Response to Anonymous Reviewer #1

The authors are grateful to the anonymous reviewer for carefully reading the manuscript

and the proposed corrections. Accordingly to the comments following changes were made:

1) Reviewer: [n Introduction, it is difficult to comprehend notations with regards to

particles and model coordinates.

Answer: First paragraph in Introduction (beginning from the line 17, page 1 up to the

line 8, page 2) was reformulated as follows:

The relationship between the near-surface flux Fs(z,y,0) and the flux Fs(xzpr, yar, 2ar), measured

in point x5r = (xar, yar, 201), can be formalized via the footprint function fi:

Fs(SCM7yM7ZM)=/ / fs(x,y, xn, ym, 2m) Fs(z,y, 0)dzdy. (1)

Traditionally, footprint functions f4(x?, 3% x5s) = fs(x,y,xar) are expressed in local coordinate
system with the origin which coincides with the sensor position (here, 2¢ = 27 — x is the positive
upwind distance from the sensor and y¢ = yy; — y is the cross-wind distance, see Fig. 1a). In
horizontally homogenous case these functions do not depend on zjs and yps. In ABL the surface
area contributing to the flux is elongated in wind direction, therefore the cross-wind integrated

footprint function f¥ defined as

fatan) = [ T pat, g ) dy, 2)

is one of the most required characteristics for the practical use.

The measurements of the scalar flux footprint functions in natural environment are restricted
(e.g., Finn et al.,1996;Leclerc et al., 1997, 2003; Nicolini et al., 2015) due to the necessity to con-
duct the emission and detection of artificial tracers. Besides, such measurements are not available
for the stably stratified ABL where the area of the surface influencing the point of measurements

increases.
Here we avoided introducing of the averaging notations, which bring no additional sense
in original version of manuscript. Systems of coordinates are illustrated in additional

schematic Fig. 1la.

2) Reviewer: A new figure would help to explain the analysis and experiment set up.



E.g. it is unclear why xys is a vector but z,y not in Eq. (1). It is hard to understand what
the coordinates of particles are and how the weight areas are computed. The figure should

refer to Eq. (1) (2) and (3) and to the description on the page 4 lines 20-35..

Answer: New schematic figure was added (Fig.1). It was supplemented with the ap-

propriate description of footprint evaluation algorithm in Section 2.1:

Schematic representation of the algorithm for the footprint function determination in LES is
shown in Fig. 1. In accordance with Eq. (3) and the description above, the particle crossing the
test area djs brings the impact into the value fq(zg,ys,xar) then the beginning of its modified
trajectory shifted in a such way to superpose the point x} with sensor position x,; belongs to the
test area dg. For example (see, Fig. 1b), red particle is counted while evaluation of the footprint
value in point (zg,ys), but blue particle is not counted. Such algorithm of averaging was selected
because it permits to refine the footprint resolution in the vicinity of sensor independently on the

area of 07 using the assumption of some spatial homogeneity.

Besides, we added description of the grid used for footprint accumulation (see last para-

graph of Sect. 2.1 in modified version of manuscript):

Nonuniform Cartesian grid dej = (xgl,yjd) (where, —20 < 7 < 160; —120 < j < 120), stretched
with the distance from the sensor position, was selected for the footprint functions accumulation
in the following sections of this paper. Grid was prescribed as: (z¢,yd) = (0,0); 2 = Awofylci'i/]i]
and y¢ = Ayofyg‘,j|j/|j| ifi Z0and j # 0; Ay = Ay = 2 m; v, = 7y = 1.05. This grid is
independent on the LES model resolution and coincides with the footprint grids selected for all

runs with LSMs and RDMs.
3) Reviewer: FEzplain what "ensemble average” means in the context of the study.
Answer: The following clarification was included after the Eq. (8) in Sect. 2.3:

Here <u§p )> is the ensemble averaged Eulerian velocity at point x”. Note, that LSMs are as-

sumed to be also applicable under the temporal evolution of turbulence statistics. In this paper

we shall consider ABL as it approaches a quasi-steady state. Therefore, due to assumption of er-



godicity, ensemble averaging can be replaced by averaging in time and in the directions of spatial

homogeneity: (¢) ~ (¢), , ;-

4) Reviewer: Why is the index "p" used both as subscript and superscript in Eq. (7)

and later on. Could you make notations more homogeneous?

Answer: The notation s, was used to denote evaluated value of scalar concentration
by the number of particles (subscript p was not connected with the superscript p). In new

version of manuscript we denote this value sp (with capital P) to avoid misunderstanding.

5) Reviewer: Page 6, lines 2-3. The sentence is not quite clear. What will happen if
a particle leaves the volume and then reappears again in the same volume during the unit
time interval? Will it be counted as a new particle? Or do you mean something different

under "appearing ... during unit time interval”.

Answer: The word "appearing" was replaced by word "ejected". Here we mean the
new particles which were added during the run (appearing of new particles imitates the
external source of scalar concentration).

6) Reviewer: The sentence between Eqs. (8) and (9) is impossible to understand.

Answer: This sentence was rewritten as follows:

Single particle first-order LSM is formulated as follows. Velocity u'? is described by the stochastic

differential equation: ...

7) Reviewer: Page 9, line 25. Use "provides better agreement” instead of "leads to

better coincidence”.

Answer: It was done.

8) Reviewer: Section 4.2.3, also 5.1.4 and 5.1.5. It would be useful to place a dis-

cussion here into some experimental context referring to correlations between resolved and



unresolved velocities (or velocities and stresses on different spatial scales) , e.g. the work by
Charles Meneveau and co-authors (Meneveau and Katz in Annu. Rev. Fluid Mech. 2000.
32:1-32).

Answer: The paper (Meneveau and Katz, 2000) is devoted to the a priory testing of
the scale-similarity approaches for subgrid modelling of Eulerian dynamics in LES. The
reference to this paper is useful in Section 3.1 where the mixed subgrid/subfilter model is

introduced. So, the following text was added after the Eq. (17):

The a priori tests using the data of laboratory measurements show that scale- similarity mod-
els with Gaussian or box filters provide correlation typically as high as 80% between real and
modeled stresses (see, overview in Meneveau and Katz, 2000). The significant part of this corre-
lation can be attributed to non-ideality of the spatial filter and use of common information for
computing both the real and modeled stresses (see, Liu et al., 1994). The discrete spatial filter
used in this study has a smooth transfer function in spectral space, so it can be supposed that
the scale-similarity part of Eq. (18) is mainly responsible for the influence of velocity fluctuations

belonging to "subfilter" scales.

In Section 4.2.3 we introduced next clarification of high correlation between subfilter ve-

locity and resolved velocity:

In the previous subsection the recovered "subfilter" part of velocity u” = u* — 1 and so the
subfilter Lagrangian velocity u”® were highly correlated with the resolved velocity T in time
and space. This is due to the specifics of spatial filter (Eq. 24) used for the recovering given by
Egs. (25, 26). This filter has a smooth transfer function in spectral space. The analogous effects
of non-ideal filters in LES which lead to the high correlations between modelled and measured
turbulent stresses were obtained and discussed earlier in (Liu et al., 1994) and (Meneveau and

Katz, 2000), where the laboratory data of turbulent flows were studied.

Section 5.1.4 contains the description of the universal function used for correction of dis-
sipation profile. New reference was added to the paper which contains the measurement

data of similar nondimensional function. The text after Eq. (43) was modified as follows:



Previous LES studies of stable ABL (e.g., Beare et al., 2006) also give neglectfully small val-
ues of the transport terms in TKE balance. The experimental confirmation of the validity of Eq.
(42) can be found in (Grachev et al., 2015), where the dissipation in stable ABL was estimated
using the spectral analysis of longitudinal velocity in inertial range. In accordance with this paper:
€ & ¢, that is almost indistinguishable from Eq. (42) within the accuracy of the experimental

data and the ambiguity of the method of dissipation evaluation.

Section 5.1.5 contains the results of the evaluation of diffusion coefficients. Here these
coefficients are presented as dimensional values and are specific for the modelled flow.
There are no available experimental data on the values of horizontal diffusivity in horizon-

tally homogeneous stable ABL. At least, authors are not aware of such measurements.

9) Reviewer: Use Figures instead of Pictures in the paper.

Answer: It was corrected.

10) Reviewer: General remark in connection to Figure 6. Figure 6 shows a negative
footprint. It is hard to understand the physical meaning of the negative values. Could you

include a paragraph discussion this aspect?

Answer: Next explanation was included into first paragraph of Section 4.3:

The negative values of scalar flux footprint show what the vertical turbulent transport of the
scalar emitted in the relevant area is basically directed from the upper levels down to the surface.
For example the positive surface concentration flux in this area will lead to negative anomaly of
the turbulent flux measured in the sensor position. This does not contradict the diffusion ap-
proximation of the turbulent mixing, because mean crosswind advection at the upper levels can

produce the positive vertical concentration gradient to the right of near-surface wind.

11) Reviewer: in several places, e.g. line 24 at the page 11, the Equation number is

referred without "Eq." so that it is difficult to understand what those numbers are for.

It was corrected.



Additional references were included into bibliography:

Grachev, A. A., Andreas, E. L., Fairall, C. W., Guest, P. S. and Persson, P. O. G.:
Similarity theory based on the Dougherty—Ozmidov length scale. Q.J.R. Meteorol. Soc.,
141, 1845-1856, 2015.

Liu S., Meneveau C., Katz J.: On the properties of similarity subgrid-scale models as

deduced from measurements in a turbulent jet. J. Fluid Mech. 275, 83119, 1994.

Meneveau C. and Katz J.: Scale-invariance and turbulence models for large-eddy sim-
ulation. Annu. Rev. Fluid Mech., 32, 1-32, 2000. Michalek W.R., J.G. M.Kuerten,
J.C.H. Zeegers, R.Liew, J.Pozorski, B.J. Geurts: A hybridstochastic-deconvolution model
for large-eddy simulation of particle-laden flow. Physics of Fluids, 25, 123302, 2013
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Figure 1: Schematic representation of footprint evaluation algorithm. (a) Setup of nu-
merical experiment. (b) Example of two trajectories (red and blue bold curves). Shifted
trajectories are shown by the dashed lines. Particle brings the impact into the value
fs(xs,ys,xar) if it intersects the test area d,; in vicinity of the sensor position x,; and the

origin of modified trajectory belongs to the test area dg.



Response to Anonymous Reviewer #2

Authors are grateful to the referee for a high assessment of the article. Accordingly to

the comments following changes were made:

1) Reviewer: Page 1, line 18. Replace ’the near-surface flux’ by ’the surface fluz’ be-
cause it’s defined for z=0 (cf. "L is the Obukhov length at the surface” on page 16, lines
1-2).

Answer: It was done.

2) Reviewer: Page 1, lines 18-19. Replace ’denoting the ensemble averaging’ by ’de-

note a time/space average’.

Answer: Agree. Accordingly to comments of Reviewers #1 and #2 this paragraph was
rewritten (see our response #1). In new version of manuscript we avoid ensemble averaging

notation in Introduction.

3) Reviewer: Page 3, line 2. Although abbreviations 'LSM’ and 'RDM’ are defined
in the abstract and later on page 7, they should be also introduced in the text on first oc-

currence.

Answer: In new version of the paper the abbreviations 'LSM’ and 'RDM’ are intro-

duced on page 2, line 12-13.

4) Reviewer: Figures 1-10. I recommend use color version of the plots (similar to Fig.

11) instead black and white.



Answer: Figures 2-6 and 8,10,11 (in previous version 1-5 and 7,9,10) were colorized.

Figures 7 and 9 contain a few number of curves, so they remain to be black and white.

Additionally, the typo was corrected in Eq. (49). (£ was replaced to &%)

Corrected version of the paper is attached (see, pdf file in supplement).



Response to Anonymous Reviewer #3

We are very grateful to reviewer for insightful analysis of our paper. All the comments are
very professional and helped us to improve substantially the manuscript. The authors believe,
that the material presented in the manuscript became better justified after the revision.

We would like to address two topics raised by the reviewer in a different order than presented
in the review. These comments concern the validity of the simulation results (minor comment f)
and the correctness of the presented results in Figure 11. It will be impossible to proceed with

other comments until we consider these issues.

1) Reviewer: (f) Wind profile: from Figure 1, it seems that simulated wind speeds in
the surface layer part of the domain are smaller than the ’standard’ wind profile for
stable conditions (e.g., Stull, 1988; Hogstrom, 1996). Please add a couple of sentences

to explain why.

Answer: This comment is suggested as minor but from the authors point of view it is of major
importance. There is no sense in discussing anything else, if the numerical model used in this
study produces wrong results. We have added the data from eight different LES models in Fig.2
(Fig.AR1 here and Fig.1 in the original version of the manuscript). These data were obtained
during LES intercomparison experiment GABLS-1 and are available online at:

http://gabls.metoffice.com/lem data.html. We used the data for 3.125 m resolution, because
they were presented for the largest set of the models and because the results do not change sub-
stantially with the following grids refining. Wind velocities from the other models shown in Fig.2
(Fig.AR1) are rotated 35 degrees clockwise in accordance with the setup of our runs. The results
from the LES model used for the current study fit with the results of the other models very well.
Besides, our model gives a good scale invariance, which is not the case for some models presented
at http://gabls.metoffice.com/means 125.html. Mean wind profile computed in accordance with
[Hogstrom, 1996] is shown by the vertical dashes in Fig.AR1, this profile almost coincides with
the longitudinal velocity obtained in LES. Accordingly, the authors have no reason to doubt the
results of the simulations. In the opposite case it would have been questionable the LES method-

ology for the stable boundary layer investigation.
Corrections:
Figure 2 (AR1, former Fig.1) was modified by adding the data from other LES models referred
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to above.

Following clarification was inserted into the text (p.13 1.21 - p.14 1.3):

This setup is based on the observation data (see, [Kosovi¢ and Curry, 2000]). As it was shown
in [Beare et al., 2006], the LES results obtained under the same conditions with the different
models converged with the higher grid resolutions. Later, this case was used for testing the LES
models e.g. in [Maronga et al., 2015, Zhou and Chow, 2012, Bhaganagar and Debnath, 2015] and
many others and for the improvement of subgrid modelling e.g. in [Basu and Porté-Agel, 2006,
Zhou and Chow, 2011, Kitamura, 2010]. The LES model presented here was tested earlier under
the non-modified setup of GABLS in |Glazunov, 2014|, where the turbulent statistics above a flat
surface and above an urban-like surface were investigated. In all of these studies, LES results
were in agreement with the known similarity relationships for the stable ABL. This allows to
consider the LES data for GABLS as a reference case for testing of the approaches utilizing the
statistical averaging of the turbulence (e.g., see [Cuxart et al., 2006], where the intercomparison
of single-column models was performed). Several of nondimensional relationships in stable ABL
were collected and presented in [Zilitinkevich et al., 2013]. Considered case is also included in the
LES database for this study and fits well with the different stability regimes after the appropriate
normalization. Therefore, the results obtained in this particular case can be generalized for many
cases due to similarity of the stable ABLs. Besides, the presented simulations are easily repro-
ducible and they can be repeated using any LES model which contains the Lagrangian particle
transport routines.

The mean wind velocity and the potential temperature, calculated with the different spatial
steps Ay, are shown in Fig. 2 The model slightly overestimates the height of the boundary layer
at coarse grids, however, the wind velocity near the surface is approximately the same in all runs.
As one can see from the Fig. 2, the results of simulation are in good agreement with the results
from other LES presented in [Beare et al., 2006] (see, http://gabls.metoffice.com for more infor-
mation). Mean wind profile computed in accordance with [Hogstrom, 1996| is shown in Fig. 2 by
the vertical dashes, in the surface layer part of the domain this "standard" profile for the stable

conditions almost coincides with the longitudinal velocity obtained in LES.

2) Reviewer: Finally, when comparing to other models, it appears that the authors

have not correctly reproduced one of these ‘other models’ (major comment 5).
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Answer: Most likely there was an unfortunate misunderstanding. In our paper Obukhov length

L was defined as:
U6y
9Qs ’

where @) is the kinematic potential temperature flux at the surface, g is the acceleration of gravity

L=

and ©g is the reference potential temperature. This definition does not include von Karman
constant k =~ 0.4 in the denominator. It was pointed out in the original version of the paper,
see page 16, line 2:  ’...note, that the von Karman constant is not included in the definition of
the length L here and later...” and in the definition of the local Obukhov length Eq. (40). Such
definition of the Obukhov length scale is used alternatively (see, e.g. |[Zilitinkevich et al., 2013]
Eq.(41)) to its convenience when operating with the stably stratified flows outside the surface
layer.

In the original version of the paper we wrote (p.20 1.15-17): "Nevertheless, the final approx-
imations [Kljun et al., 2004] and [Kljun et al., 2015] contain the input parameters, which can be
determined from LES: the boundary layer height z; ~ 180 m, Obukhov length L/x ~ 120 m, fric-
tion velocity U, =~ 0.27 m/s and roughness parameter zp = 0.1 m. These values were substituted

into parameterisations [Kljun et al., 2004] and [Kljun et al., 2015]".

Here L is defined without x in denominator and the number 120 is the appropriate value for

FPP, where this constant is included (see, [Kljun et al., 2015], Appendix B).

We performed the calculations of the footprint functions again using the online tool
http://footprint.kljun.net /ffp.php

and got nearly the same results, as were presented previously in Fig.11 (see short dashed lines in
Fig.AR2). The next parameters were used:

L =120

u_star = 0.272

sigma v = 0.44

z0 = 0.1

u_mean = 0

h = 180

After substituting L= 120x0.4 =48 m into FPP calculator we got the results shown in Fig. AR2
by the dot-dashed lines. These results are very close to those presented in the review. One can
find the values of the Obukhov length which is characteristic for the simulated case provided by
other LES models at http://gabls.metoffice.com/times 200.html . It is also close to 120 m (48

12



m, as defined in our paper).
According to the analysis above we believe that the model FPP of [Kljun et al., 2015] was applied

correctly in our paper. The Fig. 11 (Fig. 13 in the revised version) will remain unchanged.

Corrections: Nevertheless, to avoid misunderstanding we insert new equation (40) in Sect. 5.1.1
(the expression for L provided above) and define this length scale explicitly with the following

commenting:

Note, that the von Karman constant is not included in the definition of the length L here and
later (this alternative definition of the Obukhov length is often used along with the traditional
one, see e.g. |Zilitinkevich et al., 2013] Eq.(41)).

Starting from here, we shall follow the order of comments provided in the Review.
Major comments
(1) Model validation and argumentation of approaches

Reviewer: corrections of advection speed due to subgrid-scale turbulence (Eq. 36)
are applied only in the lowest grid layer [why exactly one?|, p. 13, 1. 16 - and some-

how ’implemented’ in the lowest three layers, p. 13, 1. 20

Answer: LSM was implemented in the lowest three layers, but the additional stochastic compo-
nent of velocity produced by this model was taken into account inside the first layer only during
the computation of particle position. Only one layer because the aim of this procedure is to
minimize use of computational resources without loss of quality and to test the validity of the
Lagrangian particles transport with the minimal use of the nondeterministic terms. The presented

results show that it is enough.

Corrections: In new variant of the paper we insert clarification and define this procedure explic-
itly (see, p. 15, 1. 14-17 in new version of the paper):

For the curves marked "st_11", the resultant velocity of the particles near the surface was calculated

13



as follows:

a? = a® +r(F)a",

where the function r(2P) is defined as 7(2?) = (1 — 2P /Ay) if 2, < Ay, 7(2P) = 0 if 2z, > A, and

" is the random velocity component, calculated using the stochastic subgrid model.

Reviewer: furthermore, this correction is based on using a Langevin type of approach
(Eq. 28), which employs a particular value for Kolmogorov’s constant for the struc-

ture function in the Inertial Subrange [Cy] (which is not specified for this application)
Answer: We agree.

Corrections: Next sentence was included after the Eg.(28) 1. 10-11 p. 11:
The parameter Cjy was specified to be equal to 6, because the stochastic part of the model (Eq. 28)

is mainly responsible for spatial and time scales in an isotropic inertial subrange of the turbulence.

Reviewer: a further ‘correction’ is applied (Eqs. 33 and 34) with a somewhat ar-

bitrary coefficient ¢c=0.5, p. 14, 1. 3

Answer: We agree that this coefficient was selected quite arbitrarily. Justification for this choice
is that,

i) The results of footprint calculation are not very sensitive to this coefficient, see Fig. 4, where
the crosses are the footprints, computed without correction (¢=0). These footprint functions ap-
proximately coincide with the results of other methods applied. The main reasons for the use of
correction in addition to the velocity recovering were discussed in Sect 4.2.2 (Spatial variability
of scalar concentration inferred by Eulerian and Lagrangian methods).

ii) Other Lagrangian subgrid models (LSM implemented in the whole domain and RDM added

to the new version of the paper) give similar results.

Reviewer: particles are released at z0 = 0.1 m, but reflected ‘at the ground’ (p.
12, 1.17). Should this mean z = 0 m? And if so, how are the velocity statistics being

evaluated below z07?

Answer: There are no physical arguments for a rigorous specifying of the values of turbulent
statistics below zy, because the roughness length is not more than the parameter in logarithmic

velocity profile. In the model the values of turbulent subgrid energy and the dissipation of subgrid
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TKE were interpolated linearly for z > A/2 and were fixed at the values e = €¢(A/2) E = E(A/2)
below. Our experience with LSMs and LES models shows that the details of fast mixing near
the ground do not influence the footprints considered here, especially if the grid steps are small
enough. For example, in the runs with A, = 3.125 and 2.0 m one can substitute the vertical
velocity inside the first layer by the value of reconstructed velocity w* at the level z = A, and
to perform all simulation without the stochastic terms at all, and when doing so it will lead to
extremely overestimated mixing inside the first layer, but the footprints with zp;= 10 m and
zp=30 m will be almost unchanged (not included in the paper, we can supply the appropriate

figures or data if it is necessary).

Corrections: In the revised paper the procedure of the interpolation of the turbulent statis-

tics inside the first layer is described explicitly (1. 28-29 p. 11) with the following commenting:

This procedure is rather arbitrary, but it does not have large impact on the results due to the
small decorrelation time 77,(A4/2). Besides, there are no physically grounded reasons for the
justification of such interpolations in LES because the resolved velocity in the vicinity of surface
is greatly corrupted by the approximation errors. Such procedures should be considered as an

adjustments depending on the numerical scheme and on the subgrid closure.

Reviewer: All these settings are likely good (or reasonable) choices but should be
substantiated. When serving as a reference for footprint calculations, the LES should

be validated on a forward dispersion case from the literature.

Answer: Some examples of such validation were already included in the Supplements to this
paper including the simulation results at very rough grids (see, the Supplement S1). It was com-
mented in the Introduction. In this supplement Fig.S1.1(AR9) shows the results of the validation
our LES model using [Willis and Deardorff, 1976| data. Figure S1.3(AR10) shows the simulated
footprint function and the measured one in convective ABL (case (b) from [Leclerc et al., 1997]).
To compare, one can find the results of resolution sensitivity tests with other LES model with
embedded particles under the same conditions in ([Steinfeld et al., 2008], Fig.4). There are no

available data on footprints in the stable boundary layer which is considered here.

Reviewer: The reasoning for using LES as a reference comes from requiring ’scale in-
variance’, i.e. independence of the results from grid resolution (p. 3,1. 17 - and Figs.

3c, d). This, first of all, is a good criterion in the absence of any true reference - but
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one would want to see to what degree the above choices influence this independence.

Answer: Although the authors consider the independence of the results from the grid steps
to be the sufficient reason for the justification of the methods applied, nevertheless some imagin-
able chance exists, that all of these methods provide the ’scale invariance’ but at the same time
prevent the convergence to the true result. There is no possibility for the grounded rejection of
this chance when the models are not free from the adjustable procedures. Subgrid LSM and LSM

in the vicinity of the surface combined with our approach are not the exceptions.

Accordingly, we decided to investigate one more subgrid model (RDM), which is rigorously de-
termined by the parameterisations which are already included into the Eulerian LES equations
and do not contain any adjustable procedures or parameters. We obtained the results, which are
in a close agreement with the results obtained before, except for some details inherent to RDM
and known previously from the literature (see, Fig. AR7). Agreement of the different approaches
(subgrid LSM, subgris RDM and the recovery of small-scale (sub-filter scale) turbulent motions)

provides additional support for correctness of the results.

Corrections: New Section 4.2.4 "LES with subgrid RDM and the comparison of different ap-
proaches’ (page 17, and the description of this model, page 11) was added to the paper. New
Figure 7 (Fig.AR7) was included.

(2) Absorption condition:.

Reviewer: Please provide more information on the absorption height and its impact
(p. 12, 1. 20 ff). ILe., provide a graph or a reference and list the tests undertaken
confirming that "...the upper boundary condition does not have a large impact on

the results of calculations of footprints...".

Answer: The confirmation of this sentence was provided in the original version of the paper
for the Lagrangian stochastic model (LSMT). See, orange curve in Fig. 11. Here, the absorption
was applied above the boundary layer height (a very small portion of the particles can reach this

height because there is no turbulent mixing above z =180 m).

Additional confirmation of the validity of our assumption can be done by analyzing the parti-

cles trajectories in LES.
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In additional run we did not perform any removing of the particles during calculations. We evalu-
ated separately the footprints from the particles trajectories that at least once reached the height
z= 100 m. (see, Fig.AR8). As one can see, the footprint for zp; = 10 m is not influenced by
the artificial boundary condition. The impact of the returned particles into footprint for z;; =
30 m is also very small. For the higher level (z3; = 60 m) the influence of the upper boundary
condition is visible for the distances x — x s larger then 6 km. The positions and the values of the
footprint peaks are not affected by the influence of the top boundary condition and are not directly
connected to the value of the vertical turbulent flux at the appropriate levels. To confirm the last
conclusion, we present a series of footprints computed with different intervals of averaging in time
(see, Fig.AR8). Here, time (in seconds) from the beginning of the particles ejection is shown in
the legend. The footprints are developed sequentially - the processes with the small time scales
form the peaks first. The value of the vertical concentration flux normalized by its surface value
is shown in brackets. One can see that while the total vertical flux grows approximately twice,

the positions and the values of the peaks of the crosswind-integrated footprints remain unchanged.

Corrections: We added new Appendix Al which contains the results of the test presented
above.

To be more rigorous, the following sentence in the paper:

"It was verified previously that the upper boundary condition does not have a large impact on the
results of calculations of footprints for the heights zp; up to 60 m’.

was replaced by the following one:

"It was verified previously that the upper boundary condition does not have a large impact on the
results of calculations of footprints for the heights zj; up to 60 m and for the distances x — zy,
considered in this paper (see Appendix Al and the test with LSM shown by the orange curves in
Fig.13)".

Reviewer: It seems that particles are absorbed at the absorption height and hence

removed from the simulation domain.

Answer: Yes, it is really so.

Reviewer: Figure 2 suggests that there is no vertical flux above the absorption height.
However, turbulent fluxes should decline almost linearly from their surface value up-
wards to approach zero at the boundary layer height (i.e. in this case at z = 180 m

and not at z = 100 m, cf. Stull, 1988 or Beare et al., 2006).
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Answer: The suggestion that the concentration flux declines linearly from their surface value
upwards to approach zero at z = 100 m is nonrealistic under the conditions considered here be-
cause in this case all the particles will retained in the simulation domain in spite of the absorption.
At large simulation times, more realistic final state will be the constant concentration flux from
z = zg up to z = 100 m and zero flux if z < zy. We say 'more realistic’ because this assumption is
based on another assumption that the concentration will reach some limit inside the layer 0-100
m. We did not obtain this state in the presented calculations ( the particles simulation time 2
h is not long enough) . The expected flux profile and the concentration profile in the considered
case are beyond the scope of this paper, although it is a very interesting task which could be
considered in the scope of similarity theory. Taking into account the local nature of the stably
stratified turbulence, the authors do not exclude the possibility of nearly the linear profiles of the
fluxes, as it is shown in modified Fig.3 (AR11). One can see, what the values of the flux in our
simulation are very close to those predicted by Stull, 1988 or Beare et al. 2006 up to the heights
z =~ 60 m.

In any case, significant differences between the "true" and the modelled footprints will be
expected at very large distances from the measurements location, and the flux profile does not

affect footprint close to the measurement point position (see, new Appendix Al and Fig. AR8d).

Reviewer: If the particles cannot reach the boundary layer height, they cannot be
reflected at this height and cannot return to the surface. The consequence is that

footprints consist of upwards flowing particles only.

Answer: The footprints consist of the upward and the downward flowing particles except those,
which already reached the specified level z=100 m. Due to the local nature of the stably-stratified
turbulence, and due to the large vertical velocity gradient, the particles, which reach the level

z=100 m will return back after a rather big time interval and in a very outlying position (see, new

Appendix Al).

Reviewer: If so, this would result in an unrealistic increase in extent of flux footprints
as downward flowing particles would weigh out upward flowing particles (when eval-
uating the vertical flux), with increasing tendency to do so with increasing distance

from the measurement location.
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Answer: Yes it is indeed so, but for the levels and for the distances which are not consid-

ered here. (see, new Appendix Al and Fig.AR8a,b,c).
Reviewer: Please clarify how this is handled regarding the footprints from the LES.

Answer: See the clarification above. We clearly understand and share all the concerns of the
Reviewer. The disadvantages of the proposed setup of the numerical experiment were known
for the authors at the beginning of this study. The clear and justified method for the footprint
determination in LES up to a limited distance x — xj; will be the appropriate restriction of the
particle flight. Nevertheless, we choose this setup deliberately as a way for the direct comparison
of statistics obtained by Eulerian and Lagrangian methods. For example, this way permits to com-
pare Schmidt numbers, variances, vertical turbulent fluxes (the resolved and the parameterized
separately). All of this give additional possibilities for the LES model validation and development

of the optimized procedures for the particles transport in LES.
(3) Normalisation of footprints:

Reviewer: On p. 13, 1. 14, it is shown that the integral over the footprint func-

tion is normalised to one.

Answer: The normalization of footprints was made only for the Fig.3 (AR3) and Fig.5 (AR5),
when the different approaches for the subgrid modeling of particles motions were studied. As all
curves in these Figures were normalized identically, the comparison is objective. Besides, while the
horizontal particle flight was not restricted, the footprint functions, defined by the Eq. (1) and Eq.
(2) and the normalized footprints shown in these figures differ by the multiplier a = F5(0)/Fs(zar)
(here, Fj is the vertical concentration flux of the particles). The total vertical concentration fluxes
are nearly independent from the model, so the only impact of normalization is the scaling of the
axis y in Fig. 3 (AR3) and Fig. 5 (AR5) (Fig. 4 (AR4) and Fig. 6 (AR6) in revised paper). This

does not influence both the results and the conclusions.

Nevertheless, it was mistake by the authors to include the figures with the different normal-
ization into one paper (figures with the different normalization in one paper but not the curves

with different normalization in one figure, as it could have been misunderstood due to the unclear
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presentation in the former version of the paper).

Corrections:We recalculated all the curves, shown in Fig.3 and Fig.5 and removed the sen-
tence concerning normalization from the text. All the conclusions and the descriptions of the
results remain unchanged, as well as other footprints functions shown in the paper (e.g., Fig. 13

(AR2 ) in the new version coincides with Fig.11 from the original version of the paper).

Reviewer: Does this include negative footprint values, too? Or are these treated

separately as mentioned on p. 157
Answer: Yes, negative values were also included.

Reviewer: Please clarify. The absolute values of the footprint function and hence
the cumulated footprint will depend on how negative values are treated. Observed
differences in the absolute footprint function values for different footprint approaches

(cf. Fig. 11) may be partly due to differences in normalisation procedures.

Answer: Figure 11 was shown without normalization and remains unchanged. The differences

are essential.

Reviewer: Also, is there a threshold value for the distance from the measurement up
to where footprint values are considered? The ’flat’ trend of the cumulative footprint
values suggests that the footprint function would only completely diminish at very
large distances from the measurement location. If a threshold value is set, again the
selected value will have an impact on the normalisation and the absolute value of the

footprint function. Please provide more information on the applied procedure.
Answer: See the previous answer. The threshold value for the collection of footprints was
selected large enough to include all the particles (see description of the footprint function grid in

the answer to Reviewer: #1).

(4) Kolmogorov’s constant for the structure function in the Inertial
Subrange [CO]:

Reviewer: First of all, this constant is referred to as ‘Kolmogorov constant’, a name
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that is usually associated with that in the energy spectra in the Inertial Subrange

(and has a value of approximately 1.5).

Answer: This constant, as well as the formula E(k) = Cxe*/3k=5/3 appeared for the first time
in the paper by Obukhov, 1941 (|2, in Russian) which was published a little bit later than the
famous paper by Kolmogorov, 1941 (|1], in Russian), where the equivalent form of this law for the
velocity structure function <v2('r)> ~ €2/3r2/3 was discovered. In turn, the Lagrangian velocity
structure function ((v(t + 7) — v(t))?) = Cper was introduced in Landau and Lifshitz, 1944 ([3],
first edition, in Russian) and later independently in [Obukhov A. M., 1959].

From this historical point of view both of these constants C'x and Cjy have the equal right to
be called the "The Kolmogorov constant" - both of them were introduced first in the papers or

the books of other authors and both of them were related to Kolmogorov’s (1941) theory.

Although Cj for LSMs is very often referred as the ’Kolmogorov constant’ and the dissipation
rate € stands as the single determining parameter for the generative terms in LSMs, we agree with
this comment. In practice, the constant Cy in LSMs of ABL is not connected directly with the

motions in the inertial subrange and is responsible for the scales outside the range of isotropy.

Corrections: Accordingly, we replaced naming ’Kolmogorov constant Cy’ by the ’parameter
Cy’ or 'value of Cy’ everywhere except page 7, line 4, where this constant is related to the La-
grangian velocity structure function in the inertial subrange.

In the Conclusions the sentence concerning the constant Cy was extended as follows:

The optimal value for the parameter Cy for LSMs is found to be close to 6 under the conditions
considered here. This value coincides with the estimation of Kolmogorov Lagrangian constant in
isotropic homogeneous turbulence. It provides additional justification for use of LSMs in stable
ABL, due extending their of its applicability over a wider range of scales including the inertial
subrange. Stochastic models that use smaller values Cy ~ 3 — 4 (this choice is widespread now)
may produce extra mixing and the shorter footprints, respectively. Note that the estimation
Co = 6 is based on the LES results combined with the SHEBA data [Grachev et al., 2013|, where
the nondimensional vertical velocity RMS was evaluated as &, ~ 1.33 (the exact estimation of
this value in LES is restricted by the resolution requirements). In the cases when LSMs utilize
smaller values of &,, the parameter Cj should be reduced accordingly (for example, Cy ~ 4.7 will

be the best suited parameter for LSMs with the widely used value &,, ~ 1.25 prescribed).
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Reviewer: The authors discuss the range of proposed values in the literature, and it
is felt that i) the paper by Rizza et al. (2010) might be a valuable addition to the

discussion of possible values in the PBL

Answer: We agree. This reference was added with the appropriate commenting (see next answer).

Reviewer: ii) the employed value in the LES subfilter correction (Egs. 28 ff) should
be provided.

Corrections: We provide the value Cy = 6 in the revised paper, see page 11, line 10.
Besides, the constant C'x was also not specified in the paper. We clarified the procedure of the
evaluation of subgrid energy by its extension on non-equidistant grids in accordance with the

formulas employed in LES code (p. 11 1. 21-26).

Reviewer: However, in the present paper it is demonstrated that the results of the
LSMs (and in particular LSMT) are sensitive to the choice for Cy — which is per se not
particularly new (see, e.g., Rotach et al. (1996) who have sought the ‘optimal’ value
based on comparison to water tank (dispersion) measurements of Willis and Deardorff

— and many others, such as Du et al. (1995), Reynolds (1998), as cited in Rizza et al).

Answer: We completely agree with the Reviewer.

Corrections:

1) The text beginning from line 13 p, 7 in original version was rewritten as follows (p.7 1.23 -

p.8 1 8):

There is no consensus on the value of Cy as well. Formally, Cy has the meaning of a univer-
sal Kolmogorov constant in Eq. (11). The estimation of this constant for an isotropic turbulence
using the data of laboratory measurements and DNS provides an interval Cy = 6. £ 0.5 (see,
[Lien and D’Asaro, 2002|). However, the values Cyp ~ 3 — 4 are often used for LSM of particle
transport in ABL independently from the type of the stratification. These values have been ob-
tained by the different methods. For instance, the value Cy = 3.1 for a one-dimensional LSM
corresponds to a calibration performed in [Wilson et al., 1981] according to observation data

[Barad, 1958, Haugen, 1959|. This calibration (see, [Wilson, 2015|) assumes that the turbulent
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Schmidt number Sc¢ = K,,,/Ks = 0.64 near the surface (here K, is the eddy viscosity). It is
known that determination of the turbulent Prandtl number Pr = K,,/K} (K}, - heat transfer
eddy diffusivity) and Schmidt number based on observation data is complicated by large statisti-
cal errors associated with the problem of self-correlation [Anderson, 2009, Grachev et al., 2007].
Therefore, this method of estimation of Cy cannot be considered as final and should be con-
firmed by future studies. In [Rizza et al., 2010] the values of Cy were determined using the LES-
based evaluations of the velocity structure functions and the Lagrangian spectra in convective and
neutrally-stratified ABLs. In this study the LES model had relatively low resolution, which can
be insufficient for accurate determination of this constant in the inertial subrange (see discussion
on the resolution requirements in [Lien and D’Asaro, 2002]). Nevertheless, the value Cy ~ 3, in
the paper by [Rizza et al., 2010] is relevant for LSMs applied to the convective ABL, in that case
the constant is also responsible for the energy containing time scales which are well resolved in
LES. The detailed overview of the methods of determination of the constant Cy can be found in
[Poggi et al., 2008|, where the discussion on the disagreements of the different approaches is also
included. The results of the LSMs are very sensitive to the choice for Cj as it was shown earlier
by [Du et al., 1995, Rotach et al., 1996, Wilson, 2015] and many others. Below we show that the
commonly used value of Cy ~ 3 —4 can be greatly underestimated for LSMs applied to the stably
stratified ABL.

2) We excluded the sentence concerning the value of Cj in the Abstract.

Reviewer: If indeed the LES were fully validated and all the choices substantiated (see
major comment 1), the present simulations would correspond to ‘one more tessera’
in the picture of a possible nonuniversality of C0, be it due to stability dependence
or employed time scales (outside those corresponding to the Inertial Subrange). It
is felt that the conclusions drawn in the present paper (one ‘case’ — even with three
heights) do not warrant the quite general conclusions drawn (p. 21, 1. 18), i.e. ‘the

optimal value is found to be close to 6’

Answer: We agree with the Reviewer.

Corrections: We add next clarification:

The optimal value for the parameter Cy for LSMs is found to be close to 6 under the condi-

tions considered here.
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(5) Footprints plotted in Fig. 11:

Reviewer: The footprints plotted in Fig. 11 of the manuscript and listed as Kljun
et al. (2015) do not coincide with FFP model results. Plotted below are footprints
derived from FFP for the input values mentioned in the manuscript, and optimised
parameters for neutral and stable conditions as listed in Kljun et al. (2015). (Note:
using the universal FFP parameters, e.g. from the online footprint tool still results
in different footprints than those plotted in Fig. 11). It can be seen in Fig. R1 that
the peak location of FFP fits very well the peak of LSMT with C0=3 in Fig. 11.
Footprint peak values, however, do differ, especially for larger measurement heights.
Regarding the absolute values of these peak values please see major concerns (2 and

3) above.
Answer: See answer to this comment above.

Reviewer: Also, the model of Kljun et al. (2004) is outdated; issues in stable condi-
tions were known and were one of the reasons for the update to the model of Kljun

et al. (2015).

Answer: We leave the decision concerning the model of Kljun et al. (2004) up to Reviewer
and Editor. This model is available online http://footprint.kljun.net/m2004 /varinput.php with-

out notice for caution, so we have used this tool.

Reviewer: As FFP compares well with the Lagrangian footprint model it is based
on (see Fig. R2), and as different settings of Cy produce similar shifts in footprints
in LPDM-B (Kljun et al. 2002) and the LPDM used in this study (Fig. R2) -
the main question boils down to: what is the ’ultimate truth’ and what should a
footprint parameterisation be based upon? (See comments above.) This is a very
important question and I suggest that the authors highlight this fact even more in

their manuscript.

Answer: We are confident that the results presented in this paper are accurate for the pur-
pose of footprint evaluation (see answers to comments above) and will not change substantially if

any other LES model with sufficiently good resolution will be used.
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The questions remain:

Are the conditions of the numerical setup of the experiment GABLS-1 characteristic for the
stable ABL in nature and is this case appropriate for making general conclusions?

We believe that it is true because:

i. This setup is based on the observation data [Kosovi¢ and Curry, 2000] and LES reproduces

this case quite well.

ii. Usual nondimensional functions of the similarity theory are well satisfied in this case (see

e.g. |Basu and Porté-Agel, 2006, Beare et al., 2006, Glazunov, 2014, Zhou and Chow, 2011] ).

iii. A lot of single column models were tested in similar conditions [Cuxart et al., 2006] and
the results of their comparison with the LES were treated as the indicator of models performance

under stable stratification.

iiii. Similarity of the turbulent stable ABLs permits to conclude that the results obtained in

one case can be generalized for many others.

The fact that FPP predicts footprints based on LPDM-B indicates that it is able to reproduce
the correct form of footprint function, that the scaling approach proposed by [Kljun et al., 2015]
is well justified and that FPP is able to be calibrated with respect to this stochastic model and
with respect to the postulated nondimensional functions. Most probably, FPP, can be rescaled

using the other parameters for LPDM-B or any other data set, including the LES results.
We believe, this paper provides sufficient amount of information, concerning model development
techniques and the models evaluation. The investigation of other cases will require development

of additional scenarios which should be considered as a separate problem.

The authors would be pleased to work in cooperation with the author of the review if he/she

is interested in collaboration. In this case, please contact us directly.
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Minor Comments

Reviewer: (a) The term "Analytical footprint model" is commonly used for foot-
print models based on analytical solutions of the diffusion equation by applying a
K-theory approach. This is a distinctly different approach than used in the models of
Kljun et al. (2004, 2015). The latter models are footprint parameterisations. Please

correct throughout the manuscript.

Corrections: The term "Analytical footprint model" was substituted by "footprint parame-

terisations"

Reviewer: (b) p. 2, . 5: ’...commonly, the application of these models is lim-
ited by the constant flux approximation’: this is not true at least for the Kljun et al.
papers cited above.

Corrections: This sentence was modified as follows:

Commonly, the applicability of the analytical models is limited by a "constant flux layer" simpli-
fication, assuming that the measurement height z;; is much less than the thickness of the ABL
Zi.

FPP is referred everywhere in the revised paper as the 'footprint parametirization’.

Reviewer: (c) p. 5, 1. 26: If reference is made to ’the lake’, this lake must be
introduced beforehand. It is not appropriate to explain in brackets that the author

apparently works on a ’lake problem’.

Corrections: The term ’ lake’ is substituted for more neutral ’inhomogeneous surface’ which

has no direct association with another topic in which authors are involved.

Reviewer: (d) p. 8, 1. 15: Euclidean: spelling?

Answer: It is not the spelling, it is a mistake. The continuous space is considered at this
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stage of description, so it will be better to write:

. reduces to minimization of the functional W(X) = [ €;;(Z) €;(Z)dZ where Q is the model

domain and e;;(%) is the the residual of the overdefined system of equations ...

It was corrected.

Reviewer: (e) According to Eq. 2, fys corresponds to the crosswind-integrated foot-
print. Please use this well established term rather than ’crosswind averaged footprint’
(e.g. p. 14,1 3 or p. 20, 1. 18). Further, in the captions of Figs. 9 and 11, the
graphs are referred to as "One-dimensional footprints fys". This would suggest that

the footprint at y=0 is plotted. Please clarify.

Corrections: It was corrected.

Reviewer: (f) Wind profile: from Figure 1, it seems that simulated wind speeds
in the surface layer part of the domain are smaller than the ’standard’ wind profile
for stable conditions (e.g., Stull, 1988; Hogstrom, 1996). Please add a couple of sen-

tences to explain why.

Answer: See the first answer.
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Summary

In this table we summarise shortly all the comments which were accepted with the following

revision of the paper or rejected with the following minor corrections and the justification if it is

needed.

#

Comment

Answer and corrections

Major comments

(1)

Model validation and argu-

mentation of approaches

Accepted partially. Confirmed by the
adding of new results. Some clarifica-

tions were included.

(2)

Absorption condition

Rejected.  New confirmations were

added.

(3)

Normalisation of footprints

Accepted partially. Corrected with the
minor revision. Main results remain to

be unchanged.

(4)

Kolmogorov’s constant for the
structure function in the Iner-

tial Subrange [CO|

Accepted. Corrected using the exclu-
sion of too general conclusions and with

the correction of the terminology.

(5)

Footprints plotted in Fig. 11

Rejected. Minor clarification was in-

serted.

Minor comments

()

The terminology

Accepted. The appropriate corrections

were included.

(b)

Mistake then citing

Accepted and corrected.

(c)

Embedded advertising (the

use of the word ’lake’)

Accepted and excluded.

(d)

Spelling?

Accepted by the other reason than
spelling. Improved.

(e)

The terminology

Accepted. Appropriate corrections

were included.

(f)

Correctness of the LES results

(wind profile)

Rejected. The confirmation was in-

cluded.
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Figure AR1: (Fig.1 from the original version and Fig.2 from the revised paper) Mean wind

velocity (@) (a) and temperature (©) (b) in runs with different grid steps (spatial step is pointed in legend).

Gray dots are the data from other LES models obtained in [Beare et al., 2006] (wind velocity is rotated

35° clockwise). ’Standard’ wind profile for stable conditions in accordance with [Hogstrom, 1996] is shown

by the vertical dashes.
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Figure AR2: (Fig.11 from the original version and Fig.13 from the revised paper) Crosswind-

integrated footprints f¥ (a,c,e) and cumulative footprints F' (b,d,f) for sensor height z); = 10 m (a,b),
zy = 30 m (c,d) and zpr = 60 m (e,f). Solid lines - LES with grid steps A;=2.0 m. Triangles - LSMT
([Thomson, 1987] model), Cy = 6, absorbtion at z=100 m. Orange curves LSMT, Cy = 6, absorbtion at
z=300 m. Dashed blue lines - LSMT, Cy = 4. Solid blue lines - LSMT, Cy = 3. Red lines - parameterisation

[Kljun et al., 2004]. Green lines - parameterisation [Kljun et al., 2015]. Dashed lines online FPP calculator
with L=120. Dash-dot lines FPP calculator with L=48.
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Figure AR3: (Fig.3 from the original paper,with normalization) Crosswind-integrated scalar flux

footprints f¥ in stable ABL, computed by the different methods and with different grid steps; (a,c) sensor

height zp;=10 m, (b,d) z);=30 m. Grid steps and methods are indicated in the legend: u - particles are

-1

transported by a filtered LES velocity @; u* - particles are transported by recovered velocity @* = F~14;

cor_div - the additional correction of velocity (Egs. 33, 34);

st_11 - stochastic subgrid model (Eq. 28) is

applied for the particles within the first computational grid layer.
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Figure AR4: (Fig.4 from the revised paper,without normalization) Crosswind-integrated scalar flux

footprints f¥ in stable ABL, computed by the different methods and with different grid steps; (a,c) sensor

height zp;=10 m, (b,d) z);=30 m. Grid steps and methods are indicated in the legend: u - particles are

—152.

transported by a filtered LES velocity @; u* - particles are transported by recovered velocity @* = F~14;

cor_div - the additional correction of velocity (Egs. 34, 35); st_11 - stochastic subgrid model (Eq. 28) is

applied for the particles within the first computational grid layer.
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Figure ARb5: (Fig.5 from the original paper,with normalization) Crosswind-integrated scalar flux
footprints f¥, computed using stochastic subgrid model (Eq. 28-32); (a) sensor height z);=10 m, (b)
zp=30 m. Grid steps are given in the legend. Crosses denote footprints computed with subgrid LSM
applied for the particles within the first grid layer only.
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Figure AR6: (Fig.6 from the revised paper,without normalization) Crosswind-integrated scalar flux
footprints f¥, computed using stochastic subgrid model (Eq. 28-32); (a) sensor height zp;=10 m, (b)
zp =30 m. Grid steps are given in the legend. Crosses denote footprints computed with subgrid LSM
applied for the particles within the first grid layer only.
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Figure ART7: (Fig.7 from the revised paper) Crosswind-integrated scalar flux footprints f¥, obtained

in LES with A; = 6.25 m using different stochastic Lagrangian subgrid models RDM (Eq. 33) and LSM

(Egs. 28-32); The results obtained with these subgrid models applied within the first computational grid

layer in combination with velocity recovering i#* = F~'i and correction of velocity (Eqs. 34, 35) are also

shown. Black lines are the footprints in LES with A, = 2.0 m.
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Abstract. Large-eddy simulation (LES) and Lagrangian stochastic efiimg) of passive particle dispersion were applied to
the scalar flux footprint determination in stable atmosfhieoundary layer. The sensitivity of the LES results to thatgl
resolution and to the parameterizations of small-scalmitance was investigated. It was shown that the resolvegarizlly
resolved’(’subfilter-scalé’) eddies are mainly responsible for particle dispersion i$ LiEnplying that substantial improve-
ment may be achieved by using recovery of small-scale wglfloctuations. In LES with the explicit filtering this recesing
consists of application of the known inverse filter operaitre footprint functions obtained in LES were compared \lith
functions calculated with the use of first-order single iglrtLagrangian stochastic models (LSM), zeroth-orderrbagian
stochastic models - the random displacement models (REMjlanalyticalandfootprint parameterisationi-wasebserved

According to presented LES the source
area and footprints in stable boundary layer can be suligmore extended than those predicted by the modesdytical
footprint parameterizations and LSMs.

1 Introduction

Micrometeorological measurements of vertical turbuleratiar fluxes in the atmospheric boundary layer (ABL) are Ugua
carried out at altitudes;; > 1.5 m due to technological limitations of the eddy covaraneethod. The measurement results
are often attributed to the exchange of heat, moisture asebgat the surface. This procedure is not justified for intgemeous
surfaces because of large area contributing to the flux, acduse of variability of the second moments with height. The

relationship between theear-surfacgurfaceflux F;(x,y,0) and the fluxEs{er=+wlstwith-anglebracketsdenotingthe
ensemblaveragingF, (2, yn, 2 ), measured in point—atsemedistanedremthegroundr v = (2, Y, 2 ), CaN be
formalized via the footprint functionfs{zsyear )14

Fs(mMM)=/ /fs(af,y,mMM)Fs(af,y,O)dxdy- (1)

— 00 —00



Traditionally,footprintfunctionsf< (2%, y¢ areexpresseth localcoordinatesystemwith theoriginwhich

coincideswith the sensoposition(here x? = =, — z is the positiveupwind distancefrom the sensomndy® =

crosswinddistancesee Fig. &).In horizontallyhomogenousasethesefunctionsdo notdependon x,, andy,,. In ABL the

surfaceareacontributingto the flux is elongatedn wind direction,thereforethe crosswind-integratetbotprint function ¥
definedas

Z]\/[ /fd ,\,\,7y y XM dy y (2)

is oneof themostrequiredcharacteristicfor the practicaluse.
The measurements of thienetion+—scalarflux footprint functionsin natural environment are restricted (e.g., Finn et al.,

1996; Leclerc et al., 1997, 2003; Nicolini et al., 2015) daehe necessity to conduct the emission and detection dicati
tracers. Besides, such measurements are not availableefstably stratified ABLwhere the area of the surface influencing
the point of measurements increases.

models such as single particiuchassingleparticlefirst-order Lagrangian stochastic models based on gemeddliangevin
equation (LSM) and zeroth-order stochastic models (alsaviknas the random displacement models, RDM) (see the reviews
listed in the papers (Wilson and Sawford, 1996) (WllsorilQOand the monograph (Thomson and Wilson, 203@)welt

2)Besidespnecanuse
theanalyticaimodelge.g., Horst and Weil, 1992; Kormann and Meixner, 2001) thegarameterizationsasednthescalin

approachKljun et al., 2004, 2015)All of thesemodelsshould be calibrated against the data considered to besegagive of
real processefRestitsofthesemedelsTheir resultsdepend on the choice of universal functions in the ABL or ia sirface

layer (non-dimensional velocity and scalar gradients;diomensional dissipation, dispersion of the velocity coments etc.).

Commonly, the applicability ofhesethe analyticalmodels is limited by a "constant flux layer" simplificatiolssaming that
the measurement height; is much less than the thickness of the ABL However, under the strongly stable stratification the
thicknessz; may be several meters, therefore, the vertical gradientsomhentum and scalars fluxes near the surface can be
large. It can lead to incorrect functioning of the modelsgiesr for, and tested on the data gathered under differemditons.
Large eddy simulation (LES), employing Eulerian approaxtilie transport of scalars, was first time applied for a footp
calculation in (Leclerc et al., 1997). Modern computaticleghnologies allow to combine Eulerian and Lagrangianhmet
ods for turbulence simulation arhrticlesparticle transport (e.g., Weil et al., 2004; Steinfeld et al., 2008j € al., 2010;
Hellsten et al., 2015) and to perform detailed calculatiohaveraged two-dimensional footprints under differengety of
stratifications in ABL and footprintgs(z,y,x ) over heterogeneous surfaces (for example, urban surfacsuafaces with
alternating types of vegetation). Some examples of sudulzdions are given in (Steinfeld et al., 2008; Hellstenle2915).
Lagrangian transportin LES is complicated by the probleihasicription of small-scale (unresolved) fluctuations effiar-
ticle velocity, which is similar to the problem of subgrid dwlling of Eulerian dynamics. A common approach for Lagfang
subgrid modelling in LES is the application of subgrid LSMsg(, Weil et al., 2004; Steinfeld et al., 2008; Cai et al1@0
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Shotorban and Mashayek, 2006). This approach requires heruhadditional calculations for each particle (e.g.gipbla-
tions of subfilter stresses; and subgrid dissipatioainto the particle positior?). In addition, it is necessary to generate a
three-component random noise for each particle, that ime-tionsuming computational operation. Numerically staiolu-
tion to the generalized Langevin equation (see Sect. 2.3%)jn LES requires a smaller time steps than the stepditico

of Eulerian equations, because local Lagrangian decdioelame T, (P, t) can be very small.

The statistics of simulated turbulence in LES may signifisadiffer from the statistics of real turbulence. For exdeip
the use of dissipative numerical schemes or low-order fitifference schemes usually results in a suppression dtifitions
over almost the entire resolved spectral ranges of disoretiels (see e.g., Fig. 16 in Piotrowski et al., 2009). Twebtiluxes
(in the Eulerian representation) associated with theséufitions are restored by subgrid closure. However, in texfribe
Lagrangian transport the effects of distortion of sma#llsgart of the spectrum are most often not considered.

Numerical simulations of Lagrangian transport in LES asodimited by the low scalability of parallel algorithms. i§h
is due to the impossibility of uniform loading of processora joint solution to the Euler and Lagrangian equationsygd
number of interprocessor exchanges and unstructuredbdisdn of characteristics required for Lagrangian adiogcin the
computer RAM memory.

Thus, all methods of numerical and analytical determimatibthe functionsf, have individual drawbacks. At the same
time, due to the lack of sufficient amount of experimentahdatd due to their low accuradiere are no clear criteria for
evaluation of different models.

According to the need of computational cost reduction, dribeobjectives of this study is to establish the role of ktstic
subgrid modelling in the correct description of herticlesparticledispersion in LES. Is it possible to simplify the calculatio
and to avoid the introduction of stochastic terms withowt libss of accuracy in some integral characteristics, sudheas
footprints or the concentration of pollutants emitted fritra point sources? The role of subgrid fluctuations is redudth an
increase of spatial LES resolution. Therefore, the inddpaoe of results from the mesh size is used as a criterioréanking
the quality of Lagrangian transport procedures in LES. lithd demonstrated that the subgrid stochastic modellidei® can
be omitted in most cases. Instead, we propgeserputationatheheap™ computationallycheap’procedure of inverse filtering
supplemented by divergent correction of Eulerian velomtyeplace the subgrid stochastic modelling in LES (seergsim
below).

Subgrid transport is especially significant near the serfawd/or undethestable stratification — all are the cases associated
with small eddies size. That is why the stable ABL was setkatethe key test scenario in this study. We slightly modified t
setup of the numerical experiment GABLS (Beare et al., 28@6this purpose.

LES results are used as the input data for the stochasticlm@diMs and RDMs). These data are pre-adjusted using known
universal dependencies and taking into account an incaemm@resentation of turbulent energy in LES. The comparigo
results of different stochastic models and the results ft&8 allows to specify the parameters for the LSMs and penits
identify the differences between LSMs and RDMs under thalitmms which have not been tested previously.

The paper is organized as follows. Section 2 contains theriggion of some common features of approaches: the imple-
mented numerical algorithm for footprint estimation in LEB8d LS models (Sect. 2.1); LES governing equations and the



definitions of some terminology used for the small-scale eflody description and for the testing péticlesparticletransport
(Sect. 2.2); the definitions of stochastic models (LSMs ab#/R) and pointing to some problems connected with uncdstain
of the choice of turbulent statistics for them (Sect. 2.3 arJ. Section 3 contains short description of the numeatgd-
rithmsane, the turbulent closure for LES model used in this study (S&df) and the description of the different approaches
5 for the Lagrangian particles transport in LES tested heeet(S3.2). Sect. 4 is mainly devoted to the testing of abdft . ES
model with rough spatial resolution to reproduce partiéépersion correctly. For this sakee implemented special setup of
the numerical experiment (see Sect. 4.1) permitting to @mpagrangian and Eulerian statistics (see Sect. 4.2h2)fdcus
was made on the approaches with the limited use of subgrithastic modelling (see Sect. 4.2.1 where the sensitivithef
computed footprints to the spatial resolution was inveséd). The footprints computed with LES model with simplbgid
10 LSM andRDM (traditional approach) are presented in Sect. 4-2r8dSect.4.2.4. Two-dimensional footprints are shown in
Sect. 4.3. Due to large sensitivity of LSMs to the turbuleatistics we emphasize data preparation for them using EEA1s,
measurements data and similarity laws in Sect. 5.1. Sebtammtains the results of footprint modelling with the uséhaf set
of different RDMs and LSMs (specified in Sect. 5.2) in comgami with LES results (see Sect. 5.3). Section 6 is devoted to
the comparison of footprints, computed in LES with trehytiealfootprint parameterisations based on a scaling approach by
15 Kiljun et al. (2004, 2015). Section 7 summarises the results.
In addition to the basic calculation, we carried out a sevfeests (see Supplement Sect. S1) under unstable stritifica
in ABL with thedifferent grid steps in LES model. This allows to comparergsmults presented here withe-similar results
obtained in previous studies (e.g., Steinfeld et al., 200&il et al., 2004) and to verify the performance of our LES elod
in footprint evaluation. Furthermore, we demonstrate #siits of footprint calculations above the inhomogeneoufase

20 (Supplement Sect. S2xhichimitatesthelake of-asmallsize;surreundedyy-forestvith a hugenumberof particlesinvolved
in calculationssimultaneouslyComputational aspects of technology are discussed as well

2 Modelling approaches
2.1 Numerical evaluation of footprints

Computational methods for determination of footprinteofteduce to the implementation of Lagrangian transportarked
25 particles. Each particle can contain a number of attrihutesuding its initial coordinate:f, and timet};. Choose two small
horizontal plate$s andd,, for averaging in the neighborhood of zero with the ar€asindSy,, respectively. Define the time
intervalT), = [to,t2], during which new particles are ejected near the groundthihintensityH (hereH is the mathematical
expectation of the newarticlesparticlenumber emitted per unit area per unit time) and the intefyak [t1,t2] (t1 > to),
when particles are detected near the point of measurenfigntisl sufficiently large for the ensemble averaged flux to attain
30 constantvalue in time, arif, is quite large for statistically significant averaging,rittke footprintf, can be evaluated by the
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fs(xs,ys,xar,ynr, 201) =
1

! lnfM: H(ah 4o+ )do'dy’ | 1 ®)
~ t — 1P
Su Ta 2= 5/ (20 +, 45 9/, To)dr'dy jwp| "M
S

wherengys is the number oparticlesthetrajecteriessfwhich-atleastoncecressedntersection®f the plane: = z,, by the

particletrajectoriesat horizontal coordinates! : (z — s, y] —yar) € dur in time intervalT,, Ig,, = 1 if the initial coordi-
natese{, of such particle satisfy the conditiq(w} — 2f)) — (xar — 25), (v — y§) — (ym — ys)) € 6s andI%,, = 0 otherwise.
Here,w? is the vertical component of the particle velocity at the neminof crossing the plane= z,,. ia-the-Schematic

vicinity of sensoiindependentlyntheareaof ¢,, usingtheassumptiorof somespatialhomogeneity.
In the horizontally homogeneous case one can calculate footpy a4z, 4% z5) performing averaging over

statistically equivalent coordinates of sensor pos{tieresel—{z—sa—2})- For this averaging in LES with periodic

domain one can prescribe the coordindtes,y,s) to the domain center and select the afedo be equal to whole domain
size. Analogical methods can be applied when using LSMs o¥iRDvhereas in the case of RDMs particle displacement
should be used in the E&(3) instead of velocity.

Nonuniform Cartesiangrid x%. = (x4, ¢4

This grid is independenof the LES modelresolutionand coincideswith the footprint grids selectedor all runswith LSMs
andRDMs,

2.2 Lagrangian particles embedded into LES
Lagrangian particle velocity? and the particle positiom? can be computed in LES models as follows:
ul = ﬂl(-p) +u"?, da? = uldt. 4)

Hereal(.p) is the interpolation of the resolved Eulerian velocity ithe particle positiony””? are the small-scale unresolved
Lagrangian velocity fluctuations associated with Eulesiatocity fluctuations belonging to "subgrid" and "subfiltecales.
Here and later we shall use the designation "subfilter" tatkethe fluctuations which belong to the resolved spectrajea
of the discrete model, but are not reproduced numerically,the designation "subgrid" for the fluctuations which cahbe
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represented on the grid due to smallness of the scales. L&Srgng equations for filtered velocity are:
ou; 8ﬂiﬂj 87‘1‘]' 8}_? — o,

=3 Y _ Fe =0 5
ot = 0w, 0z, om ' am ®)

where Ff comprises Coriolis and buoyancy foreg® is normalizedpressureand r;; = u;u; — u; u; denotes the modeled

"subgrid/subfilterstress tensor. System of equations (5) can be supplementbad Eulerian equations of scalars transport:
0s _ _ 05 0vf
(9t o 81‘1 81"1

whereQ, denotes sources intensity; = su; — @; 5 are the parameterized "subgrid/subfilter” fluxes. Usutily fluctuations

+ Qs (6)

u’? are defined to be dependent on some random funétiartroduced in order to provide the missing part of mixingeT
particular approaches for computiegthe unresolved part of particle velocity will be discussed agested in the following
sections.

There is a great practical interest in the calculation otgdats, as well as of spatial and temporal characteristigsol-
lution transport from localized sources above heterogessarfaces and in the areas with complex geometry (in thenurb
environment, over the surfaces with complex terrain or ¢veralternating types of vegetation). LES of such flows bexom
a routine procedure with increasing performance of computéowever, the calculation of statistical charactersstf La-
grangian trajectories is complicated in this case by thel mé&ansport of huge number of tracers (e.g., Hellsten.e@lL5).
For example, it is necessary to calculate the trajectorfiedbout10® particles (see Supplement Sect. S2) to obtain the foot-
prints above thélake*—inhomogeneousurfacewith the explicitly prescribedbstaclegthe task similar to that presented in
(Glazunov and Stepanenko, 2015)).

On the other hand, a large number of particles (see, e.gpl&upnt Fig.S2.1b) allows to estimate the local instardase
spatially filtered concentration of the scalar:

sp(z,t)= Y Glz—a*(t)), )

p=1,N

where G is the function which coincides with the convolution kerélLES filter operator andV is the total number
of particles in the domain. If the mathematical expectatipnof a number of new particlesppearingejectedin a unit
volume during unit time interval is proportional to the Eidé concentration source strengfh,(z,t) = CQ,(z,t), then
splatyr-Cstestysp(x,t) ~ C5(x,t). One can perform the same operations with the "Lagrangiantentrationsy{a+y
sp(zx,t) as the operations with the Eulerian scataBelow, we will compare the averaged valuessgfsp ands and their
spatial variability. Besides, we will use the estimationcohcentratiorsz{e#-sp(x,t) for correcting th i article
velocities (see, Sect. 3.2.1, Egs. (34),(35)), in ordepfmraximate the effect of subgrid turbulence.

2.3 Single particle first-order Lagrangian stochastic modis (LSM)

Another approach (more widespread due to a lower compugdtamst) is the replacement of the entire turbulent compbne
of velocity by a random process (Lagrangian stochastic isqd&M)):

af = ()£, deb =l 8)
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Here< (p)> is the ensemble averaged Eulerian velocity at paintin-thesingleNote, that LSMs areassumedo be also

licableunderthe temporalevolution of turbulencestatistics.In this paperwe shall considerABL asit approaches
uasi-steadgtate.Therefore dueto assumptiorof ergodicity,ensemblaveragingcanbe replacedoy averagingn time and

in thedirectionsof spatialhomogeneit .
Singleparticle first-order LSIWelee&yLsformulatedasfollows Velocity «'” is definedasa Markovianprocessandisthe

selutionof-generalized-angevindescribedy the stochastidifferentialequation:

du' " = a; (P, uP t)dt + bij(xP, uP t)Er, 9)
where¢ stays for the delta-correlated (usually Gaussian) randaiserwith the variancét

(EP()EN(t+1)) = 85 6pnd(t)dt (10)

and with the zero averadé¢?) = 0; a;, b;; are the functions depending on the Eulerian charactesisfiturbulence and on the
Lagrangian velocity of the particle. Typically; is calculated by the formula

bij = 51']' YV 006, (11)

where,e denotes the energy dissipation rate, averaged for a fixedlic@de,Cy is the Kolmogorov constant. This kind of
random term (arguments are given in (Thomson, 1987) andf®awl993)) is defined by Lagrangian velocity structure
function in the inertial range (see Monin and Yaglom, 1975):

Dij(#') = ((ui(t + ') = ui(t)) (u; (t + 1) —u;(£))) = 655 Coet! (12)

if 7, <t < Tk (r, = (v/€)'/? is the Kolmogorov microscald;s = E? /e is theenergy containing turbulent time scalend
E is the turbulent kinetic energy

The functiona; (drift term) determines the behavior of particles at laigeest ~ T, ~ Ty (hereTy, is the Lagrangian
decorrelation time scale). For spatially inhomogeneous statistically non-stationary turbulent flows, includiAg@L, the
choice ofa; is usually done according to the well mixed condition (WMQ@iomson, 1987). In general WMC does not lead
to a unique solution fo#;. Different LSMs are constructed by introducing the addi@ibphysical assumptions and can lead to
inequivalent results.

Lagrangian models are very sensitive to the choice of usaldunctions that define the normalized RMS of the vertieal v
locity 6, = <w’2>1/2 /U, and non-dimensional dissipatién- ¢z /U (hereU., is the friction velocity). Besides, the simulation
results are affected by the choicessfuniversaleenstant valueof (. It can be shown (e.g., Durbin, 1984; Wilson and Yee,
2007 ) that for one-dimensional LSM, these parameters mhiterthe eddy diffusivityK’, for the scalar in the diffusion limit
(whent > T7, i.e. at large distances from the source):

204 254
K, =—= . 13
006 006 U = ( )

The data of measurements in the ABL demonstrate large iaridor example, the values 6f, range from1.0 to 3.1 (see
Table 1 in Banta et al., 2006). According to Eq. (13) it impliee change oK', by more than nine times.
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There is no consensus on the valueC@faswell. Formally,Cy has the meaning of a univerdgblmogorovconstant in
Eqg. 1). The estimation of this constant for an isotropic turbekemsing the data of laboratory measurements and DNS
provides an interval’y = 6. = 0.5 (seg Lien and D’Asaro (2002)). However, the valu€s ~ 3 — 4 are often used for LSM
of particle transport in ABL—independenthffrom the type of the stratification. Thesevalueshave beenobtainedby the
differentmethods For instance, the valu€r=-3-+Cy = 3.1 for a one-dimensional LSM correspondséealibration per-
formed inWilson et al. (1981 jaccording to observation dafBarad—1958;-Haugen-198arad (1958); Haugen (1959)his
calibration{see-Wilsen-2015(see Wilson (2015))assumes that the turbulent Schmidt number K,/ K, = 0.64 near the
surface (herés-I,, is the eddy viscosity). It is known that determination of thebulent Prandtl numbePr = K,/ K},

(K}, - heat transfer eddy diffusivity) and Schmidt number basedbservation data is complicated by large statistical er-
rors associated with the problem of self-correlation (Asda, 2009; Grachev et al., 2007). Therefdheexistingestimation
of-Gy—eannotthis methodof estimationof Cy cannotbe considered as final and should be confirmed by future studie

resolution,which canbe insufficientfor accuratedeterminatiorof this constantin the inertial subranggseediscussionon

relevantfor LSMs appliedto the convectiveABL, in that casethe constantis also responsiblefor the energycontainin
time scaleswhich arewell resolvedin LES. The detailedoverviewof the methodsof determinatiorof the constantCy can

be foundin Poggi et al. (2008)wherethe discussioron the disagreementsf the differentapproachess alsoincluded.The

resultsof the LSMs arevery sensitiveto the choicefor C;, asit wasshownearlierby Du et al. (1995)Rotach et al. (1996),
Wilson (2015) andnanyothersBelow we show that thealueet-Cysignificantlyaffectstheresultseffeotprintealeulatiensommonly
usedvalueof Cy ~ 3 — 4 canbegreatlyunderestimatetbr theuseasa parametein LSMs appliedto thestablystratifiedABL .

2.4 Zeroth-order Lagrangian stochastic models or random diplacement models (RDM)

A simplest approach for development of the models of particpersion entails replacement of Eulerian advectiffigion

equation
a(s) L\ O(s) 0 0(s)
ot ) B T B, T (14)

by the stochastic equation for particle position (randospldicement models (RDM)):

dz? = (u;)dt + %KS dt + /2K, (15)
€L
Probability density of particle positioR is connected with scalar field concentratigi as follows:
t
<S(.’B,t)> Z/ / QS(SC(),to)P(.’B,ﬂ.’BO,tO)deodto. (16)
R3 —o0

Using the Fokker-Planck equation it can be shown that the(Eg).is equivalent to the Eq. (14) from the point of view of
concentration transport when the time sii¢ppends to zero (Durbin, 1983; Boughton et al., 1987).
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RDM has some major disadvantages. First, it shares thealiimit of Eulerian eddy-diffusion treatment of turbulergpir-
sion, i.e. "K-theory". Correspondingly, it is not able tosdebe the non-diffusive near field of a source. Also, RDM pah
be applied for the convective ABL, where the counter-gnatieansport is observed. Besides, it requires the exaoegabf
diffusion coefficient’,, which can not be measured directly.

3 Details of LES model used in this study
3.1 Numerical algorithms and turbulent closure

System of equations (5 - 6) is discretized using explicitéitifference scheme with the second-order temporal apedion
(Adams-Bashforth method) and fourth-order (fully-conserfor advective terms) spatial approximation of veloaityl scalars
on staggered grid (Morinishi et al., 1998).

Mixed model (Bardina et al., 1980), expressed as the sumefSinagorinsky and scale-similarity models, is used for
calculation of turbulent stress tensor:

T = M L = —2(C5A)% 818y + (T T - W ), (17)

i~ Tij
whereS;; is the filtered strain rate tensd, is the dynamically determined (Germano et al., 1991) dirioeresss coefficient

which depends on time and spatial coordinalése a priori testsusingthe dataof laboratorymeasurementshowthatscale-

spatialfilter usedin this studyhasa smoothtransferfunctionin spectralspacesoit canbe supposedhatthe scale-similarit
.(17)is mainly responsibldor theinfluenceof velocity fluctuationshelongingto "subfilter” scales.

system of equations

—

(XMZZ) —OéQX(M-T) ZLij—Hij—Fé‘ij, (18)

)

obtained by substitution of mixed model (Eq. 17) into ther@ano identity as

—

Tij — Tij = Ui Uj — ; Uy (19)

HereT;; are subgrid/subfilter stresses for the smoothed velagigbtained by successive application of basicand testF'y

spatial filtersp = ﬁ/Z is the ratio of the filters widths. Tensokg, M.

ijs M, Lij andH;; are calculated as follows:

. = == e (20)
Lij:uiuj—uiuj, Hij: uiuj—uiuj —(uiuj—uiuj).
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The generalized solution to the discrete analogue of Eq.i¢k®arched using the iterative conjugate gradients (C&hoal
with diagonal preconditioner. To do this, the problem isugztl to a linear system of equations

ANAAXA = AARA, (21)

whereX 4 is the the desired solution (a vector of dimensiér= N, N, N, with the values defined in the center of grid cells);
Aa andRa = LA — Ha are the discrete analogues of the operator and the rightdideaf Eq. (18) correspondinglyt’; is
the transpose matrix. The diagonal preconditiafgrfor CG method was selected as follows:

« —1
Py — (a”‘MgMg +u(MIME — 2a2MATMg*)) , (22)

whereu = const ~ 1 is the empirical coefficient independent on time and spptialtion. The solutionX A contains negative
values (unconditional minimization of the functional issd¥, however, mixed model (Eq. 17) reduces their relativater
compared with the dynamic Smagorinsky model. In the algorjinegative values are replaced by zeroes. In fact, thiardyn
procedure is close to approach proposed in (Ghosal et &5)1@%ith the difference that the mixed model was appliecgher
and iterative method was replaced by a faster CG method.

Eddy diffusion models are used for subgrid heat and conagoitrtransfer:
95 = _Khsubgrg_ai (23)
hereK,***9" = (1/Sc5ub97)(C,A)?[S| is the eddy diffusivity, which is independent on the type @dlar. Subgrid turbulent
Schmidt and Prandtl numbers are fixge“?9" = Prsubsr = (.8,

A distinctive feature of this model is that the discrete Epditter operatotF’s = F, F, F is explicitly involved in calculation

of stresses. The following discrete basic filter is selected

Fuo(@)ik = (1/8)pi-1,jk + (3/4)pi gk + (1/8)0it1,5k> (24)

herei, j, k denote a grid cell numbep,is any variable. Similar filtering is applied along the cdoedesy andz. It is reasonable
to expect that we get the velocity, smoothed according to specified filtering operator as aisaolto Eq. (5) supplemented
by the mixed closure (Egs. 17 - 21). Since the discrete filteoiperator is invertible, we can find the following velodityany
point and time:

u;" = Filﬂu (25)

which better reflects the small-scale spatial variabifyproximate inverse filter is calculated as a series (Vate@jt1931):
P~ F = i(I—FK)’“, (26)

k=0
where! is a unity operator; in the calculations presented below sexlu = 5. Spatial spectra of "defilteredvelocity u*
under the neutral, unstable and stable stratification wbtaired earlier (Glazunov, 2009; Glazunov and Dymnikov 20
Glazunov, 2014). It was found in all cases that this procedonproves the small-scale parts of the spectra according to

dependence ~ k—°/3, el rovidesbetteragreemendf spectra calculated with the different spatial

resolution and improves convergence of non-dimensioretsp if proper length scales are used for normalization.

10
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3.2 Methods for Lagrangian particle transport in LES
3.2.1 Subgrid and subfiler modelling

Below, the subgrid and subfilter modelling methods usedierisimulations in the current study are listed. These metialtl
be used also in combinations as defined in Sect. 4.2.

(1) Improvement of Lagrangian transport using inverse filtering of Eulerian velocity field

First, we will use the recovery of "subfilter" fluctuationsgéz 25, 26) in order to transport Lagrangian particles mogeipely:
u? = u*® (27)

Note, that for the use of such a procedutd=S models should exhibit the properties of model with anlieitfiltering.
Similar approach was recently applied by Michalek et al.1®0in LES with approximate deconvolution subgrid model

; : = DM, see Stolz et al., 2001)vhich can be also considered as the model with explicit filter

ing. In most cases, the suppression of small-scale fluonsin LES (particularly in those that use a low-order nuoari
schemes) occurs as a result of combined effect of approximatrors and the subgrid closure. Therefore, the shapes of
effective spatial filters of most models can only be deteadiny aposteriori analysis of the calculation results.

(2) Lagrangian stochastic subgrid/subfilter model

Second, we will apply the subgrid stochastic model propas¢éghotorban and Mashayek, 2006):

mﬁ:(-%ﬁ-%%ﬁ-a@ﬂquu%ig (28)
7 L

The parameteC, wasspecifiedto be equalto 6, becausehe stochastigartof the model(Eg. 28) is mainly responsibldor

spatialandtime scalesn anisotropicinertial subrangeof the turbulence When using dynamic mixed model (Egs. 17 - 21),
a value ofe is not calculated directly, and then it is assumed that thsigition is locally balanced by shear production and

buoyancy production or sink. In addition, sinitgs modelcan produce a local generation of kinetic energy, the avuegdg a
horizontal plane was performed to avoid negative valuesssipghtion:

e={-Bums),, + g ()., (29)

wherey? is the vertical subgrid flux of potential temperature g1ié, is the buoyancy parameter. Time scajewas evaluated

as:
subgr subf 1 3
Thus, the total unresolved kinetic energy was calculatedeasum of "subfilter" energy
SU 1 * —
E W:§«W_Wf%y (31)

11
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and "subgrid" energy:

00 —-2/3
Fsubgr o 1 / S; (ki) dk; ~ §C/ 2/3 Z 0 / ' (32)
B i\vg 7 4 K = Agi

kman;

To evaluate the valug*"*9" it was supposed that "subgrid" fluctuations belong to quitgide inertial range with the
spectrumiE (k) —Cre2/3)=5/3component-wiseelocity spectras; (k;) = Cle/3k, */%, and that the minimalvaverumber
wavenumberéor these fluctuationdm—=/Ajcorrespendis-awavelengtkmin, = /A, correspondo wavelengthsn

two grid stepsHere, A ; is thegrid stepin theappropriatalirectionandC’. = £ = 0.5 is theKolmogorovconstanthere,
atheightsz < A, /2, wherewe usetheconstantaluesT (8,/2) ande(A,/2). This procedurds ratherarbitrary,butit does
nothavelargeimpacton theresultsdueto the smalldecorrelatiortime 7}, (4, /2). Besidesthereareno physicallygrounded

reasondor the justificationof suchinterpolationsn LES becausédhe resolvedvelocity in the vicinity of surfaceis greatl

corruptedby the approximatiorerrors.Suchprocedureshouldbe considerechsan adjustmentsiependingpn the numerical
schemendonthesubgridclosure.

(3) Bivergenteerrection-efthe Eulerian—veleeityfieldRandom displacementsubgrid/subfilter model

Third+n- Third, the RDM specifiedin Sect.2.4 will be adoptedior the Lagrangiamparticlessubgriddispersionln this case

we shall usethe samesubgriddiffusivity &,°“*9" both for the Eulerianscalars(Eg. 23) andfor the particlesdisplacement

calculations:

) Kssubgr(p)

TRt 2K @er, (33)
8{1,‘i

Thismodeldoesnotcontainghearbitraryspecifiedbarameterexcepthosewhich werealreadyusedn the EulerianLES. The

coefficientK s“b9" waslinearlyinterpolatednto theparticlepositionsatheights: > z, with theassumptionhat & $ub97

A constanwalue K %097 (. y, z) = K597 (1, z) wasusedfor z < z.

da? =uP) dt +

4) Divergent correction of the Eulerian velocity field

Finally, in order to find out whether the subgrid mixing is one of the keycpsses in the dispersion of Lagrangian tracers, we

introduced an additional correction to the particle veiesi

ul) o=a® +al) (34)

cor_div div?’

wherewy;, is the deterministic divergent additive to the velocitydial:

sp
U,

8;,,13

(35)

Udiv,i =

12



10

15

20

25

with the imposed restrictiofiy;, ; = 0 if s;=8sp = 0. Here, the "subgrid" flux;” is calculated using the same closure as
the closure for Eulerian scalagswith the only difference that the concentratiggs p, estimated by the number of particles
in a grid cell, is used idermulaEg. (23).The applicability of this proceduis-determinedsyustified becausef the large
number of particles involved in simulation (in all the cadescribed below we have at least several dozens of pariticéech
grid cell).

Correction given by Egs. (34), (35) does not provide truelsatale mixing, but only introduces an additional "stretg"
or "compression" of the small volumes filled with particleglarovides concentration fluxes across the borders of giigl ¢
close to "subgrid" fluxes in Eulerian model. Using this coti@n, we are guaranteed to get a high correlation between th
"Eulerian" and "Lagrangian" concentrations (in all ourlpnénary tests(g’s@wy/, / <§’2> <s’?)> ~0.9).

The idea of such a correction was based on the assumptioddtsits of the mechanism of subgrid mixing have a little
influence on the statistics of trajectories at sufficierdlsge distances from the source andkeitbig-long enough timet. It
was assumed that the quick mixing on small spatial scalebeamplicitly substituted by the approximation errors igsin
the procedures of interpolation and by the errors of discsetution to the advection equation. Correction bringscdaitenal
systematic effect to reduce incorrect particle transppthke large eddies.

3.2.2 Simplified velocity interpolation

In preliminary tests it became clear, that trilinear intégtion of each velocity component provides no advantage®btprint
calculation in comparison with the following simplified &ar interpolation on a staggered grid:

_ Tiv1/2,5k — 2" P —Ti1/25k

ul?) = ui—1/2,j,kT + Ui+1/2,j,kTa
_ Yij+1/2.k — Y _ YP = Yij—1/2,k

o) = Ui,j—l/Q,kiAy + Ui,j+1/2,k7Ay ) (36)
— Zijkt1/2 =20 2P — 2 jk—1/2

w? =W, 5 k12 R sV Ey wa—

where position(i, j, k) is the center of a grid cell containing the particle. Tritménterpolation and interpolatiagivenby Eg.
(36) provide nearly the same concentration fluxes acrosbdlaers of a grid cell, but the latter does not result in adaél
substantial smoothing of velocity. An exception was madetfe grid layer closest to the surfac€ (< A,) where the mean
velocity components were adjusted according to the Mortibov similarity theory with the dimensionless functidaken
from (Businger et al., 1971).

4 LES of stable ABL and footprint calculations

4.1 The setup of numerical experiment

Stable boundary layer at the latitude® 73 in elesetethealmoststeady state conditions was considered. The calculatiens w
carried out according to the GABLS scenario (Beare et aD60with the difference that the geostrophic witig has been
rotated 35-° clockwise such that the wind direction near the surface@pprately coincides with the axis. The duration of

13
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35

runs is 9 hours. The initial wind velocity coincides with ggophic velocity U ;| = 8 m/s. The initial potential temperatuée
is equal to the surface temperatég|;—o = 265 K up to the height 100 m and increases linearly with the #&@¢édz = 0.05
K/m if z > 100 m. During the calculations, the surface temperature deesknearly with timed®,/dt = —0.25 K/hour.
Dynamical and thermal roughness parametgrandzoe are set to 0.1 m. The calculations were performed at the etaid
grids with stepsA, = 2.0 m, 3.125 m, 6.25 m and12.5 m. The size of the horizontally periodic computational domeas
equal to400 x 400 x 400 m3. The last hour of numerical experiments was used for avegagfithe results and subsequent
analysis.
Thissetupis basedntheobservatiomata(see Kosovic and Curry (2000))As it wasshownin (Beare et al., 2006)heLES

wasusedior testingtheLES modelse.g.in (Maronga et al., 2015; Zhou and Chow, 2012; Bhaganagar abdddle, 2015) and

manyothersandfor theimprovemenof subgridmodellinge.

seeCuxart et al. (2006)where the intercomparisorof single-columnmodelswas performed).Severalof nondimensional
relationshipsn stableABL were collectedand presentedn (Zilitinkevich et al., 2013) Consideredcaseis alsoincludedin
presentedimulationsare easilyreproducibleandthey canbe repeatedisingany LES modelwhich containsthe Lagrangian

articletransportoutines.
The mean wind velocity and the potential temperature, ¢atled withthe different spatial stepa, are shown in Figd-2

The model slightly overestimates the height of the bountiargr at coarse grids, however, the wind velocity near thtaesa

is approximately the same in all run&s one canseefrom the Fig.2, the resultsof simulationarein goodagreementvith
theresultsfrom otherLES presentedh (Beare et al., 2006) (sebttp://gabls.metoffice.cofor moreinformation).Meanwind
rofilecomputedn accordancevith (Hogstrom, 1996) ishownin Fig. 2by theverticaldashesin thesurfacdayerpartof the

domainthis "standard'profile for the stableconditionsalmostcoincideswith thelongitudinalvelocity obtainedn LES.

Passive Lagrangian tracers were transported simultalyawitls the calculations of dynamics. Each particle, wheactang
a lateral boundary of domain, is returned from the oppositendary in accordance with periodic conditions. The refbect
condition is used at the ground. The particles are ejectdueadteightzy = 0.1 m (one particle per each grid cell adjacent to
surface) with regular time intervalst.; = 1 s. The position of the new particle within a grid cell is setdamly with uniform
probability. The ejection of particles takes place corimsly from the seventh to the ninth hour of the experiment.

To limit the number of the particles involved in the calcidatthe absorption condition is applied at the height of 100

meters within ABL. It was verified previously that the uppeubdary condition does not have a large impact on the results

calculations of footprints for the heighig; up to 60 mandfor thedistances: — z,, consideredn this paperseeAppendixAl

14
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andthetestwith LSM shownby the orangecurvesin 12). This formulation of numerical experiment allows direchgmarison
of the concentration of particless p, estimated by Eq. (7), and the scalar concentratja@alculated by the Eulerian approach

(Eq. 6). For this purpose, additional scafds calculated from 7-th till 9-th hour with a constant suddlux F; = const =1,
zero initial condition and the Dirichlet conditigh= 0 at the altitude 100 m.

In the last hour of simulation the averaged number of pasiah each cell of the grid near the surface was approximately
equal to 700-800, 350-400,180-200 and 110-130 for grigssig=12.5m, 6.25 m, 3.125 m and 2.0 m, respectively. Having
such number of particles one can estimate the concentrsitian ; »,t,,) at each time step, whet, ; ;. is the center of a
grid cell. It was assumed, that each particle contributethéoconcentration;{@;;)-5p(x;,;,5) With the weightry ; , =
(VPN\Vi,jk)/Vi,je whereV? is rectangular neighborhood of its position with the sig, (V?(\V; ; k) is the volume of
intersection with grid celly; ; . is the cell volume. This averaging is close to the filtering=ollerian scalar (Eq. 24). The
additional normalization is performed as follows:=+55A¢/Azsp = 5pAt,.; /A, . The concentratioss-sp corresponds to
the number of particles in one cubic meter under the conditiat one particle per square meter per second is ejected nea
the surface. Concentratiefy-s p_is numerically equal (excluding errors, determined byet#ht methods of transport) to the
concentration of the scalar fiekdf scalar surface fluxt’s = 1.

Figure-2- 3 shows the resolved and the parameterized components affl4% in runs with different grid steps. It is seen
that the calculation time is not large enough to reach a gtetade (the total flux is not constant with the hight, so therage
concentration continues to grow during the last hour). Hargt was checked that the flux footprint close to the serssoot
affected by nonstationarity. Besides, we can compare thiesafs andszs p, because the boundary and initial conditions are
identical for them.

The unresolved fraction of the fluk:*9 = (93) is an essential part of the total flux** = (3 w) + (¥5). Accordingly, the
vertical transport of Lagrangian particles by resolveduiy w may be significantly underestimated. Thus, we have "hard"
enough test to verify Lagrangian transport in LES with ppadsolved velocity field.

4.2 Sensitivity of LES results on methods of particle transprt and spatial resolution
4.2.1 Footprint calculation with limited application of subgrid stochastic modelling in LES

Figure-3- 4 shows the scalar flux footprints averaged in crosswind toeq? (z s — z, zar) computed by different methods

and with different grid step i i Ferde—=1
In all cases, we have avoided using the subgrid scale sticiasdelling except calculating the velocity of the paei
located within the first grid layer? < A,. For the curves marked "$t"-, the resultant velocity of the particles near the surface

was calculated as follows:

u? =uP 4 r(1-2P /AP, (37)

wherethe functionr(z?) is definedasr(2?) = (1 — 2P /A, if 2, <A, r(zP) =0 2, > A, andu’? is the random velocity
component, calculated using thdel{stochastisubgridmodel(Eqg.28). To take into account the memory effects in Langevin
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equation, theredel28)-stochastionodelwas implemented inside the layet < 3A,, so (because of the smallness of scale
T this procedure does not lead to significant distortions@random component of the velocity.

If the particles are advected by the filtered veloaityvithout any correction then the vertical mixing is too wealdadhe
maxima of footprintsf? are strongly underestimated and shifted at the large adisgafrom the sensor position. Divergent
correction of Eulerian velocity (Egs. 34, 35) partially impes the results (squares in Fig4a,b). For example, maximum of
footprint f¥ for the sensor height,;=30 m (near the fifth computational level) occurs to be closté maxima of footprints,
computed at fine grids, but it is still shifted. Thus, the eetion Eqg. 34, 35) alone is not sufficient. Primarily this is due to the
weak mixing below the first computational level, where thatdbution of the subgrid velocity is crucial.

The inclusion of stochastics within the first layer improvtls result (dashed curves in Fig.4a,b). However, it is not
enough to determine footprints at altitudes comparabledatid spacing.

The advection of particles by the velocity leads to close matching of functiorf§, calculated with different grid steps
(solid lines of different thickness in Fig3 4c,d). The differences between these footprints are notfiignt from a practical
point of view, and can be equally explained by means of theriect Lagrangian particles transport, as well as by meéns o
the insufficiently accurate solution to the Eulerian equagion the coarse grid.

4.2.2 Spatial variability of scalar concentration inferred by Eulerian and Lagrangian methods

While the particles were advected by the "defilterefibw we have also used the correctidegs. 34, 35). In this case the
subgrid diffusion coefficient was reduced twigg*"*Y" = ¢k """, ¢ = 0.5 (coefficientc = 0.5 was chosen because about a
half of subgrid flux can be restored using "defilteringgw*) — (s w) ~ 0.5 (¥5)). We note that when the particles are advected
by velocityw*(?), then the presence or absence (crosses in&#g,d) of correction has no significant effect on the function
f¥. Nevertheless, this procedure may be useful for the foligweasons.

In the inertial range of three-dimensional turbulence glarith the kinetic energy the variance of a passive scalar con

centration is transferred from large scales to small soalsthe formation of the spatial spectrufi—JFcege—143k=2/3
M(see (Obukhov, 1949)) (hetg is the dissipation rate of the variance of concentrationsed by molecu-
lar diffusion). Lagrangian transport of particles by a dgence-free velocity field* with the truncated small-scale spectrum
is equivalent to Eulerian advection of concentratiamthout any dissipation. The absence of subgrid-scalegidine velocity
spectrum will lead to reduction of the forward cascade anthéoaccumulation of varianag?, in vicinity of the smallest
resolved scales.

Figure-4 5a shows the variances of "Eulerian” concentratid(z) = <§’2>ryt computed at different grids, and the variances
of "Lagrangian” concentrationZ;{=)—s;" WWMW One can see that if particles are advected by the veloc-
ity w*(P) (crosses), varianee;, is much larger than?. If the velocityw*(P) +uffl’3j is used (black circles), the valuesadf, and

o2 become closer to each other. Besides, the corredfigs.84, 35) increases the correlation ¢as; = 555 " {osp65)
5.5p) = (3’8 g:p05) Of two fields calculated by means of "Eulerian” and "Lagrangi approachegsb).

One can expect that in more complicated cases (e.g., thelémtbflow around geometric objects and the formation of
quasi-periodic eddies) the accumulation of small-scalsenim the concentration field may lead to the incorrect ative©f
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concentration by the resolved eddies. This effect may heiadportant for inertial particles when the nonphysicalaace of
concentration can directly affect dynamicsteadditional tests it was found thestrection34;the correctiongivenby Egs.
(34) and(35) preventsparticlesparticlestagnation in zones with unresolved turbuleméele-duringthe modelling of urban-
like environment. Thus, this correction is desirable foruanier of reasons as a practical replacement of subgridastich
which requires large computer resources.

4.2.3 Particle advection and footprint determination in LES with subgrid LSM

One can obtain footprints close to those presented at-Bigt by means of application of the stochastic subgrid model
(Egs. 28-32). The calculations for this model have beeniedhwut at the grids with steps 3.125 m, 6.25 m and 12.5 m
(solid linesef-differentthicknessin Fig. -5 6a,b). One can note the defect of the stochastic subgrid rirogiél LES, which
can not be detected by studying of the mean characteristidhe previous subsection the recovered "subfiltgpart of
velocity u” = u* — @ and so the subfilter Lagrangian velocitf/(”) were highly correlated with the resolved velociiyin
time and spacethis is dueto the specificsof spatialfilter (Eq. 24) usedfor the recoveringgivenby Egs.(25,26).This filter

hasa smoothtransferfunction in spectralspace.The analogousffectsof non-idealfilters in LES which lead to the high
correlationsbetweenmodelledand measuredurbulentstressesvere obtainedand discussedearlierin Liu et al. (1994) and
Meneveau and Katz (2000uherethe laboratorydataof turbulentflows were studied.On the contrary, additional mixing in

the stochastic modefE(s.28-32) is due to random fluctuatiqivghich are not related t@ strictly. When one uses coarse grids,

the energy of these Lagrangian fluctuations should be largegh to restore mixing in vertical direction. This is acqamied

by an excessive suppression of the variability of concéintia;-s p near the surface, where the contribution of subgrid mixing
is large (stars in Fig4 5a). The correlation between "Euleriaréencentratiorand "Lagrangian‘eencentarierconcentration

is reduced simultaneously (see Fig5b). Probably, this defect of employed Lagrangian stocbastidel is connected to the
horizontal averaging in evaluation of "subgrid" dissipatand energy. Nevertheless, this result shows that in sasesdhe
stochastic subgrid modelling can prevent correct repridoof the resolved spatial variability of particle contrtion in
LES along with improvement of the mean transport.

4.2.4 Footprints in LES with subgrid RDM and the comparisonof different methods

In Fig. 7 footprintsobtainedin LES with intermediataesolutionA, = 6.25m areshown.We choosethis resolutionbecause
LES dynamicsis still reproducedsufficientlywell, but the effectsfrom the subrgrid/subfiltet.agrangiarparametrizatiorare
alreadyclearly visible. In additionto the approachesvhich werealreadydiscusse@bovewe appliedthe subgridRDM (Eq.

33) andthe subgridRDM in combinationwith the velocity recovering(Egs. 25,26) andthe correction(Egs.34, 35). In the

former casewe restrictedthe activity of the subgridRDM by the multiplying of the diffusivity coefficient/& *"*/" ") in (Eq.

33) onthefollowing rampfunctionr(z?) = (1 — 2P /A ) if 2P < A, andr(zP) =0if 2P > A,.

Generallyresultsarein closeagreementith the resultsof LES with the fine grid exceptof somedetails.Onecanseethe
intrinsic defectof the RDM whenit is appliedto thedispersiorof particlesin nearfield of asource Namely,astheRDM is the
approximatiorof thethe diffusion processwith theinfinite speedf the signalprorogationthis modeloverestimatesaluesof
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ightedin the logarithmicscale).

Nearlythesameeffectwasobtainedn Wilson (2015) (se€igs.1-3in its paperwherethefootprintsfrom RDM arealsoshifted
leftin comparisomwith theothermodels) It wasalsoobservedhat,alongwith theoverestimategerticalmixing, subgridRDM
leadsto the propagatiorof someportion of the particlesin the upwinddirection(thefunction f¥(xy — x, 23, = 10) hasthe

small but the positive valuesif x . In LES with the intermediateresolutionthe mentionedoverestimateanixin

¥ in the vicinity of the measurementsoint location(seeFig. 7d, wherethis effectis hi

ighly variablein time and

10 Sect5.3RDM appliedalonegivesa very closeresultsto theresultsof LSMsin this particularcaseof the stableABL..

In contrastto the subgridLSM andto the methodsof velocity correctionproposedabove,the advantagef the subgrid
RDM consistsn the absencef the arbitraryprescribedoarametersindin the absencef the needto involve the additional

exceedshe similar effectin RDM standingalone(seeSect.5.3) becausehe coefficientk 5“%9"

15

thegrid steps.
20 areapproximatelyhe sameasthefootprintscomputedisingthe otherapproaches.

4.3 Two-dimensional footprints

The trajectories of large number of particles 1.8 x 10%) were simultaneously computed in LES with grid step 2.0 m- Ac

cordingly, one can get statistically grounded estimatifiwo-dimensional footprint functiong, (z — x s, y — yar, 2ar). These

functions, computed for the sensor heigh{s=10 m and:,=30 m are shown in the Figs 8a,b. One can see, that the area with
25 the negative values of footprint exists. The negative \@bfd¢ootprints are typical (e.g., Cai et al., 2010; Steidfet al., 2008)

for the convective boundary layer due to fast upward aderdiy the narrow thermal plumes and slow downward advection

in the surroundings. Here, the negative values of the fangti are connected to the Ekman spiral and to the mean transport

of the particles elevated to large altitudes in the directierpendicular to the near-surface wind. ativevaluesof scalar

30 upperlevelsdownto thesurface Forexamplethe positivesurfaceconcentratioriiux in this areawill leadto negativeanomaly
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The contribution of the negative part of the flux to the "meastrdllix is significant, as shown in Figé 8c,d, where
cumulative footprints, defined as

rd
F(a?,zar) = / fU& zar)da’, (38)
are separated into positive and negative pBtsy, — x,zp) = FT + F~.

5 Stochastic modelling and the comparison with LES
5.1 Preparation of turbulence data from LES for LSMs and RDMs

The LES results with grid step,=2.0 m were used for data preparation. To apply LSM (Eqgs. 8h@Yollowing Eulerian
characteristics are required: the mean wind velocity camepts(u) and(v), the second momen(mgu;) and the dissipation

e. Stochastic models are even more sensitive to some of thegaateristics than the advection of particles in LES. For
example, the underestimated values of the turbulent kiregtergy in LES are the consequence of the suppression off smal

eddies. Nevertheless, these eddies exert relatively émflaktnce on the mixing of scalar, because the effective elftlysivity
associated with theri sma! ~ E'/2 jsmall js not large due to small spatial scale. However, the turtiideergy which is

small

substituted into LSM affects results independently of #eesand has to be evaluated with good accuracy.
5.1.1 Mean velocity

Mean wind velocity at the height < z < A, was computed using log-linear law:

1 z z (u;)
N=U.[=In(Z s

=0 (g (5) +nz) < G

and(u;) =0 atz < zo. Here,U. is the friction velocitys = 0.4 denotes the von Karman constahtis the Obukhov length at

the surfacénete

U20q
=— (40)

, Co =5, (39)
z2=Ag/2

whereQ), is thekinematicpotentiatemperatur@ux atthesurfaceg = 9.81 m/s’ is theacceleratiomf gravityand®, = 263.5

K is thereferencepotentialtemperaturdasit wasprescribedn presentesgimulationsandin Beare et al. (2006)Note, that
the von Karman constant is not included in the definition &f f[gngthZ here and latej—(this alternativedefinition of the

Obukhovlengthis usedalongwith thetraditionalone,seee.qg.Zilitinkevich et al. (2013) Eq.(41))The linear interpolation of

velocity was used it > A,.
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5.1.2 Momentum fluxes

The fluxes(uju);) = (w;u)) + 7/7"* (i # j) were interpolated linearly and additionally smoothedrgwérere in the domain.

These fluxes are shown in Fig.9a.
5.1.3 Variances of velocity components

The variances of velocity component$ = (u/?) were estimated by formula:
af =((w')*), .+ %Esubg, (41)
where E<%9 is the subgrid energy (Eq. 32) ari¢u;’)?) are the variances of recovered velocity components. Thicakr
velocity variance has the greatest impact on the functj@ihsFigure-8 9b shows the comparison of evaluated normalized
RMS &, = 0, /|7|'/? (solid line) with the SHEBA data (symbols; see descriptior(Grachev et al., 2013, fig. 15b); data
kindly provided by Dr A. Grachev). The data are shown in deleerce on nondimensional stability parameter xz/A,
where

|T|3/2@0
)

is the local Obukhov length, determined using values of Btofanomentunir| and temperatur€ at the given height (local

Az) = (42)

scaling in stable ABL (Nieuwstadt, 1984)). The measuresisnggest that the mean value of normalized R#Sx 1.33

if value ¢ is small. Figure8 9b shows, that our estimation of RMS is slightly less than treasured values in the interval
0.03 < £ < 0.2. Respectively, the final values of vertical velocity vadardesigned for the substitution in stochastic models
were corrected as follows? = 1.332|7| if £ < 1. At the higher levels the estimatioRd. 41) was applied.

The final estimations of the variances of velocity composan¢ shown in Fig8 9c by the solid lines. Dashed lines are the
filtered resolved velocityi; variances. The estimation of the variance usingfermutaEg. (41) is shown by the circles. One
can see that significant parts of variances were not repeatlexplicitly in LES and were recovered usiagevementiened
abovementionedassumptions.

5.1.4 Turbulent energy dissipation rate

Usual interpolation is not applicable to the calculatiomisSipation rate near the surface, where 1/z. Besides, the values

of dissipationea, computed in LES at the levels = (k — 1/2)A, are approximately equal to the averaged values inside the
layers(k —1)A, < z < kA, but not to the physical dissipation at given altitudes. &lntie assumption thét| is constant
with height and neglecting the stratification inside firstdla one can get the following corrected valueeddt the height
z=0N7y/2:

E|Z:Ag/2 =~ 2€A1/ln(Ag/Zo) (43)

Additional analysis showed thaf » < 0.25z;, then the local balance of turbuleatergykinetic energy(TKE) is well
satisfied:e = S + B, whereS and B are shear and buoyancy production. Therefore, the nondioal dissipation can be
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approximated by a formula

e 2 g (2V_2_L,n_pZ
€= |7-|3/2 = dm (A) A H+(Cm 1)A7 (44)
where
w2 1 AZ
Om ’32 |7'|1/2_/£+OmA (45)

is the nondimensional velocity gradiedt: = 5, according to the observation data (e.g., Grachev et a324nd LES results
(e.g., Glazunov, 2014). Here, the assumption is used tleastiearo (u) /0= and the stress are collinearPreviousLES
studiesof stableABL (e.g., Beare et al., 2006) alsive neglectfullysmall valuesof thetransportermsin TKE balanceThe
ABL wasestimatedisingthespectrabnalysiof longitudinalvelocityin inertial range In accordancwvith this paper: ~

dissipatiorevaluation.
Discrete values of nondimensional dissipation z; /|7|>/? are shown in Fig:9 10a by circles. Dashed straight line is the

universal function (Eq. 44). One can see, that the corne¢kg. 43) makes the dissipation values closer to the functim (
44). Finally, the profile of dissipation.;(z) for LSM was corrected as follows (see Fi§.10b). The dissipation was set to be
constant below some height, and was replaced by universal functios ¢|7|3/2/~ up to the level withz /A = 1. The height
z. Was chosen in a such way to equalize values of the dissipatieraged in a layeb < z < A, and the dissipationa;.
Figure-9 10b shows that the corrected dissipation (solid line) is very close to "discrete” dissipatieq;, (circles), except
for the first computational level.

5.1.5 Diffusion coefficients

Randondisplacementdisplacementodel (Eq. 15) requires the estimation of eddy diffusionfiicient /. Note, that due to
anisotropyone should use tensor diffusivify’/ in a general case. Neglecting this fact, let us assume tbatrthcipal axes of
the tensorK'™/ are aligned with the coordinate axes. The correspondefficients K, K** and K’* (see Fig-8 9d) can
be calculated as follows:

0(5)
Kww — _ /! 46
we =/ (52, (46)
4 4
K= T, K= iR, (47)
O.’u/ Uw

The horizontal eddy diffusivitie&** and K’V are estimated taking into account the expression (13).

One can see that the formulad. 13) provides a good approximation for the coeffici&jt" if one sets the valu€y = 6.
We note, that the data of LES were substantially correctg@tohis estimation. Very fingridsgrid simulations are needed to
verify andte-justify the given value. There is no guarantee that this t@omiss actually universal under different stratification
in the ABL.
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5.2 Specification of LSMs and RDMs tested against LES

The following stochastic models were tested using the datpared as described above.

(1) RDMO is the random displacements model with uncorrelatedpmments. Particle position is computed by the formula
similar to Eq. (15) but with direction-dependent coeffitgefsee, Eqs. (46), (47) and F§9d). The components of the Gaus-
sian random noise satisfy tieenditiorEqg. (10).

(2) RDM1 differs from RDMO by using the noise with inter-compaieorrelations:

(€O (t+ 1)) = ~——2=5n(t')dt, (48)
1Y
wheres; = <u’f>1/2.

(3) LSMO is the Lagrangian stochastic model without WMC:

P u’f p i 2‘71'2
du'} = —rdt++/Coet!, Tj =2 (49)
L 0€

(4) LSM1 is based on the one-dimensional well-mixed model:

P 1902 p)2 242
du? = (—w—+—ﬂ<1+(i2) ))dt—i—«/coegg, Tw = 2w (50)

TY 2 0z 2 Coe’

supplemented by uncorrelated horizontal mixing similaEtp (49) with the appropriate variances ando? .

(5) LSMT is three-dimensional Lagrangian stochastic modédfyéng WMC, which is proposed by Thomson (1987). For the
incompressible turbulent fluid in a steady state and undectmdition of zero mean vertical velocity this model (Thoms
1987, formula (32)) reads:

()
1 107, 3<ui > 1
af = —50Coe(r it/ + 5 LI w4 (7™

! 2 0my Ox; 72
du'? = aPdt + \/Cye€?,

wherer ! is the tensor inverse to the stress tensor.

87"1
1 K /D IP
5 g (51)

The setups of numerical experiments with RDMs and LSMs wiargedo particle advection conditions in LES (absorbtion
at the altitude 100 m, ejection af = 0.1m and reflection at = 0). The particles were generated continuously within tworBou
of modelling. The last hour was used for averaging. The n®d8MO0 and LSM1 use the valug, = 6. Three-dimensional
model LSMT was applied witly = 6 andCy = 8.

5.3 Modelling results

Figure-10-shewsene-dimensienall 1 showscrosswind-integratefbotprints f¥ and the corresponding cumulative footprints
F, computed by LES (bold solid lines),=2.0 m) and by stochastic models described above. Foamaiet shown for the
sensor heights;; = 10, 30 and 60 m.
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The models RDMO, RDM1 and LSM1 provide very similar resuftaster mixing is observed in stochastic models below
the altitudez,; = 10 m in comparison to LES. These differences are not cradidlare compensated in a cumulative footprints
at the distances — x; ~ 1000 m. The differences can be explained either by insufficiebgsd mixing in LES or by inexact
procedure of the data preparation for stochastic modeNfagy weak sensitivity of the models with respect to cottielas of
particle velocity components is observed as well. Thusrdkalts close to LES were obtained in stochastic modelsgatie
"diffusion limit" with the same or close vertical diffusiaroefficient. The significant advantages of LSMs comparedd¥R
were not observed in this particular flow.

The substantial disagreements to LES were obtained ugieg-tfimensional Thomson model (Eqg. 51) with= 6 and the
model LSMO. The last one is designed for the isotropic tiebaé and does not satisfy WMC under the conditions considere
here. This model leads to overestimated mixing, and suchdmas not vanish at large altitudes.

LSMT (Eqg. 51) was proposed in (Thomson, 1987) as one of thsilplesvays to satisfy WMC in three dimensions. In our
simulations the error of LSMT is substantial and grows wéhsor height. This was shown by Sawford and Guest (1988), who
derived the diffusion limit of Thomson’s multidimensiomabdel for Gaussian inhomogeneous turbulence and showetthéha
implied effective eddy diffusivity for vertical dispersias:
2(o + (w'w')?)

K, =
C()E

(52)

Taking into account this expression and Eq. (13) which ighfal the one-dimensional LSM, one can estimate the appatepr
value ofC,, for LSMT under the conditions considered hefg:~ 6(1.33% 4 1)/1.33* ~ 8 (we assume that,, /| (v'w') |*/? ~
ow/|7|*? ~1.33). The results of LSMT withCy, = 8 are in a close agreements with the results of other stocirastiels and
with the results of LES (open triangles in Figb 11a,c,e).

Turbulent PrandtPr and SchmidiSc numbers computed using Eulerian approach are shown irdHig2a. These numbers
coincide and are approximately equal to 0.8 up to the akitsidyhtly less then 100 m, where the boundary condition for a
scalar is applied. Schmidt numbe$s were calculated also using the concentrations and the floixkeagrangian particles.
The models RDMO and LSM1 provide the valuesSefclose to the results of Eulerian model. Calculations by LM’ = 6)
resultinSc=~ 0.5 — 0.6, that is also the sign of the overestimated vertical mixing.

Two-dimensional footprintgs(z — xar,y — yar, 2ar ), computed by the models RDMO, RDM1 and LSMieguresfigures
are not shown here) were very close to LES results presemtéid i-6 8. In particular, this fact argues that the mechanism of
formation of the region with negative values fafhas a simple nature, which can be easily reproduced in thesfrerk of the
diffusion approximation.

Theeross-winecrosswindmixing can be characterized by RMS of transversal coordiat the particles depending on the
mean distance from the souréé’? (X») = ((y? — YP)2>1/2, whereX? = (2P) andY? = (y?) are the mathematical expec-
tations of the particle position. Functiol¥? (X?) are shown in Fig-+1 12b. The models RDMO, RDM1, LSM1 and LSMT
(with Cy = 6) result in close horizontal dispersion. All the stochastindels predict slightly less intensive mixing in compar-
ison to LES, that can be a consequence of the inaccurate dgiarption algorithm, as well. If one neglects the anigntro
of eddy diffusivity than this dispersion would be substalfifiunderestimated (see short-dashed line in-Eigl2b, computed
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by RDM with the coefficientd(** = K* = K**). One can see, that the choi€g = 8 in LSMT (open triangles) does not
improve its overall performance because the improvedaadrtnixing is accompanied by the reduced dispersion of gasti
in the horizontal direction.

Wind direction rotation leads to widening of concentratiace from the point source (see thin dashed line in-FidlL2b,
computed with one-dimensional LSM). At larger distancesrfrthe source in the Ekman layer the crosswind dispersion of
pollution should be defined by the joint effect of the windatidn and vertical mixingbut not by the horizontal turbulent

mixing.

6 \Validation of arabyticat-footprint parameterisations basedon scalingapproach

Footprint parameterisations that are assumed to be valallicoad range dfeundarjayerABL conditions and measurement
heightseverthe-entire planetaryboundarylayerwere proposed in (Kljun et al., 2004) and recently in (Kljurak, 2015).
These parameterisations are based on a scaling approacpafdmeters for thesmalyticalmedelsparameterisationsere
evaluated using backward Lagrangian stochastic partisfeedsion model LPDM-B (Kljun et al., 2002). In turn, LPDMi8
based on the forward single particle Lagrangian stochastidel (see (Rotach et al., 1996) and (de Haan and Rotach))1998
satisfying WMC. The value okelmegereveenstanparameter’, which was selected for LPDM-B stochastic model was set
to 3 (see (Kljun et al., 2002)). In parameterisation of LPBVithe turbulent statistics and the wind velocity were asstito

be universal and depend on the surface heat and momenturs, flageoughness parameter and the boundary layer height. Th
exact formulas for all the universal non-dimensional fioies under the stable stratification are not presented juigkdt al.,
2015) and references therein, therefore direct companéadime turbulence profiles with LES is not possible. Nevddks,

the final approximations (Kljun et al., 2004) and (Kljun et &015) contain the input parameters, which can be detehin
from LES: the boundary layer height~ 180 m, Obukhov lengtiL /x ~ 120 m, friction velocityU.,. = 0.27 m/s and roughness
parameter, = 0.1 m. These values were substituted into parameterisatidjus Kt al., 2004) and (Kljun et al., 2015}ig—32
Fig. 13shows the comparison of tieeesswindaveragedrosswind-integratefbotprint functionsf¥ and cumulative footprints

F, obtained by different models. The Thomson’s model was usdgdCy, = 6,4, and 3 for the comparison.

Parametric models provide results which differ substéipticom all the abovementioned approaches. Both of the nsde
(Kljun et al., 2004) and (Kljun et al., 2015) predict fasteixing. One can see, that LSMT, which is itself too dispersive
comparison with 1-D LSMs and RDMs, does not reach the valuedigted by parameterisations from (Kljun et al., 2004) and
(Kljun et al., 2015), even if one chooses the smaller valdgs,olt means, that parameterisations of turbulence profilest mu
have significant impact and are one of the reasons for dewisittween models from (Kljun et al., 2004) and (Kljun et al.,
2015) and LESBesidesjn-Finally, it canbeseerfrom the Fig.-12itisseen 13, that the top boundary condition (absorbtion
of particles at the height 100 m) does not affeetsentedestprints—thefootprintsobtainedn LSMT.
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7 Conclusions

Scalar dispersion and flux footprint functions within thalde atmospheric boundary layer were studied by means ofdndS
stochastic particle dispersion modelling.

It follows from LES results that the main impact on the paetidispersion can be attributed to the advection of pagibie
resolved and partially resolved "subfilter-scale" eddiesnsures the possibility to improve the results of paggcdvection
in discrete LES by the use of recovering of small-scale pliytresolved velocity fluctuations. If one uses the LES medth
the explicit filtering, then this recovering is straighti@rd and consists of application of the known inverse filieerator.
Apparently, a similar method can be implemented for othe$ When the spatial filter is not specified in an explicit form.
This would require, however, the prior analysis of the medealpectra to identify an effective spatial resolution dradactual
shape of the implicit filter. For substantial improvemenpafticle transport statistics, it is enough to use subgagrangian
stochastic model within the first computational layer onligere LES model becomes equivalent to simplified RANS-model

When the particles are advected by a divergence-free embuélocity field then the variance of t i articlecon-
centration can be accumulated at small spatial scaleselndhsidered casé does not affect directly thparticlesparticle
advection by the large eddies and gives no significant infle@m the results of footprint calculations. In those casbsn the
instantaneous characteristics of the scalar field of partimncentration are important, the additional correctioparticles ve-
locities may be required. It can be done both through thedhiction of stochastics, resulting in the diffusion of centration,
and through the "computationally inexpensivelivergent correction of the Eulerian velocity field.

Under the stable stratification, to calculate the flux foiotpiit is preferable to use stochastic models, which déscifie
particlesparticle dispersion close to the process of scalar concentratidusiin with the effective coefficienk ' (z) =
—(w's’) /({ds) /dz) in avertical direction. RDM and one-dimensional "well-rat LSM tested in this study are the examples
of such stochastic models. The optimal value fortheiversaleenstant-parameteC’ for LSMsis found to be close t6-6
undertheconditionsconsideredhere.This value coincides with the estimationtbevatuesfKolmogorov Lagrangian constant

in isotropic homogeneous turbulentgprovidesadditionaljustificationfor useof LSMsin stableABL, dueextendingheir of

its applicabilityoverawider rangeof scalesncludingtheinertial subrangeStochastic models that use smaller valagss4
Co =~ 3 — 4 (this choice is widespread now) may produce extra mixingtaaghorter footprintserrespendinghrespectively.

NotethattheestimationCy = 6 is basedn the LES resultscombinedwith the SHEBA data(Grachev et al., 2013)yherethe

nondimensionalerticalvelocity RMS wasevaluate@ss,, =~ 1.33 (theexactestimatiorof thisvaluein LESis restrictedoy the

resolutionrequirements)n thecasesvhenLSMs utilize smallervaluesof 7, theparamete€, shouldbereducedaccordingl

for exampleCy =~ 4.7 will bethebestsuitedparametefor LSMs with thewidely usedvalueg,, ~ 1.25 prescribed).

One-dimensional stochastic models can be supplementeldeblyarizontalparticlesparticle dispersion in a simple way.
Introduction of the correlation between particle disptaeat components in RDM does not improve or change results sub
stantially. However, the coefficients of horizontal diffus K and K!* for RDMs can be evaluated through the vertical
diffusion coefficient’’* multiplied by the square of velocityermperentsomponentariances ratio.
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Model LSM1, constructed as a combination of independerhststic models in each direction (well-mixed in the veltica
direction only) gives reasonable results although thisehddes not satisfy WMC in general. In contrast, the thremedtisional
Thomson model with WMC and, = 6 provides overestimated vertical mixing, which is mani#elsin a too small Schmidt
number values and iareduced lengths of the footprints. Thomson model with= 8 produces true mixing in vertical
direction, but underestimates the mixing in crosswindalios.

Accordingly, one can recommend another well-mixed stoohasodel proposed in (Kurbanmuradov and Sabelfeld, 2000).
It was developed under the assumption that the verticaltdriin does not depend on the horizontal velocity componants
the vertical component of this model coincides with LSMIioPto use, this model should be modified in an appropriate way
to take into account the variation of momentum fluxes witlghei

According to presented LE$he source area and footprints in stable ABL can be subathnitnore extended than those
predicted by the modermnalyticalfostprintparameterizationfootprint parameterisationand LSMs. The following reasons
were identified in this study: 1) too small values of telmegereveenstanparameter’, are used; 2) the possible overesti-
mated vertical mixing provided by some stochastic modetet@n well-mixed condition; 3) universal functions fortdulent
statistics that are likely to cause additional deviatiothie case of stable turbulent Ekman boundary layer studiezl he

8 Code availability/Data availability

The code of LES model is available by request for the sciemtearches in cooperation with first author (and.glas@goia).

The data from LES are attached to the supplement. These eéatsprepared as it was discussed in Sect. 5.1 and can be used
for the stochastic models evaluation. Besides, suppleamenains the data faress-winchveragearosswind-integratefbot-

prints and two-dimensional footprints obtained in LES (sEig.6 and Fig.9).

Appendix A: Assessinghe influence of the artificial top boundary condition on the LES results

To confirmthe smallimpactof the top boundaryconditionon the resultspresentedbove ,an additionalrun was performed
LES with A, = 6.25 m andsubgridLSM, seeSect.3.2.1(2)).The setupof this numericalexperimentwasidenticalto those

describedn Sect.4.1,butall particleswereretainednsidethe LES modeldomainaftertheir ejection(reflectionconditionwas

identifierin numericalktode) werealsoevaluatedsee dashededlinesin Fig.Ala,b,c) For comparisorthefootprintswith the
see thatthe impactfrom the particleswhich wereretumedfrom the levelsabove100m is neglectfullysmall for the sensor

heightszy; = 10 m and z;; = 30 m. For the level z;; = 60 m, the influenceof the artificial boundaryconditionis visible
beginningfrom thedistances:y; — x > 6 km.
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The functions f¥(xa — x, 201, t1.t2) are presentedn Fig. Ald. Here, [t1,t>] is the interval of the time averaging(see,

Sect.2.1) shownin the legendin secondghere,t is the time startingfrom the beginningof the particle ejection).One

first, andit remainsto beunchangetater. FigureAld is includedwith the aim to demonstratethatthe shapeandthe valueof
value.Thenormalizedverticalfluxes(Fs(zp;)/Fs(0 , areshownalsoandtheygrow approximatelytwice,dependingn
10 by the Eulerianandthe Lagrangiarmethods This providesadditionalability for the testingof Lagrangiamparticletransport
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Figure 6. CresswindaveragedCrosswind-integratedcalar flux footprintsf?, computed using stochastic subgrid modg|(28-32); (a)
sensor height;=10 m, (b)zx,=30 m. Grid steps are given in the legend. Crosses denoteriiotst computed with subgrid LSM applied for

the particles within the first grid layer only.
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u andcorrectionof velocity (Egs.34, 35) arealsoshown.Black lines arethe footprints
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Figure 9. (a) Total momentum fluxes obtained in LES wily=2.0 m. (b) Normalized RMS of vertical velociy, = aw/\r\l/Q depending
on a dimensionless parametgfA (solid red line - estimation using LES data, = ((w*?) +2/3Equbgr)"/?; symbols - measurements
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Figure 10. (a) Discrete (LES) nondimensional dissipatmﬁzmqﬁﬂgmﬁﬁ(circles), corrected values (solid line), universal
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Figure 11.One-dimensienaCrosswind-integratetbotprints f¥ (a,c,e) and cumulative footprinis (b,d,f) for sensor heighta; = 10 m
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Figure 12. (a) Prandtl numberPr (dashed line) and Schmidt numbg&k (solid line), computed using Eulerian scalars. Symbols -
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Figure Al. The footprint functions ¥ (a,b)andthe cumulativefootprints F' (c) obtainedwithout the prescribedabsorbtion(blue lines) in
comparisornwith the resultsof simulationwherethe absorbtionis imposedat the level z = 100 m (greenlines). Reddashedines arethe

footprintsfrom the particleswhich attainedthe level z = 100 m. (d) - Footprintsobtainedwith the differentintervalsof averaging(t;

shownin secondsn thelegend) the normalizedverticalconcentratiorfluxes (Fi (zas) /Fs (0 areshownin brackets.
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