This document contains the Reply to Reviewer 1, the Reply to Reviewer 2 and the revised manuscript
with marked-up changes.



We want to thank reviewer 1 for his/her careful reading of the manuscript, the constructive and
valuable comments. This document contains point-to-point replies to each point the reviewer
made. The reviewer’s comments are written in normal, our replies in bold italic font. Line numbers
preceded by an exclamation mark refer to the original manuscript, those without to the revised
one.

The authors compare three different Langrangian Cloud Model (LCM) implementations with a focus
on collection using three different collection kernels. Analytical solutions as well as previous bin
model results are used as references. Additionally, sensitivity of the LCM implementations with
respect to the initialization of the simulation particles (SIPs) as well as to different numerical features
(resolution, time step, ...) is tested.

This results in a large amount of model runs with a great variety of possible parameter and
configuration combinations which sometimes makes the manuscript difficult to read.

General comments

Each of the LCM implementations shows rather strong shortcomings:

* RMA cannot deal with realistic kernels (Long, Hall) and shows spurious oscillations.
¢ AIM systematically underestimates the collisional growth.

¢ AON always needs an ensemble of at least 50 realizations to reach a representative average result
for the final drop size distribution since individual realizations deviate considerably from the average
(in contrast to RMA and AIM). This severely limits the potential to be used in 2- and 3-dimensional
models with a large number of grid points.

We agree with the reviewer’s opinion on RMA and AIM. For AON we are not as pessimistic as the
reviewer regarding its use in 2-D and 3-D models. It will not be necessary to run 50 realisations in
each grid box. In such cases, the averaging will occur over grid boxes with similar atmospheric
conditions. We made a similar experience at least in simulations of contrail-cirrus, where we tested
the NSIP-sensitivity of the deposition/sublimation process (see section 3.1 in Unterstrasser & Sélch,
2014). We found that very few SIPs per grid sufficed to reach convergence even though the few SIPs
in a single grid box could not realistically represent a smooth size distribution. Smooth size
distributions can be derived only for larger volumes of air when more SIPs are taken into account.
This explanation is now given in section 4.1.

It will be interesting to see how AON performs in 2D/3D-setups. This will be the next step in an
upcoming study.

Additionally, sensitivities with respect to initialization of SIPs are shown to be high at least for some
configurations. This problem is discussed towards the end of the manuscript where also more mature
drop size distributions are used for initializations.

Within a full microphysics description including drop nucleation and condensational growth, it should
be harder to control the DSD at the moment when collisions become important. This discussion



We agree and it will be interesting to see how the algorithms behave in such a setup and what
extensions may be necessary to guarantee optimal SIP weights. SIP splitting and merging as
discussed in Unterstrasser & S6lch, 2014 may be an option.

should be extended. Compared to spectral bin models the accuracy of all LCM implementations
shown seems to be lower with at least comparable computational costs. One could conclude that
LCMs are of no practical use. Nevertheless, LCMs are valuable tools. Please discuss critically
advantages and disadvantages of LCMs.

In the Introduction we add a paragraph mentioning the most important
advantages/disadvantages of LCMs: “Due to their specific construction, LCMs offer a variety of
advantages in comparison to spectral-bin and bulk cloud models. Their representation of aerosol
activation and subsequent diffusional growth follows closely fundamental equations and avoids
therefore the possible perils of parameterizations (e.g. Andrejczuk et al. 2008, Hoffmann 2016). The
same applies for the representation of collection or aggregation, which is based on the interaction
of individual SIPs. Accordingly, LCMs approximate pure stochastic growth (e.g. Gillespie 1975),
which is the correct description of collection/aggregation within a limited system of interacting
particles and results in the SCE, which is used as the basis for spectral-bin and bulk models, if the
system becomes infinite (e.g. Bayewitz et al. 1974). Moreover, LCMs do not apply the finite-
differences method to compute microphysics. Accordingly, LCMs are not prone to numerical
diffusion and dispersion, and do not suffer from the numerical broadening of a droplet spectrum,
which can affect spectral-bin cloud models (Khain et al. 2000). Finally, LCMs enable new ways of
analysis by the tracking of individual SIPs. They can be used to reveal the origins of droplets, as
well as conditions associated with their growth (e.g. Hoffmann et al. 2015, Naumann and Seifert
2016). The largest disadvantage of LCMs, so far, might be their relative novelty due to their higher
computational demand. Many aspects of this approach have not been validated adequately or can
be improved. For the process of collection/aggregation, this study will offer a first rigorous
evaluation of the available numerical approaches. “

It is clear, that the present study is a first step of evaluation. Our next step is the AON evaluation in
higher-dimensional tests. For this reason, we do not want to speculate too much about the
performance in such applications. The initialisation of SIPs differs from model to model and/or
application to application. Constant weights approaches, as used in several studies recently,
greatly deteriorate the collection treatment. Those studies initialise the SIPs in the beginning of the
simulation as CCN. Contrary to this, the LCM by Sélch and Kéircher, 2011, initialises SIPs only during
cloud formation with varying SIP weights.

Regarding the computational costs no final conclusion can be made at the present stage. At least
for localised cloud objects like contrails as studied with EULAG-LCM, the computational costs of
LCMs and bin models are comparable. A bin model would carry out the same amount of
computations in any grid box, whereas in LCM approaches no computations are carried out in the
ice-free grid boxes (which can be the majority). On the other hand, this might not necessarily result
in a model speed-up due to load-imbalancing.

The quality of some figures is poor. Most of them are too small, lines are too thin and sometimes too
many. Specific comments are given below.

All figures have been revised.



Specific comments

I. 154-157: What is the reason to switch from mass doubling (which is often used) to a tenfold
increase as a basis for bin resolution?

There is no particular reason besides personal flavour. A simple conversion formula is given in I.
1157.

. 238: If the probabilistic version of the singleSIP-init is used, dots are not distributed uniformly!

Strictly speaking, the dots are uniformly distributed only for the deterministic version. We hope
that saying “homogeneously distributed” is an acceptable expression.

Fig. 1: upper left and below: difference between red and green lines is misleading since the higher
density of dots wrt the x-axis is not resolved.

In the updated figure, k is reduced such that the dots appear less connected.

upper right: threshold radius line barely can be seen; lines for alpha-values are also misleading, can
be confused with legends. Values should read N 10a .

Thank you for spotting the inconsistency with the usage of a. We improved the figure.

Last but one row: Is there a systematic difference between the symbols and the lines due to plotting
issues? If not, a better initial agreement should be reached. Cp. also |. 268-270.

The reason for the systematic difference between the symbols and the lines is the following: The
data of the reference solution use a finer bin grid. Now we use the same k as for the plots with the
symbols and the agreement is better. As noted in the manuscript, we use K :=4.

Algorithm 1: What do k++ and i++ stand for? loops over k/i?

This is C++ style for “k = k +1”. We replace those expressions.

Algorithm 2: 1. 13: Please exchange gain and loss term due to consistency with |. 12 and eq. (22)
Thanks for this hint. Corrected.

Fig. 3: Top: It is difficult to see what happens in the left part of the spectrum (<20 um). Bottom: It is
confusing to normalize one ratio to t=0 and the other one to t=3600. Please redo the black curve with
vi (t = 3600)/vi(t = 0)

The motivation behind the definitions was that both fractions are >= 1 and both curves fit better in
the same plot. We changed the description of the plot around line 473 to eliminate this pitfalll.

I. 559 and Figs. 6,9, 11, 13, 15, 17, 19, 22: The third moment A3 should not be shown in the figures
since the behaviour is very similar to A2 (which should be stated in the text). The space saved can be
used to extend some other figures in order to improve their readability.

We remove all panels that show the third moments.

Fig. 5: Use full lines with enhanced line thickness for RMA results and dotted (or dashed) lines for
analytical solutions. Otherwise, all plots look identical at first glance.



We changed it in all plots showing DSDs. Now the solid lines show our results, the dotted lines
show the reference solution.

|. 564-575: The discussion of the RMA Golovin results is very short and misses several aspects, e.g.:
Why are the results for RedLim worse than the regular ones? What are the reasons for the relatively
large differences between the two OTF versions?

We expanded the description of the results in section 3.1.

Fig. 6: Are there any lines missing? Variation of n only for kK = 60 in the left and the middle column?
No k = 60 for OTF at all? Which lines fall together and which runs are carried out at all?

We added the necessary information in the caption to avoid any confusion. The variation of n was
indeed only shown for k =60. And in the right panel only four simulations were shown. We
redesigned the plot and the selection of simulation at display changed slightly.

Fig. 7: see Fig. 5: full lines for the RMA results.
Done.

I. 595: Compared to the regular version (and to bin model results) | would not call the RMA RedLim
results "perfect". The same holds for the OTFs results; only OTFl is almost "perfect".

We agree and reformulated the paragraph in section 3.1.
Figs. 8, 10, and 12: see Fig. 5: full lines for the AIM results.
Done.

Fig. 14: see Fig. 5: full lines for the AON results. Results plot for disregarding self-collections is
missing.

Good point. We decided at some point to leave out the third panel and forgot to change the
caption.

I. 739: Is this restricted to AON results or do the other methods show similar robustness wrt to the
small tail of the distribution? In reality very small drops similarily do not contribute substantially to
the growth of the large mode due to their low number and small individual mass. This should be
reflected in model sensitivities.

This insensitivity to the small tail is even more pronounced in the AIM algorithm. This was already
mentioned in the original manuscript around line !1642.

|. 746: This is in contrast at least to the Golovin RMA results. Why is it reasonable for AON? Is this due
to the lower number of collision events realised because of the probability restrictions?

Yes, this is the reason. We added an explanation around line 815.

I. 766: When pcrit is smaller, less collection events can be expected (see lines 469/470). A spread in v-
values leads to smaller and larger v-values. Does this mean that the largest v-values are responsible
for the enhanced collection?



The sentence contains a typo. “p: is smaller” must be replaced by “p..;; is larger”. A combination
of a small v SIP and a large v SIP leads to a large p.

I. 902ff: It should be critically mentioned that AON always needs an ensemble of at least 50
realizations to reach a representative average result for the final drop size distribution since
individual realizations deviate considerably from the average (in contrast to RMA and AlM). This
leads to a large effort in terms of computational resources.

See our response in the beginning of this reply. We included our thoughts in section 4.1.
Technical corrections

Thank you for spotting all those typos and inconsistencies. They have been corrected.

|. 18: ... are important processes ...

Table 1: mean mass: M/N

Fig. 1 caption: alpha should be (-2, -3, -7)
I. 256: values of N 10a ...

|. 276: However, it is ...

|. 371: rather "proposed" than "discussed"

|. 410ff.: The terms "larger SIP" and "smaller SIP" are used here with the meaning "SIP with
larger/smaller drops(=higher average drop mass)". Please define whether "large SIP" indicates large
drops or a large number of drops within the SIP (cp. I. 510).

We intended to use large/small SIP throughout the text in the sense you mention. We added a
sentence on the terminology around line 120.

Fig. 3 caption: ... function of their initial radius ... Please add that it is an AIM simulation.

I. 434: ... of each droplet within the SIP ...

|. 435: Figure 3

I. 510: In contrast to |. 410ff. smallest SIP refers to the size of the droplets not the weighting factors;

The description is correct the way it is. In both paragraphs small SIP refers to a SIP with small
droplets and the terminology is consistently applied.

Fig. 11 caption: ... black curves with triangles ... green lines for vrandom; a should be (-2, -3, -7)
|. 658: green lines
I. 792: check the meaning of "large SIP", also I. 824 "heavy SIP"

Again large SIP refers to a large single droplet mass. Heavy SIP are SIPs with large total mass x=v
u.



We want to thank Anna Jaruga for her careful reading of the manuscript and her constructive and
valuable comments. This document contains point-to-point replies to each point the reviewer
made. The reviewer’s comments are written in normal, our replies in bold italic font. Line numbers
preceded by an exclamation mark refer to the original manuscript, those without to the revised
one.

The Authors evaluate three algorithms for representing collisions in Lagrangian cloud microphysics
schemes that are available in the literature. The design and some implementation details are
discussed. The accuracy of the three collision algorithms is compared against the analytical solution
of Golovin kernel and bin solutions of Long and Hall kernels. A very wide parameter space is
investigated. The manuscript also tests three different initialization techniques for the Lagrangian
cloud microphysics schemes.

The work presented here is very useful. Lagrangian schemes offer very detailed representation of
microphysical processes in clouds. Yet, because the Lagrangian methods are new, they have not been
sufficiently tested in cases relevant for numerical simulations of clouds. The topic of the presented
work is therefore very interesting and fits well into the scope of the GMD journal.

General comments

The presentation of the design of the three different collision algorithms is done very well. Figure 2,
combined with the detailed description of collision algorithms and the “hypothetical algorithm”,
clearly shows the differences in treatment of collisions inherent to these three algorithms. Also, the
presentation of the three different initialization procedures is done well. The Authors did an
immense job at testing different algorithm options and simulation parameters. The Authors have
tested 3 different algorithms (“remapping” (RMA), “average impact” (AIM) and “all-or-nothing”
(AON) algorithms), used 3 different test cases (Golovin, Long and Hall kernels), 3 different
initialization procedures and many different collision algorithm options and simulation parameters.
The Authors have tested a big parameter space and it is a big achievement of the presented work.
However, the presentation of the results from this set of tests could be improved. In my opinion the
big number of figures showing results from many combinations of simulation options makes the
manuscript difficult to read and pinpoint the interesting and beneficial parameter combinations.
Instead of providing a report from many test simulations that were made, a more concise summary
of obtained results would be more beneficial and easier to comprehend for the reader, in my
opinion. In general, the quality of many figures in the manuscript is poor and sometimes makes
them. The final analysis of the accuracy of the three tested collision algorithms is very critical, witch
is a good aspect of the manuscript. The Lagrangian schemes are free of many numerical limitations of
the bin schemes, but they do introduce new numerical challenges that need to be addressed. The big
number of tests performed by the Authors allows a detailed analysis of accuracy. The final discussion
of the collision algorithms could also underline some advantages of the Lagrangian schemes.

Overall, the manuscript discusses an interesting topic and provides a wide variety of tests. The
corrections suggested in the following part of my review are minor and focus mostly on improving
the figures.

Specific comments

1. “Too many” figures



As stated before | think that the Authors did a tremendous job implementing the three algorithms
and then testing them in such a large variety of simulations. Nevertheless, in my opinion, some parts
of the presentation could be improved by removing figures and providing instead a summary of the
obtained results.

We agree that there are many figures.

Below I'm including some suggestions on how it might be done. For the sake of completeness and
some potential future comparisons with other algorithms | would suggest moving some figures to
electronic supplement. Such supplement could contain all figures, data needed to plot them and (if
the Authors are willing) the scripts used for plotting. This would enable other

We created a supplement that contains a systematic and comprehensive collection of figures
(showing around 100 sensitivity tests). The standardized figures show the temporal evolution of
Ng;» and the moments 0, 2 and 3 (analogous to the plots shown in the original manuscript version).
This collection discloses in detail the behaviour of the three algorithms, will facilitate future
comparisons by fellow LCM developers and guide them. The underlying data (150 RMA, 270 AIM
and 400 AON simulations) are not included in the supplement. For many simulations this makes no
sense, as the algorithms obviously do not produce optimal results or the results are similar to
basically identical. Our data can be obtained by request. Regarding the well-established Bott
and/or Wang solutions, both scientists are happy sharing their data and we recommend
addressing them directly.

Lagrangian scheme users to test their own implementations and then easily plot their own results
against the tests performed by the Authors. A good example of such electronic supplement is in the
Lauritzen 2014 GMD paper (doi: 10.5194/gmd-7-105-2014). Note, that such supplement does not
demand publishing the actual code of the three algorithms but only simulation results. This is easier
to do and to document.

List of figures that could be moved to supplement:

® 6,9, 15: Both AIM and AON algorithms do not change the number of SIPs (NSIP ). Maybe stating in
the legend what was the number of SIPs used is enough and the first row of plots could be
redundant. For the RMA algorithm it would be more beneficial for me to provide the actual number
of the additional SIPs needed (for example as a % of the initial number of SIPs). For the size
distribution moments it would be more beneficial for me to introduce some measure of error and
then report the error value for different combinations of parameters that are tested. — In most of the
plots the lines are on top of each other and are therefore not readable. A table of error values would
be easier to read.

Our results have shown that the representation of collection within a DSD depends significantly on
the initial DSD, its representation by SIPs (mass and weighting factor), the number of SIPs itself, the
simulated time, as well as the applied collection kernel. Due to this strong case dependency, a
quantitative error measure might favour the misuse of our results if there is no comparability.
(Example: | used 200 SIPs and therefore the error due to collection should be 5 %.) Therefore, we
would like to remain at our rather qualitative error analysis, which, however, will serve as a basis
for decisions on numerical parameters for future studies. (Example: The more SIPs the better the
representation.)



e 11,19, 22 - top row and the last or second to last row: Similar to the previous comment, the NSIP is
constant and therefore a clear legend instead of the first row of plots would be enough in my
opinion. The behavior of the second and the third moment is very similar and | think that one row of
panels could be omitted. The behavior could be only described in text. Again, introducing some error
measure and reporting its value would be more informative for me. It would help to summarize all
the results and enhance the comparison between different options and algorithms.

Our intention was to give to a complete overview of our results such that other developers of LCMs
can best benefit from our experience. Based on both reviews, we realise that a better pre-selection
of results that are shown is necessary. Hence, we follow your advices. We removed all rows
showing the third moment and the SIP number evolution in AIM and AON and increase the
remaining panels. We inserted a table with the Ns;-values.

And the results are summarized in the newly introduced section 4.1

¢ 13: The behavior for Hall kernel is similar to Long kernel (Fig. 11) Perhaps stating that in text could
be sufficient?

All figures with Hall simulations are moved to the supplement.

¢ 17: Similar to Fig. 11 and 19, maybe just two size distribution moments are sufficient? Again, some
error measure would be useful.

Done.
2. Comments on figures

All the figures presented in the manuscript are too small for me to read easily. Also the font size and
the line thickness is too small.

The color-coding and plot styles of some of the figures make them difficult to readme. Below I’'m
including a list of such figures with some ideas on how they could be improved:

¢ 2 — RMA algorithm: The gray font color used for text regarding contribution k is not readable.
Maybe just for text a darker color could be used?

A darker color is used now and font size has been increased where possible.

® 3, 4 —top panel: The number of points and the chaotic color-coding makes it impossible for me to
easily see what is happening in the left part of the plot. Reducing the number of SIPs shown,
especially for the small drop sizes, would help. | would also suggest choosing line colors basing on the
initial drop size rather than at random — for example

http://stackoverflow.com/questions/13972287/having-line-color-vary-with-data-index-for-line-

graph-in-matplotlib

I read the suggested web page. It is definitely worth to think about the colour coding. | personally
favour colours, which I can assign a name (‘red’, ‘blue’). For the suggested colour ranges, it is hard
to use unambiguous colour names in the text. Figure 3 and 4 top are improved by showing fewer
SIPs and we keep the original colours.


http://stackoverflow.com/questions/13972287/having-line-color-vary-with-data-index-for-line-graph-in-matplotlib
http://stackoverflow.com/questions/13972287/having-line-color-vary-with-data-index-for-line-graph-in-matplotlib

*5,7,8,10, 12, 14, 16, 18: Similar to the previous case | would suggest choosing line colors basing on
the simulation time rather than at random. Especially for later figures showing oscillations for RMA
or less smooth solutions for AON it would make it easier to compare different lines.

Increasing the thickness of the curves and using solid lines for the simulation results (the reference
is now plotted with dotted lines) hopefully makes the plots better readable. Any of the plots you
mention contains a legend with the time. So we think it is o.k. to leave the colours as they are.

e 11, 13, 19, 20, 22: Similar to the previous case, consider choosing colors basing on the number of
SIPs used. It would make the first row of plots unnecessary and allow easier comparison.

The rows showing Ny, have been removed from the plots.

¢ 16: In my opinion showing just one realisation and the average over 50 realisations could be
enough. It’s obvious that any realisation from AON will be burdened with irregular scatter. It’s also
obvious that averaging over even bigger ensemble will further smooth the solution and it could be
just stated in text. Gained space could be then used to increase the size of the plots. The symbols *, +
and —in the last two panels are not readable in a plot of this size and obscure the lines representing
the actual size distribution.

We use a new layout. The interquartile range is now shown in a separate plot. To illustrate the
probabilistic nature of AON we think it is justified to show two realisations.

¢ 17: The red and green colors overlay each other and make it difficult to read the figure. I'd suggest
omitting one size distribution moment and using the space to significantly increase the size of the
plot as well as the size of points and line thickness.

We replotted the figure and hope it is better readable now.
3. Pseudo-code listings

Please consider providing an additional caption explaining the conventions used in the listing. What
lines are marked as comments and what lines are the actual pseudo-code? What does it mean if a
line is written in italics, bold or in capital letters?

A paragraph on layout conventions is added at the end of section 2.2.
4. Discussion for Long kernel

The bin scheme solves the Smoluchowski equation for the number concentration function and by
default should provide a smooth solution. However, the Smoluchowski equation is strictly true for
infinite systems. For cases of big population of similar drops (i.e. a population of rain drops from a
fully formed precipitation event) solving the Smoluchowski equation provides a good representation
of the drop size distribution. In contrast, the onset of precipitation (or the “transition phase” for the
Long kernel in 30-40 minutes of simulation time) might be governed by the behavior of just a few big
“lucky” drops. See for instance the discussion in Lushnikov 2004 (doi:
10.1103/PhysRevLett.93.198302) and Bayewitz et. al. 1974 (doi: 10.1175/1520-
0469(1974)031<1604:TEOCIA>2.0.C0O;2) The bin solutions are commonly considered a true solutions
during comparison studies. However it is not clear to me what volume should be used in order to
ensure that solving the Smoluchowski equation is a good method for all precipitation phases. A



discussion of issues related to this topic is definitely out of the scope of this manuscript. However,
could you consider adding a small warning or comment on this aspect?

We added a small comment in the introduction(around line 87) that the LCM rather solves the pure
stochastic growth (Gillespie 1975) than the SCE due to the consideration of individual collisions
within a finite system of particles. However, the pure stochastic growth approaches the SCE for

N — oo or, equivalently, as the number of realizations approaches infinity, which can be seen from
Fig. 15.

In the summary of box model tests, could you outline in text how the difficulties encountered in the
transition phase of the Long kernel actually affect the final solution at t=60 for RMA, AIM and AON
for the best combination of the algorithm options?

Using the “best combination” of options, the reference solution of the spectral bin model was
relatively well captured by any algorithm (e.g., by comparing the second moment for the RMA,
AIM, and AON algorithms, which can be interpreted as a proxy of the largest droplets here).
However, the “best combination” might not be the best combination for application in a higher
dimensional model. As outlined in the Discussion and Conclusion section of our manuscript, RMA
might depend on an infeasibly small time step, AIM might suffer from an inappropriate initial
distribution of weighting factors. Only AON has been shown to handle most “situations”
successfully. Therefore, we propose the AON algorithm for practical purposes.

Do the oscillations in RMA and scatter in AON preclude a good final solution? How accurate is the
final stable and smooth solution from AIM in comparison? Is the location and value of the final
maximum easily captured in AIM and AON?

These points are covered in the Conclusions of our manuscript. For RMA, the oscillations indeed
preclude a good final solution if a feasible time step is used. To overcome the scatter in AON, a
sufficient number of realisations is needed. And the AIM solution is stable and smooth but
inherently depends on the initial distribution of SIPs.

5. Other comments

e line 221 - Could you comment on what techniques do you recommend when fighting numerical
cancellation errors? What procedure was used in the current implementation?

We rephrased the paragraph. Numerical cancellation errors are smaller when expressions can be
reformulated such that differences of similarly valued terms are eliminated. More on this topic can
be found in classical textbooks on numerical analysis.

¢ line 252-253 - Could you comment on why the described behavior is considered advantageous?
We reformulated the sentence. See line 273.

¢ line 273 - Maybe consider stating what initialization will be used as default in the later box model
tests?

Done. See line 295.

* Pseudocode for RMA, line 30 - is NSIP =ii or should it be i?



Thanks, corrected.

* Figure 3 and 4 bottom panel - normalizing once with regard to the initial condition and once with
regard to the final state is confusing

Reviewer 1 had the same comment and we changed the description to use analogous definitions
for both quantities (around line 473).

¢ line 488 - Another alternative could be to assign the product of collision to just one SIP and use the
remaining SIP to split the biggest weighting factor between two SIPs. See the third to last paragraph
in sec. 5.4.1 in Arabas 2015.

You refer to section 5.1.4, not 5.4.1. Yes this is also an option. It is relevant for approaches where
you want to keep the total SIP number constant. Otherwise, you could simply delete one of the two
SIPs and introduce a SIP splitting independently of whether it just happened that you save one SIP
during an equal-v collection.

¢ line 535 - In my opinion performing collisions only for selected random pairs and scaling the
probability is a very useful feature. It changes the asymptotic behaviour of the scheme with regard to
the number of SIPs from quadratic to linear. It allows to perform simulations with a bigger number of
SIPs, which increases the resolution of the obtained results. Could you consider underlying those
benefits?

If some further tests are planned for the future, | would suggest adding this option to the AON
implementation. On a side note, we use AON with collisions for random pairs and singleSIP init by
default in our Lagrangian simulations. Out of curiosity, we ran the Long and Hall tests described in
the manuscript using our default parameters. The results are similar to those presented by the
Authors for AON box model tests.

It is nice to see that the manuscript was an incentive for you to carry out test runs. The
computational cost of the current implementation is quadratic in terms of Ny, per grid box (clearly
not the total N, of all grid boxes). Clearly, linear costs sound much better. But it is clear that this
describes the asymptotic behaviour and becomes important for large Ns;,. My impression is that
linear sampling was introduced because in the initial work of Shima tremendously many SIP were
used and simulations weren’t feasible at all with quadratic costs. The question will be if you need
more SIPs to reach convergence when you use a linear sampling. In a full microphysical model this
Ngp-increase dffects the costs of all the other processes as well. Nevertheless, in more complex
settings the linear sampling is definitely a viable option which deserves to be tested. See paragraph
in new section 4.1.

* Figures 5, 6, 7 are not averaged over 50 realisations. In contrast, the corresponding figures for AIM
and AON are. Could you comment on why? Does the design of RMA algorithm guarantee no need for
ensemble runs? Could the ensemble runs be obtained using one of the random initialization
procedures? For Golovin kernel RMA produces good results for a single realisation, which should be
underlined. If for Long and Hall kernels ensemble average does not help, it should also be underlined.
Could you comment on how an ensemble average for RMA for high SIP number (for example k = 200)
for Long kernel would look? In general it was unclear for me if RMA (i) becomes unstable and does
not provide a solution for Long test or (ii) is stable but generates cumbersome oscillations and wrong
final solution.



Originally, we didn’t actually run the RMA program for a full ensemble with 50 realisations as it
was done for the other algorithms. This has two different reasons:

1. As we struggled to get realistic Long/Hall solutions with RMA, we did many tests with program
versions that computed only one realisation. We never extended our implementation beyond this
test framework.

2. After each time step of RMA, a new list of SIPs is created. From each bin, one SIP is generated
using the exact bin values (see line 28 in Algorithm). There is no probabilistic component included
in the algorithm.

To be more consistent in the presentation of the results, we programmed a version for multiple
realisations and now show averages for RMA as we already did for AIM and AON. Figures with the
RMA \-evolutions, which have not been shown in the original submission, are now included in
Fig.8. We changed the description of the text accordingly.

Concerning your last question: It is stable in the sense that the total mass is conserved, the higher
moments do not explode and one can perform simulations over the whole 60 minutes. Indeed,
Figure 7 shows size distributions for t=60min. If you call this behaviour unstable or not, depends
also on how stability is defined in this context. In the end, what matters is that RMA solutions are
far from the reference solution and useless (at least for feasible time steps). Before we started our
evaluations, we expected that RMA is the best algorithm as we thought that the remapping is a
clever approach. Hence we tested many options trying to get it “stable”, but we did not succeed in
this. We make this point hopefully a bit clearer by the extended Figure 7 and the added Figure 8.
We also no longer use the word “stable” in the text now.

¢ |s it necessary to average over an ensemble for AIM?

One AIM simulation is enough. It is not necessary to average over an ensemble, as mentioned in
1.1665-667. In the revised version, we repeat this finding in section 4.1.

e line 796 - For the sake of summarizing the box model simulations, could you discuss in text what
was a minimum number of SIPs and a maximum timestep needed to obtain satisfactory results for
the best combination of options for RMA, AIM and AON? Was the computational cost of all
algorithms similar? Does it scale in the same way when increasing SIP number? Could you summarize
in text how sensitive the three algorithms are to timestep?

We added a paragraph on time step sensitivity of all three algorithms and on parameter
requirements for convergence in section 4.1.

¢ line 814 - For me, the total number of SIPs is a more intuitive parameter than kappa. Could you also
state what is the total number of SIPs for k = 20 and k = 1007?

We rephrased the paragraph (around line 935) to add the information on Ng.

Nonetheless, a small side remark: Ng; is not a parameter of the singleSIP-init, it is diagnosed. This
is why we stick to k when we talk about the singleSIP-init. For v4.,, and v ,-methods, the story is
different as N is directly prescribed.



¢ line 838 - Could you comment on why the RMA is excluded in this part of the study? Are the
oscillations as prominent as in the Long test scenario? Does it again fail to reproduce the bin model
results at the final stage?

Good point. We carried out RMA simulation with the later initialisations. RMA fails again. The
simulations are shown in the supplement.

¢ line 895 - Since the Authors state in line 858 that it is not clear which findings of the performed
tests are most relevant for simulations of clouds, | would suggest somewhat weakening the
statements about the RMA algorithm in the conclusions.

Good point.

Technical corrections

e line 142 - k! should be the factorial not faculty?

e caption of Fig. 1 - A3 is missing

* Pseudocode for RMA, line 34 - should be "can be easily incorporated in ..."

¢ line 435 - should be Figure 3?

¢ line 560 - space missing after “per construction”.

* Figure 14 is missing the third column that should depict a version of AON without self collections.

Good point. We decided at some point to leave out the third panel and forgot to change the
caption.

¢ line 834 - Could you rephrase the part “where the abundance of droplets larger than 10 um drops
strongly”

All technical corrections have been done.
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Abstract. Recently, several Lagrangian microphysical models have been developed which use a
large number of (computational) particles to represent a cloud. In particular, the collision process
leading to coalescence of cloud droplets or aggregation of ice crystals is implemented differently
in the-various models. Three existing implementations are reviewed and extended, and their perfor-
mance is evaluated by a comparison with well established analytical and bin model solutions. In this
first step of rigorous evaluation, box model simulations with collection/aggregation being the only
process considered have been performed for the three well-known kernels of Golovin, Long and
Hall.

Besides numerical parameters like the time step and the number of simulation particles (SIPs)
used, the details of how the initial SIP ensemble is created from a prescribed analytically defined
size distribution is crucial for the performance of the algorithms. Using a constant weight tech-
nique as done in previous studies greatly underestimates the quality of the algorithms. Using better
initialisation techniques considerably reduces the number of required SIPs to obtain realistic re-
sults. From the box model results recommendations for the collection/aggregation implementation
in higher dimensional model setups are derived. Suitable algorithms are equally relevant to treating

the warm-rain-warm rain process and aggregation in cirrus.

1 Introduction

The collection of cloud droplets or the aggregation of ice crystals is—an—important-proeess—are
important processes in liquid and ice clouds. By changing the size, number, and in the case of ice
the shape of hydrometeors, collection and aggregation affect the microphysical behaviour of clouds
and thereby their role in the climate system.

The warm rain process (i.e. the production of precipitation in clouds in the absence of ice) de-

pends essentially on the collision and subsequent coalescence of cloud droplets. At its initial stage,
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however, condensational growth governs the activation of aerosols and the following growth of cloud
droplets, which might initiate the collection process if they become sufficiently large. Then, collec-
tion produces drizzle or raindrops, which are able to precipitate from the cloud, affecting lifetime

and organisation of clouds (e.g. Albrggh]l, M; Xue et al], 2008).

In ice clouds, sedimentation, deposition growth and in particular radiative properties depend on

the ice crystals’ habits (S6 i , |2Q1JJ, and references therein). Ice aggregates scatter
more strongly shortwave radiation than pure ice crystals of the same mass. Recent simulation results
suggest that contrail-cirrus and natural cirrus can be strongly interwoven. In the mixing area with
ice crystals of both origins being present, a prominent bimodal spectrum occurs and enhances the
probability of collisions , ZQl_é).

The temporal change of the-drepletnumber—distribution-by-the-an infinite system of droplets
by collision and subsequent coalescence ef-droplets—(or any other particles) is described by the

stochastic collection equation (SCE), also known as kinetic collection equation, coagulation equa-

tion, Smoluchowksi or population balance equation (e.g. , ). It yields:
wlmt) 1 [
Onlisl) — 2 [ Ko m =) o) oo =) i
0
- / K () fn (11, 8) f () (1)
0

where f,,,(m)dm is the number concentration within an infinitesimal interval around the mass m.
The first term (gain term) accounts for the coalescence of two smaller droplets forming a new
droplet with mass m, the second term (loss term) accounts for the coalescence of m-droplets with
any other droplets forming a larger droplet. The collection kernel K (m,m’) describes the rate by
which a-an_m-droplet-m/’-droplet-collection occurs. Due to the symmetry of the collection kernel
(K (m,m’) = K(m',m)) the first term of the right-hand side can also be written as fom/ ’K (m/,m—
m') frn (/) frn(m —m/ t) dm/.

For several kernel functions (mostly of polynomial form) analytic solutions exist for specific initial

distributions dGﬂmdA,h.%?z];lBﬂ:r;J,hﬂd; lS_C_QtII,h_%_é). The Golovin kernel (sum of masses) is given

by

K(m,m")=b(m+m'). )

Solutions for more realistic kernels JL_QU.J 19 ZAI; I_H_a]_]l |_L‘28d; |ﬂang_e_(_a]_] |2£)Q_(J) and arbitrary initial
distribution can be obtained with various numerical methods mainly using a bin representation of the

droplet size distribution (Berry and Rginhardjl, 19 Zél; Tzivion et alJ, 1987; BQ_L(I, M; Simmel et alJ,
m; Wang et alJ, |Mﬂ|). The hydrodynamic kernel is defined as

K(r,r') =m(r +7")? [wsea(r) — wsea(r')| Ee(r,r), 3)
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based on the radius r and the sedimentation velocity w.q. Parametrisations of the collection ef-

ficiency E. are given, e.g. by |L_(mé (I_IQMI) or |H_ad J_L%_d). In the above formula, the differen-

tial sedimentation is the driver of collections. No same-size collisions can occur, i.e. K(r,7)=0.

More sophisticated expressions for K (r,7’) have been derived to include turbulence enhancement

of the collisional growth, which also allow same-size collisions (K (r,7) > 0) (e.g. ,;
|Q_La.bsms.lsi_an.dﬂang], |2Q].3]; |£lh.e_n_el_alJ |2Qlfi).

Solving (1) demands simplifications in the representation of the droplet spectrum for which sev-
eral numerical models have been developed. Spectral-bin models (e.g. ,K_ham_(_alj, |2JXXJ) represent

the spectrum by dividing it into several intervals, so-called bins. This approach enables the predic-

tion of the temporal development of the droplet number concentration in each bin by using finite
differences-or-more-sophisticated-numerical-techniques-the method of finite-differences (e.g. IQ,
). The accuracy of these models is primarily determined by the number of used bins (usually
on the order of 100), which makes them computationally challenging and prohibits their use in day-
to-day applications like numerical weather prediction. Less challenging but less accurate, cloud mi-

crophysical bulk models compute the temporal change of integral quantities of the droplet spectrum

These are usually equations for the temporal evolution of bulk mass (so-called one-moment schemes),
and additionally number concentration (two-moment schemes) or radar reflectivity (three-moment
schemes), which describe the change of the entities of cloud droplets and rain drops (in the case
of warm clouds). The separation radius between cloud droplets and rain drops depends on the de-
tails of the bulk scheme, but generally cloud droplets (up to 20 to 40 um in radius) are assumed
to have negligible sedimentation fall velocities, while larger drops, frequently subsumed as rain
drops, have significant-sedimentation—veloeities—a sufficient sedimentation velocity to cause colli-
sion/coalescence. The interactions of cloud and rain drops are therefore described in terms of self-
collection (coalescence of cloud (rain) drops resulting in cloud (rain) drops), autoconversion (co-
alescence of cloud droplets resulting in rain drops) and accretion (collection of cloud droplets by
rain drops). A third alternative for computing cloud microphysics has been developed in the recent

years: Lagrangian cloud models (LCMs). These models represent cloud microphysics on the basis

of individual partielescomputational particles (SIPs). Similar to spectral-bin models, LCMs enable
the detailed representation of droplet spectrabut-inherently—aveid-spurious—numerical-diffusion—in

~

Due to their specific construction, LCMs offer a variety of advantages in comparison to spectral-bin
and bulk cloud models. Their representation of aerosol activation and subsequent diffusional growth
follows closely fundamental equations and avoids therefore the possible perils of parametrisations

e.g.|Andrejczuk l,m; Hgffmanﬂ 2016) . The same applies for the representation of collection

JM—I%I%LQ&M h%&d; Khair

inov and K

:
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within a limited system of interacting particles and results in the SCE, which is used as the basis

for spectral-bin m

system becomes infinite (e.g. IQZAI . Moreover, LCMs do not apply the finite-differences

method to compute microphysics. Accordingly, LCMs are not prone to numerical diffusion and
dispersion, and do not suffer from the numerical broadening of a droplet spectrum, which can

affect spectral-bin cloud models i |29_Qd . The effect of sedimentation is incorporated

in a straightforward manner in the transport equation of the SIPs and avoids numerical artefacts
ker an ifer |AXL1| . Finally, LCMs enable new ways of analysis by the tracking of individual

SIPs. They can be used to reveal the origins of droplets, as well as conditions associated with
their growth (e. IH.fomann_e_t_alJ |2Q].§|N.aumann_an.d_5_e.1£enl |2Q]A . The largest disadvantage of

LCMs, so far, might be their relative novelty due to their higher computational demand. Man

aspects of this approach have not been validated adequately or can be improved. For the process

of collection/aggregation, this study will offer a first rigorous evaluation of the available numerical

approaches.

To our knowledge, five fully coupled LCMs for warm clouds exist

Shima et alJ 2009) ,[Riechelmann et al. (2012) ,|Arabas et al Mm%rg‘@i dINaumann and S§1f§ﬁ| 2015)

and have been extended or applied in various problems (e.g. An_dLeJ_Qzuk_Qt_alJ |20_]_d |A1:ahas_and_Sh1_m;J
|2Q]j ILf;_e_e_t_alJ |2Ql_AJ II:Lfomann_e_t_alJ |2Q]_5) For ice clouds, three models exist M @
|Sh1rgaonkar and Lelej M Solch and Karghc1| M) which have been applied to natural cirrus

(Solch and Kargth 2011)) and, in particular, to contrails {e- m m

In the context of ice clouds and warm clouds, different names are used for processes that are

similar, in particular in terms of their numerical treatment (deposition/sublimation vs. condensa-

tion/evaporation, collection vs. regation). Conceptually similar are particle based approaches in
aerosol physics ( R1 mer Iﬁ Maisels et alJ, M) which account for coagulation of aerosols

M,M;m@m&ﬂ,m).

So far, no consistent terminology has been used in the latter publications. Various names have

been used for the same things by various authors. We point out that super droplet, computational
droplet and simulation particle (SIP) all have the same meaning and refer to a bunch of identical real

cloud droplets (or ice crystals) represented by one Lagrangian particle. The number of real droplets

represented in a SIP is denoted as weighting factor or multiplicity. Moreover, Lagrangian approaches
in cloud physics have been named Lagrangian Cloud Model (LCM), super droplet method (SDM)
or particle based method. In this paper, we use the terms SIP, weighting factor v;,,, and LCM. Here
droplet refers to either real droplets or ice crystals. If we say in the following, that "SIP ¢ is larger

Usually, only the liquid water or the ice of a cloud are described with a Lagrangian representation,

whereas all other physical quantities (like velocity, temperature and water vapour concentration) are
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described in Eulerian space (see also discussion in , ). SIPs have discrete positions
Xp = (Zp, Yp, 2zp) Within a grid box. The position is regularly updated obeying the transport equation
0%, /0t = u. Microphysical processes like sedimentation and droplet growth are treated individually
for each SIP. Interpolation methods can be used to evaluate the Eulerian fields at the specific SIP
positions. This implicitly assumes that all v, droplets of the SIPs are located at the same position.
On the other hand, the droplets of a SIP are assumed to be well-mixed in the grid box in the LCM
treatment of collection and sometimes condensation. Then, the number concentration represented by
a single SIP, e. g., is given by vg;,,, /AV, where AV is the volume of the grid box.

Lists of used symbols and abbreviation are given in Tables[Tland 2l

2 Description of the various collection/aggregation implementations

We use the terminology of ), where fi,,- and gi,,- denote the number and mass density
function with respect to the logarithm of droplet radius Inr. The relations gy, (7) = m fin (1) and
finr(r) =3mf(m) hold. The latter designates the number density function with respect to mass
and obeys the transformation property of distributions: f,(y)dy = fz(x(y))dz. For consistency with
previous studies, gi,,- is used for plotting purposes, whereas f,, and g,, are more relevant in the
following analytical derivations.

The moments of order % of the mass distribution f,,, (= number density function with respect to

mass) are defined as:

Aelt) = / m o (m, t)dm. “)

The low order moments represent the number concentration (DNC = () and the mass concentra-
tion (LW C = A;). The analogous extensive properties A (t) AV are the total droplet number A/,
total droplet mass M and radar reflectivity (£ = Ao AV'). For a given SIP ensemble, the moments

can be simphy-computed by

Nsip
Ai,sip(t) = (Z l/iuik> /AV, 5
i=0

where i; is the single droplet mass of SIP 7 and Ngyp is the number of SIPs inside a grid box. For
reasons of consistency with ), we translate the SIP ensemble into a mass distribu-

tion g,, in bin representation and then compute the moments with the formula

QLI In10
_ ) 5 k—=12-""%
Ak, BIN(t) = ;:0 Gm (M, t)(Min,1) P (©6)

(cf. with their equation 48).
The initialisation is successful for a given parameter set, if the moments of the SIP ensemble

Ak,srp are close to the analytical values Aj qnq. For an exponential distribution (as used in this



Table 1. List of symbols.

Symbol Value/Unit  Meaning

fons fm kg7'm™3,1 (normalised) droplet number concentration per mass interval
Gm, Jinr m~3 kgm~®  droplet mass concentration per mass interval/per logarithmic radius interval
m, m’ kg mass of a single real droplet

Mpb kg bin boundaries of the bin grid

A=A Ao =AFMm = M Ao = M/N kg  mean mass of all droplets

Tbin,l 1 droplet number in bin [

ror m  droplet radius

T m threshold radius in V,andom,ib-init

Teritmin m  lower cut-off radius in singleSIP-init

Wsed ms~ ' sedimentation velocity

DNC = Xo m~3  droplet number concentration

E. 1  collection/aggregation efficiency

K m®s~!  collection/aggregation kernel

LWC =X\ kgm™  droplet mass concentration, liquid water content

Mpin,i kg total droplet mass in bin [

Nsrp 1 number of SIPs

Nprn 1 number of bins

Qlow, ¥med; Xhigh 1 parameters of the v,qndom-init method.

At s time step

AV m®  grid box volume

n 1 parameter in RMA algorithm and singleSIP-init method
K 1 number of bins per mass decade

Ak kg" m™®  moments of the order k

n kg single droplet mass of a SIP

Veritmaz 1 maximum number of droplets represented by a SIP
Veritmin 1 minimum number of droplets represented by a SIP

v 1 number of droplets represented by a SIP

13 1 splitting parameter of AON algorithm

X=pv, x=x/M kg, 1  total droplet mass of a SIP

N = XAV 1 total droplet number

M=XNAV kg total droplet mass

Z=X AV kg?  second moment of droplet mass distribution (radar reflectivity)
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Table 2. List of abbreviations.

AON  All-Or-Nothing algorithm AIM Average Impact algorithm
DSD  droplet size distribution LCM Lagrangian Cloud Model
PDF  probability density function =~ RMA Remapping algorithm
SIP simulation particle

study), the probability density function (PDF) reads as

N m
= - 7
Jum) = Ry, eXp( m) ™
the moments are given analytically by

)\k,anal(t) = (k - ]-)' N mk/AV, (8)

where k! is the faeutty-factorial of k£ and m = M /N the mean mass (Rade and Wcsj;crgrczl, |AXXJ).

Throughout this study, the initial parameters of the droplet size distribution (DSD) are DNCy =

2.97 x 108 m~3 and LW Cy = 1073 kg m—3 (implying a mean radius of 9.3 um) as in
(@). The higher moments are A 4pna; = 6.74x 10715 kg?m =3 and A3 gnar = 6.81x 10726 kg3m 3.

2.1 Initialisation

In our test cases, all microphysical processes except collection are neglected and an exponential DSD
is initialised. In the results section, we will demonstrate that the outcome of the various collection
algorithms critically depends on how this initial, analytically defined, continuous DSD is translated

into a discrete ensemble of SIPs. Hence, the SIP initialisation is described in some detail.
2.1.1 SingleSIP-init and MultiSIP-init

First, the mass distribution is discretized on a logarithmic scale. The boundaries of bin [ are given
by mu,; = Miow 10V and Mpb, 141, Where mjq,, is the minimum droplet mass considered. The
bin centre is computed using the arithmetic mean M ; = 0.5 (Mpp 141 + b, ). The bin size is
Amyy,; = (Mep,1+1 — Mep ). The mass increases tenfold every « bins. Several previous studies used
the parameter s with mpp 111 /mpp,; = 21/5 to characterise the bin resolution. The parameters s and
k are related via s = k logy(2) =~ 0.3 k.

For each bin, the droplet number is approximated by vy, = f,, (Mup,1) Ampp i AV and one SIP with
weighting factor v;,, = 1, and droplet mass ji;,, = My, is created, if vy, is greater than a lower
cut-off threshold v.,jzmin- No SIP is created —if vy, < Vepizmin. Moreover, no SIPs are created from
bins with radius 7 < 7¢pi¢min. We will refer to this as deterministic singleSIP-init. In its probabilistic
version, the mass fis;,, is randomly chosen within each bin I and v, = fin (ftsim) Ampy AV is

adapted accordingly. By default, 7c;itmin = 0.6 um and Veritmin = 10 X Vmaa, Which is determined
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from the maximal weighting factor within the entire SIP ensemble v,,,, and the prescribed ratio
of the minimal to the maximal weighting factor = 10~9. For larger r¢pitmin it is advantageous to
initialise one additional "residual” SIP that contains the sum of all neglected contributions.

Following hmtmjm_sxr_amLSﬂcﬂ (IMII, see their Appendix A), we introduce the multiSIP-init

technique. It is similar to the singleSIP-init technique, except that we additionally introduce an upper

threshold vepipmaz- If Vb > Veritmae 18 fulfilled for a specific bin, then this bin is divided into kg, =
[Vb/Veritmaz | Sub-bins and a SIP is created for each sub-bin. The multiSIP-init technique gives a
good trade-off between resolving low concentrations at the DSD tails and high concentrations of the

most abundant droplet masses. By default, Vritmge = 0.1 v, .

So far, we introduced initialisation techniques with a strict lower threshold v;;m i, With no SIPs
created in bins with v, < Veritmin. We can relax this condition by introducing—what we call—
a weak threshold. This means, that in such low contribution bin (with vy < Veyitmin) WE Create a
SIP with the probability pereate = Vb/Veritmin and weighting factor vy, = Veritmin. Having many
realisations of initial SIP ensembles, the expectation value of the droplet number represented by
such SIPS, Veritmin - Dereate + 0+ (1 — Pereate ) €quals the analytically prescribed value v,. Using a
strict threshold the droplet number would be simply O in those low contribution bins. In a related
problem, such a probabilistic approach has been shown to strongly leverage the sensitivity of ice

crystal nucleation on the numerical parameter v,y mqn- This led to a substantial reduction of the

number of SIPs that are required for converging simulation results (Unterstrasser and Solch, 2014).
Using the probabilistic version and a weak lower threshold is particularly important if different
realisations of SIP ensembles of the same analytic DSD should be created. The number of SIPs
Ng1p depends on #+emmmins Yermmar s Yeritmins Veritmag_and the parameters of the prescribed
distribution.
Moreover, the singleSIP-init is used in a hybrid version, where different x-values are used in

specified radius ranges.

Table [3] lists the resulting number of SIPs for the range of x-values used in simulations with the
robabilistic singleSIP-init and variants of it.

2.1.2  Vioonst-init and vy, qq,-init

The accumulated PDF F'(m) is given by [/ fom(m')dm’ with the normalised PDF f,, = fn/Ao.
First, the size Ngrp of the SIP ensemble that should approximate the initial DSD is specified. For
each SIP, its mass p; is reasonably picked by

pi = F~ (rand()), )

where rand() generates uniformly distributed random numbers € [0,1]. In case of the vgpyst-init,

the weighting factors of all SIPs are equally v; = Veonst = N /Ngrp. This init method reproduces

SIP ensembles similar to the ones in|Shima et a,lJ (IMS) or |[Hoffmann et alJ 2019). As a variety of




Table 3. Number of SIPs for the probabilistic singleSIP-init method (and variants like the MultiSIP-init) as a
function of k. The given values are averages over 50 realisations and rounded to the nearest integer. SUPP refers
to the supplement of this paper.

&S

5100 20 40 60 100 200 400

singleSIP 24 49 98 197 296 494 983 1976 [OIATATE
muldSIP. 256 517 775 1295 i
SngleSIP: Fopiionin = 16pm 74 149 223 312 o
SingleSIP: Lini = 20min 2. 142 284 426 709 fual

221 the v ons¢-init method, the weighting factors v; in the v/g,.4,,-init method are simply perturbed by
222 v; = 2rand() Veonst-

223 For the case of an exponential distribution, the following holds for the SIPs ¢ = 1, Ng;p:
224  p; = —mlog(rand()). (10)

225 In the literature, this approach is known as inverse transform sampling. A proof of correctness can

226 be found in classical textbooks, e.g. @, their section I1.2).
227 2.1.3 Vyeandom-init

228 The third approach allows specifing the spectrum of weighting factors that should be covered by
229 the SIP ensemble. Similar to the v/4,4,,-init method, the weighting factors are randomly determined.
230 Whereas the latter method produced a SIP ensemble with weighting factors uniformly distributed
231 in v, the Vyqndom-init produces weighting factors uniformly distributed in log(») and covering the
232 range [N 10%°w A 10%kish]. The eventual number of SIPs depends most sensitively on the param-
233 eter apign, Which controls how big the portion of a single SIP can be.

234 SIPs with weighting factors v; = N 10(®tewt(@nign—ciow)rand()) gre created, until Z;VZS{ " vj ex-
235 ceeds V. The weighting factor of the last SIP is corrected such that Z;V:S{ " v; = N holds. Now the
236 mass yu; of each SIP is determined by the following technique: The first SIP represents the smallest
237 droplets and covers the mass interval [0,m,], whereas the last SIP represents the largest droplets in
238 theinterval [my,,—1,00]. The SIPs ¢ in between cover the adjacent mass intervals [m;_1,m;]. The
239 boundaries are implicitly determined by [, f,(m/)dm’ AV = Z;Zl v;. The total mass contained

240 in each SIP is given by y; = j;T_l fm(m")m’dm’ AV and the single droplet mass by p; = x;/v;.
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For the case of an exponential distribution, the following holds for the interval boundaries and the

SIPs i = ]-aNSIP:

i N— i‘_ )
7=0
and
- mi—1 — m _ m; — m ./L/
a <exp(mi—1/m) eXp(mi/m)> v (12)

The above formulas, which involve several differences of similarly valued terms, must be carefully

implemented such that numerical cancellation errors are kept tolerable.

Experimenting with the SIP-init procedure, several optimisations have been incorporated. First,
the v-spectrum is split into two intervals [N 10%w, N 10%med] and [N 10%med, A 10%rish]. We
alternately pick random values from the two intervals. Without this correction, it happened that
several consecutive SIPs with small weights and hence nearly identical droplet masses are created,
which increases the SIP number without any benefits.

Going through the list of SIPs, the droplet masses increase and hence the individual SIPs contain
gradually increasing fractions of the total grid box mass. This can lead to a rather coarse repre-
sentation of the right tail of the DSD. Two options to improve this have been implemented. In the
Vyandom,rs-Option, the v;-values are reduced by some factor, that increases, as Z;Zl v; approaches
N .Inthe Vrandom,lb-0ption, v-values are randomly picked up to a certain radius threshold r;,. Above
this threshold, SIPs are created with the singleSIP-method used-on-a-tinearbinwith linearly spaced

bins.
2.1.4 Comparison

Figure [1] shows the weighting factors and other properties of the initial SIP ensemble, which may
affect the performance of the algorithms. Each column shows one class of initialisation techniques.
For a certain realisation, the first row shows the weighting factors v; of all SIPs as a function of
their represented droplet radius r;. Each dot shows the (v;,r;)-pair of one SIP. For the singleSIP-
init, the dots are unifermty-homogeneously distributed along the horizontal axis, as one SIP is cre-
ated from each bin (with exponentially increasing bin sizes). The according v-values relate directly
to the prescribed DSD. The higher f,,Am, the more droplets are represented in a SIP. No SIPs

smaller than 7..;tmin = 0.6 um are initialised and the v-values range over nine orders of magni-
6

tude consistent with n = 10~7. The MultiSIP-init introduces an upper bound of #smrmaz—=2-10
Veri = 2.6 10° for v. This threshold is effective over a certain radius range where the SIPshave
lower—+-values—, compared to the singleSIP-init, have lower v-values and are also more densely

distributed along the horizontal axis. For the v, s:-init, all SIPs use v = v onst, Whereas for the

10
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Figure 1. Characteristics of the various SIP initialisation methods (as given on top of each panel): Weighting
factors v;(r;) of an initial SIP ensemble, the mean weighting factors (r), the occurrence frequency of the
v;-values and the resulting mass density distributions gi, rare displayed (Row 1 to 4). Row 1 displays data of a
single realisation, whereas rows 2 to 4 show averages over 50 SIP ensembles. The bottom row shows the mo-
ments Ao, A1, A2 and A>-)g normalised by the respective analytical value. Every symbol depicts the value of a
single realisation. The nearly horizontal line connects the mean values over all realisations. In the displayed

examples, #=20-x =10 in the singleSIP-init,

=10, Veritmos 2 2.6 107

in the multiSIP-init, Ns;p = 80 in the Veonst, Vdraw-init and {emgnreomeds
QhighsOmed; Xlow) = (—2 —3,—T) in the VT'a,Ldom-inits@e&blaelebafs—%m.MI&top right panel).—fl:hei,/\t/lyc\

dashed horizontal lines indicate the values of N 10%tey A/ 10%med and N 10%%i9% and the dashed vertical bar
depiets-line the threshold radius 5.
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Vgraw-init the v-values scatter around this value. For v, and v4,4., the v-values are chosen in-
dependently of the given DSD contrary to the latter techniques. However, for both techniques, the
density of the dots along the r-axis is correlated to f,,, Am.

The Vyandom-init technique randomly picks v-values which are distributed over a larger range
compared to the 4,4, -init. In fact, they are uniformly distributed in log(v). The range of possi-

ble v-values can be adjusted and is chosen similar to the singleSIP/multiSIP by setting ap;gr =

—2,med = =3 and o, = —T—One-possible-advantage, which is the default in all simulations
resented here. The present method is more flexible compared to the singleSIP-approach eeuld-be

that-as the occurrence of certain v-values is not limited to a certain radius range. In the singleSIP-
init, the smallest v-values occur only at the left and right tail of the DSD, whereas in the v,.qndom-
approach the smallest v-values (down to A/ 10%°w) can appear over the whole radius range. The
horizontal bars-in-the-plot-lines in the top right panel indicate the values of g

N 10%ew , N 10%med and N 10*mis» and the vertical barline the threshold radius ry,.

The second row shows average v-value of all SIPs in a certain size bin. All init techniques are

probabilistic and the average is taken over 50 independent realisations of SIP ensembles. Not sur-
prisingly, the average v of the v, 4.,-method is identical to v ., s:. Moreover, also for the v,qpndom-
init the average v-value is constant over a large radius range. Only in the right tail, the -values drop
as intended. The third row shows the occurrence frequency of weighting factors.

To display DSDs represented by a SIP ensemble, a SIP ensemble must be converted back into
a bin representation. For this, we establish a grid with resolution ky,;,; = 4, count each SIP in its
respective bin, i.e. SIP ¢ with myp ;1 < 1; < Mgy 141 contributes to bin [ via My, 1 = My 1+ phs X V5
and 7pn,1 = Npin, + ;. We note that all displayed DSDs in this study will use x = 4, irrespective
of the x-value chosen in the initialisation. The fourth row shows such DSDs, again as an average
over 50 SIP ensemble realisations. We find that any init technique is, in general, successful in pro-
ducing a meaningful SIP ensemble as the "back"-translated DSD matches the originally prescribed
DSD (black). Hence, the moments A, g7p match the analytical values Ay gpnq; for 0 <k <3, as
shown in the fifth row. Nevertheless for the v.,,s:- and vg,q-1nit, the spread between individual
realisations can be large and they deviate substantially from the analytical reference. The single-

SIP/muttsSHP-multiSIP-init and v,4ndom-10it, on the other hand, guarantee that each individual reali-

sation is fairly close to the reference. In the results section, the presented simulations mostly use the
probabilistic singleSIP-initialisation. TableBlshows lists the number of SIPs for several init methods
and parameter configurations. The right most column indicates in which figure the simulations using.
the specific init method are displayed.

2.2 Description of Hypothetical algorithm

First, we present a hypothetical algorithm for the treatment of collection/aggregation in an LCM,

which would probably yield excellent results. However, it is prohibitively expensive in terms of
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computing power and memory, as Ngrp increases drastically over time until the state is reached
where each SIP represents exactly one real droplet. Nevertheless, the presentation of this algorithm
is useful for introducing several concepts which will partly occur in the subsequently described
"real-world" algorithms.

Whereas condensation/deposition and sedimentation may be computed using interpolated quan-
tities which implicitly assumes that all droplets of a SHPs-SIP are located at the same point, the
numerical treatment of collection usually assumes that the droplets of a SIP are spatially uniformly
distributed, i.e. well-mixed within the grid box. An approach, where the vertical SIP position is re-

tained in the collection algorithm and larger droplets overtaking smaller droplets is explicitly mod-

elled, is described in ) +is-and not treated here.

Following |Gillespi A {9 Zj) and|Shima et al] (IZJE)Q) the probability P;; that one droplet with mass

m, collides with one droplet with mass m; inside a small volume §V within a short time interval dt

is given by:
P, =K;; 6tV !, (13)

where K;; = K(m;,m;).

For SIPs 4 and j containing v; and v; real droplets in a grid box with volume AV, on average
Veoll = Pjj v; v collections between droplets from SIP 4 and SIP j occur. The average rate of such
1 — j-collections (¢ # j) to occur is:

8 co ') . —

7V gii ]) =V Kij I/jAV L =: Vioij =: O” (14)
So-called self-collections, collisions of the droplets belonging to the same SIP (¢ = j), are described
by:

0 N ; ; 1

%t(l’l) =2 (% Kii %AV%) = 51/1‘ K“ Z/Z‘AV71 =1 V;04; =: OM‘, (15)
assuming that the SIP is split into two portions, each containing one half of the droplets of the original
SIP. The factor of 2 originates from the collections of each half, which have to be added to gain the
total number of self-collections for SIP 7. Accordingly, the diagonal elements of the matrices o0;; and
0;; difter from the off-diagonal elements by an additional factor of 0.5. In terms of concentrations
(represented by SIPs in a grid box with volume AV'), we can write

ancoll 27.7
7@; ) :Kij m; ’I’Lj (16)
for collections between different SIPs and

ot 5 i a7

for self-collections.
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In the hypothetical algorithm, the weighting factor of SIP ¢ is reduced due to collections with all
other SIPs and self-collections and reads as

Nsrp

Ngr
88121 _ Z 8Vcoll Z .] Z Oz] (18)

Jj=1

The droplet mass p; in SIP ¢ is unchanged.
For each ¢ — j-combination, a new SIP k is generated:

8Vk

o =0y and g = pi + (19)

To avoid double counting only combinations with 7 > j are considered.
The rate equations for the weighting factors can be numerically solved by a simple Euler forward

step:. The weighting factor of existing SIPs is reduced by

Nsip

leading to
Vi =v; —vh, (1)

or, equivalently,

Nsrp

vi =y, 1—Atzoij ) (22)

For new SIPs k& we have
v =0+ Oij - At. (23)

Per construction the algorithm is mass-conserving subject to rounding errors.

In each time step, Ns;p,ada = Nsip (Nsrp —1)/2 new SIPs are produced and the new number
of SIPs is Ng;p* = Ngrp + Ns1paddq- After nt time steps, the number of SIPs would be of order
(Nsrpo)™ which is not feasible.

In the following subsections, algorithms are presented that include various approaches to keep the
number of SIPs in an acceptable range.

In the following the various algorithms are described and pseudo-code of the implementations
is given. For the sake of readability, the pseudo-code examples show easy-to-understand imple-

mentations. The actual codes of the algorithms are, however, optimised in terms of computational

efficiency. The style conventions for the pseudo-code examples are as follows: Commands of the
algorithms are written in upright font with keywords in boldface. Comments appear in italic font
explanations are embraced b and headings of code blocks are in boldface).

14



Algorithm 1 Pseudo-code of the Remapping algorithm (RMA); style conventions are explained at

1: INIT BLOCK
2: Given: Ensemble of SIPs;  Specify: x,n, At
3: for | =1 to l,nqx do {Create temporary bin}
4: Mbin,i = Mbin,low 107"
5: end for
6: TIME ITERATION
7: while t<Tsim do
8: LOSS BLOCK {Compute reduced bin contribution of existing SIPs}
9: for i =1to Ns;p do
10: Calculate v; according to Eq.
11: Select bin [ with mpp,; < pi < Mpp,141
12: Nbin,l = Nbin,1 + Vi
13: Mying = Myin,1 4+ V] - 1
14: end for
15: GAIN BLOCK {Compute bin contribution of coalescing droplets}
N
17: foralli < j < Ngrp do
18 k= kA1
19: Compute v, according to Eq. 23]
20: Mk = i+
21: Select bin [ with myp; < e < Mpp, 141
22: Nbin,l = Nbin,l + Vi
23: Myin,g = Myin,g + Vi - ik
24: end for
25: CREATE BLOCK {Replace SIPs}
26: Delete all SIPs
27: i=0
28: for all [ with Mpyipn.1 > Meritmin = A1 do {use Mcritmin as a weak threshold value)}
29: =it 1
30: Generate SIP ¢ with 1" = nyip,; and = 1/ Mbin.t
31: end for
R MNerr=iNup=i
33: t=t+ At

34: end while

35: EXTENSIONS

36: Self-collections for a kernel with K (m,m) # 0 can be easily incorporating-incorporated in the algorithm
by changing the condition in line[[Ato i < j < Nsrp.

15
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Figure 2. Treatment of a collection between two SIPs in the Remapping Algorithm (RMA), Average Impact
Algorithm (AIM) and All-Or-Nothing Algorithm (AON).

2.3 Description of the Remapping (RMA) algorithm

First, the remapping algorithm is described as its concept follows closely the hypothetical algo-

rithm introduced in the latter section. The RMA algorithm is based on ideas of m

). We call their approach ‘remapping algorithm’ as Ng;p is kept reasonably low by switch-

ing between a SIP representation and a bin representation in every time step. A temporary bin grid

with a pre-defined « is established which stores the total number ny;,, . and total mass My, . of all
contributions belonging to a specific bin. The bin boundaries are given by mpp .

Instead of creating a new SIP % (with number v, obtained by Eq. [19 and mass pi5, = p1; + 1)
from each 7 — j-combination, the according contribution is stored on a temporary bin grid. More
explicitly, this means that the droplet number ny;,,; of bin [ with mgy, ; < f1 < 1My 141 1S increased
by vj. Similarly, the total mass My, ; of that bin is increased by p v. Similarly, the reduced
contributions v from the existing SIPs with droplet mass 1; are added to their respective bins.

Figure[2illustrates how a collection process between two SIPs is treated in RMA. In this example,
v, = 2 droplets are produced by collection which have a droplet mass of pj, = ju; +p; = 15. Instead
of creating a new SIP £ (as in the hypothetical algorithm), the contribution k is recorded in the bin
grid. The droplet number 7 in bin [3 is increased by v, = 2 and the according total mass M;3 by
v, = 30. The remaining contribution of SIP ¢ falls into bin /1 and n;; and M;j; are increased by
v =v; —v, =2 and p;v] = 12, respectively. The operation for SIP j is analogous.

At the end of each time step after treating all possible ¢ — j-combinations, a SIP ensemble is
created from the bin data with v; = ngy;y,; and p; = My 1 /Npin,i— Which resembles a deterministic

AN AN IR AR A AN AN AR
singleSIP-init with the resolution .
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Optionally, a lower threshold v,,,i, rara can be introduced, such that SIP ¢ is created only if
Npin,l > Vmin, RM A holds. However, this may destroy the property of mass conservation which can
be remedied by the following.

We pick up the concept of a weak threshold introduced earlier and adjust it such that on average the
total mass is conserved (instead of total number as before). We introduce the threshold M ;¢pmin =
nA1. B-g-The parameter 7 is set to +6=210~8, which implies that each SIP contains at least t6—1-of
a fraction of 108 of the total mass in a grid box. If Mp;p, | > Meritmin, @ SIP is created representing
V; = Npin,; drops with single mass po; = My 1 /Tin 1. I Myin,i < Meritmin, @ SIP is created with
probability pereate = Mpin,i/Meritmin- In this case the SIP represents v; = Meyitmin/ v droplets
with single mass jt; = Mpin, 1 /Tpin,i- Pseudo-code of the algorithm is given in algorithm[Il

Time steps typically used in previous collection/aggregation tests are around At =0.1 to 10s

depending inter alia on the used kernel. From Eq. 22l follows that the time step in RMA must satisfy

Nsip

At< Y o (24)
j=1

Otherwise, negative v-values can occur which would inevitably lead to a crash of the simulation. In
mature clouds, the Long and Hall kernel attain large values which required tiny time steps of 10~%s
and smaller in the first test simulations. To be of any practical relevance, RMA had to be modified
in order to be able to run simulations with suitable time steps.

Hence, several extensions to RMA allowing larger time steps are diseussed-proposed in the fol-

lowing.

1. Default version: Use the algorithm as outlined in Algorithm [Tl (i.e. do not change anything).
Negative v/} -values obtained by Eq. 2Tl are acceptable, as long as 1y, ;, from which the SIPs
are created at the end of the time iteration, is non-negative for all /. This means that an existing
SIP ¢ (which falls into bin /) can lose more droplets (l/iA) than it actually possesses (v;) as long
as the gain in bin [/ (from all suitable SIP combinations) compensates this deficit. We will later
see that this approach works well for the Golovin kernel, however fails for the Long and Hall

kernel.

2. Clipping: Simply ignore bins with negative ny;, ; and do not create SIPs from those bins.

This approach destroys the property of mass conservation and is not pursued here.

3. Adaptive time stepping: Instead of reducing the general time step, only the treatment of SIPs
with v} < 0 is sub-cycled. For each such SIP i, Eq. 2 is iterated 7}; times with time step
Atgrp = At/7;. Note that even though the computation of Eq. 21l and O;; involves the v-
evaluation of all SIPs, only v; is updated in the subcycling steps and not the whole system of
fully coupled equations is solved for a smaller time step. For sufficiently large 7;, v ;,pcycr 18

positive, as ViA,subcycl < v; as desired. Basically, we now assume that all collections involving

17
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SIP i are equally reduced by a factor of ; = stubcycz / ViA compared to the default time step.
In the GAIN block of the algorithm (as termed in Alg. [I), all computations use the default
time step and no sub-cycling is applied. To be consistent with the reduction in the LOSS

block, Eq. 23]is replaced by vy, = n; O;; At.

4. Reduction fimiterLimiter (abbr. as RedLim) The effect of an adaptively reduced time step can

be reached with simpler and cheaper means. We introduce a threshold parameter 0 < v < 1.0

similar to the approach inIAu.dLejszzuk_ej_al] JZQLA). Again, we focus on SIPs with v} < 0 and

simply set the new weight of SIP i to v} g1, = YVi- As above, all contributions involving

SIP i have to be re-scaled, now with ~; = (v; — V' poapim)/ViE

5. Update on the fly (abbr. as OTF) Another option to eliminate negative v;-values is to do an
"update on the fly". In this case, the algorithm is not separated in a LOSS and GAIN block.
Instead, the ¢ — j-combinations are processed one after another. After each collection process,
as exemplified in Fig.[2] the weighting factors v; and v; of the two involved SIPs are reduced
by v, i.e. the number of droplets that were collected. Subsequent evaluations of Eq. 23] then
use updated v-values. Compared to the default version, it now matters in which order the ¢ — j-
combinations are processed, e.g. if you deal first with combinations of the smallest SIPs or of

the largest SIPs.

2.4 Description of Average Impact (AIM) algorithm

The average impact algorithm by|Rj_e_Qh_elm_ann_e_t_alJ (IZD_LA) and further developed inm

) predicts the temporal change of the weighting factor, v;, and the total mass of all droplets

represented by each SIP, x; = v; p;. In this algorithm, two fundamental interactions of droplets are
considered (see also Fig. 7 inMaronga et alJ, 2!!1§). First, the coalescence of two SIPs of different

size. It is assumed that the larger SIP collects a certain amount of the droplets represented by the

smaller SIP, which is then equally distributed among the droplets of the larger SIP. As a consequence,
the total mass and the weighting factor of the smaller SIP decrease, while the total mass of the larger
SIP increases accordingly. Fig. 2] illustrates how a collection between two SIPs is treated. SIP j is
assumed to represent larger droplets than SIP ¢, i.e. j1; > pi;. As in the RMA example before, we
say that v, = 2 droplets are collected. Then SIP i loses two droplets to SIP j, i.e. v; is reduced by 2
and a mass of ji;v, is transferred to SIP j where it is distributed among the existing v; = 8 droplets.
Unlike to RMA, where droplets with mass j1; + 1; = 15 are produced, AIM predicts a droplet mass
of p1; + pivi /v; = 10.5 in SIP j. Usually, v, /v; << 1 and hence the name "average impact” for this
algorithm.

Moreover, same-size collisions are considered in each SIP. This decreases the weighting factor of

each SIP but not its total mass. Accordingly, the radius of the SIP increases.
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Algorithm 2 Pseudo-code of the average impact algorithm (AIM); style conventions are explained

at the end of Section

1: INIT BLOCK + SIP SORTING
2: Given: Ensemble of SIPs;  Specify: At
3: TIME ITERATION

4: while t<Tsim do

5: {Sort SIPs by droplet mass}

6: Apply (adaptive) sorting algorithm, such that ; > p; for j >4

7: {Compute total mass x; of each SIP}

8: Xi = Vi i

9: for i =1to Ns;p do

10: {Compute reduction of weighting factor due to number loss to all larger SIPs}

11: v =, (1 — At Zj\]jffl Oij)

12: { Compute mass transfer; mass gain from all smaller SIPs and mass loss to all larger SIPs}
13; X=X A Z_?]:S’i,lfl o7+ vz;ll Xy ot

14: end for

15: vi = v

16: pi = xi < v
17: t=t+At

18: end while

19: EXTENSIONS

20: {Self-collections for a kernel with K;; #0 can be incorporated simply by edding—starting the tersi
—O5-At-on—inside-the-bracket-on—the—rhs—of-summation_in line [[Il from j = i (see also Eq. (ZZ) in the

text).}

Both processes are represented in the following two equations which are solved for all colliding

SIPs (assuming that 110 < 1 < ... < lUng,p):

dI/i 1 ViV; e —1
g = —K” 5 ﬁ — Z Kijl/il/jAV (25)
Jj=i1+1
and
dvs i—1 Nsrp
CEZ = Z/J,J KijUiI/jAV_l — Mg Z Kijl/iVjAV_l. (26)
j=1 J=i+1

The first term on the right-hand-side of Eq. [25] describes the decrease of v due to same-size col-
lections, the second term the decrease of v due to collection by larger SIPs. The first term on the
right-hand-side of Eq.[26 describes the gain in total mass due to collections with smaller STPs, while

the second term describes the loss of total mass due to collection by larger SIPs.
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Figure 3. top: (r;,v;)-evolution of selected SIPs for the AIM algorithm. The black line shows the initial distri-
bution. Each coloured line connects the data points that depict the (r;,;)-pair of an individual SIP every 200s.

bottom: Raties-The ratios ¢, and ¢, are defined as r; (¢t = 3600s)/r;(t = 0s) and v;(t = 3600s) /v;(t = 0s).

@ (red curve) and = Wblack curve) for all SIPs are shown as a function of

their initial radius 7;(¢ = 0s).

An example simulation with Long kernel, singleSIP-init, A¢t=+0s;+=40-At = 10s, kK =40 and Ns;p =

ARAAAAAUAAANAANA
197 is displayed.

Using a Euler forward method for time integration the above equations read as:

new Nsip

e =y, <1 - Zj_iﬂoijAt()ﬁo,,;,;t) 27)
and

new _ 1—ZN”P 01 At +ZH 01 At (28)
Xi =X i1 0 jleJ ij b

Finally, the single droplet mass y; of each SIP is updated: p" = x % /v}". Pseudo-code of the

Figure BHF illustrates how the AIM algorithm works for an example simulation with the Long
kernel and singleSIP-init. The top panel shows the (7;, v;)-evolution of selected SIPs. The black line
shows the initial distribution. Each coloured line connects the data points that depict the (r;, v;)-pair
of an individual SIP every 200s. Clearly, v; of any SIP decreases over time, however the decrease is

much smaller for the largest SIPs and becomes zero for the largest SIP. The majority of SIPs starting
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477 from the smallest radii show an opposite behaviour as their evolution is dominated by a strong v;-

478 decrease at nearly constant ;. In contrast, the evolution of the two largest SIPs is dominated by
479 a strong r;-increase for constant v;. The SIPs next to the largest SIPs undergo a transition; in the
480 beginning, they primarily grow in size, towards the end the decrease of v; is dominant. Fhe-bottom

481 panel

482 The ratio : ; =v;(t =3600s)/v;(t =0s).
483 We find p,. > 1 and ¢, < 1. The bottom panel of Figure Blshows the ratios #+{#=-3600s}/+{t="0s}
$+-(¢y) "t (black curve) for all SIPs of the simulation.

485 Both ratios are smooth functions of the initial r;, which is plotted on the z-axis.

484 ¢, (red curve) and

486 By construction, the number of SIPs remains constant over the course of a simulation. Hence, the
487 number of SIPs per radius or mass interval decreases, when the DSD broadens over time. In our

488 example, the SIP resolution becomes coarser, particularly in the large droplet tail.

new
(2

489 Negative values of v and x7'°" may occur. However, this case never occurred in our manifold
490 tests of the algorithm. The behaviour appears more benign than in RMA. Moreover, we found that
491 the algorithm preserved the initial size-sortedness of the SIP ensemble. However, for an arbitrary
492 kernel function and initial SIP ensemble, this is not guaranteed and we recommend to use adaptive

493 sorting algorithms that benefit from partially pre-sorted data sets dEmﬂl—_Cas_(Lo_an_nd{ hﬂﬁ).

494  Adaptive sorting is also advantageous, when AIM is employed in real world applications, where

495 sedimentation, advection and condensation changes the SIP ensemble in each individual grid box.

496 2.5 Description of the All-Or-Nothing (AON) algorithm

497 The All-Or-Nothing (AON) algorithm is based on the ideas of |S6lch and Kér ghc;| 2010) and
498 |Shima et alJ 2009). Fig. Dlillustrates how a collection between two SIPs is treated. SIP i is assumed

499 to represent fewer droplets than SIP 7, i.e. v; < v;. Each real droplet in SIP ¢ collects one real droplet
500 from SIP j . Hence, SIP i contains v; = 4 droplets, now with mass fi; + p; = 15. SIP j now contains
501 v;—v; =8—4 = 4 droplets with mass x; = 9. Following Eq.23] only v, = 2 pairs of droplets would,
502 however, merge in reality. The idea behind this probabilistic AON algorithm is that such a collection
503 event is realised only under certain circumstances in the model, namely such that the expectation
504 wvalues of collection events in the model and in the real world are the same. This is achieved if a
505 collection event occurs with probability pzmr=+4/#

506  Derit = Vi/Vi (29)
507 in the model. Then, the average number of collections in the model,

508 Uy, = PeritVi = (Vi /Vi)Vi,

509
510 7 = PeritVi = (Vi/Vi)Vi, (30)
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Algorithm 3 Pseudo-code of the all-or-nothing algorithm (AON); style conventions are explained at
the end of Section rand() generates uniformly distributed random numbers € [0, 1].

1: INIT BLOCK
2: Given: Ensemble of SIPs;  Specify: At
3: TIME ITERATION

4: while t<Tsim do

5: {Check each i — j-combination for a possible collection event}

6: forall i < 7 < Ngrp do

7: Compute v according to Eq.[I9]

8: Unew = min(v;, v;)

9: Perit = Vi /Vnew
10: {Update SIP properties on the fly}
11: if perie > 1 then
12: MULTIPLE COLLECTION
13: {can occur when v; and v; differ strongly and be regarded as special case; see text

for further explanation}

14: assume v; < v;, otherwise swap ¢ and j in the following lines
15: {Perit > 1 is equivalent to vy, > v;}
16: {transfer vy, droplets with ji; from SIP j to SIP 1, allow multiple collections in SIP i,

i.e. one droplet of SIP i collects more than one droplet of SIP j.}

17: SIP ¢ collects v droplets from SIP j and distributes them on v; droplets: p; =
(Vi i +vio 1) [vi

18: SIP j loses vy, droplets to SIP i: v; = v; — vy,

19: else if p¢r;+ >rand() then

20: RANDOM SINGLE COLLECTION

21: assume v; < v;, otherwise swap % and j in the following lines

22: {transfer v; droplets with ji; from SIP j to SIP i}

23: SIP i collects v; droplets from SIP j: p1; = pi + p5

24: SIP j loses v; droplets to SIP i: v; = v; —v;

25: end if

26: end for

27: t=t+ At

28: end while

29: EXTENSIONS

30: {Self-collections for a kernel with K (m,m) # 0 can be treated in the following way: }
31: {Insert the following loop before linelBlor after line 28]}

32: fori=1to Ns;p do

33: Perit = Vi /Vi

34: if 2 pcrie >rand() then

35: {every two (identical) droplets coalesce}
36: v, = ;)2

37 i =2 2
38: end if

39: end for
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Figure 4. As in Fig. 3] for the AON algorithm.

is equal to v, as in the real world. A collection event between two SIPs occurs, if p.,-;; >rand(). The
function rand() provides uniformly distributed random numbers € [0, 1].

Noticeably, no operation on the-StPs-a specific SIP pair is performed if pc,.;; <rand().

The treatment of the special case vy /v; > 1 needs some clarification. This case is regularly en-
countered when the singleSIP-init is used, where SIPs with large droplets and small v; collect small
droplets from a SIP with large v;. The large difference in droplet masses j: lead to large kernel
values and high v, with v; < vy < ;. By the way, the case of v}, being even larger than v; is not
considered, as it occurs only with unrealistically large time steps. If p..;+ > 1, we allow multiple
collections, as each droplet in SIP i is allowed to collect more than one droplet from SIP j. In total,
SIP i collects vy, droplets from SIP j and distributes them on v; droplets. A total mass of vy p; is
transferred from SIP j to SIP ¢ and the droplet mass in SIPs ¢ becomes 4] = (v; i + Vi 1i5)/vi.
The number of droplets in SIP j is reduced by v, and v}'“"” = v; — vj. Sticking to the example in
Fig. Dl and assuming v, = 5, each of the v; = 4 droplets would collect vy /v; = 1.25 droplets. The
properties of SIP ¢ and SIP j are then: v; =4, p1; = 17.25, v; = 3 and j1; = 9.

Another special case appears if both SIPs have the same weighting factor which regularly oc-
curs when the v, -init is used. After a collection event, SIP j would carry v; — v; = 0 droplets,
whereas SIP 7 would still represent v; droplets. In this case, half of the droplets from SIP i are

moved-to-coalesce with half of the droplets from SIP j and vice versa. Accordingly, both SIPs carry

=-=05vrv Y = 1" = 0.5 X v; droplets with mass z1; + ;. Without this correction,
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zero-v SIPs would accumulate over time and reduce the effective number of SIPs causing a poorer
sampling. Instead of this equal splitting, one can also assign unequal shares £ v; and (1 — &)v; to the
two SIPs (with & being some random number).

Moreover, self-collections can be considered for kernels with K;; > 0. If 2 p.,.;; >rand(), self-
collections occur between the droplets in a SIP (note the factor 2 due to symmetry reasons). Then
every two droplets within a SIP coalesce, implying v; = v;/2 and p; = 2 p;.

So far, we explained how a single ¢ — j-combination is treated in AON. In every time step, the full
algorithm simply checks each ¢ — j-combination for a possible collection event. To avoid double-
counting only combinations with ¢ < j and self-collections with 7 = j are considered. Pseudo-code
of the algorithm is given in Algorithm[3] The SIP properties are updated on the fly. If a certain SIP is
involved in a collection event in the model and changes its properties, all subsequent combinations
with this SIP take into account the updated SIP properties. Similar to the update on the fly version
of RMA, results may depend on the order in which the ¢ — j-combinations are processed.

For most ¢ — j-combinations, p..;; is small and usually only a limited number of collection events
occurs in the model and AON may suffer from an insufficient sampling of the droplet space. Ac-
tual collections are a rare event in this algorithm. In our standard setup, < 1% of all possible col-
lections occur in the model until rain is initiated by very few lucky SIPs (similar to lucky drops,

e.g. |ms_unsk1_an_d_5_h_aml dZDD_é)). Indeed, lS_hlma_e_t_alJ JZDDA) reported convergence of AON only

for tremendously many SIPs (on the order of 10° to 10° in a box). We will later see that conver-

gence is possible with as few as O(102) SIPs, if the SIPs are suitably initialised. Hence, it will
be demonstrated that AON is a viable option in 2D/3D cloud simulations, as already implied in
|Anaha§_an.d_s_himgzj (IZQ]j]).

As for AIM in Fig. B Fig. @ (top) shows the (r;,v;)-evolution of selected SIPs for AON. The

picture looks more chaotic than for AIM, as each individual SIP has its own independent history due
to the probabilistic nature of AON. For the initially smallest SIP, only 1; changes for most of the
time, as only collections occur where the partner SIPs have smaller weighting factors v. Towards
the end, the still very small SIP is at least once involved in a collection with a very large SIP that
has a larger v. Hence, r; of this SIP increases substantially. In contrast to the smallest SIP, other
initially small SIPs ¢ with similar properties are never part of a collection with v; < v;. Hence, their
radii r; remain small over the total period and v; is the only property that changes. The bottom panel
summarises the overall changes in v; (black) and r; (red) for all SIPs of the simulation. Unlike to
AIM, where only the initially largest SIPs grow, SIPs from both ends of the spectrum grow in AON.
Those SIPs have small v-values in common and in each collection their mass is updated to m; +m;.
The SIPs with initially large v-values lie in the radius range [2 um, 15 pm] and keep their initial radii
(at least in the singleSIP-init used here). The reductions in v; scatter around ~ 102 for most SIPs and
fall off to 1 for the largest SIPs.
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For the generation of the random numbers, the well-proven (L’Ecuyer and Simazd, |Mﬂ|) Mersenne

Twister algorithm by (I_L‘Zﬁ) is used. AON simulations may be acceler-
ated if random numbers are computed once a priori. However, this requires saving millions of random
numbers for every realisation. An AON simulation with 1000 time steps and 200 SIPsimplying-, for
instance, implies 200 x 100 eombinations;e-g—proecesses-potential collections during one time ste

and in total 2- 107 random numbers. Using random numbers with a smaller cycle length deteriorated

the simulation results in several tests and is not recommended.
The current implementation differs slightly from the version in [Shima et alJ M). Due to an
unfavourable SIP initialisation similar to the v, s¢-technique, |S_h1ma_e_[_a]_J dZ_OQd) deal with large

Ngrp-values in their simulations, where it becomes prohibitive to evaluate all Ng;p(Ngrp — 1)

SIP-combinations. Hence, they resort to | Ng7p /2| randomly picked i — j-combinations, where each
SIP appears exactly in one pair (if Ng;p is odd, one SIP is ignored). As only a subset of all possible
combinations are numerically evaluated, the extent of collisions is underestimated. To compensate
for this, the probability p..;; is up-scaled with a scaling factor Ns;p(Nsrp —1)/(2 | Nsrp/2]) to
guarantee an expectation value as desired.

Moreover, in Shima’s formulation the weighting factors are considered to be integer numbers. In
contrast, we use real numbers v which can even attain values below 1.0. This has several computa-
tional advantages: 1. better sampling of the DSD, in particular at the tails, 2. simpler AON imple-
mentation with fewer arithmetic and rounding operations, and 3. more flexibility, e.g. SIP splitting
with real-valued £ in the case of identical weighting factors.

|S_Ql.<;h_an.d_Ka.Lc_h.e.tj JZQ_Ld) makes use of the vertical position of the SIPs and explicitly calculates

whether or not a larger droplet overtakes a smaller droplet within a time step. This approach will be

thoroughly analysed in a follow-up study.

In RMA and AIM, SIPs with negative weights may be generated depending, e.g. on the condition
AtY Y517 0, > 1 in RMA. In-AON-By construction, this cannot happen in AON and the latter
condition implies that ijl Derit,ij Of SIP 7 is greater than unity. HeneeThen, this SIP is likely to
be involved in several collections (for j with pc,; ;; < 1) or is involved in one or several multiple

collections (for j with ppip 5 > 1).

3 Box model results

In this section, box model simulations of the three algorithms introduced in the latter section are
presented, starting with the results of the Remapping (RMA) Algorithm, then those of the Aver-
age Impact (AIM) and finally the All-or-Nothing (AON) algorithm. The results of each algorithm
are tested for three different collection kernels (Golovin, Long and Hall). As default, probabilistic

SIP initialisation methods are used. For each parameter setting, simulations are performed for 50
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different realisations. Simulations with the Golovin kernel are compared against the analytical solu-

tion given by (@). Consistent with many previous studies we choose b = 1.5 m*kg~1s 1.

Simulations with the Long and Hall kernel are compared against high-resolution benchmark sim-
ulations obtained by the spectral-bin model approaches of ) and ). The
In all simulations, collision/coalescence is the only process considered in order to enable a rig-

orous evaluation of the algorithms. The evaluation is based on the comparison of mass density dis-

tributions, and the temporal development of Oth, 2nd, and 3rd moment of the droplet distributions.

The 1st moment is not shown since the mass is conserved in all algorithms per construction. As

The supplement (abbreviated as SUPP in the following) contains a large collection of figures that

systematically reports all sensitivity tests that have been performed. The behaviour of the second and
third moment is similar and the \sz-evolution is shown only in SUPP. Later it will be mentioned that
Hall kernel simulations are not as challenging as Long kernel simulations from a numerical point of

view. Hence, simulation with the Hall kernel are only shortly discussed in the manuscript and figures
are shown in SUPP.

3.1 Performance of Remapping (RMA) Algorithm

Figure[Blcompares DSDs of the RMA algorithm and the analytical reference solution for the Golovin
kernel. Each panel displays DSDs from ¢ = 0 to 60 min every 10min. The upper left panel shows an
excellent agreement of RMA with the reference solution and proves at least a correct implementa-
tion. Figure |6l compares the temporal evolution of the moments. Moreover, the first row shows the
number of SIPs used in RMA. Except for the case with a very coarse grid (x = 5) with fewer than 40
SIPs in the end, the RIMA-restltstegular RMA results shown in the left column agree perfectly with
the reference solution irrespective of the chosen « (> 10) and minimum weak threshold 7 ranging
from 1075 to 10~%. The number of non-zero bins increases as the DSD broadens over time. In the
last step of the time iteration, SIPs are created from such bins. Hence, their number increases over
time. Using a strict threshold, the total mass is not conservedtrotshown);Fhe-; the larger 7 is, the
more mass is lost (see SUPP). Hence, using a weak threshold or some other measure (e.g. creation
of aresidual SIP containing contributions of all neglected bins) to avoid this is highly recommended.

Next, RMA simulations with the Long kernel are discussed. As already mentioned, the default
RMA version would require tiny time steps which would rule out RMA from any practical ap-
plication. Both approaches introduced before, "Update on the fly" (OTF) and "Reduction Limiter"
(RedLim), succeed in eliminating negative v;-values and in finishing the simulation within a rea-
sonable time. However, the results are not as desired. Fig. [7] shows the DSDs for a simulation with

Reduction Limiter 7y = 0.1, weak threshold =8 : =108,k = 20 and
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Figure 5. Mass density distributions obtained by the RMA algorithm for the Golovin kernel from ¢ =0 to
60 min every 10min (from black to cyan, see legend). The setid-dotted curves show the reference solution, the

dotted-solid curves the simutationresult-of-the- RMA algerithmsimulation results (ensemble averages over 50
realisations). The parameter settings are probabitistie-singleSIP-init with weak threshold M, K =60 5
#==0-3and At = 1s. The following versions of the RMA algorithm are depicted (clockwise from top leftte
right): regular version, version with reduetiontimiterReduction Limiter, version with update on the fly OTF,
and OTF; (start-starting with combinations of smalest/the largest or smallest droplets, respectively).

At = 0.1 sand-5-=0-+. Whereas the algorithm is capable of realistically reducing the number of the
smaller droplets, itfails-to-prediet-the-formation-of-therain-mode-and-strong oscillations appear in
the intermediate radius range [100 um, 200 xm| —(see right panel). If we average over 50 realisations
(as usually, left panel) or use a coarse grain visualisation (as usually with #per = 4, middle panel).
the oscillations are smoothed out (or better say masked). Nevertheless, the formation of the rain
mode is impeded; probably the mass flux across the problematic radius range is too slow, which is
a direct consequence of applying the Reduction Limiter (mostly SIPs in this part of the spectrum
obtain negative weights and have to be corrected).

We tested the algorithm with-—for many parameter settings varying all of the aforementioned

parameters,

net-average-out-and-not-surprisinelythe-moments-do-At € [0.01s,1s],x € [5,100],7 € [0,1] and
€ [10715.1075]. Figure Blshows the evolution of moment 0 and 2 for various At-values (at x = 10

left column) and k-values (at At = 0.1s right column). Obviously, the simulation results are nearl
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Figure 6. SIP number and moments *o;Az-Ag and A3-A2 as a function of time obtained by the RMA algorithm
for the Golovin kernel. The black eurves-diamonds show the mements-of-the-reference solution. Adt-etherThe
curves depict the RMA results (ensemble averages over 50 realisations). The default settings are: Probabilistic
singleSIP-init with weak threshold 77 and At = 1s. Left column: regular RMA version with-+==60:20;16:5

for various x-values (brown;-blue;-green;redsee legend in the middle) and threshold ﬁf}ei’mﬁi 19=5
1077, 46=510_%, 1077 (solid, dotted, dashed, dash-dotted s-detted; shown only for x = 40). Middle column:

ARAAAANAAA

as in left column, but RedLim versionwith-reduetiontimiter. Right column: version with update on the flys-,
(solid Alines OTFg and dotted lines +start-with-combinations-of smallest/argest-droplets;-OTF,). The colours
define k as beforein the two other columns, but only x = 10 and 60-cases are shown.
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Figure 7. Mass density distributions obtained by the RMA algorithm for the Long kernel from ¢ =0 to
60min every 10min (from black to cyan, see legend). The setid-dotted curves show the reference solution,
the dotted-solid curves the simulation resuteresults of the RMA algorithm with Reduction Limiter (y = 0.1)-
i tlistie-si intt-with-, weak threshold -7 = 1073, At = 0.1s and v—+4

For both, the bin resolution of the visualisation is by default £,;,: = 4. The right panel shows again the specific
realisation (as-indicated-ontoponly £ = 20 min and 40 min), but for K15 = k.

insensitive to the bin resolution (as long as x > 10), however the higher moment does not come close
to the reference solution-(not shown). Non-oscillating results-are-obtained-only-if an-unreasonably

D

the-large-droplet mode-does not-emerge-and-yalue. The effect of a At-variation is more substantial,
Descreasing At, the total droplet numbers become smaller and the moments-are-again-far-from-the
reference—)y-values become larger, both leading to a better agreement. Despite using already a very.
small time step of 0.01s in the end (we will later see that AIM and AON produce reasonable results

for At = 10s), the agreement with the reference solution is still not perfect,
Hence, our RMA implementation is not capable of producing reasonable results for the Long

kernel.
It is not clear whether the oscillations are inherent to the original RMA algorithm or caused by

the introduction of the reduetiontimiterReduction Limiter. The latter might introduce discontinuities

which could trigger

At least, the Golovin RMA simulations with Reduction Himiter-Limiter do not show any instability
and-gives-a-perfect-agreementsigns of instability and agree well with the reference(see-column2-in
Figshnd. However, this is not surprising. Clearly, the RedLim correction is only performed for
SIPs, where negative weights are predicted. In Golovin simulations this happens less frequently than

in Long simulations. Only in the very end, the abundance of the largest droplets is underestimated
middle

see top right panel in Figure [5) and the increase of the higher moment levels off slightl
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Figure 8. SIP number and moments Ao and Ay as a function of time obtained by the RMA algorithm for the
Long kernel. The black diamonds show the reference solution. The curves depict the RMA results (ensemble

averages over 50 realisations). The default settings are: RedLim version with ¥ = 0.1, singleSIP-init with weak

threshold n = 1078, k=10,At =1s and 7critmin = 5.0 um. The left column shows a variation of At (see

legend), the right one a variation of x (see legend) .
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670 column of Fig ). Simitarly Gelovin RMA-simuations-with Bascially, the application of the Redlim
671  correction, which re-scales 1>, can be interpreted as an artificial reduction of the time increment (see.
672 Eq.[20) and hence slows down the growth of all corrected SIPs.

673 Another RMA variant uses update on the fly are-stable-and-which also cffectively eliminates
674 negative weights. Such Golovin RMA simulations can be close to the reference, however the results
675 depend on the order in which the SIP combinations are processedfsee-ceturn-3-(and-4yinFigs-Bhnd.

676 If collections between the smallest SIPs are treated first within each time iteration (OTF,), then the

677  growth of the largest droplets is too slow (see bottom left panel in Figure 5. Starting the processing
678 with collections between the largest SIPs (OTF;), the DSDs are as desired (see bottom right panel
679 in Figure[§) and the moments agree perfectly with the reference if r is sufficiently large (see right
680 column of Fig. [B). Againteongsimulations—with-an-The update on the fly version—of RMA-—are
681 unstabletnotshown)-has the strongest impact on those SIPs where the regular version would predict
682 negative weights. With OTE, the weights of such SIPs strongly decrease during one time iteration
683 and hence the continuous evaluations of the O,;-values depends on the order in which the SIP
684 combinations are processed..

686 SUPP) and spurious oscillations still appear in the DSDs.
687 Note that the Golovin simulations used 7.,;mn = 1.6 um, whereas the Long simulations used

688 . A higher r.,;

= 5.0 um (note the truncated left tail in the DSDs in Figure

689 reduces the SIP number and the computational effort and made simulations with small time steps

690 possible at all. The simulated A-values are insensitive to the choice of 7...i1pin (see SUPP).

691 We conclude that for time steps feasible in operational terms, none of the tested RMA implementations

692 is capable of producing reasonable results with the Long kernel.[Andrejczuk 1/ (2010) introduced

693 and evaluated the RMA algorithm and applied it in a simulation of boundary layer stratocumulus.
694 Our findings are seemingly in conflict with the conclusions of their evaluation exercises. What both
695 studies have in common is a similar trend for a x-variation. In their Fig. 13, simulations for x rang-
696 ing roughly from 4 to 30 are depicted. The simulations with many bins show oscillations, whereas
697 the coarsest simulation has no oscillations, but is clearly far from the real solution (largest droplets
698 around 40 pm compared to 500 pm in the reference simulation). In their Fig. 14, they presented a
699 detailed sensitivity test only for a x =4 simulation, which downplays the severity of the oscilla-
700 tion issue. Moreover, their simulations ran up to 2000s compared to 3600s in this study and many

701 other studies (e.g. @, M; |ﬂa.ug_e_(_al], IZ_QOJI). Hence, they missed the regime where the effect of

702 the oscillations is strongest. Despite our extensive tests we cannot exclude that in

703 (@) an RMA implementation was used where oscillations are less cumbersome; however, the
704 study missed to demonstrate this for a conclusive test case and we come to the conclusion that the

705 evaluation exercises were incomplete and not suited to reveal the deficiencies faced here.
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Figure 9. Mass density distributions obtained by the AIM algorithm for the Golovin kernel from ¢ =0 to
60min every 10min (from black to cyan, see legend). The setid-dotted curves show the reference solution, the
dotted-solid curves the simulation-resutt-of-the-AIM algorithm-simulation results (ensemble average-averages

over 50 realisations). The parameter settings are: probabilistic singleSIP-init “WM&:V\@ ,

Yermmim =0 max{)-At = 1s and k = 40 (left) or £ = 200 (right).

RMA simulations with the Hall kernel are similarly corrupted by oscillations and do not produce

useful simulations either (not shown).
3.2 Performance of Average Impact (AIM) Algorithm

Fig. 9| displays DSDs obtained by AIM for the Golovin kernel. Compared to the reference, the
droplets pile up at too small radii and the algorithm is not capable of reproducing the continuous
shift to larger sizes, even if a fine grid with x = 200 (right) instead of x =40 (left) is used. For
both x-values, the increase of the higher moments proceeds at a too low rate (see Fig.[I0), whereas
the decrease in droplet number matches the analytical evolution. AIM is a very robust algorithm in
the sense that the results are fairly insensitive to most numerical parameters-parameter variations as
demonstrated for x and At in the left column of Fig. Most simulations converge to—what we
call—the best AIM solution, which is, however, not the-same-as-the-identical to the correct solution.
The results deteriorate slightly if the initial SIP ensemble is generated with the .4y, s¢-init OF Vg qop-
init instead of with the singleSIP-init (right column of Fig. [T0)).

The algorithm performs, in general, better for the Long and Hall kernel as is detailed in the follow-
ing. Fig. [Tl displays DSDs obtained by AIM for the Long kernel. Generally, the results are in good
agreement with the reference solution, as long as the SIP ensemble is initialised with the singleSIP-
init method (left and middle column). Towards the end of the simulated period (magenta and cyan
lines), the removal of small droplets is a bit underestimated and too many small droplets are present.
For t = 30 and 40 min, the large droplet mode is too weak as not enough large droplets have formed.

At that stage, the droplets grow rapidly by collection and the AIM results lag behind. Although the
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Figure 10. SIPﬂumbeﬁM\g&glMand memeﬁtb_%ﬁ\?ﬂﬂd’%’}f\),\g\l as a function of time obtained by the
AIM algorithm for the Golovin kernel. The black eurves-diamonds show the mements-of-the reference solution.
Adl-other-The curves depict the AIM results (average-averages over 50 realisations). The default settings are:
Prebabitistie-probabilistic singleSIP-init with weak threshold 1 = 10"7, k = 40 +#ermmmr=10""rmax{r)
and At = 1s. Left column: default simulation (red), larger time step (At = 10s, blue) and more SIPs (x = 200,
brown). Right column: vcons¢-init (red) and vgrqw-init (blue) with Nsyp = 160. In all panels, the curves are

on top of each other.
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Figure 11. Mass density distributions obtained by the AIM algorithm for the Long kernel from ¢ =0 to
60min every 10min (from black to cyan, see legend). The setid-dotted curves show the reference solution,
the detted-solid curves the simulationresult-of-the-AIM algorithm-as-an-average-simulation results (ensemble
averages over 50 realisations). The default settings are: Probabilistie-probabilistic singleSIP-init with weak
threshold = 107, x = 40, At = 1s (eolumn—tleft panel); At increased to 20s
(eotumn2middle panel); Veons¢-init technique with Nsyp = 160 (eotamn-3right panel).
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Figure 12. SHP-number-Moments Ao and mements—o;Az—and—-3—A2 as a function of time obtained by
the AIM algorithm for the Long kernel. The black eurves—diamonds show the moments—of—the-reference
solution. Adt-ether-The curves depict the AIM results (average-averages over 50 realisations). The default
settings are: probabilistic singleSIP-init with weak threshold 77 =10"°, x =40 and At =10s. The left
column shows a variation of M%%MH}BHWM&&MM
middle column a variation of 3
K (MWMMWW{H%&@%M The right column displays
simulations with different-various initialisation techniquesand-At=16s: the veonst-init (solid) and vgrqw-
init (dotted) with Ns7p=1600;406;=86-various Nssp-values (see legend) as well as the Vrandom,rs-init
(green dashed) and Vyandom,1p-init (green dash-dotted)wi
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offset is less than five minutes, it might become crucial in simulations of short-lived clouds. Also
the evolution of the moments (see Fig.[I2) confirms this, as the onset of the rapid changes at around
t = 30min is only slightly retarded if parameters are suitably chosen. Towards the end, the AIM re-
sults get again very close to the reference solution. The left column of Fig.[[2shows the dependence
on the time step. For time steps At < 20s all results are similar to the best AIM solution which is
close to the reference. Time steps of 50s and more do not produce good enough results. Moreover,
AIM is fairly insensitive to the choice of K, T¢ritmin and Veripmin(see-middle-eelamn). Simulations
with s ranging from 10 to 100 yield similar results (see middle column). Only, for a very coarse
resolution (x = 5) with 25 SIPs, the decrease in droplet number is too small. Increasing the lower
cutoff radius r¢pitmin from 0.6 pm to 5 pm, the r < 5 pm-part of the DSD is represented by a single
SIP and Ng;p is reduced by 60% (see Table[3). The predicted moments are unaffected by this vari-
ation (see SUPP). Those small-r; SIPs are not relevant for the AIM performance. They simply carry
too small fractions of the total grid box mass to be important. Their status will not change over time
as already illustrated in Fig. [3l Similarly, a variation of v;;jzmin Or the switch to a strict threshold
Veritmin has no effect (see SUPP).

Now we draw the attention to the importance of the SIP-init method. The right panel of Fig. [l
shows the DSDs when the SIPs are initialised with the 1., s¢-init method. The algorithm completely
fails and no droplets larger than 70 m occur after 60 minutes. Consequently, the moments are far off
from the reference solution (solid lines in the right column of Fig.[I2)). Switching to the v/g,q.,-init
method (dotted lines) or using many more SIPs (up to 1600) improves the results, yet they are still
useless. This clearly demonstrates how crucial the initial characteristics of the SIP ensemble are.
Initialising the SIPs with an appropriate technique like the singleSIP-init, useful results are obtained
with as few as 50 SIPs. Using the v,y s¢-init OF Vg,.qq,-1nit, on the other hand, solutions are still
useless, even though the number of SIPs and the computation time are factor 30 and 900 higher,
respectively.

The Vyqndom-simulations give another example of the importance of the init method. Even though
both techniques, v;.qndom,rs (dashed line) and v,.4pndom,i» (dash-dotted line), are similar in design
and differ only in the creation of the largest SIPs (see Fig.[I)), the outcome of the simulations is quite
different. For the v,.4pdom,1p-1nit, the solution matches the best AIM solution, whereas for v, qndom.rs
the moments-moment )\, and-Xz-stagnate-at-too-tow-levelsstagnates at a too low level. The latter test
pinpoints the main weakness of the AIM which is also reflected in its name (average impact). The
initial weighting factors of those initially largest SIPs (in relation to v of the remaining SIPs) controls
how strong this growth is and how the large droplet mode emerges.

All quantities shown in Fig. [[0] and [[2] are averages over 50 realisations of the initial SIP ensem-
ble. All individual realisations yield basically identical simulation results and it would have been

sufficient to carry out and display simulations of a single realisation.
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Figure 13. Mass density distributions obtained by the AON algorithm for the Golovin kernel from ¢ =0 to

60min every 10min (from black to cyan, see legend). The setid-dotted curves show the reference solution, the

dotted-solid curves the simutationresult-of-the-AON algorithm-simulation results (ensemble average-averages
over 50 realisations). The parameter—default settings are: probabilistic singleSIP-init with weak threshold

Qv:vlg:?, Kk = 40, VWQ%&*%A}S = 1s. The eolumns-show—various—variants-left panel shows
results of the regular algorithm +defautt-and the right panel those of a version -version-disregarding multiple

collectionss

Figure-2?-shews-DSDs-ef Next, simulations with the Hall kernel are shortly discussed (figures are
only shown in the supplement). Compared to the Long simulations, the reference solution reveals that
small droplets are much more abundant{seerefereneeselution), as the collection of small droplets

proceeds at a lower rate. This makes the simulation less challenging from a numerical point of view

and AIM DSDs come closer to the reference than in the Long simulations. Consequently, the AIM
moments agree very well with the referenceas-showninFig—?2??—, For At < 20s and x > 20, all

solutions are similar to the best AIM solution.
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Figure 14. SIP-number-Moments \g and mements—-ro;Az—anrt->3-)\g as a function of time obtained by the
AON algorithm for the Golovin kernel. The black etrves-diamonds show the moments-of-the-reference solu-

tion. AH-ether-The curves depict the AON results (average-averages over 50 realisations). The default settings
-9

are: Probabilistie-probabilistic singleSIP-init with weak threshold = 1079, #
k=40 and At=+sAt = 1s. Left column: default simulation (red), larger time step (At = 20s, blue) and

fewer SIPs (x = 10, brown). Right column: vcons¢-init (brown) s-and vVayq.-init (blue)and-singleSHP-init-with

3.3 Performance of All-Or-Nothing (AON) Algorithm

Fig. 13 shows the AON results for the Golovin kernel. An excellent agreement with the reference
solution is found which proves at least the correct implementation of AON. Switching to a version
without multiple collections (i.e. SIP i collects at most v; droplets in every time step) does not affect
the solution as cases with p..;: > 1 < vy, > v; occur rarely. The AON moments closely follow the
reference solution, even when the time step is increased from 1s to 10s or fewer SIPs are used
when-by decreasing r is-deereased-from 40 to 10 (left column of Fig. [[4). Unlike to AIM, AON
is successful, even when the initial SIP ensemble is created with the v/, s;-10it OF Vg4, -init (right
column of Fig. [[4).
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Figure 15. Mass density distributions obtained by the AON algorithm for the Long kernel from ¢ = 0 to 60 min
every 10min (from black to cyan, see legend). The setid-dotted curves show the reference solution, the detted
solid curves the simutationresuttof-the-AON algorithmsimulation results. Eotamnstand-2-show-individuat-The
top row shows two specific realisations (each *-symbol depict a non-zero g-value). CotumnsRows 3-2 and 4-3
show averages over 50 and 500 realisations: The left column uses the format as all DSD plots before. The right
column depicts the final DSD at ¢t = 60min together For each bin, the interquartile range is determined and
depicted by +-symbets-with-diamonds and a dashed bartenty-for+—=-66min). If there is only one +—symbet(or
none) diamond in a bin, the 25th (and the 75th) percentile is/are too small to be visible. The settings are:
Pfebabﬂis&epgg@l)i@wsingleSIP-initM, k=40 ‘b‘mm—:mima%@z%ggg At = 20s.
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Figure 16. Moments o542\ and A3-)g as a function of time obtained by the AON algorithm for the Long
kernel. Each realisation was initialised with a different SIP ensemble (probabilistic singleSIP, red) or all re-
alisations started with the same SIP ensemble (deterministic singleSIP, greenblue). In both cases, the curves
show an average over 50 realisations with the vertical bars indicating the interquartile range. The crosses show

the minimum and maximum values and the circle the median value. The black—symbels-depict-thereference
solution—The-parameter settings are At = 20 and x = 40.

acloserinspeetion—Fig. [[Adisplays DSDs of AON-an AON simulation for the Long kernel. The twe

leftpanels—simulations exhibit large differences between individual realisations which deserves a
closer inspection. The top row show DSDs of single-two specific realisations. The +*-symbol depicts

the g-value for each bin. Those symbols are connected by default. An interruption of the connecting
line indicates one or more empty bins (¢ = 0) where no SIPs exist in this specific radius interval.
This occurs frequently and-the-due to the broadening of the DSD. The solutions are full of spikes
and irregularly over- and undershoot the reference solution, particularly in the large droplet mode.
The small droplet mode is underestimated in the first realisation and overestimated in the second
realisation, for instance. The advantages of AON become apparent when the DSDs are averaged
over many realisations as shown in eolumns3-and-4-—rows 2 and 3. Then the DSDs come close to
the reference solution (left column) and the interquartile range indicates the broad envelope the indi-
vidual realisations span around the reference solution (right column). Whereas the average over 50
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Figure 17. Mass density distributions obtained by the AON algorithm for the Long kernel from ¢ = 0 to 60 min
every 10min (from black to cyan, see legend). The setid-dotted curves show the reference solution, the detted

solid curves the stmulation—resutt-of-the-AON algorithm-as-an-average-simulation results (ensemble averages
over 50 realisations). The default settings are: Probabitistie_probabilistic singleSIP-init with weak threshold

=107 k=40 ,—VWW}G%M&V,—)T@\(L At = 1steetumn—1b:+. The left panel shows results of the
regular algorithm, the middle panel those of a version disregarding multiple collections at At = 10s feetumn2);
and the right panel results for veons¢-init technique-with Ng;p = 160¢eotumn3).

realisations still has some fluctuations (row 2), the average over 500 realisations produces a smooth
solution —(row 3).

There are two sources that are potentially responsible for the large ensemble spread: the proba-
bilistic SIP initialisation and the probabilistic AON approach. In a sensitivity test, 50 realisations are
computed, all using the same SIP initialisation obtained by a deterministic singleSIPinit. Figure
compares those simulations to regular simulations with differing SIP initialisations. In both cases,
we find a substantial ensemble spread. Starting with identical SIP initialisations the spread in terms
of interquartile range is, however, somewhat smaller suggesting that both sources contribute to the
ensemble spread.

Fig.[T7 shows AON results with 50 realisations and probabilistic initialisation which gives a good
trade-off between computational cost and representativeness. Clearly, AON DSDs are less smooth
than those of AIM. Column 1 shows a default simulation with singteSHnit-singleSIP-init and shows
very good agreement with the reference solution. Disenabling multiple collections (column 2), far
too few small droplets become collected and their abundance is substantially overestimated. As a
consequence, the mass transfer from small to large droplets is slowed down and the large droplet
mode is underestimated. Using the v, s¢-init, the large droplet mode is not well matched and results
are again useless.

Fig. [L8] shows the temporal evolution of moments Ag;Az-and->3-Ag and Ay for a large variety of
sensitivity tests. Column 1 shows a variation of At for the singleSIP-init. The larger At is chosen, the

more often combinations with p.,.;+ > 1 occur and the more crucial it becomes to consider multiple
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Figure 18. SIP-number-Moments \g and mementso;Az-and->3-Ag as a function of time obtained by the AON
algorithm for the Long kernel. The black symbels-depiet-diamonds show the moments-of-the reference solution.
Ah-eoloured-The curves show-depict the AON results (average-averages over 50 realisations). The default
shows a variation of Aét=1-5;10-20;-50;100:-200s-At (see legend) for #=-40-ferthe regular AON version
(solid) and for a version disregarding multiple collections (dotted, only cases with At < 20s are dlsplayed) The
middle column shows a variation of # i
onlyfor20-<+-<1060). The rlght column %hewe—dwlgp/lgy/s\ simulations with various initialisation techniques:
the Veonst-init (solid) and vayaw-init (dotted) with Msrr—1606,400;86—TFhe—gray-various Ngsp-values
Wamwmdashed) and detted-line-show-simulations-with-vrandom,1b-

init ant-tranaom rs-initrespeetively(green dash-dotted) All-simulations-shown-in-the-middle-and-right-panel
use- AL =105,
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Figure 19. Droplet number as a function of time obtained by the AON algorithm for the Long kernel. The black
symbols show the moments of the reference solution. In each panel, the dotted curves depict the results with

column with the hybrid fregutar-init and the right column with the singleSIP-init with 'eritmin = 1.6 . Each
panel shows results for various x-values (5-te-60;-see corresponding legend). The hybrid version uses #=-+66
+ = 100 for radii above 15 um and x as labeled for radii below 15 um. The MultiSIP-init and hybrid version

Hses-use more SIPs than the regular version<see-SingleSIP-init. An 7c,i1min-increase leads to a Nsjp-values
-reduction. See listed [V s; p-values in the plotiplots for a comparison. The-dotted-tines-are-identical-to-solid-ines

incol-2of[[§

collections. Even for the smallest time step considered, the version without multiple collections does
not collect enough small droplets and hence overestimates droplet number. With the regular AON
version considering multiple collections, reasonable results are obtained for time steps At < 20s.
Column 2 shows a variation of « for singleSIP-init. Whereas the higher moments perfectly match the
reference, the droplet number shows a non-negligible dependence on . For £ < 100, droplet number
decrease is faster, the finer the resolution is. For +>106x > 100, a variation of « has no effect, hence
convergence is reached. However, those simulations underestimate the droplet number. Best results
are obtained for an intermediate resolution of x = 40. Using the MultiSIP-init, the simulations show
the same undesired behaviour MM Hence, increasing the SIP concentration
in the middle part of the initial DSD has no positive effect despite using around 160% more SIPs
(see Ngrp-values listed in the figure’s legend). In another experiment, the-a hybrid singleSIP-init was
used. Below r = 16 um SIPs are initialised as usually with the prescribed x. Above this radius, a high
resolution with x = 100 is always used irrespective of the chosen «. Clearly, more SIPs are initialised
with this hybrid version relative to the original version (see Ngyp-values listed in the figure legend).

The middle panel of Figure [19] shows the droplet number evolution for the original singleSIP-init
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and the new hybrid version. The sensitivity to x is basically suppressed when the hybrid version
is used. This implies that the AON algorithm is more or less insensitive to the resolution in radius
range r < 16 pm, however, it is sensitive to the SIP resolution in the right tail. For example, the
K = 5-simulation with the hybrid version and 87 SIPs performs better than the x = 20-simulation
with the regular init and 98 SIPs.

In the conventional version, SIPs are initialised down to a radius of 0.6 um (as can be seen in
the top left panel of Fig.[I). Another variation of the singleSIP-init is shown in eotumn2-of Fig {8
{dashed-eurves)-the right panel of Figure[I9 where this lower cut-off radius is raised to 1.6 ym and
around 25 % fewer SIPs are used to describe the DSD. The simulation results are basically identical
to the conventional init version and suggest that those initially small-r;, small-; SIPs are not relevant
for the performance of AON.

Further tests with the singleSIP-init include a variation of the threshold parameter 7 and a switch
from weak thresholds to strict thresholds. Moreover, we investigated the implications of update-on-
the-fly of the SIP properties. The singleSIP-init produces an initially radius-sorted SIP ensemble
and looping over the i-j combinations in the algorithm starts with combinations of the smallest
droplets, which may introduce a bias. We reversed the order (i.e. started with largest droplet com-
binations) or randomly rearranged the order of the SIP combinations. None of those variations had
a significant effect on the results{(notshown)—ensemble-averaged results (see SUPP). The latter
insensitivity is in contrast to the RMA behaviour. The reason for this is the comparably small number.
of SIP combinations that actually result in collections, as well as probabilistic determination of
these combinations. This prevents any pronounced bias due to size-sorting. Moreover, AON does
not preserve the size-sortedness of the SIP list (cf. Fig.H).

Finally, the AON performance for other SIP initialisations is discussed (right column of Fig.[I8).
As already demonstrated in Fig.[[7] AON is not able to produce a realistic large droplet mode, if
a moderate number of SIPs is initialised with the v, s;-technique. Hence, the higher moments are
underestimated and droplet number is overestimated. Increasing the number of SIPs up to 1600,
the solutions get closer to the reference, yet the agreement is still not satisfactory. The performance
for the vg;q,,-1nit is similar. Keeping in mind the previous sensitivity studies (hybrid singleSIP-init,
MultiSIP-init), it is apparent that the v.ys¢-init and vg,.q,-init suffer from an undersampling of
the initially largest droplets. Due to its simplicity, using constant weights for initialisation has been

a common approach in previous 3D-LCM cloud simulations (Shima et al], M; Hoffmann et alJ,

). Hence, we tested AON extensions aiming at a better performance for such equal weights

initialisations.

Let us consider the possible weighting factors the SIPs can attain in the course of a simulation. In
the beginning, all SIPs have v = v;,,;;. After a collection event, for both involved SIPS v = v;,;; /2. If
such a v = v, /2-SIP collects a v = v;,,;;-SIP, both SIPs carry v, /2 droplets. Subsequent collec-

tions can generate SIPs with weighting factors v+ /4, 3 Vini: /4 and so on. It may be advantageous,
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877 if AON generates a broader spectrum of possible v-values and produces SIPs with smaller weights
878 more efficiently. So far, the equal splitting approach with & = 0.5 in a collection event of two equal-v
879 SIPs has been used. In sensitivity tests, a random number for £ is drawn in each collection event,
880 either from a uniform distribution £ € [0, 1] or from a log-uniform distribution £ € [1071°,10°]. En-
881 hancing the spread of v-values, more collection events occur in the algorithm, as p.,;; is smaller
882 larger when small-v SIPs are involved. Once most SIPs were part of a collection event, the first op-
883 tion with & € [0,1] produces a distribution of v-values that is similar to the initial v-distribution of
884  the vgq,-init technique and further equal weights combinations are unlikely to occur. Hence, the
885 new version does not improve the simulation results, as the outcome for the v/4,.44,-1nit and the stan-
886 dard v -init are similar (net-shewnsee SUPP). Other variations produce smaller weights with
887 ¢ =10"10rand0) o ¢ = 10~10 rand0’ yet without any noticeable improvement in the simulation
888 results (notshownsee SUPP).

889 To complete the analysis for the Long kernel, the right column of Fig. [[8]shows simulation results
890 for Vrandom,ib A0d Vrandom,rs- In short, AON can cope with those initialisations and produces useful
891 results.

892 As already noted in the AIM section, Hall simulations are not as challenging as Long simulations
893 from a numerical point of view. As the collection of small droplets proceeds at a lower rate for the
894 Hall kernel, disenabling multiple collections in the AON simulations does not deteriorate the results
895 as much as in the Long simulations (netshownsee SUPP). Besides this, simulations with the Hall
896 kernel lead to similar conclusions as for the Long simulations and are therefore not discussed in

897 more detail.

898 4 Discussion

899 The presented box model simulations can be regarded as a first evaluation step of collection/aggregation
900 algorithms in LCMs. The final goal is the evaluation in (multi-dimensional) applications of LCMs
901 with full microphysics. In order to isolate the effect of collection, other microphysical processes
902 like droplet formation and diffusional droplet growth have been switched off and all box model
903 simulations started with a prescribed SIP ensemble following a specific exponential distribution. In

904 section the performance of the different algorithms is compared and we summarise the findings

905 from section[3l Section discusses implications of our results and provides further insights.

906 4.1 Summarising comparison of the algorithms’ performance

907  The initialisation techniques for the SIP population generation are mostly probabilistic and by default,
908 each simulation was performed for 50 different realisations. For RMA and AIM, we found the
909 ensemble spread to be small and a single realisation is as good as the ensemble mean. The AON
910  algorithm is inherently probabilistic and we highlighted the substantial ensemble spread. Reasonable
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results are only obtained only by averaging over many realisations. One may argue that this precludes
the usage of AON in real-world applications as it is not feasible to run 50 realisations in each grid
box of a 2D/3D model simulation. However, we are not that pessimistic. In such simulations, many_
grid boxes have similar atmospheric conditions and averaging will occur across such grid boxes. We
made a similar experience in simulations of contrail-cirrus, where we tested the Ngyp-sensitivity
that very few SIPs per grid box sufficed to reach convergence even though the few SIPs in a single
grid box could not realistically represent a smooth DSD and reasonable DSDs could only be obtained
by averaging over several grid boxes.

RMA _simulations for the Long kernel require around a factor 1000 smaller time steps than
the respective AON and AIM simulations (At = 0.01s versus 10s). Using the Long kernel, rapid
collection growth occurs in a certain size range. In RMA, this puts a strong constraint on the time
step (see Eq. . In AON the inclusion of multiple collections allows simulating the rapid growth
without the need to reduce the time step. Without multiple collections, the AON requirements on
At would be similar to RMA. AIM seems to be unaffected by rapid collections resulting in negative
weighting factors as observed in RMA. The reason for this might origin from AIM’s typical behavior.
If large and therefore most effectively collecting SIPs are produced at all, they will exhibit very small
weighting factors. This property reduces the potentially hazardous impact of multiple collections at

larger time steps in the tested setups. However, this might not be a universal feature of AIM.
If the initial SIP ensemble is created with the SingleSIP-init, 50 to 100 SIPs are needed for

convergence in any of the three algorithms. This value is similar to the number of bins used in
traditional algorithms for spectral-bin models M |2££)j .

For a given V. the number of floating point operations performed in one time iteration is

roughly similar for all three algorithms but depends ultimately on details of the implementations.

The RMA RedLim variant is, e.g., more demanding than its OTF counterpart. In the AON algorithm

the generation of the random numbers needs a non-negligible share of the computing time.
The time complexity of all presented algorithms is O (N2 as computations are carried out for
all pairwise combinations of SIPs. A linear sampling approach as introduced b |Sh]_[n_a_e_(_a]_] (IZLE_‘J

which processes only V. 2 SIP pairs, has complexity O (N, and can be applied in the RMA or

AON algorithm. However, more SIPs may be required to reach convergence and in full microphysical

models this may slow down the calculation of all other microphysical processes (which have usuall
linear time complexity).

All in all, the time step A¢, which controls the number of iterations, is the most critical parameter

for the computing time.

4.2 Implications and further insights
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In this section, we provide further insight and discuss the implications from the box model tests.
Since our results have been gained with typical assumptions for warm clouds, we discuss their

representativeness for ice clouds.
The evaluation of different initialisation methods showed that the performance of the collec-

tion/aggregation approaches depends essentially on the way the SIPs are initialised, a problem which
is inherently absent in spectral-bin models. Their initialisation resembles the singleSIP technique
used here, i.e. the number concentration (the weighting factor) within a bin (for a certain mass range
represented by one SIP) is directly prescribed. However, LCMs exhibit a larger variety of how an
initial droplet spectrum can be translated into the SIP space. The study showed that the singleSIP is
advantageous for the correct representation of the collisional growth, since they initialise large SIPs
with small weighting factors, which are responsible for the strongest radius growth. On the other
hand, the v,y initialisation technique, in which all SIPs have the same weighting factor initially
as it is done in many current (multi-dimensional) applications of LCMs, impedes significantly the
correct representation of collisional growth.

In this idealised study, we were able to control (to a certain extent) the representation of droplet
spectra by various initialisation methods. In more-dimensional simulations with full microphysics,
however, this is not straightforward nor has it been intended. So far, convergence tests in "real-
world" LCM applications simply included variations of the SIP number and have not focused on
more detailed characteristics of the SIP ensemble (i.e. the properties that have been discussed in
Fig. [I)). Droplet formation and diffusional droplet growth, which usually create the spectrum from
which collisions are triggered, should be implemented such that "good" SIP ensembles are gener-
ated or evolve before collection becomes important. Here, good refers to a SIP ensemble for which
the collection/aggregation algorithm performs well. For instance, the basic idea of the initialisation
are uniformly distributed in log ();) might also improve multi-dimensional simulations.

Generally, the performance of the algorithms is better when the SIP ensemble features a broad

range of weighting factors. One viable option to achieve this is the introduction of a SIP splitting

technique dlch, IZQ]A]). Why-How this may improve the performance of the col-
lection/aggregation algorithms is outlined next.

Mass fractions represented by individual SIPs, X;, are analysed. x; is defined as x; /M, i.e. the
total droplet mass in a SIP ; is normalised by the total mass within the grid box M. Figure2Qlshows
and AON with the singleSIP-init method and two bin resolutions x = 20 and 100as-a—funetion-of
The two rows show the same data, using a logarithmic (top row) or linear y-scale (bottom). The log
scale version highlights that y;-values spread over many orders of magnitudes. Mainly, the parameter

Veritmin controls the minimum value of ;. The heaviest SIPs carry initially up to 6.5% (x = 20) or
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Figure 20. Normalised SIP mass X; as a function of the initial SIP radius ;. X; is defined as = x; /M =
(vipi)/ M, i.e. the total droplet mass in a SIP is normalised by the total mass within the grid boX. xzmXiniz_
denotes x; of the initial SIP ensemble. x7az—Ymaz denotes the maximum y;-value each SIP attains over the

course of a simulation. The left/right panel shows AIM/AON simulations with x = 20 or 100 (see legend). Both
algorithms use the singleSIP-init -and At = 10s. The plots show results from a single realisation,

1.2% (x = 100) of the total mass M (see bottom row). Clearly, the values of the x = 20-simulation
are larger, as the total mass is distributed over fewer SIPs. For each SIP, y; is tracked over time and
the maximum value, X; maz(¢), 18 recorded (red and brown curves in the graphs). Characteristically
of AIM, only the largest SIPs grow substantially and collect mass from other SIPs. Hence, only ;
of those SIPs increases. By the way, this also illustrates that the yx;-values of the smallest SIPs are
so small that all those SIPs can be merged into a single SIP without changing the AIM outcome (see
Teritmin-variation before). Using the fine resolution (x = 100), heavy SIPs (i.e. those with largest
i) carry up to 10% of the total grid box mass at some point in time. In the x = 20-simulation,
this ratio can be higher than 50%, meaning that one specific SIP accumulated more than 50% of
the total grid box mass at some time. Hence, the grid box mass is distributed fairly unevenly over
the SIP ensemble. Astonishingly, this has no effect on the performance of AIM as the predicted
Ak, s1p-values for both AIM simulations are basically identical (see middle column of Fig. [2). In
the AON simulations, we similarly find that the grid box mass is unevenly distributed over the SIP
ensemble. Different to AIM, also many initially small SIPs and a few initially medium-sized SIPs
carry a relevant portion of the grid box mass at some time. The algorithms may converge better if
those heavy SIPs are split into several SIPs during the simulation.

In all simulations so far, the mean radius of the initial DSD was 9.3 ppmwhere-, Then the abundance

of droplets larger than around 10 um drops strongly, which poses a challenge to the-representation
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Figure 21. SIP-number-Moments \g and mements—o;Az-and->3-)2 as a function of time obtained for the
Long kernel by AIM (left) and AON (right). The black symbols depict the moments of the reference solution.
The simulations are initialised with Wang’s solution after +6(detted);20 minutes (dashedsolid lines) or36
{dash-dotted)-minutes-using the singleSIP-init with various x-values (see legend). The default AON and AIM
simulations initialised at ¢ = 0, which have been shown before in Figs.[[2land [I8] are depicted by setid-dotted

lines.

representing this part of the droplet spectrum in SIP space. In a sensitivity test, we start with “mere
more "mature" DSDs. The simulations are initialised with Wang’s-refereneesotution-the reference
g&lﬁg&ﬁg&@@after tinit = 10, 20 or 30 minutes (cf. red, green and blue solid
curves in previous plots of mass density distributions) using the singleSIP-init. Fig. 2] shows the
StP-number-and-various—moments—)\g_and Ay of the DSD for AIM and AON for t;,;; = 20min

and the default t;,,;; = Omin (cases t;,;; = 10 and 30 min are shown in SUPP). The initial DSD is

broader for a later initialisation time and hence more SIPs are initialised for a given « (see Table B
for the resulting Ng7 p-values). This implies in particular that the spectrum above 10— 20 pum is sam-
pled with more SIPs. For both algorithms, the simulation results are close to the reference solution.
Compared to the default ¢;,,;; = 0-case, a much weaker x-dependence of the AON predicted droplet
number is apparent and the AIM results do not lag behind. Even though this sensitivity test can-
not be repeated for other init methods (as they require an analytical description of the initial DSD),
the singteSH-singleSIP-init simulations already indicate that the SIP initialisation is not as crucial
when a later initialisation time is chosen and that our default setup with a narrow DSD may overrate

the importance of the SIP initialisation. What are the implications of this for simulations with full
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microphysics? Clearly, the #;,,;; = 20min and 30 min-case oversimplify the problem, as such DSDs
cannot be produced by diffusional growth only. The ¢;,,;+ = 10min-DSD, on the other hand, is still
close to the ¢;,,;; = 0min-DSD and may be produced by diffusional growth. RMA simulations with
non-zero ti,;; again show spurious oscillations and fail to predict the higher moments correctly (see
SUPP).

In multi-dimensional models, collection/aggregation might be further influenced by the movement
of SIPs due to sedimentation or flow dynamics. For instance, sedimentation removes the largest SIPs
with the potentially smallest weighting factors, while turbulent mixing is-able—te-may add SIPs
with their initial weighting factor into matured grid boxes, where collection has already decreased
the weighting factors of the older SIPs. Indeed, the additional variability in more-dimensional sim-
ulations might compensate for the missing variability in the weighting factors usually present in
simulations using the v, s/ initiakisation—initialisation technique.

It is not clear which findings of our evaluation efforts are the most relevant aspects that control the
performance of collection/aggregation algorithms in more complex LCM simulations. Nevertheless,
the idealised box simulations are an essential prerequisite towards more comprehensive evaluations
as they disclosed the potential importance of the SIP initialisation (an aspect that is inherently absent
in spectral bin models). All in all, we can state that the behaviour of Lagrangian collection algorithms
in more complex simulations demands further investigation. Nevertheless, we have already learned
a lot from the box model simulations. A summary will be given in the concluding section.

Besides the academic Golovin kernel, our simulations used the hydrodynamic kernel with col-
lection efficiencies that are usually employed for tiguid-warm clouds (Long and Hall). We found
that Hall simulations are not as challenging as Long simulations from a numerical point of view.
For ice clouds, usually a constant aggregation efficiency F, (the analogon to collection efficiency
E.) is chosen, partly due to the lack of better estimates (Connolly et alJ, M). AON simulations

with E, = 0.2 indicated that using a constant efficiency makes the computational problem less

challenging, e.g. we find a smaller sensitivity to x compared to the Long simulations shown in
Fig. [18] (net-shewnsee SUPP). Hence, the presented algorithms can be equally employed for aggre-
gation. Certainly, the assumption of spherical particles used here is overly simplistic for ice cloud,

in particular, if aggregates form. However, including mass-area relationships (e.g. , ;

|Schmitt and Hevmsﬁelfi, |;OIJJ) in the kernel expression and using parameterisations of ice crystal

fall speed (e.g. Heymsfield and Wgs];brggkl, 2010) should not change the nature of the problem.

5 Conclusions

In the recent past, Lagrangian cloud models (LCMs), which use a large number of simulation parti-
cles (SIPs, also called super droplets in the literature) to represent a cloud, have been developed and

become more and more popular. Each SIP represents a certain number of real droplets;-whieh—; this
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1051 number is termed the weighting factor (or multiplicity) of a SIP. In particular, the collision process
1052 leading to coalescence of cloud droplets or aggregation of ice crystals is implemented differently
1053 in the various models described in the literature. The present study evaluates the performance of
1054 three different collection algorithms in a box model framework. All microphysical processes ex-
1055 cept collection/aggregation are neglected and an exponential droplet mass distribution is used for
1056 initialisation. The box model simulation results are compared to analytical solutions (in the case
1057 of the Golovin kernel) and to a reference solution obtained from a spectral bin model approach by
1058 ) (in the case of the Long or Hall kernel).

1059 LCMs exhibit a large variety of how an initial droplet spectrum can be translated into the SIP space
1060 and various initialisation methods are thoroughly explained. The performance of the algorithms de-
1061 pends crucially on details of the SIP initialisation and various characteristics of the initialised SIP
1062 ensemble (an issue that is inherently absent in spectral bin models and has not been paid much
1063 attention in previous LCM studies).

1064 The Remapping Algorithm (based on ideas of IAn.dLej_Qzuk_e_[_alJ, |2£)_ld) showed-produces perfect

1065 solutions in simulations with the Golovin kernel, however shows a poor performance s-either o

1066 when we switch to the Long kernel. Spurious oscillations occur in the intermediate radius range

1067 100 pm, 200 pm| which impedes the development of a realistic rain modedeveloped-or-the-solutions
1068 became-unstable. Only for unfeasibly small time steps of 0.01s, the simulation results get close

1069 to the reference solution. The evaluation exercises presented in |Andrejczuk et al! (2010) were not
1070 suited to reveal the-ebvious-these shortcomings or downplayed its severity. Based on our extensive

1071 tests, the-algorithm-ecannotberecommended-we cannot recommend the algorithm at its present state
1072 for further LCM applications, unless the-stability-issue-is-selvedsome mechanism to eliminate those

1073 oscillations is developped.
1074 The Average Impact (AIM) algorithm (based on ideas of Riechelmann et alJ, 2!!13) can produce

1075 very good results, however, appears to be inflexible inasmuch as only the initially largest SIPs are

1076 allowed to grow in radius space. The performance depends on details of the SIP initialisation much
1077 more than, e.g. on the time step or the SIP number.

1078 The probabilistic All-or-Nothing (AON) algorithm (based on ideas of |Shj_ma_e_(_a]_],|2QO_‘J; |Sg]_c_h_an_d_Ka.Lc_h_e.1]

1079 M) yields the best results and is the only algorithm that can cope with all tested kernels. Unlike

1080 to AIM, in AON it is not pre-determined which SIPs will eventually contribute to the large droplet
1081 mode. By design, any SIP can become significant at some point and the algorithm can cope with
1082 SIP initialisations that guarantee a broad spectrum of weighting factors. If an equal weights ini-
1083 tialisation is used, tremendously many SIPs are necessary for AON convergence as reported by

1084 (Shime-etab: 2005 Shina et all G009) .

1085 Many current (multi-dimensional) applications of LCMs use such SIP ensembles with a narrow

1086 spectrum of weighting factors causing a poor performance of the collection/aggregation algorithms.

1087 This should be clearly avoided in order to have collection/aggregation algorithms to work properly
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and/or efficiently. The time step and the bin resolution  (used in the singleSIP-init) have values
similar to those used in traditional spectral-bin models and hence the computational efforts of both
approaches for the collection/aggregation treatment are in the same range. The presented box model
simulations are a first step towards a rigourous evaluation of collection/aggregation algorithms in

more complex LCM applications (multidimensional domain, full microphysics).

6 Code availability

The programming language IDL was used to perform the simulations and produce the plots. The

source code can be obtained from the first author. Pseudo-code of the algorithms is given in the text.
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