds coupled with extremely dry conditions formed the perfect recipe for long range fire-

spotting. It is evident from Eq. (??) that an increasing value of � can be attributed to both increasing wind velocity and

decreasing fire-brand size. Strong wind speeds can loft the smaller firebrands to longer distances but with an increasing wind25

speed the combustion process quickens and the firebrands reach the ground with less temperature. This fact explains the fall

in
:::::::
reduced

:::::
effect

::
of

:::::::::::
fire-spotting

::
on

:
the burned area over high wind conditions. On the other hand, a larger firebrand size

can sustain longer in the atmosphere but their heavier mass
::::
hence

:::::
their

:::::::::::
"long-range"

:::::::::
probability

::
is

::::::::
relatively

::::::
higher

::::
than

:::
for

::::::
smaller

:::::::::
firebrands.

::::
This

:::::::
explains

::::
the

::::
onset

:::
of

::::::::
maximum

:::::::
burned

:::
area

:::
at

:::::::
15ms�1

::::::
instead

::
of

:::
12

:::::
ms�1

:::
for

:::::::
0.015m

::::::
radius.

::::
The

::::::
heavier

::::
mass

::
of
::::::
bigger

:::::::::
firebrands restricts their flight to shorter distances in comparison to the lighter firebrands . The uniform30

increase in the burned area for r = 0.015m mimics the situation where the activity of firebrands ceases to have any active

long range contribution and turbulence plays a dominant role towards increasing the perimeter of the wildfire. Whereas, for a

heavier firebrand lack of such constant behavior clearly points towards
:::
and

:::::
hence

:
a
:::::
lower

:::::::::
magnitude

::
of

:::
the

::::::
burned

::::
area

::
is

::::
also

18



::::::::
observed.

:::
The

::::::
longer

:::::::::
saturation

::
in

:::
the

::::::::
fire-brand

:::::::
activity

:::
for

:::
the

:::::
larger

::::::::
firebrand

::
is

:::::::
because

::
of

:
its ability to sustain longer in

identical wind and fire conditions. Though not evident in the figure, the region depicting the negligible contribution from the

heavier firebrands is expected to be observed beyond the range of wind speed presented in the plot
:::
stay

::::::
longer

::
in

:::
air

:::::::
without

::::::
burning

:::
out.5

6 Conclusions

A mathematical formulation complete with its physical parametrisation
:::::::::::::
RandomFront

:::::
2.3 to reproduce/mimic the fire-

spotting behavior is presented in this article. The simulations
:
In

:::::::::
particular,

:::
we

:::::::
provide

::
a

:::::::
versatile

:::::::::::
probabilistic

::::::
model

:::
for

::::::::::
fire-spotting

:::
that

::
is

:::::::
suitable

::
for

::::::::::::::
implementation

::
as

:
a
:::::::::::::
post-processing

::::::
scheme

::
at
::::
each

::::
time

::::
step

::
in

:::
any

:::
of

:::
the

::::::
existing

::::::::::
operational

:::::::::
large-scale

::::::
wildfire

::::::::::
propagation

:::::::
models,

:::::::
without

:::::
calling

:::
for

::::
any

:::::
major

:::::::
changes

::
in

::
the

:::::::
original

::::::::::
framework.

::::
This

::::::
simple

:::::::
physical10

::::::::::::
parametrisation

::
is
::::
also

::
an

::::::
added

::::::::
advantage

:::
for

::::::::
real-time

::::::::::
application.

::
In

::::
this

::::::
respect,

::::::::::::::
RandomFront

:::::
2.3

::
is

:::::::::::
implemented

::
in

::
the

:::::::
coupled

::::::::::::::
fire-atmosphere

:::::
model

::::::::::::
WRF-Sfire

:::
and

::
a
::::::
simple

:::
test

::::
case

:::::::::
discussed.

:::::::::
Moreover,

:::
the

::::::::
proposed

::::::::::
formulation

::::
and

::::::::::::
parametrisation

::::
can

::
be

::::::::
extended

::
to

:::::::
include

::::::
further

::::::::
variables

::::
such

::
as

::::::::
moisture,

::::::
spatial

::::::::::
distribution

::
of

:::::::::::
combustible,

:::::::::
orography

:::
and

::::
also

::::::::::
atmospheric

::::::::
variables

::::
such

::
as

::::
wind

::::
and

:::::::
pressure

:::
that

:::
are

::::::::
available

::
by

:::::::
running

:::
the

:::::::::
simulation

::::
with

:::::::::::
WRF-Sfire

:
.
::::
This

:::::
allows

:::
for

:::::::
shading

::::
light

::
on

:::
the

:::::::::
interaction

::::::::
between

::
the

::::::::::
concurrent

:::::
factors

:::
in

::::::::
wildfires.15

::::::::::
Furthermore,

::::::::::
simulations

::::
with

:
a
::::::
simple

::::::::::
propagation

:::::
model

:::::
based

:::
on

:::
the

::::
Level

:::
Set

::::::::
Method,

::::::
namely

:::::::::
LSFire+,

:
are performed

to highlight the different responses of the model towards varying fire intensities and wind conditions. A case study ,
::::
and

:::::::
constant

::::::
climatic

:::::::::
conditions

:::
are

::::::::
assumed

::
in

:::
the

:::::
entire

::::::
set-up.

::::::
Results with different firebrand radii is

::
are also shown. The

::
In

::::
both

::::::::::::::
implementations,

::::
i.e.,

:::::::::::
WRF-Sfire

:::
and

:::::::::
LSFire+

:
,
:::
the simulations are simplified to highlight the physical applica-

bility of the modeland constant climatic conditions are assumed in the entire set-up. This
:
.20

:::
The

:::::::::::::
parametrisation

::::::::::::::
RandomFront

::::
2.3

:::::::
provides

:
a
::::::
simple

::
yet

:::::::
versatile

:::::::
addition

::
to

::::::::::
operational

:::
fire

:::::
spread

:::::::
models

::::::::::
reproducing

::
the

::::::::
different

:::::::
physical

:::::::
aspects

::
of

:::
the

::::::::
firebrand

::::::
landing

::::::::
behavior

::::
and

:::::::::
simulating

:::
the

:::::::::
occurrence

::
of
:::::::::

secondary
::::
fires

:::
as

:
a
::::::
result.

:::
The

::::
new

::::::::
secondary

::::
fires

:::
are

::::
also

:::::::
capable

::
of

:::::::::
modulating

:::
the

:::::::
weather

::::::
around

:::
the

:::::::
primary

:::
fire

:::
and

:::::
clear

::::::::::
interactions

:::::::
between

:::
the

:::
two

:::
are

::::::::
observed.

::::
The

::::
wind

:::::::::
conditions

:::
and

::::::::::::
fire-perimeter

::::
play

::
an

:::::::::
important

:::
role

::
to

:::::::::
determine

:::
the

:::::::::
occurrence

::
of

:::
the

:::::::::
secondary

::::
fires.25

:::
The

::::::
results

::::::::
highlight

::::
that

:::
the

:
parametrisation is successful in reproducing the different physical aspects of the firebrand

landing behaviorand provides a simple yet versatile addition to operational fire spread models.

:
. In this model, the complexities related to the shape and density of the firebrands are not considered and for brevity they are

assumed to be spherical with the diameter of the order of the "collapse diameter". The model also does not include an explicit

computation of the time taken to reach the charred oxidation state, but an heating-before-burning mechanism is introduced30

in the mathematical formulation to serve a similar purpose. The inferences made from the simulations clearly fit within the

physical aspects of the fire-spotting process. The increase in the wind speed causes an initial flare up in the fire perimeter,

but in really high wind conditions, the size of the firebrand becomes an important parameter in determining their effective

contribution . Firebrands of smaller sizes burn-out before they can cause ignition over landing
::::
wind

::::::::
enhances

:::
the

::::::::::
propagation
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::
of

:::
the

::::
main

::::
fire

:::
and

::::
this

::::::
reduces

::::
the

:::::::
effective

::::::::::
contribution

:::
of

:::
the

::::::::::
fire-spotting. Similarly, with increasing fire intensities, the

firebrands are ejected from higher heights have to travel longer and beyond a certain threshold they fail to have enough energy

to cause ignition of the unburned fuel. Though the mathematical model presented here does not deal with these physical aspects

explicitly, the simulation results from the evolution of the fire perimeter agree with the behavior of the
::
fire

::::::::
intensity

::::::::
enhances5

::
the

:::::
ROS

::
of

::::
the

::::
main

::::
fire

::::
such

::::
that

::::
new

:::::::
ignitions

:::
of

:::
the

::::::::
unburned

::::
fuel

:::::
ahead

:::
of

:::
the

:::::
main

:::
fire

:::
by

:
fire-spotting process.

:::
are

:::::::
reduced.

Though many other studies focus on the long range landing distributions of the firebrands, most of them include rigorous

computational aspects like LES which limit their applicability to the operational models for wildfire propagation. The sim-

ple yet powerful probabilistic formulation presented in this paper obeys the physical aspects of the fire-spotting process and10

provides scope for its applicability to operational fire spread models. The simple physical parametristaion is also an added

advantage for real-time application. In fact, the moving interface method utilized in this formulation to evolve the fire-line is

based on LSM, which also forms the baseline of the operational model WRF-SFIRE. As a next step, the implementation of this

parametrisation into an operational model like WRF-SFIRE or FOREFIRE is planned which would also facilitate a validation

with the observations to complete the study.15

Code availability. The code LSFire+ is developed in C and Fortran where the model RandomFront 2.3 acts as a post-processing

routine at each time step in a LSM code for the front propagation implemented by the means of LSMLIB (Chu and Prodanović, 2009) and

the ROS is computed by using the library FireLib (Bevins, 1996). The numerical library LSMLIB is written in Fortran2008/OpenMP and

propagates the fire-line through standard algorithms for the LSM, including also Fast Marching Method algorithms. Furthermore, the routine

RandomFront 2.3 has been also implemented in the latest released version of WRF-Sfire (https://github.com/openwfm/wrf-fire/) by20

introducing new ad-hoc routines. Both implementations of RandomFront 2.3 in LSFire+ and WRF-Sfire are freely available at the

official git repository of BCAM, Bilbao, https://gitlab.bcamath.org/atrucchia/randomfront-wrfsfire-lsfire.

Simulations with WRF-Sfire have been perfomed on a Intel(R) Core(TM) i5-4310M 2.70GHz CPU laptop with 8 GB of RAM. Each

simulation that spanned 20 physical minutes took about 100 minutes of computational time.

Simulations with LSFire+ are perfomed over the cluster HYPATIA of BCAM, Bilbao, using OpenMP shared memory parallelism,

running over 24 cores inside of a Intel(R) Xeon(R) CPU E5-2680 v3 2.50GHz node with 128GB RAM. The computational time for each

simulation, that spanned 140 minutes of physical time, was about 45 minutes.5

Author contributions. The research was planned and coordinated by GP in collaboration with IK. GP and IK formulated the physical

parametrisation. IK performed the simulations of the test cases with LSFire+ and gave the main contribution to writing the text. AT

implemented the routines of RandomFront 2.3 into WRF-Sfire and performed the corresponding simulations. AB contributed to run

the simulations with LSFire+ and VE contributed to run the simulations with WRF-Sfire.
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Table 1.
:::
List

::
of

:::::::
symbols.

Model quantities Units

:::
�e,

::::::
effective

:::::::
indicator

:
-

::
 ,

::::::
ignition

::::::
function

: :
-

::::::::
x= (x,y),

::::::::
horizontal

:::::
space

::::::
variable

::
m

:
t,
::::
time

:
s

::
f ,

::::::::
probability

::::::
density

::::::
function

::
of

:::
the

::::::
random

:::::::
processes

: ::::
m�2

:::::::
G(x; t)),

::::::
isotropic

::::::::
bi-variate

:::::::
Gaussian

::::::::
probability

::::::
density

::::
m�2

::::
q(l),

:::::::
lognormal

:::::::::
distribution

::
of

:::::::
firebrand

::::::
landing

::::
m�1

Parameters

Static Parameters Value

:
µ
:
,
::::::::
parameter

::
of

:::
q(l)

: :
–
:

::
�,

:::::::
parameter

::
of
::::
q(l)

:
–
:

::
D

:::::::
turbulent

:::::::
diffusion

::::::::
coefficient

::
of

:
G
: ::::::::

0.15m2s�1
:

:::
⇢a,

:::::
density

::
of

::
air

: ::
1.2

::::::
kgm�3

:::
⇢f ,

::::::
Density

::
of

::::::
wildland

::::
fuel

:
(
::::
Pinus

::::::::
Ponderosa)

:::
542

::::::
kgm�3

:::
Cd,

:::
drag

::::::::
coefficient

: :::
0.45

:

::
zp,

::::
p-th

:::::::
percentile

: :::
0.45

:

::
g,

:::::::::
acceleration

:::
due

::
to

:::::
gravity

: ::
9.8

:::::
ms�1

:::
Hc,

:::
heat

::
of
:::::::::
combustion

::
of

:::::::
wildland

::::
fuels

:::::
18620

::::::
kJkg�1

:::
!0,

:::::::
oven-dry

::::
mass

::
of

:::
fuel

::::
2.243

::::::
kgm�2

::
H ,

::::
fuel

:::
low

:::
heat

::
of

:::::::::
combustion

:::::
22000

::::::
kJkg�1

Dynamic Parameters Units

::::::::::::
U= (U,V,W ),

::::
wind

:::::
vector

::
at

::::::::
fire-height

::::
ms�1

::::::::::
Uh = (U,V ),

::::::::
horizontal

::::
wind

:::::
vector

::::
field

::
at

::::::::
fire-height

::::
ms�1

::
⌧ ,

::::::
ignition

::::
delay

::
of

::::::::
firebrands

:
s

::
I ,

::::::
fire-line

::::::
intensity

: :::::::
MWm�1

:

::::
Ugas,::::::

Vertical
:::
gas

::::
flow

::::
ms�1

:

::
r,

::::
radius

::
of
:::::::
spherical

:::::::
firebrand

: ::
m

::::
rmax,

::::::::
maximum

::::::
loftable

:::::
radius

::
for

:::::::
spherical

:::::::
firebrand

: ::
m

::
H,

::::::::
maximum

::::::
loftable

:::::
height

::
for

:::::::
spherical

::::::::
firebrands

::
m

::::
Vros,

:::
rate

::
of

:::::
spread

: ::::
ms�1
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:::::::
Quantity

:::
Unit

::
of
::::::::::
measurement

: ::::
First

:::
Test

::::
Case

:::::
Second

::::
Test

::::
Case

::
D

:::::
m2s�1

: :::
0.15

: :::
0.15

:

::
U

::::
ms�1

::
10

: :::::
2÷ 26

:
I
: :::::::

MWm�1
: ::::::

5÷ 100
::
50

:

:
r
: ::

m
::::
0.015

: ::::::::::
0.015÷ 0.03

:
⌧
: :

s
:
1
: :

1
:

Table 2.
:::::
Values

::
of

:::
the

::::
main

::::::::
parameters

:::
for

:::::::
numerical

:::::::::
simulations

::::::::
performed

::::
with

::::::::
LSFire+.
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(a) t= 6 min.

(b) t= 10 min.

(c) t= 20 min.

Figure 1.
::::
Wind

:::::
vector

:::::::::
components

::::::::
(U, V, W )

::::::::
performed

::::
with

::::::::::
WRF-Sfire

:
at

::::
times

::::::::::::::
t= 6, 10, 20min.
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(a) t= 6 min.

(b) t= 10 min.

(c) t= 20 min.

Figure 2.
:::
Fire

:::::::
intensity

:
I
:::
and

::::
PDF

:::::
shape

:::::::
parameter

::
µ

::::::::
performed

:::
with

:::::::::::
WRF-Sfire

:
at
:::::
times

:::::::::::::
t= 6, 10, 20min.

:
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(a) t= 6 min.

(b) t= 10 min.

(c) t= 20 min.

Figure 3.
::::
PDF

::::
shape

::::::::
parameter

:
�
:::
and

::::::::
horizontal

::::
wind

::::::
squared

::::::::
magnitude

::::::
(|Uh|

2)
::::::::
performed

::::
with

::::::::::
WRF-Sfire

:
at
:::::
times

:::::::::::::
t= 6, 10, 20min.

:
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Figure 4. Top
:::
left panel: Line contours showing the fire perimeter at different time steps

:::
with

:::
the

:::::::
presence

::
of

:
a
:::
fire

:::::
barrier. The wind velocity

is 10ms�1, fire intensity is 25KWm�1
:::::::::
25MWm�1 and diffusion coefficient is 0.15m2s�1. The x and y axis of the plot are scaled by a

factor of 4.
:::
The

::::
same

:::
plot

::
is

:::::::
proposed

::
at

::
the

::::
right,

:::
but

::::
with

::::::::::
U = 20ms�1

:::
and

::
no

::::::
barrier. Bottom panel: A comparison of the total burned area

at different time steps when only turbulence is considered (black) and when both turbulence and fire-spotting are included (red). The total

burned area is simply the number of burned grid points at any each instant. For both line plots, the wind velocity is 10ms�1, fire intensity is

25KWm�1
::::::::::
25MWm�1 and diffusion coefficient is 0.15m2s�1.
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Figure 5.
:::
Top

:::::
panel:

::::
Line

:::
plot

:::::::
showing

:::
the

:::::::
sensitivity

::
of
:::

the
:::::::::
formulation

::
to

:::::::
different

:::::
values

::
of

:::
fire

::::::
intensity

::::
over

:::::::
constant

::::
wind

::::::::
conditions

::::::::
(10ms�1)

:::
and

:::::::
constant

:::::::
firebrand

:::::
radius

::::::::
(0.015m).

::::
The

::::::::
sensitivity

::
is

:::::::
measured

::
in
:::::

terms
::
of

:::
the

::::
total

:::::::
increase

::
in

:::
the

:::::
burned

::::
area

:::::
when

:::
both

::::::::::
fire-spotting

:::
and

::::::::
turbulence

:::
are

:::::::
included

::::
over

:::
the

::::
case

::::
when

:::
no

::::::
random

::::::
effects

::
are

:::::::::
considered.

::::
The

::::::::
parameter

::
�e::

is
::::::

defined
:::

as
:
:

::::::::::::::::::::::::::::::::::
�e = (xrandom�xno�random)/xno�random.

:::
The

:::::::
diffusion

::::::::
coefficient

::
D

::
is

:::::::::
0.15m2s�1.

:

:::::
Bottom

::::::
panel:

:::
The

:::
line

:::::
plots

::::
show

:::
the

::::::::
lognormal

:::::::::
distribution

:::
for

::::::
selected

::::::
values

::
of

:::
fire

:::::::
intensity

:
I
:::

but
:::::::

constant
:::::
values

:::
of

::::
wind

:::::
speed

::::::::::
U = 10ms�1

:::
and

:::::::
firebrand

:::::
radius

:::::::::
r = 0.03m.

::::::::
According

::
to

:::
the

::::::
physical

::::::::::::
parametrisation,

:::
the

::::
plots

:::
can

:::
also

::
be

::::::::
interpreted

::
as
:::

the
::::::::
behaviour

:
of
:::

the
::::::::
lognormal

:::::::::
distribution

::
for

::::::
varying

:::::
values

::
of

::::::::
parameter

:
µ
:::
and

:::::::
constant

::::
value

::
of

::::::::
parameter

::
�.

Top panel: Line plot showing the sensitivity of the formulation to different values of fire intensity over constant wind750

conditions (10ms�1) and constant firebrand radius (0.015m). The sensitivity is measured in terms of the total increase in the

burned area when both fire-spotting and turbulence are included over the case when no random effects are considered. The

parameter �e is defined as : �e = (xrandom �xno�random)/xno�random. The diffusion coefficient D is 0.15m2s�1. Bottom

panel: Line plot showing the sensitivity of the formulation to different wind conditions and radii, when fire intensity is constant

(50KWm�1). The measure of effective increase in area (�e) and other simulation parameters are the same as defined in the755

Top panel.
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Figure 6.
:::
Top

:::::
panel:

::::
Line

:::
plot

:::::::
showing

:::
the

::::::::
sensitivity

::
of

:::
the

:::::::::
formulation

::
to

:::::::
different

::::
wind

:::::::::
conditions

:::
and

::::
radii,

:::::
when

:::
fire

:::::::
intensity

::
is

::::::
constant

:::::::::::
(50MWm�1).

::::
The

::::::
measure

::
of

:::::::
effective

::::::
increase

::
in

:::
area

::::
(�e)

:::
and

::::
other

::::::::
simulation

:::::::::
parameters

::
are

:::
the

::::
same

::
as

::::::
defined

::
in

:::::
Figure

::
5.

:::
The

::::::
adjacent

:::::
figure

:::::
shows

:::
the

:::::::
lognormal

:::::::::
distribution

:::
for

::::::
selected

:::::
values

::
of

::::
wind

:::::
speed,

:::::
when

:::
fire

::::::
intensity

::
is

:::::
50000

:::::::
kWm�1

:::
and

:::::
radius

::
of

::::::
firebrand

::
is
:::::
0.015

::
m.

:::::
Bottom

:::::
panel:

::::
The

:::
line

:::::
plots

::::
show

:::
the

::::::::
lognormal

:::::::::
distribution

:::
for

::::::
selected

:::::
values

:::
of

::::
wind

:::::
speed

::
U

:::
but

::::::
constant

::::::
values

::
of

:::
fire

:::::::
intensity

::::::::::::::
I = 5000kWm�1

:::
and

:::::::
firebrand

:::::
radius

:::::::::
r = 0.03m.

:::::::::
According

::
to

:::
the

::::::
physical

:::::::::::::
parametrisation,

:::
the

::::
plots

:::
can

::::
also

::
be

:::::::::
interpreted

::
as

:::
the

:::::::
behaviour

::
of

:::
the

::::::::
lognormal

::::::::
distribution

:::
for

::::::
varying

:::::
values

::
of

:::::::
parameter

::
�
:::
and

::::::
constant

:::::
value

::
of

:::::::
parameter

::
µ.
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