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Response to Referee 1

COMMENT 1. Page 1 line 1: | suggest specifying the (geogrejdtale where the model can be applied and also the scale
of the "regions". line 2: Splitting "horizontally" is amhigus. It can be understood as splitting with horizontal @&
suggest using e.g. "splitin the horizontal plane”. line sudgest adding some quantitative results, e.g. the number 0
mentioned in Conclusions.

REPLY 1. The first line now says "vegetation canopies" ratii@n "vegetation" to make clear that radiation is treatedatger
scale than individual trees. The final sentence talks abeathver and climate modelling, so the scale is then clearly
the size of a gridbox of such models. The phrase "split in tr&zbntal plane" is now used, and the root-mean-squared
differences in reflectance, transmittance and canopy ptasure have now been stated.

COMMENT 2. Page 2: The description of clumping is misleadi@tumping is also used to describe vegetation structure
variation in the vertical direction and at scales smallemtla tree crown. This should be mentioned as the current
description can be misleading with respect to the univitysail the proposed approach.

REPLY 2. The text has been changed accordingly.

COMMENT 3. Page 3 line 4: add "constant thickness" after bggriayer”. | see no need for quatition marks.

REPLY 3. "Constant thickness" has been added. The quotaizoks are to clarify that "canopy layer" and "sub-canopgtay
are named layers in the formulation of the problem, as shovig. 1.

COMMENT 4. ...line 4: Define what is meant by "domain" line 4gain, choose an anambigous term instead of "divided
horizontally" (although the meaning can be inferred fromteat). line 4: The concept of "region” should be defined
here and not on the following page. It is counterintuitivéiéwe a region consisting of separate parts.

REPLY 4. I've expanded to "horizontal domain (correspogdim a weather- or climate-model gridbox)". The definition of
region has been improved. In no case in this paper does aregiwist of separate parts. But a tree can be represented
by separate regions (as shown in Fig. 1).

COMMENT 5. ...line 4: The necessity of up to two vegetatedargis not justified and not followed later in the manuscript

REPLY 5. The need for two vegetated regions is justified in &igf the original manuscript: when only one vegetated mnegio
is used, a worse result is obtained. In the new manuscript;esults for one vegetated region are added to Figs. 2-5.
Section 2.1 now makes reference to these results in section 3

COMMENT 6. ...line 7: How would the situation of objects natibhg cylinders (highly grouped canopies) affect accuraday?
my opinion, this is explicitly assumed here. Although nothesnatically, but the results are only provided for canspie
with clearly separable crowns.

REPLY 6. The new text at the end of section 2.3 explains hovagseimptions in SPARTACUS are only that the vegetation is
randomly separated, not that it is composed of cylindricaMnis. However, it will need to wait until a future paper tette
this since we only have Monte Carlo results from RAMI4PILPISane the nature of the canopy is rather geometrically
simple.

COMMENT 7. ...line 8: Define "vegetation element". E.g. tia leaf or a tree crown? line 9: Unclear what is meant by "same"
a canopy layer is first and foremost defined by leaf area detisi 10: Why possible omission is only mentioned for
shrubland?

REPLY 7. These terms have been clarified: "vegetation el€meplaced by "tree crown”, and the phrase containing "$ame
replaced with "also divided into m regions (see Fig. 1)". Tiention of shrubland has been removed.

COMMENT 8. Page 4 line 1: Define what a,b,c stand for (differegions). Probably, it needs to be done earlier as line 13 of
previous page already refers to L™ab. In hindsight, it iscteat a and b refer to two regions.

REPLY 8. Now defined in section 2.1.

COMMENT 9. ...line 1: In optical radiometry, radiant powerthe same as radiant flux. Use only one of these terms consis-
tently. FLux per surface area (flux density) is irradian&orhain-mean” flux is a contradictory term. Irradiance can be
averaged, but flux being total power can only be added. Theecioterm would be domain-total flux, the sum all flux
components over the domain. (note: in many other fields, iypoiver divided by area)

REPLY 9. All uses of flux where such an ambiguity can arise lmen replaced by irradiance.

COMMENT 10. ...line 3: This line contains the definition ofr@gion”. It should be given earlier.

REPLY 10. It is now given in section 2.1.
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COMMENT 11. Page 5 line 25: rewrite as LAI/(2 Delta z)

REPLY 11. Done.

COMMENT 12. line 32: citation needed for the equations.

REPLY 12. Citation provided (Pinty et al. 2006).

COMMENT 13. Page 6 line 8: Give some justifications for thigea arbitrary assumption and also discuss its conseqeence

REPLY 13. The justification is that it was found by Shonk andykio (2008) to be the best assumption for representing the
PDF of cloud optical depth, as is stated. Further justifizats provided by the good a-posteriori agreement with Monte
Carlo, shown in the results section.

COMMENT 14. line 12: Unclear what is meant by "random" and vittsynecessary. Different random processes can dreate
very different tree distribution patterns, but very fewateenon-overlapping crowns. Instead of "random", why canno
the trees in the "idealized forest" be situated on a reguldPg

REPLY 14. We have now explaned mathematically at the endatioge2.3 how the SPARTACUS formulation implies a ran-
dom distribution of trees. Specifically, it assumes thatctherd lengths between the edges of tree crowns in all pessibl
horizontal directions follow an exponential distributidhthe trees were on a regular grid, their spacing distitut
would be far from exponential, and the assumption would b&ated.

COMMENT 15. Page 11 line 4: Choose either PAR or "visible oadj alternatively, add "and" between the two.

REPLY 15. We believe that the text reads better if it is ke same: the spectral interval from 400 to 700 nm is both
photosynthetically active and the range detectable by timeam eye. Adding an "and” would make the phrase more
confusing when it is immediately followed by "and the ne#rared".

COMMENT 16. ...line 7: Be moerelaborate on the approxinratiethod.

REPLY 16. The explanatory text that follows has been expdrdee also the reply to Referee 2's Comment 3.

COMMENT 17. ...line 7: A sphere (or, a single tree crown) dbage a LAI value. LAl is only defined for a region which
usually includes betweem-element gaps, e.g., a fored sttacen indeed be defined for the area of a single crown, but
this contradicts the common practice. line 8: Clarify whsatrieant by "upper” and "lower". These do not seem to refer
to canopy location (but can be understood to).

REPLY 17. Where possible, such discussion is rephrasearimstef zenith optical depth. However, Widlowski et al. (2p11
did use LAl in this context in their Table 1, so we do too in oable 1 but with more explanation. "Upper" and "lower"
refer to parts of the zenith optical depth distribution, wettical location. We have tried to make this clearer.

COMMENT 18. Page 12 line 2: Again, "domain-main flux" needarification. line 11: Again, | suggest avoiding the use
of LAI for a single tree. It is straightforward for ideal cglirical tree crowns, but can cause much confusion when
attempted in a natural situation where tree crowns do na haslearly distinguishable bounding surface.

REPLY 17. Rephrased.

COMMENT 18. Page 14 The section "Conclusions” contains ipdgtcussion and should be renamed. No new issues should
be brought up in Conclusions and citations are unnecessetgad, the statements should be based on what was
presented earlier, mainly Discussion — a section cleargsimg) from the manuscript. The current Conclusions costain
many new topics and even a value (0.05 on line 11, which shmeildentioned in the results section).

REPLY 18. Root-mean-squared errors are now computed atadi stethe results section. The final section has been renamed
"Discussion and conclusions”

Response to Referee 2

COMMENT 1. Page 3, line 7. Please add “ly" after “explicit."

REPLY 1. Done

COMMENT 2. Page 6, lines 10-21. | am unclear about the funddéamhg@arameter here. The equations require L"ab. Is
this what you would measure in the field, or would you measui@nB infer L"ab? In the former case, D is just an
illustrative diameter, but is more fundamental in the lattse. In the case of dense canopies, if L*ab is measuretl, wha
is the purpose of S, the meaning of which is unclear? Conlersgou infer L"ab from S, how is S determined in the
field?
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REPLY 2. The fundamental parameter for 3D radiation is Ltdwever, this depends on both the areal coverage of trees
"c_v", and the properties of an individual representatieet In the context of a weather or climate simulation, we
would use a global dataset of ¢c_v (e.g. from Hansen et al) buidwheed to estimate L*ab from it. This can be done
by introducing an additional parameter representing the sf an individual tree, and the manuscript describes two
models for how this could be done (D and S); to be useful, thampater used would need to be independent of ¢c_v. To
compute D and S in the field, we would measure L"ab and c_v aply awerted forms of equations 17 and 18. D is
needed for comparison with the Monte Carlo results in thegmmemanuscript which assumed tree crowns not to touch.
The manuscript has been extended to clarify all these pmimew section 2.4.

COMMENT 3. Page 11, lines 6-9. | assume that regions b and hate the same area, as noted on page 6. It would be useful
to remind the reader of this. On line 8, the argument shoupdyae any sphere, not just one with an LAl of 5. It is
not clear to me why factors of 0.5 and 1.5 have been choseme Wistribution of zenith optical depth is split into two
equal parts by projected area, | expect the denser regi@rtespond to a core of radiusf2 excised from a sphere of
radius r. In this case | think the core will contain about 65%the volume of the sphere and so the same fraction of the
total leaf area. | would therefore expect the proportiortse®.707 and 1.293, not 0.5 and 1.5.

REPLY 3. We have now reminded the reader that b and c have the agea, and removed the implication that the following
argument works only for an LAI of 5. The reviewer is right thhe factors have been computed incorrectly (thank
you!). The new factors are now used in the paper, which chatigelines of the figures slightly.

COMMENT 4. Figure 6. Previously, results for both the VIS &Mi&R regions have been shown. Why is the NIR omitted here?
Unless the differences are trivial | would suggest showfrig tegion too.

REPLY 4: We have now added the 2-region and 1-region lineg® B-5 so the reader can see the effectin all cases, imgudi
NIR. This means that Fig. 6 is no longer needed.

COMMENT 5. The authors note (page 13, line 12) that thereangel uncertainties in the LAl used in weather and climate
models. The underlying datasets are derived from remot&rggrso it would be interesting if the authors could com-
ment on the possible application of their model in the re#&ief LAIL. The use of a consistent modelling framework in
these two areas would be of considerable value.

REPLY 5. This is now discussed in the final section.
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Fast matrix treatment of 3D radiative transfer in vegetation
canopies: SPARTACUS-Vegetation 1.1

Robin J. Hogah?, Tristan Quaifé, and Renato Braghiete

'European Centre for Medium-range Weather Forecasts, RgddK.
2Department of Meteorology, University of Reading, Reagdld.

Correspondenceto: Robin J. Hogan (r.j.hogan@ecmwf.int)

Abstract. A fast scheme is described to compute the 3D interaction laf sadiation with vegetationanopiesThe canopy
is splitin the horizontal planénto one clear region and one or more vegetated regions, rentMo-stream equations are
used for each, but with additional terms representing datexchange of radiation between regions that are propattio
the area of the interface between them. The resulting cdwggleof ordinary differential equations is solved usingrtierix-
exponential method. The scheme is compared to solar Momte €alculations for idealized scenes from the ‘RAMI4PILPS
intercomparison project, for open forest canopies andidanals both with and without snow on the ground. Agreennent
good in both the visible and infrared: for the cases compahedroot-mean-squared difference in reflectance, tratemee
and canopy absorptance is 0.020, 0.038 and 0.033, resglgciiie technique has potential application to weather andatém
modelling.

1 Introduction

The treatment of the interaction of vegetation with solaiation in weather and climate models varies greatly in dexify.
The simplest schemes are concerned only with surface alatdlits impact on near-surface temperature forecastsnaeéd
Viterbo and Betts (1999) reported a large improvementiadasts by the ECMWF model when the use of a fixed snow albedo
was modified to account for the much lower albedo that occiwsnasnow falls in forested areas. Much more sophisticated
treatments are used in the dynamic vegetation schemes of atiamate models, which need to calculate also the fraction
of absorbed photosynthetically active radiation (faPABR)t it was reported by Loew et al. (2014) that even statenefdrt
models, when evaluated in benchmarks for which a full ptalsiescription of the vegetation was available, had woasec
albedo errors in excess of 0.3. The challenge is to repréiseromplex 3D structure of vegetation canopies with a tagia
transfer algorithm that is nonetheless computationaflgieht enough to use in a global model.

Sellers (1985) took the two-stream equations used in athevgpradiative transfer and applied them to a vegetatioopp
In this approach, the vegetation is treated as a single dvtdaly homogeneous layer, and a set of three coupled axdina
differential equations are solved for the direct downwsjliradianceand the downwelling and upwelling diffuseadiances
If the leaves can be assumed randomly oriented then theabgipth of the layer is equal to half the leaf area index (LAI)
Meador and Weaver (1980) provided an analytic solution ésé¢hequations that is still used in a number of state-ofthe-
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surface energy exchange schemes (e.g., Best et al., 201d.)irst-order error that arises is due to the fact that véigeta
canopies are not homogeneotls heterogeneous distribution of leaves within a tree nrand crowns within a forest stand
is such that leaves are more likely to be shadowed by otheedghan if they were homogeneously distributBgpically this

is treated by introducing a ‘clumping factor’ that scalesvddhe LAl used in the two-stream scheme. A very similar applho
has previously been used in atmospheric radiation scheortesat the clumpiness of clouds (Tiedtke, 1996). The clugpi
factor for vegetation is typically parameterized as an eitgdifunction of properties of the vegetation and solaritteangle
(e.g., Ni-Meister et al., 2010), but this lacks a physicaiband fails to represent horizontal fluxes into and out dividual
tree crowns

Pinty et al. (2006) described one of the most sophisticage@ffordable schemes to date that attempts to overcome thes
limitations. Their scheme sums three terms: the reflectiom the vegetation assuming a black underlying surfacegitec-
tion from the surface assuming no interaction with the vatit, and a term representing interactions between thiacgiand
the vegetation. Despite much improved performance cordgarthe Sellers (1985) scheme, their approach still usesaire
ical clumping factor, and is underpinned by the Meador andw#e (1980) solution that assumes horizontally homogeneou
vegetation.

In this paper we exploit recent advances in the atmosphitgiature, and adapt the ‘'SPARTACUS’ (SPeedy Algorithm for
Radiative Transfer through CloUd Sides) method of Hogamh €2816) to the vegetation problem. As described in section
2, this approach employs an explicit description of the Zwrtal distribution of vegetation for which we can write dow
a modified version of the two-stream equations that includess for lateral radiation exchange betweéere crownsand
the clear regions between them. The equations are thendsekaetly using the matrix-exponential method. This avdinds
need foran empirical clumping factoor the Meador and Weaver (1980) solution. In section 3 it imgared to Monte Carlo
calculations in idealized forest and shrubland conditions

2 Method
2.1 Overview

We use a simple geometrical description of the problem, as/shin Fig. 1. Leafy vegetation is assumed to occupy a single
constant-thicknessanopy layer’, with thenorizontal domain (corresponding to a weather- or clinmatetel gridbox)divided

into m ‘regions’. Within an individual region, the optical properties of themasphere and any vegetation are assumed horizon-
tally and vertically homogeneous. Figure 1 considers theg®ns: one clear (denotejland two vegetated (denotéeéndc).

The use of two vegetated regions adds the flexibility to regménorizontallyheterogeneous tree crowaisd trees of differing
leaf density borrowing the idea of Shonk and Hogan (2008) for represgritioud heterogeneityn section 3 we compare
this to a simpler two-region approach with only one vegetaggion (denoted). While thetree crownsare depicted in Fig.

1 as cylinders, this is not expliitassumed; rather, we assume that (1) all azimuthal orien&tf the interface between the
clear and vegetated regions are equally likely, and (2)rte crownsare randomly distributed. To represent foresis a
significant separation between the ground and the base tEtnerownsan additional ‘sub-canopy layer’ may be addaidp
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Layer 1:
Canopy

,,,,,,, t ‘ 3 ! Layer 2:
| e | ! Sub-canopy

Region a Regionb  Regionc

Figure 1. Schematic of the idealized vegetation considered in thigpalustrating the meanings of Layers 1 and 2 and Regighsndc.
The diagram on the right also illustrates the interpretetibthe elements of the reflectance maiRgiven in (24).

divided intom regions(see Fig. 1)Thus we require as a minimum just four numbers to define thengay of the problem:
the fractional area of the domain covered by vegetatigrthe vertical depth of the canopy layéx;,, the vertical depth of the
sub-canopy layer)z, (which may be zero), and the length of the interface betwkertlear and vegetated regions per unit
area of the domair,“*. Note that although this paper considers only up to two kged three regions, which is an appropriate
level of complexity for a weather or climate model, for otla@plications additional layers and regions may be added. Th
would enable the representation of different types of eyt of different heights, or vegetation in the understory

In the SPARTACUS method, the two-stream differential equmst are used in each region, but with additional terms rep-
resenting lateral radiation transport between regiong fbiimulation of these equations is given in section 2.2h wlite
coefficients to be used in the case of vegetation defined inse2.3. Section 2.4 then outlines how tHe* term could be
parameterized in a mod&ection 2.5 describes hawe equationare solved for a single layer using matrix exponentials, and
section 2.6 describes the use of the adding method to contipridirect and diffuse albedos of the entire scene (vegetati
and the surface beneath it). In the context of a weather mraté model, this could be done for the same spectral inteagl
the atmospheric radiation scheme, or in the smaller numbleraader spectral intervals for which optical propertiéshe
vegetation and surface are defined. These albedos woulbéhesed as boundary conditions for the calculation of thiatiad
flux profile in the atmosphere above. The downwelling direat diffuseirradiancesoutput from the atmospheric radiation
scheme are then used in section 2.7 to computerthdianceprofile within the vegetation canopy, enabling the absorbed
and transmitted radiation to be computed. The appendixitbeschow the scheme may be made computationally faster by
optimizing the treatment of the sub-canopy layer.

2.2 Differential two-stream equations in matrix form

This section summarizes the theoretical background to SBRERIS that was introduced by Hogan et al. (2016). Solar radia
tion in a particular spectral interval is described by thsgeams: the diffuse upwellingadiancgu), the diffuse downwelling
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irradiance(v) and the direct downwellingradianceg(s), whereu andv areirradiancesnto a horizontal plane whilg is into a
plane oriented perpendicular to the sun. At any given hetgkse are column vectors containing itlmaediancesn m regions;
in the equations that follow we use = 3 to match the schematic shown in Fig. 1, but it is straightBmdwo reduce to two
regions. Thus for upwellingradiancewe haveu = ( u® wb wue )T, where eachrradiancecomponent is defined as the
radiative power divided by the area of the entire gridboxhstihat the domain-medmradianceis obtained by summing the
elements of the vector.

The two-stream equations form a set of coupled differeptialations that can be written in matrix form as

p u u

— =T 1

dz v vVl (1)
S S

wherez is height measuredbwnward from the top of the layer, anl is a matrix describing the interactions betwéeadiance
components and between different regions. It is convemogpartition it into a set ofn x m component matrices as follows:

T, -Ty -T;

r= I, Iy ry |, (2)
Ty
where
—a§ /o
Lo= —08/ Ho
—06/ 1o
b ba
- gir + diar
b ba _ gbe b |-
+ +fdr —fa— fae  HE | 3)
b b
+ dicr - gir
—ot
Iy = —o'
—0°vf
b b
— fdifr + fdite
b b b b |
+ | +fdk —fdig — fdig  Tlaw | 4)
be b
+ fditr — [ditr



10

15

20

25

et}

Iy= s ; (5)
o773

oWy

Is= obwbab : (6)

O.ch,yg

andTI', is the same aF'; but using the quantity, in place ofv;. Missing entries in all these matrices are taken to be zero.
TheTI'y andT'; matrices describe the rate at which the direct and diffusengieelling irradiancesrespectively, change along
their path. They are expressed in (3) and (4) as the sum of tatdges: the first matrix in each case represents lossedue t
scattering and absorption, while the second represenitsage of radiation between regions. Thematrix describes the rate
of scattering of diffuse radiation from one direction to titeer, while thel’3 andT', matrices describe the rate at which the
direct solar beam is scattered into the upwelling and dovimgadiffuse streams. The minus signs in front of the magsion
the top row of (2) are due to this line corresponding to upweliadiation, but the vertical coordinate increasing doard.

The symbols in (3) to (6) have the following meanings. Thenetion coefficient to diffuse radiation of regighis denoted
al, andag is the same but for direct radiation. The distinction betwie two permits the flexibility to represent leaves with a
preferred orientation. The cosine of the solar zenith aisglenoted., while the single-scattering albedais The coefficients
v1—y4 govern the exchange of radiation between the three strdamnaly, the coefficientg‘j’C

dir

and f({i’“ff represent the rate at
which direct and diffuse radiation, respectively, is tf@nsed from regiory to regionk. All these symbols are defined in terms
of physical properties of the scene in the next section.

2.3 Coefficients in the two-stream equations

The matrix form of the two-stream equations in section 2ttooiuced several coefficients that are themselves furetén
more fundamental optical or geometric properties. Ffrey, coefficients may be written as (Meador and Weaver, 1980):

N =[1—wl=p)]/pm; (7)
Y2 =wp/ pir; (8)
¥3 = Bo; 9)
Y2 =1-Po, (10)

whereg and 3, are the ‘upscatter’ fractions, the fractions of downwejlnadiation (in the diffuse and direct streams respec-
tively) that are scattered upward, and is the cosine of the effective zenith angle of diffuse rdadiatFor the remainder of
this paper we assume the diffuse radiation to be hemisgilgrisotropic, squ; = 1/2.

In the simplest case where leaves are assumed to be randoemlied, the optical depth of a region is equal to half its LAI
and therefore for a layer of thickneds:, the extinction coefficients to direct and diffuse radiatare the same and are given
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o =09 =LAI/(2A%). (11)
Assuming the leaves to be bi-Lambertian scatterers withetfhce- and transmittancg the single scattering albedo is given
by

w=r+t, (12)

and the upscatter fractions by

B=1/24pi(r—t)/(3w); (13)
Bo=1/2+ po(r —t)/(3w). (14)

These last two formulas may be derived by equating (8) anav{{®) the definitions given in the lowest row of Table 4 of
Pinty et al. (2006). Pinty et al. (2006) also provided moreagal expressions for leaves with a preferential alignment

The rates of lateral exchange of radiation between regioasappear in (3) and (4) may be derived from geometrical
arguments (Hogan and Shonk, 2013; Schafer et al., 2016) as

e = L7 /(2¢"); (15)
gr = LY tan(6y)/(nc?), (16)

whered, is the solar zenith angld,” is the length of the interface between regidremdj per unit area of the horizontal
domain, and: is the fractional area of the domain covered by regiolm them = 3 case we have two regions to represent
horizontal heterogeneity aknith optical depthand followingthe findings ofShonk and Hogan (2008) we assume them to be
of equal area, i.e2* = c¢ = ¢, /2 andc® = 1 — ¢, (Wherec, is the fractional coverage of vegetation). This Iead;ﬁgl;p: fgibr
and {6 = fil-

Lastly in this section, we consider how to represent theceffévertical tree trunks in regionof the sub-canopy layer (as
illustrated in Fig. 1). If the trunks are of a size and numhehsthat a horizontal slice through the sub-canopy layerdaspts
a normalized total trunk perimeter (per unit area of regipaf L, then by analogy with (15) and (16), the diffuse and direct

extinction coefficients are given by

o=L/(2c); 17)
oo = Lytan(6)/(wc). (18)

For simplicity we assume the trunks to be Lambertian reftscto which casev is simply the trunk albedo, and with no
preference for upward or downward scattering we haveS, = 1/2.

Now that the problem has been formulated mathematicallycaveexplain how the assumption that the tree crowns are
randomly distributed is implicitly encoded in the equatioAt any given height in the canopy layer, the probabilitgwéct
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radiation in the clear region intercepting a tree crown, @t distance travelled vertically, | gf;. This factor is constant in
the canopy layer. Therefore, for direct radiation emergingcattered from the edge of a tree crown into the clear megio
the fraction of that light remaining in the clear region eathhan having encountered another tree varies in propottio
exp(—f*z), wherez is the vertical distance travelled in the clear region (asg no absorption or scattering, and that
the light remains within the canopy layer). To express thiterms of horizontal distance we use (16) and recognize that
tan(fy) = /2 to obtainexp[—zL®/(7c®)]. This implies that the chord lengths between the edges efdrewns in all
possible horizontal directions also follow the same exptiaédistribution, which in turn defines the spatial distriion of
trees as random.

2.4 Parameterizing the vegetation perimeter length

The length of the vegetation—clear bounddr?, is the fundamental property used by SPARTACUS to chariaetéine im-
portance of lateral radiative exchange between clear agetated regions. It is therefore the quantity that wouldligebe
measured in field experiments. However, in the context otlezaand climate modelling, the physiographic variablelalée
would most likely be vegetation covey, (e.g. from the measurements of Hansen et al., 2003),/&hdvould need to be
parameterized as a function @f. This can be done by introducing an extra parameter reptiagehe characteristic size of a
tree crown that is independentaf. We now present two possible characteristic sizes thatideeilised.

In the first case, weefine theeffective tree diameter, D, to be the diameter of identical, cylindrical aplaysically separated
tree crowns in an idealized forest with the sahfé andc, as the real foresfThe assumption that tree crowns do not touch
was used by Widlowski et al (2011) in generating the idedlgeenes that we use in section 3 to evaluate SPARTACUS. The
phenomenon of the crowns of some tree species remainingase@aen for large tree cover is knownasewn shyness (e.qg.
Putz et al., 1984)n analogy to the concept of an effective cloud diameter Imgde et al. (2008), this leads to the definition

L% =4¢,/D. (19)

If region c represents the central core of the tree crowns, as depicféd.i 1, then this impliegc = L //2.
In the second case we assume that tree crowns can touch éechastd will do so increasingly idense forestsThis
behaviour is represented by definiageffective tree scale, .S, such that

L% =4c,(1—¢,)/S. (20)

This form is inspired by the idealized geometrical analydidMorcrette (2012): if we place idealized trees with a sguar
footprint measurings x S randomly on a grid, then on average the normalized perinketegth L2 will follow (20). It leads

to the behaviour that®® increases withe, up toc, = 1/2, but for further increases in,, crown touching dominates which
caused.® to reduce again.

In the field we would envisage measurihé’ andc, and then using (19) and (20) to inférandS. The characteristic size
that varies least witl,, would then be the one best suited for use in a weather or dimatdel, and potentially a constant
characteristic size could be used to characterize an dategst on a regional scale. Within individual gridboxesiad model,
it would be used to compute® from ¢, using either (19) or (20).
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2.5 Solution to equations within one layer

We may write the solution to (1) in terms of a matrix exponain®Waterman, 1981; Hogan et al., 2016): thradiancesat the
base of a layer of thicknegsz are related to theradiancesat the top of the layer via

=exp(TAz)| v , (21)

S
z=z+Az z=z

where the matrix exponential may be computed numericallyguhe scaling and squaring method (e.g. Higham, 2005). If
3D radiative transfer is neglected théng = fqir = 0, which decouples the equations to the extent that a compuoidiy
cheaper analytical solution is possible (Meador and Wea&80). Conversely, if scattering and absorption are igddiut
3D radiative transfer is retained, a reasonable assumistitire sub-canopy layer, then= oy = 0, which also decouples the
equations and leads to the computationally cheaper solgh@n in the appendix.

In order to compute theradianceprofile, we wish to work with expressions of the following fiar

u(z) = Tu(z + Az) + Rv(z) + S*s(2); (22)
v(z+Az)=Tv(z) + Ru(z+ Az) + S7s(z), (23)

where (22) states that the upwellimgadianceexiting the top of the layer is equal to transmission of thevelfing irradiance
entering the base of the layer, plus reflection of the dowlinggirradianceentering the top of the layer, plus scattering of the
direct solarirradianceentering the top of the layer; and similarly for (23). Figdrélustrates the meaning of the elements of
the diffuse reflectance matrR for the canopy layer:

Raa Rba Rcae
R = Rab  Rbb peb , (24)
Rac Rbc Ree

whereR" is the fraction of diffuse downwelling radiation enterifgpttop of region that is scattered out of the top of region
j without exiting the base of the layer. The other matriceslanalogous definition& represents the transmission of diffuse
radiation across the layer, asd andS— represent the scattering of radiation from the direct doaltimg stream at the top
of the layer to the diffuse upwelling stream at the top of #ineel and the diffuse downwelling stream at the base of therjay
respectively.

These matrices may be derived from the matrix exponentlaiwwe decompose into sevenx m matrices:

Euu EUU EU«S
eXp(I‘AZ) = ET)U, EU?) EUS N (25)
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It was shown by Hogan et al. (2016) that

R=-E_ E.; (26)
T=E,,R+E,,; (27)
ST =—-E;'E,.; (28)
S™=E,.ST+E,.. (29)

Moreover, the diredtradianceexiting the base of a layer is computed from the dirgetdianceentering the top of a layer via
s(z+ Az) = Egs(z).

2.6 Extension to multiple layers

To compute therradianceprofile we use the adding method (Lacis and Hansen, 1974nbaitsomewhat different form to
Hogan et al. (2016), in order to facilitate integration writla full atmospheric radiation scheme. This section carsidhe
first part: stepping up through the vegetation layers coguhe albedo of the scene below each layer interface. Waalefi
the matrixA;;, /» as the albedo to diffuse downwelling radiation of the sceglew interfacei 4-1/2 (including the surface
contribution), and the matril,  ; » as the albedo to direct radiation. The off-diagonal termthee matrices represent the
fraction of radiation downwelling in one region that is refled back into the other. At the surface (interface 1/2 for an
n-layer description of the canopy), these matrices are dialgo

ig
An+1/2 = agiﬁ‘ ) (30)
gig
g,
Dn+1/2 = Mo acbiir ) (31)
g

where for maximum flexibility we allow for separate directatiffuse surface albedos, and separate albedos belowegionr
to represent lower snow cover beneath trees.

We then use the adding method to compAitandD just below the interface above, accounting for the possilaf multiple

scattering. In the case of the diffuse albedo matrix we have

Ai—l/2 = Rz + Tz [I+ Ai—‘,—l/QRi + (AH—l/QRi)z -+ .- ]
X Aip10Ty, (32)
wherel is them x m identity matrix. This equation states that the albedo &tfatei —1/2 is equal to the reflection of layer

plus the albedo at interfaget- 1/2 accounting for the two-way transmission through the irgaimg layer. The term in square
brackets accounts for multiple scattering between interfa- 1/2 and layeri, and since it is a geometric series of matrices,



10

15

20

25

the equation reduces to
Ai_1p=R;+T; (I_Ai+1/2Ri)_1Ai+1/2Ti- (33)
Similarly, the direct albedo matrix at the interface abavgiven by
D12 =57 +Ti(I- Ay pRi)
X (Dj1/2E0i + Aiy1/257 ), (34)

whereD; ., , Eo; represents the direct radiation that passes down throyghilavithout being scattered and is then reflected
up from interface +1/2, while A; 1, »S; represents direct radiation that is scattered into the e@wah diffuse stream in
layeri and then reflected up from interfate- 1/2. For the two-layer description of the vegetation shown i Bj (33) and
(34) are applied first at interface 1.5 (between the canoptla@ sub-canopy layers) and then at interface 0.5 (the ttipeof
canopy). It is straightforward to add additional layers.

At this point we are able to compute the scalar ‘scene albedltee surface and the vegetation. Denoting ( @ bt )T
as a column vector containing the area fractions of eaclometiie scene albedos to diffuse and direct radiation are

Qdiff scene = CTA1/2C; (35)

Qdir,scene — CTD1/2C- (36)

When implementing the scheme described in this paper indtli@ation scheme of a weather or climate model, these albedos
would be used as the boundary conditions for the computafitire irradianceprofile through the atmosphere.

2.7 Computingirradiances within the canopy

After running the atmospheric part of the radiation schemgeproceed down through the vegetation to compute the dirett
diffuseirradiancesat each interface, ending up at the surface. The output fr@natmospheric radiation calculation includes
the downwelling direct and diffuseradiancesat the top of the canopy; » andv, ;. These are partitioned into component
irradiancest the top of each region according to the area fraction di eegion:

S1/2 = 81/2€5 (37)
V1/2 = Ul/QC. (38)

The directirradiances propagated down through the vegetation simply with

Si+1/2 = EoiSi—1/2- (39)
The diffuseirradiancesat the interface beneath satisfy

Wit1/2 = A¢+1/2Vz'+1/2 + D7:+1/257:+1/2; (40)

Vigi2 = Tivi_i2 + Ritip1/0 + 557812 (41)

10
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Table 1. Variables describing the geometry of ‘Open forest’ and t®teind’ RAMI4PILPS scenarios simulated in this paper (see
Widlowski et al, 2011)The Leaf Area Index of a vegetated region is defined as thEléatiesurface area divided by the downward projected

area of the region.

Variable Symbol  Open forest  Shrubland
Leaf Area Index of vegetated region LAI 5 2.5

Area fraction of vegetated region Cy 0.1,0.3,0.5 0.1,0.2,04
Effective tree diameter D 10m 1m
Canopy layer depth Az 10m 1m
Sub-canopy layer depth Azo 4m 0.01m

Eliminatingu; ,, /» yields

1
Vit12 = (I-RiAi1)2)
X (Tivi—1j2 + RiDiy1/98i41/2 + 57 8;_1/2) - (42)

Thus, application of (42) followed by (40) provides thexdiancesat the interface below.

The horizontally averaged upwelling diffuse, downwelligiffuse and downwelling diredtradiancesat interfacei + 1/2,
denotedu; 1,2, vi11/2 @ands; /2, respectively, are found by simply summing the elementa,Qf 2, v;i1/2 ands; /..
The total downwellingrradiances then the sum of the direct and diffuse componefts; /> = 1108412 +vit1/2- The solar
absorption by each layer is the difference in inetdiancebetween the interface above and below it. These definiticmased
to compute normalized quantities that will be used to ewal 8®ARTACUS in section 3.

3 Results

To test the application of the SPARTACUS methodology to tegetation problem, we use two 3D scenarios from the
RAMI4PILPS! intercomparison exercise (Widlowski et al, 2011). The finario is an idealized representation of an open
forest canopy, and consists of spheres of leafy vegetatidimmeter 10 m, while the second represents shrubland argiste
of spheres of diameter 1 m. Details are provided in Tableduyding the three different area coverages of vegetatiahate
used. Two spectral intervals are simulated, representimghotosynthetically-active visible region and the ne&ared, and
both snow-free and snow-covered surfaces are consideabte Z lists the optical properties of the leaves and thexsasfin
the two spectral intervals.

All combinations have been simulated using the three-re@io= 3) version of SPARTACUS. The two vegetated regions
(b andc) are of equal projected area aare configured to approximate the distributiorzehith optical deptlof spheresSo
for a sphere of radius, regionc represents the upper half of the optical depth distributiomesponding to a core of radius

1RAMI is the Radiation Transfer Model Intercomparison, andrfs is the Project for Intercomparison of Land surface Patarization Schemes.

11
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Table 2. Variables describing the optical properties of the leavebthe surface in the visible and near-infrared in the RAMIS cases
(see Widlowski et al, 2011).

Variable Symbol Visible Near-infrared
Leaf reflectance r 0.0735 0.3912
Leaf transmittance t 0.0566 0.4146
Snow-free surface albedo amea 0.1217 0.2142
Snow albedo Qsnow  0.9640 0.5568

r/+/2 projected down through the sphere, which contains2—3/2, or 65%, of its volume. Likewise, regidnrepresents the
lower half of the distribution corresponding to the remaiihell, and this contair—3/2, or 35%, of the volume of the
sphere. Therefore, if the mean optical depth of the spheretie mean optical depths of regiohandc are0.75 and1.30,
respectively.

Figure 2 shows the results for the open forest canopy in tsiblei part of the spectrum while Fig. 3 shows the same but
for the near-infraredThe corresponding results for the shrubland scenario avwrsfrigs. 4 and 5Using the domain-mean
irradiancegefined in section 2.7, the quantities shown are reflect&)teansmittancd” and absorptance:

R=1wuy/3/dy)2; (43)
T=dpy1/2/d1y2; (44)
A= (d1/2 —U1/2 _dn+1/2+un+1/2) /d1 2. (45)

It can be seen that the 3-region version of SPARTACId®ipares well to Monte Carlincluding all four combinations of high-
and low-reflectance leaves over a high- or low-reflectandase.In total we have 72 points of comparison with Monte Carlo
calculations: two scenarios, two spectral intervals, twdace types, three vegetation covers and three solarhzangles.
Treating the Monte Carlo as ‘truth’, we compute that the 1m@an-squared error iR, 7" and A is 0.020, 0.038 and 0.033,
respectively. Probably the worse performance occurs ferdolar zenith angle in Fig. 2f (corresponding to visibleiatidn
illuminating a scene with a tree cover of 0.5 over snaw)s overestimated by around 0.05 suggesting that a littleriaoh
reflected sunlight from the snow enters the tree crowns aaldserbed.

We next investigate how the results are degraded when usimgre approximate description of the sceBach panel of
Figs. 2-5includes two further lines. The ‘homogeneougwation uses the same SPARTACUS code but with only onemegio
treating the canopy as a single horizontally homogeneqyes laith the same leaf area index. This is essentially theesasn
the Sellers (1985) assumption and indeed with a single metiie matrix-exponential method yields the same result @s th
Meador and Weaver (1980) solution. We see immediately thatvihe leaves are not clumped into trees but rather digédbu
uniformly, their exposure to incoming radiation is maxietzand their absorptance is overestimated by up to 0.3. Celye

12
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Figure 2. Comparison of normalizedradiancesversus solar zenith angle for the RAMI4PILPS ‘Open forestopy’ scenario with optical
properties appropriate for visible radiation. The two ravipanels show results for different surface albedeswith the top row using
values appropriate for a snow-free surface and the bottewusing values for a snow-covered surface. The columns septaifferent
areal tree fractions(). The threesolid lines depict the reflectance, transmittance and absomi@efined in (43), (44) and (45)pmputed
using the 3-region version of SPARTACUS. The dashed andldsied lines depict the 2-region and 1-region SPARTACU&utions,

respectively, where the latter involves complete horiabnbmogenization of the vegetation properties throughdtreain. Also shown are

Solar zenith angle (°)

Normalized flux

Normalized flux

(b) VIS,0=0.1217, ¢ =0.3

Solar zenith angle (°)

(e) VIS, a=0.964, c,=0.3

Solar zenith angle (°)

Normalized flux

Normalized flux

(c) VIS, a=0.1217, ¢ =0.5

Solar zenith angle (°)

(f) VIS, 0=0.964, ¢,=0.5

Solar zenith angle (°)

the corresponding Monte Carlo calculations of Widlowskale2011) at solar zenith angles of 260° and 83.

both the reflectance and transmittance of the scene areastieated, with the largest error in reflectance for ovedtsea

results are much better than those with just a single regiod,virtually the same as the 3-region calculation in the nea
infrared,but absorption still tends to be overestimated in the wsilin analogous bias occurs in cloudy radiative transfer

and a snow-covered surfa@eg. 2e)
The 2-region SPARTACUS calculation shown in Figs. 2-5 géadlividual trees as horizontally homogeneous cylinders,

thereby neglecting the variation in zenith optical depthheaf spherical trees simulated by the Monte Carlo calcuiatidhe

13
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Figure 3. As Fig. 2 but with optical properties appropriate for na#rared radiation.

calculations in which the internal variability of cloudsrisglected, which led to the proposal of Shonk and Hogan (2@08
use three regions to represent a partially cloudy scenesiiteess of the 3-region approach suggests that it is al$al fze
vegetation. Having said this, the uncertainty in computiagjative transfer the vegetation canopies of weather &nthte
models is typically dominated by uncertainties in leaf aretex. Therefore, for many applications the 2-region daltton

5 would be adequate. Since the computational cost of SPARTRGWominated by the matrix exponential calculation, whose
cost is approximately proportional e, we would expect a 2-region SPARTACUS calculation to be asti@® times faster

than a 3-region calculation.

4 Discussion and conclusions

This paper has demonstrated the potential for the intemracti solar radiation and complex vegetation canopies tepeer
10 sented via an explicit description of the geometry, buidam the SPARTACUS algorithm for representing the 3D radéati
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Figure 4. As Fig. 2 but for the RAMI4PILPS ‘Shrubland’ scenario.

effects of clouds (Hogan et al., 2016). The two-stream egusire written down for thigee crowrand the gaps between them,
but with additional terms for the horizontal exchange ofiatidn between regions. The equations are solved exadtig tise
matrix exponential method. Multiple layers are possiblégncaigh we have simplified the original SPARTACUS algorithyn
assuming maximum overlap between the regions in each leatier than the arbitrary overlap considered by Hogan et al.
5 (2016). Comparison against Monte Carlo calculations froemRAMI4PILPS intercomparison exercise indicates thabpgn
reflectance, transmittance and absorptance are compgteficgintlymore accuratelthan a number of state-of-the-art models
assessed by Loew et al. (2014).
An advantage of the SPARTACUS approach is that in additidmio only a handful of physiographic variables are required
to describe the geometry of the vegetation, such as theatsgeheight, coverage, and the diameter of typtoa¢ crowns
10 Global estimates of the first two are now available from $i&gsl(e.g., Simard et al., 2011; Hansen et al., 2003).
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Figure 5. As Fig. 4 but with optical properties appropriate for na#rared radiation.

Although the testing scenarios used in this papers werelsigmogeneous spheres with no woody material, the method
described has the capability to represent more complex gem@s. Horizontal variations in leaf density mee crownswith
different properties may be represented via two or moreteg¢ge regions with distinct optical properties. This pagarsid-
ered a two-layer description of the vegetation, with a grgginopy layer overlying a sub-canopy layer, but the equatan
easily be applied to a multi-layer description of the candpyexample to compute the vertical profile of absorbed psyt-
thetically active radiation. The optical effects of treertks may also be incorporated. Moreover, the good perfoceaiith
solar radiation suggests that the thermal-infrared varsicSPARTACUS (Schéfer et al., 2016) could also be adaptéldeo
vegetation problem.

A further possible extension to SPARTACUS would be to useiitrémote sensing; in addition to the possibility of more
accurate LAl retrievals via explicit treatment of 3D radiateffects, this would provide a consistent framework fotHremote
sensing and weather/climate modelling. The challenge dvbelto adapt SPARTACUS to compute solar radiances rather tha
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irradiances, which adds an extra degree of geometrical @xityg For example, trees cast shadows on the ground, leut th
extent to which shadows are visible to a satellite depends®sensor zenith angle and the azimuthal separation oétis®s
and the sun.

Code availability

A Matlab implementation of the algorithm is freely availaldftom http://www.met.reading.ac.uk/clouds/spartaans| was
used to produce Figs. 2-5. Work is in progress to implememtalgorithm in the ‘ecRad’ atmospheric radiation scheme
(Hogan and Bozzo, 2016).

Appendix A: Faster treatment of clear layers

The main role of the sub-canopy layer is to represent how nofithe sunlight passing down between the trees is reflected
back up into the base oftaee crown i.e. the off-diagonal elements &,,_, , andD,,_, /». Since the matrix exponential
accounts for most of the cost of the scheme, if we can actelerapproximate the treatment of the sub-canopy layer iaya w
that avoids the full matrix-exponential calculation ingtéyer then we can almost halve the overall computatiorstl ddis
is only possible if we assume that the sub-canopy layer amte absorbers or scatteress= oy = 0), i.e. tree trunks and
understory vegetation are neglected.

There are two extreme scenarios that leado , ,, andD,,_, /, having trivial forms. For shrubs with a very shallow sub-
canopy layer, the lateral transport between the regionsiefdyer is zero, leading to albedo matrices at the interfatween
the canopy and sub-canopy layer being equal to the valuég autface given by (35) and (36). For a very deep sub-canopy
layer, the radiation field beneath the canopy is randomipeiddntally, leading to the diffuse albedo having the form

Apip>| & b P | aan, (A1)

whereag;g is the domain-averaged surface albedo to diffuse radiafibe direct albed®,,_; /» has a similar form.

For sub-canopy layers with a depth between these two exsreneseek to optimize the calculation of the matrix expo-
nential. The lack of scattering means thatIhe I'; andI'; sub-matrices contain only zeros, afidbecomes block-diagonal.
This enables the exponential o8& x 3m matrix to be replaced by three x m matrix-exponential calculations, only two of
which are needed®, = exp(T'©Az) andE,, = exp(I'; Az). Since there is no scattering in the sub-canopy layer, theaaa
R, ST andS~ contain only zeros. Therefore, (27) simplifiesko= E,,,, and (33) and (34) simplify to

An71/2 = TnAnJrl/QTn; (AZ)
Dn—1/2 = TnDn+1/2E0n~ (A3)
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Moreover, by approximating the extinction coefficients asozwe see from (3) and (4) thBy andI'; have simpler forms
whose matrix exponentials can be derived analyticallyhbrt = 2 case these matrices have the form

, —a b
I = : (A4)
a —b
for which the matrix exponential is given by Putzer’s algjom as
P =1y L A5
exp( z) =1+ b . (AS)
Likewise in them = 3 case these matrices have the form
—a b 0
I'= a —-b—c ¢ |, (AB)
0 c —c
for which the matrix exponential may be computed by the diadj@aation method as
e/\1 Az
exp(I'Az) =V er2lz v, (A7)
1
where the two non-zero eigenvalues are
A=—(a+b+2¢)/2+ (a®+ b+ 4¢® 4 2ab — 4ac)/? /2, (A8)

and the matrix of eigenvectors is

b/(a+ M) b/la+A2) bla
V= 1 1 1 . (A9)
c/(c+ M) ¢/lc+Xr) 1
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