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Abstract. The subgrid-scale representation of hydrometeor fieldag®rtant for calculating micro-
physical process rates. In order to represent subgrié-sealability, the Cloud Layers Unified By
Binormals (CLUBB) parameterization uses a multivariatefability Density Function (PDF). In
addition to vertical velocity, temperature, and moistuedds, the PDF includes hydrometeor fields.
Previously, each hydrometeor field was assumed to follow lbivariate single lognormal distribu-
tion. Now, in order to better represent the distribution yditometeors, two new multivariate PDFs
are formulated and introduced.

The new PDFs represent hydrometeors using either a dgjtepimal or a delta-double-lognormal
shape. The two new PDF distributions, plus the previouslsilognormal shape, are compared to
histograms of data taken from Large-Eddy Simulations (LES3 precipitating cumulus case, a
drizzling stratocumulus case, and a deep convective casaly-the warm microphysical process
rates produced by the different hydrometeor PDFs are cadgarthe same process rates produced
by the LES.

1 Introduction

The atmospheric portion of the hydrological cycle depermtthe formation and dissipation of pre-
cipitation. In a numerical model, precipitation procesasesrepresented by the microphysics process
rates. These process rates are highly dependent on the edlgdrometeor fields at any place and
time. Hydrometeors (such as rain water mixing ratio) cawy gagnificantly on spatial scales smaller
than the size of a numerical model grid box (Boutle et al., £0Ebsock et al., 2013). This means
that a good representation of subgrid-scale variabilitiynigortant for the parameterization of mi-
crophysical process rates.

Subgrid-scale variability (but not spatial organizati@an be accounted for through use of a
Probability Density Function (PDF). PDFs have been usednmogapheric modeling to account for
subgrid variability in moisture and temperature (e.g., Iblel1977; Sommeria and Deardorff, 1977;
Tompkins, 2002; Naumann et al., 2013) in order to calculatd ields as cloud fraction and mean

(liquid) cloud mixing ratio, and have been extended to eattizelocity in order to calculate fields
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such as liquid water flux (Lewellen and Yoh, 1993; Lappen aadd’ll, 2001; Larson et al., 2002;
Bogenschutz et al., 2010; Firl and Randall, 2015). PDFs haea used in microphysics to account
for subgrid variability in cloud water (Zhang et al., 2002pMson and Gettelman, 2008) and in

30 warm hydrometeor fields (Larson and Griffin, 2006, 2013; @hemd Xu, 2009; Kogan and Mechem,
2014, 2015) in order to calculate warm microphysics procaes. They also have been used to rep-
resent cloud ice (Karcher and Burkhardt, 2008).

Regarding the PDF’s functional form, generality is highsigted. For instance, we would like
the PDF to be capable of representing interactions amorgespesuch as accretion (collection) of

35 cloud droplets by rain drops. In addition, the PDF should ble ¢ represent a variety of cloud
types, such as cumulus and stratocumulus. Generality ifPBIes functional form is important
because it facilitates the formulation of unified cloud paegerizations (e.g., Lappen and Randall,
2001; Neggers et al., 2009; Suselj et al., 2013; BogensandXKrueger, 2013; Guo et al., 2015;
Cheng and Xu, 2015; Thayer-Calder et al., 2015).

40 Cloud Layers Unified By Binormals (CLUBB) is a single-colummodel that uses a multivariate
PDF to account for the subgrid-scale variability of moddtisgGolaz et al., 2002a, b; Larson and Golaz,
2005). The original PDF used by CLUBB consisted of only w&itivelocity,w, total water mixing
ratio (vapor + liquid cloud)s,, and liquid water potential temperatute, The PDF is a weighted
mixture, or sum, of two multivariate normal functions. Eamte of these multivariate normal func-

45 tionsis known as a PDF component. Although a normal digiobus unskewed, the two-component
shape makes it possible to include skewness in model fields.

Larson and Griffin (2013) extended CLUBB’s PDF to accountsiabgrid variability in rain wa-
ter mixing ratio,r,., and rain drop concentration (per unit masd),. Each of these hydrome-
teor species was assumed to follow a single lognormal (Sétyidution on the subgrid domain.

50 This treatment worked well for calculating microphysicegess rates in a drizzling stratocumulus
case (Griffin and Larson, 2013). Subsequently, CLUBB’s P25 extended to other hydrometeor
species involving ice, snow, and graupel.

However, the single lognormal treatment of hydrometeolgss successful when it is applied
to a partly cloudy, precipitating case. The problem is thatgingle lognormal assumes that a hy-

55 drometeor is found (that is, has a value greater than 0) ay @g@nt on the subgrid domain. This
is not realistic in a partly cloudy regime, such as prectpitashallow cumulus, which has non-zero
precipitation over only a small fraction of the domain.

Consider an example in which rain covers 10% of the grid leVbEn the within-precipitation
mean ofr,. is ten times greater than the grid-mean value. This can gaobé&ms when microphysics

60 process rates are calculated using the SL. The accretiemfat is proportional to the value of.
inside cloud. In this example, the SL, which distributesltgnormal around the grid mean, would

underpredict accretion rate because it causes be too small in cloud. Likewise, evaporation rate
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is proportional to the value of. outside cloud. The SL would overpredict evaporation ratsabse
it spreads-, throughout the domain, including the clear portion.

The solution to this problem is to account for the non-prieaiimg region of the subgrid domain.
This is done by representing the non-precipitating regibthe domain with a delta function at
a value of the hydrometeor of The within-precipitation (or “in-precip.”) portion of thsubgrid
domain can still be handled by using a single lognormal ithistion to represent subgrid variability
in the hydrometeor species. The resulting distributioraited a delta-lognormal (DL). In the above
example with 10% rain fraction, the (in-precip.) lognorrfraim the DL PDF would be distributed
around the in-precip. mean, as desired, rather than ardwndrid mean, which is a factor of 10
smaller.

Further improvements in accuracy can be achieved withivelgiminor modifications to the PDF.
As previously mentioned, CLUBB'’s PDF contains two compdaeBEach of these components can
be easily subdivided into an in-precip. sub-component anduside-precip. sub-component. The
result is a delta-lognormal representation of the hydrewrefieldin each PDF component. Both
delta functions are dtand represent the region outside of precipitation, but tileimvprecipitation
hydrometeor values are distributed as two lognormals tfegt Inave different means and variances.
When the two lognormals differ in some way, the resultingritiation is called a delta-double-
lognormal (DDL). Figure 1 illustrates the SL, DL, and DDL hgdheteor PDF shapes.

The main purpose of this paper is to present the formulati@napdated multivariate PDF that
extends CLUBB's traditional PDF to include the DL and DDL hgoheteor PDF shapes. Addition-
ally, a new method is derived to divide tged-box mean and variance of a hydrometeor species into
PDF component means and standard deviations. A secondary purpose ofahés s to present a
preliminary comparison of the new PDF shapes with PDFs aliyplarge-eddy simulations (LESS).
The SL, DL, and DDL hydrometeor PDF shapes are compared tognéns of hydrometeor data
taken from precipitating LES. Additionally, microphysipsocess rates are calculated using each of
the idealized PDF shapes and compared to microphysicsgzoates taken from the LES.

The remainder of the paper is organized as follows. Sectignes a detailed description of the
new PDF. Section 3 discusses the PDF parameters and inch&ldgrivation of a new method to
divide the grid-box mean and variance into PDF componentsiead standard deviations for a
hydrometeor species. Section 4 describes the LES setuparndst cases, as well as the driving of
CLUBB's PDF for the tests. Section 5 presents a comparistnwyadfometeors between the LES and
the SL, DL, and DDL PDF shapes. The comparison includes ploBDFs, Kolmogorov-Smirnov
and Cramer-von Mises scores, and microphysics process &detion 6 contains all conclusions.
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2 Description of the multivariate PDF

We now describe how the multivariate PDF used by CLUBB is ffiedito improve the represen-
tation of hydrometeors. Perhaps the most important modicés the introduction of precipitation
fraction, f,, to the PDF. Precipitation fraction is defined as the fractbthe subgrid domain that
contains any kind of precipitation (where any hydrometgacges has a positive value). In order to
account for any precipitation-less region in the subgrichdm, the PDF is modified to add a delta
function at a value of for all hydrometeor species. Each PDF component contairesiit precipi-
tation fraction. Expressed generally for a PDFiafomponents, the overall precipitation fraction is

related to the component precipitation fractions by

fo=> & Foti)» @)
i=1

where f,,;y denotes precipitation fraction in thith PDF component, and whete< f,;) < 1 for

all f,¢;. Additionally

Zf(i) =1, (2)
i=1

where¢;) is the relative weight, or mixture fraction, of thith PDF component, and whefe<
iy < 1forall §;. A PDF with more than one component requires that each PDipeoent have
a mixture fraction.

Before writing the form of the multi-component PDF, we dggeo discuss a special case, the
cloud droplet concentration (per unit mass).. In Larson and Griffin (2013)\V,. was introduced to
the PDF and was assumed to follow a single lognormal digtabuThis assumption folN, means
that when any cloud is found at a grid levél, > 0 at every point on the subgrid domain. This is
unphysical in a partly cloudy situation, for cloud dropleteuld be found at points where cloud
water is not found. Additionally, the single lognormal tirs@nt of V. can cause problems with the
microphysics. The grid-level mean of., denotedN, (for the remainder of this paper, an overbar
denotes a grid-level mean and a prime denotes a turbularg)ya handed to the PDF by the model,
and this mean value includes clear air in a partly cloudyasitun. This results in a value &, that is
much smaller than the in-cloud values/gf. Since the single lognormal iN.. is distributed around
N., N, is much too small in cloud for cases with small cloud fractiteading to an excessive
autoconversion (raindrop formation) rate.

In order to distributelV. where (and only where) cloud water mixing ratiQ, is found on the
subgrid domain, it cannot use the same method as the otheorhgtkors. Hydrometeors such as
r, can be found outside cloud whergis not found, or alternatively hydrometeors might be absent
inside cloud where. is found. Instead the PDF is modified so that a new varidilg, replacesV,
in the PDF. The variabléV..,, is a mathematical construct that can be viewed as an extaroled

droplet concentration or even as a simplified, conservatived condensation nuclei concentration.
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N., is distributed as a single lognormal over the subgrid dom&inis set equal tav,,, at points
where cloud water is found, but otherwise is set to 0 when pactwater is found (see Eq. (4)
below). The value ofV,,, is (at least approximately) the in-cloud meaniaf, and is based oV,
and cloud fraction.

The PDF includes all the hydrometeor species found in theammicrophysics scheme with the
exception of-., which is calculated from other variables in the PDF throaglaturation adjustment,
and N., which is described above. In addition#tp and V,,, a microphysics scheme may include
hydrometeor species such as ice mixing ratjpice crystal concentration (per unit mass), snow
mixing ratio, r,, snowflake concentration (per unit mass),, graupel mixing ratioy,, and graupel
concentration (per unit massy,. The vector containing all the hydrometeor species inalidé¢he
PDF will be denotede. The full PDF can be written aB (w, ry,0;, Ney, h).

In order to calculate quantities that depend on saturatiooh as. and cloud fraction, a PDF
transformation is required. The PDF transformation is angeaof coordinates. The multivariate
PDF undergoes translation, stretching, and rotation ofites (Larson et al., 2005; Mellor, 1977).
Within each PDF component, a separate PDF transformati@s f@lace. Théth component PDF,
Py (w, 74,01, N, ), is transformed td; (w, x, 1, Nen, h), wherey is an “extended" liquid water
mixing ratio that, when the air is supersaturated, has dipesialue and furthermore is equalito.
When the air is subsaturateghas a negative value. The variablés orthogonal toy. The variables

r. and N, can now be written as

re =xH (x) and ©)
Nc:Nan(X)7 (4)

whereH (z) is the Heaviside step function.

The general form of a PDF with components and variables (whetheD includes all the
variables in the PDF or any subset of those variables in avatitite marginal PDF) can be written
as

P(-ThI?w"er) = Zg(z)P(l) (Il,IQ,...,ID). (5)
i=1

Of the D variables listed, the firsI variables are normally distributed in each PDF componeat (i
w, 7, anddy, orw, x andn), the nextK variables are lognormally distributed (i&.,), and the last

Q) variables are the hydrometeor species, suchithatJ + K + 2. Theith component of the PDF,
P (z1,22,...,2p), accounts for both the precipitating and precipitatiossleegions, and is given
by

Py (w1,22,...,2p) = fpyPu.x+o)@) (T1,22,-.-,7D)

D
+(1_fp(7',))P(J,K)(i) ($1,$2,...,CEJ+K) ( H 5(I€)> . (6)

e=J+K+1
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where the subscripts in théh component, .91 s k), denotes the number of normal variates,
e.g.J, and the number of lognormal variates, &g.

Each original PDF component is split into precipitating gumecipitation-less sub-components.
The component means, variances, and correlations forblesia; ...z ;. x do not differ between
the precipitating and precipitation-less parts of Eq. {8)is greatly simplifies the procedure for
parameterizing the component means and variances, gieggritirlevel means and variances. Ad-
ditionally, keeping the component means and varianceséaime detween the within-precipitation
and outside-precipitation parts of Eq. (6) allows the PDBeaaeduced back to prior versions. For
instance, the multivariate PDF in Egs. (5) and (6) reducéiséwersion given in Larson and Griffin
(2013) when allf,,;y = 1 and various PDF parameters are chosen appropriately.gfontine, when
microphysics is not used in a simulation, hydrometeors atdaund in the PDF. In this scenario,
the PDF reduces to the original version found in Golaz e4l0Ra).

The PDF does not contain a fraction for each hydrometeoriepet type, but rather one pre-
cipitation fraction. Each PDF component is split into twédstomponents (within-precipitation and
outside-precipitation). Including a fraction for each hymeteor type (rain, snow, etc.) would cause
the number of sub-components to grow exponentially withrtheber of fractions. Using; hy-
drometeor fractions increases the number of sub-compstefts in each PDF component. This
would make setting the PDF parameters associated with eéeb@nponent increasingly difficult.

The multivariate PDF can be adjusted to account for a s@natihen a variable has a constant
value in a PDF (sub-)component. In that situation, the deiaan be reduced to a delta function at
the (sub-)component mean value. A good example of this woelsettingV,,, to a constant value
in order to use a constant in-cloud value of cloud dropleteotration. This is also especially useful
when dealing with more than one hydrometeor. If one hydrenrespecies is found at a grid level,
but another hydrometeor species is not found at that Ielrelhydrometeor that is not found can
reduce to a delta function &tin the precipitating sub-component of Eq. (6).

The general form of the:-variate hybrid normal/lognormal distribution in ttin PDF compo-
nent, P i) (21,22, ..., 25, ), Which is found in each sub-component of Eq. (6), consistsrur-
mal variates ané lognormal variates, where = j-+k. The firstj variables are normally distributed
and the remaining variables are lognormally distributed. The multivariatgmal/lognormal PDF
is given by (Fletcher and Zupanski, 2006)

m

1 1
P(j,k)(i)($1,962~,~~~-,fm) T m L H ?
2m)2 [Bw)|* \rZa ™7

Lo T tip _ . 7

xexpy =5 (@ =) o) (- na) - @)

Bothz andpu ;) arem x 1 vectors, where is a vector of the variables (in normal-space) in the PDF
and ;) is a vector of the (normal-space) PDF sub-component medwesndtatiorl” denotes the
transpose of the vector. Thexm (normal-space) covariance matrix is dena¥zg) and its determi-
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nant is denoteqizw\ (Fletcher and Zupanski, 2006). The advantage ®hgle multivariate PDF,
as opposed to a collection of individual marginal PDFs, & the multivariate PDF accounts for
correlations among the variables in the PDF. This is adgattas when calculating such quantities
as rain water accretion rate and rain water evaporation rate

When variables are integrated out of the full multivariate#Pbe result is a multivariate marginal
PDF consisting of fewer variables. When all variables butamegntegrated out of the PDF, the result
is a univariate marginal or individual marginal PDF. For dygrometeor species, found in the
full multivariate PDF in Eq. (5), the univariate marginasttibution is

P(h) =" &) (FoyPriy (W) + (1= fo) 0 (h)) (8)
=1
wherePy, ;) (h) is a lognormal distribution in théth PDF component, which is given by
2
1 — lnh—ﬂ i
Prey(h) = T exp ( 552 h( )) . 9)
(27m)2 Gp() h Thi)

The within-precipitation mean df in theith PDF component ig ;). This is the mean of théth
lognormal ofh. However, iy ), as in Eq. (9), is the normal-space component meah difis the

within-precipitation mean ofa / in theith PDF component and is given by

Thii b

~ (2

Aney =In | prey | 1+ —3 ; (10)
Fh (i)

whereoy,;) is the within-precipitation standard deviation/ofn theith PDF component. The quan-
tity oy,(;) is the standard deviation of thth lognormal ofh. The normal-space component standard
deviation ofh is G,(;), as found in Eq. (9). Itis the within-precipitation standideviation ofln 2 in
theith PDF component and is given by

(11)

The variables that are distributed marginally as binorraagssimilar notation. For example, ;)
is the mean ofv in the ith PDF component, or the mean of tite normal. Likewisenw(i) is the

standard deviation af in theith PDF component, or the standard deviation ofithenormal.

3 PDF parameters

This paper will use the phrase “PDF parameters"” to refer @oPtBFcomponent means, standard

deviations, and correlations involving variables in theHPBs well as the mixture fractions and
the PDF component precipitation fractions. The PDF pararaedre calculated from various grid-
mean input variables. In this paper, the component meaasdatd deviations, and correlations

involving w, r;, and6;, and the mixture fractions;;, and §(2), are calculated according to the
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Analytic Double Gaussian 2 (ADG2) PDF, as described in Apipee) of Larson et al. (2002).

ADG2 requires as input and does not change the values of tloevilog quantities: the overall

(grid-box) mean, variance, and third-order central moneént (w, w'2, andw’?, respectively), the
overall mean and variance of (77 andrT?, respectively), and the overall mean and variana® (f;
andW, respectively). Additionally, ADG2 requires and presertiee overall covariance of and

7 (w'rf), the overall covariance ob and6; (w’6;), and the overall covariance of andd; (r;6;).
All of the aforementioned quantities are prognosed or diagd in CLUBB and are not the subject
of this paper.

The individual marginal distribution fol,,, is specified to be a single lognormal over the entire
subgrid domain. This requires that both PDF component megual the overall (grid-box) mean
(N, (1) = KN, (2) = Nen)- Likewise, this requires that both PDF component standasdations
equal the overall standard deviatiany(,, (1) = oy, (2) = WI/Q).

When no hydrometeor species are found at a grid levek (), f, = f,(1) = fp2) = 0. Other-
wise, if any hydrometeor species knis found at a grid level (has a value greater thanf, |, <
fp <1, wheref,|, , is the minimum value allowed for precipitation fraction whaydrometeors are

present. We now describe how CLUBB parameterizgs and f,(2), given f,,. First, we note that

Jo =8 fr) +E2) fp2)- (12)

A tunable parameter;, (where thex subscript denotes a tunable or adjustable parameter}ras in
duced and is defined as the ratioff, f,(1) to f,, where0 < v, < 1. The precipitation fraction of
PDF component 1 is solved by

. U*
Jp(1y = min ( f(f)p’ 1) . (13)
The PDF component 2 precipitation fraction can now be sobyed

When f,,) calculated by Eq. (13) is small enough to foif;e,) calculated by Eq. (14) to be limited
at1, the value off,(1) is recalculated (witly,5) = 1) and is increased enough to satisfy Eq. (12).

3.1 Hydrometeor PDF parameters

A mean-and-variance-preserving method is used to cakthat within-precipitation means of the
hydrometeor field in the two PDF components;;) andy, 2y, and the within-precipitation standard
deviations of the hydrometeor field in the two PDF components, ando, 2. The fields that need
to be provided as inputs are the overall (grid-box) mean ehyydrometeor}, the overall variance
of the hydrometeorh/2, the mixture fraction in each PDF componegit, and{s), the overall
precipitation fraction,f,, and the precipitation fraction in each PDF compongpt;y and f, ).
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Given these inputs, the within-precipitation mean of thdroyneteor,h

ip» €an be calculated by

h
hl,, =—, 15
=7 (15)
and the within-precipitation variance of the hydrometéq’[j, can be calculated by
— =2 —2
72 _ WZ2+h™— fphl, . (16)

‘ip fp
The grid-level mean value of any function that is writteneéms of variables involved in the PDF
can be found be integrating over the product of that funciiod the PDF. For example,

7 . 7T _ 72
h 0/hP(h) dh  and A -O/(h k)" P(h) dh. (17)

After integrating, the equation fdr expressed in terms of PDF parameters is

h =& foybn) +E@) o) ) (18)

Likewise, the equation fak’2 expressed in terms of PDF parameters is

W% =€) fo) (Mi(l) + U%u)) 8@ fo2) (“%@) + ‘73(2)) R (19
When the hydrometeor is not found at a grid levek 4’2 = 0 and thecomponent means and
standard deviations of the hydrometeor also have a valoe\¢hen the hydrometeor is found at a
grid level,h > 0. Precipitation may be found in only PDF component 1, only RDfponent 2, or

in both PDF components. When precipitation is found in onlyfFRDmponent 14,2y = op,(2) = 0
anduy,(1y andoy,1y can easily be solved by Eq. (18) and Eq. (19). Likewise, whegipitation is
found in only PDF component 2,(1) = o(1) = 0 andpy, (o) andoy,(2) can easily be solved by the
same equation set.

When there is precipitation found in both PDF componentgh&rinformation is required to
solve for the two component means and the two componentatamnigviations. The variablB is
introduced such that

2

o
R=—2 (20)

Hh(2)
In order to allow the ratio 0&2(1) to ,ui(l) to vary, the parameter, is introduced, such that

2
g

R(1+4¢) = — (21)

“}2;(1)7

where ¢, > —1. When¢, >0, thena} ,, /uj(,, increases at the expense ®f ,) /17 ), which
decreases in this variance-preserving equation set. Wheno, thencrg(l)/ui(l) = U}%(z))/ﬂi(z)-
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When —1 < (. <0, then o} o) /17 o)
Combining Eq. (19), Eq. (20), and Eq. (21), the equatiorhfércan be rewritten as

increases at the expense ®f ;) /43.,,, which decreases.

—5 R -2
W2 = &) fo) U+ R(L+G) iy + €2 fo@) (1+ R) o) — b (22)

Both the variance of each PDF component and the spread bethveeneans of each PDF com-
ponent contribute to the within-precipitation variancétef hydrometeorl(Ts). At one extreme, the
standard deviation of each component could be seteand the within-precipitation variance could
be accounted for by spreading the PDF component (withiokpemeans far apart. The value Bf
in this scenario would be its minimum possible value, whigh.iAt the other extreme, the means
of each component could be set equal to each other and thedippvariance could be accounted
for entirely by the PDF component (in-precip.) standardatéwns. The value oR in this scenario

would be its maximum possible value, whichRg, .

In order to calculate the value &f.,.x, Setuy (1) = pin2) = h,|ip andR = Ry.x. EQ. (22) becomes

—2

— -2
h'?2 +h = h|ip (E(l)fp(l) (1 + Rmax (1 + é‘*)) + f(2)fp(2) (1 + Rmax)) . (23)

When Eq. (16) is substituted into Eq. (2B)m.x IS Solved for and the equation is

/2

fp ) h‘ip

Ryax = ( - " — . (24)
: Sy foay (L+G) + €2 fp2) h\ip2

. . .72 —2
In the scenario thaf, = 0 the equation folR,,. reduces to the ratio oﬂgs to h\ip .
In order to calculate the value &f, a parameter is used to prescribe the rati® b its maximum

value,R,,,.x. The prescribed parameter is denotedwhere
R = O« Rma)ﬁ (25)

and wherd) < o, < 1. Both R and R, are known functions of the inputs and tunable parameters.
Wheno. = 0, the standard deviation of each PDF componedtady, 1) is spread far fromuy, (z) .
Wheno, = 1, thenpu;,(1) = ux(2), and the standard deviations of the PDF components account f
all of the in-precip. variance. At intermediate valuesof the means of each PDF component are
somewhat spread apart and each PDF component has someMaetiew equation for hydrometeor

variance becomes

—5 . . -2
h'? = 5(1).}‘;0(1) (1 + O*Rmax (1 + C*)) #}QL(U + 6(2).}‘1)(2) (1 + O*Rmax)ﬂ}%(z) —h". (26)

The two remaining unknowng,(1y and, 2y, can be solved by a set of two equations, Eq. (18)
for h and Eq. (26) for’2. All other quantities in the equation set are known quagtitiro find the
solution, Eq. (18) is rewritten to isolatg,,) such that

E_ o
E@) foyHn(n) ' @7

e T o )
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The above equation is substituted into Eq. (26). The reguéguation is rewritten in the form
Qaltii(1y + Quptn) + Qe =0, (28)
so the solution to the quadratic equation fgy,) is

@+ Q10,0

Bh(1) 20 (29)
where:
P oo
Qa - 5(1)fp(1) (1 + O*Rmax (1 + g*)) + (1 + O*Rmax)7
§2)fp2)
Qp = fQM (1+ 04 Rpax) b, and
§2)fp(2)
FD) 1 * max 7
ngf(h/u (ki) hQ). (30)
§2)fp(2)

The value of@Q, is always positive and the value &, is always negative. The value ¢f. can
be positive, negative, or zero. SiNEe— (1+ 0. Runax) / (§2) fu())) 7 is always negative ant®
is always positive, the sign @p. depends on which term is greater in magnitude.

When/'2 is greater, the sign of), is negative. This means that4Q, Q.. is positive, which in
turn means that/Q? — 4Q,Q. is greater in magnitude thanQy. If the subtraction option of the
+ were to be chosen, the value of () would be negative in this scenario. At first glance, it might
appear natural to always choose the addition option. Homythis set of equations was derived with
the condition thafu 1y equalsyy, 2y wheno, = 1. When(, > 0, this happens when the addition
option is chosen, but not when the subtraction option isehodowever, wheq, < 0, this happens
when the subtraction option is chosen, but not when the iaddijption is chosen. So, the equation

for (1) becomes

—Qp+/Qf —4Q4Qc

2Qa '

Bh(1) = (31)
_Qb -V Q% - 4Qan

2Qq ’

The value ofu,(2) can now be solved for through Eq. (27). Afjef,y anduy,(2) have been solved,

when ¢, > 0; and

when ¢, <0.

a1y andoy,(2) can be solved by plugging Eq. (25) back into Eq. (21) and Eg), (2spectively.
As the value ofhl;” /1]

standard deviations and increasing the spread between-grecip. means), one of the component

2. ) . .
increases and as the valuewfdecreases (narrowing the in-precip.

ip

means may become negative. This happens because therenig tolithe amount of in-precip.
variance that can be represented by this kind of distributivorder to prevent out-of-bounds values

Of fuj,(1y OF fup(2), @ lower limit is declared, callegiy, | where |, . is a small, positive value

min’ min

that is typically set to be two orders of magnitude smallenth|ip. The value ofiy, (1) O 1,2y Will

be limited from becoming any smaller (or negative) at thisilgaFrom there, the value of the other

11
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hydrometeor in-precip. component mean is easy to calculaten, both values will be entered into
the calculation of hydrometeor variance in Eq. (22), whidh ke rewritten to solve forR. Then,
both the hydrometeor mean and hydrometeor variance wilkésgpved with a valid distribution.

When the value of. > 0, the value ofu;,(;) tends to be larger than the value @f ). Like-
wise when the value of. <0, the value ofu;(2) tends to be larger than the valueof. Since
most cloud water and cloud fraction tends to be found in PDipmment 1, it is appropriate and
advantageous to have the larger in-precip. component nigée dydrometeor also found in PDF
component 1. The recommended valug ofs a value greater than or equal(to

This method of closing the hydrometeor PDF parameter equatt produces a DDL hydrom-
eteor PDF shape wheh< o, < 1 or when(, # 0. The DL hydrometeor PDF shape is produced
simply by settingo. = 1 and(, = 0. These settings forcgy,(1) = pn(2) andoy 1y = o2y, Which
result in a single lognormal within the precipitating portiof the subgrid domain. Furthermore,
if, in addition to setting, = 1 and(, = 0, one simply set,(1) = f,2) = 1, then precipitation is
found everywhere within the subgrid domain, producing thehgdrometeor PDF shape. Hence it
is very easy to change between DDL, DL, and SL hydrometeor §Hapes. Additionally, it should
be noted that there is only ome and only ong,. applied to all the hydrometeor speciesin

In limited testing, the value of the tunable parameferdid not affect the results much for
CLUBB'’s DDL PDF shape. The value @f. has been left ab, effectively eliminating a tunable
or adjustable parameter from the scheme. Wies 0, the DDL shape approaches the DL shape
aso, approaches. As o, approache$, the DDL shape approaches a double-delta in-precip. (in
addition to the delta at). Additionally, when0 < o.. < 1, the within-precipitation skewness of the
hydrometeor field is influenced hy.. As v, approaches, the within-precipitation distribution be-
comes more highly (positively) skewed. In Gaussian spa@$&ction 5), the in-precip. distribution
is positively skewed. A, approached, the within-precipitation distribution is less (positiyg
skewed. In Gaussian space, the in-precip. distributioegmtively skewed. For the results presented
in this paper for the DDL hydrometeor PDF shape, the remgitvio tunable parameters have been

set to the values, = 0.5 andv, = 0.55.

4 Model setup and testing

There is insufficient data from observations to calculateted fields that need to be input into
CLUBB'’s PDF. However, this data can be supplied easily aedtfully by a LES. In this paper,
LES output of precipitating cases is simulated by the SydmmAtmospheric Modeling (SAM)
(Khairoutdinov and Randall, 2003). SAM uses an anelasti@ggn set that predicts liquid water
static energy, total water mixing ratio, vertical velocignd both the south-north and west-east
components of horizontal velocity. Additionally, it prets8 hydrometeor fields as directed by the

chosen microphysics scheme. A predictive 1.5-order sdisgrale turbulent kinetic energy clo-

12



Geosci. Model Dev. Discuss., doi:10.5194/gmd-2015-280, 2016
Manuscript under review for journal Geosci. Model Dev.
Published: 4 February 2016

(© Author(s) 2016. CC-BY 3.0 License.

375

380

385

390

395

400

405

410

sure is used to compute the subgrid-scale fluxes (Deard®&)). SAM uses a fixed, Cartesian
spatial grid and a third-order Adams-Bashforth time-siegscheme. It uses periodic boundary
conditions and a rigid lid at the top of the domain. The seeortter MPDATA (multidimensional
positive definite advection transport algorithm) schemased to advect the predictive variables
(Smolarkiewicz and Grabowski, 1990).

In order to assess the generality of the different hydrooteRDF shapes for different cloud
regimes, SAM was used to run three idealized test cases —cipjpating shallow cumulus case,
a drizzling stratocumulus case, and a deep convective Taseuse of cases from differing cloud
regimes help avoid overfitting the parameterizations of BB&pe. The setup for the precipitating
shallow cumulus test case was based on the Rain in Cumuloghe/®cean (RICO) LES intercom-
parison (van Zanten et al., 2011). The horizontal resabutias 100 m, and 256 grid boxes were used
in each horizontal direction. The vertical resolution wasastant 40 m and 100 grid boxes were
used in the vertical. The model time step was 1 s and the duarafithe simulation was 72 hours. A
vertical profile of level-averaged statistics was outpetrgwminute and a three-dimensional snapshot
of hydrometeor fields was output every hour.

The RICO simulation was run with SAM’s implementation of fieairoutdinov and Kogan (2000,
hereafter KK) warm microphysics scheme. KK microphysiasdicts bothr,. and N,.. SAM’s im-
plementation of KK microphysics uses a saturation adjustre diagnose-., and cloud droplet
concentration is set to a constant value (whichlism 2 for RICO).

The setup for the drizzling stratocumulus test case wastiken the LES intercomparison based
on research flight two (RF02) of the second Dynamics and Cltemdf Marine Stratocumulus
(DYCOMS-II) field experiment (Ackerman et al., 2009). Therizontal resolution was 50 m and
128 grid boxes were used in each horizontal direction. Arvenlky-spaced vertical grid was used
containing 96 grid boxes and covering a domain of 1459.3 ra.rmbdel time step was 0.5 s and the
duration of the simulation was six hours. A vertical profifel@vel-averaged statistics was output
every minute and a three-dimensional snapshot of hydramégds was output every 30 minutes.
The DYCOMS-II RF02 simulation was also run with SAM’s implentation of KK microphysics
and used a constant cloud droplet concentratidsbafin —3.

The setup for the deep convective test case was taken fromBS8entercomparison based on
the Large-Scale Biosphere-Atmosphere (LBA) experimemna@wski et al., 2006). The horizontal
resolution was 1000 m, and 128 grid boxes were used in eadhohtal direction. An unevenly-
spaced vertical grid was used, containing 128 grid boxescamdring a domain of 27500 m. The
model time step was 6 s and the duration of the simulation ixdsosirs. A vertical profile of level-
averaged statistics was output every minute and a threerdiimnal snapshot of hydrometeor fields
was output every 15 minutes for the final 3.5 hours of the sitih.

The LBA case requires a microphysics scheme that can acfaricg-phase hydrometeor species.

The LBA simulation was run with Morrison et al. (2005) michysics, which predicts the mixing
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ratio and number concentration (per unit mass) of rain,clice, snow, and graupel. SAM’s im-
plementation of Morrison microphysics diagnosesising a saturation adjustment right before the
microphysics is called and then allows microphysics to tetze value of-., which in turn is used
to update the value;. Cloud droplet concentration was set to a constant valué@tm 2.

CLUBB'’s hydrometeor PDF shapes will be compared to histograf hydrometeors produced
by SAM LES data. Our goal is to isolate errors in the PDF sheg@dfi In order to eliminate sources
of error outside of the PDF shape and provide an “applegptea” comparison of CLUBB’s PDF
shapes to SAM data, we drive CLUBB’s PDF using SAM LES fieldther than perform interactive
CLUBB simulations. The following fields are taken from SAMatistical profiles and are used as
inputs to CLUBB'’s PDF 77, 0;, w'2, 742, 6,2, w'r}, w'd], 710}, w'3, f,, 77, 112, N, and N/2. For
the LBA case, we addt, /2, N;, N/2, 75, /%, Ny, N/2, 75, /%, Ny, and N/2. Another input to
CLUBB'’s PDF isw. The value ofw from large-scale forcing is set according to case spediicsit
in both SAM and CLUBB. CLUBB’s PDF is generated at every SAMtigal level and at every
output time of SAM level-averaged statistical profiles.

Additionally, covariances that involve at least one hydeteor are added to the above list and

are used to calculate the PDF component correlations ofatime $wo variables. These covariances

arerjr., 0;rl., r; N}, 0N/, andr/ N/. Please see Appendix A for more details on the calculation of
PDF component correlations. The values of the componentlations do not affect the individual
marginal PDFs of the hydrometeors. They are included foc#ieulation of microphysics process
rates (see section 5.2).

Owing to differences between the KK and Morrison micropbgsichemes in SAMf,, used by
CLUBB'’s PDF is computed slightly differently depending ohieh microphysics scheme is used by
SAM. The differences are due to the number of hydrometearispénvolved in the microphysics,
the thresholding found internally in the microphysics cadand the variables that are output to
statistics by SAM. KK microphysics contains only rain, andMBs implementation of KK micro-
physics clips any value of,. (and with it N,.) below a threshold value in clear air. Therefore, it is
simple to setf, to the fraction of the domain occupied by non-zero values.afnd N,.. Morrison
microphysics predicts rain, ice, snow, and graupel. Foh edi¢hese species, SAM outputs a frac-
tion. To provide an apples-to-apples comparison with CLUBHSs approximated as the greatest of

these four fractions at any particular grid level.

5 Results

We first evaluate the shape of the idealized PDFs directljnagiES. Histograms of SAM LES
data are generated from the three-dimensional snapshbtgdodmeteor fields. One histogram is
generated at every vertical level for each hydrometeor.figltdistogram of a SAM hydrometeor
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field is compared to the CLUBB marginal PDF of that hydromefesid at the same vertical level
and output time. The comparison is done with each of the SL,,@dd DDL PDF shapes.

Figure 2 compares marginal PDFs involvingand N,. for the RICO case at an altitude of 380 m
and a time of 4200 min. For the plot of the PDFofin Fig. 2a, the delta function & = 0 has been
omitted. The SAM data is divided into 100 bins, equally-diizer,., that range from the largest value
of r,. to the smallest positive value of. (In what follows, all histograms use 100 equal-size bins,
arranged from smallest to largest value.) The SL hydromd?®&d- shape significantly overpredicts
the PDF at small values of. and significantly underpredicts it at large values.ofThese errors are
an expected consequence of the single lognormal’s atteniptihe precipitation-less area. The DL
and DDL PDF shapes provide a much closer match to the SAM data.

Each of the CLUBB hydrometeor PDF shapes has a lognormaikdisbn within precipitation
in each PDF component. Taking the natural logarithm of eyerint of a lognormal distribution
produces a normal distribution, and so the plot of the PDIn of in Fig. 2b is a normal distribution
in each PDF component for each of the DDL, DL, and SL PDF shdfesplot of the PDF ofur,
(hereafter referred to as the PDF9fin Gaussian space) complements the aforementioned plot of
the PDF ofr,. (Fig. 2a). The plot of the PDF of. is log-scaled on the y-axis, accentuating the small
values ofP (r,.) that are found at large values of. The plot of the PDF ofnr, accentuates the
PDF at small values of,..

The plot of the PDF ofnr, is a plot of only the within-precipitation portion of the tibution,
omitting all zero-values. The in-precip. portion of the PBKlivided by f,,, which allows the area
under the curve to integrate to 1. The PDF shown in Fig. 2basxaussianized form of Eq. (32).

Figure 2b shows that the SL hydrometeor PDF shape significarisses the mark, for its peak
is located too far to the left of the bulk of the SAM LES dataisT$hift of the peak to excessively
small values is to be expected of a continuous PDF shaperieattd include a delta function at
zero. The DL PDF shape is far too peaked in comparison to théd BAS data, which is spread out
broadly in Gaussian space. The DDL PDF shape is able to achispread-out shape because it has
two different means within precipitation. This allows itlietter fit the more platykurtic shape of the
SAM LES data in Gaussian space.

The plot of the PDF of RICQV.. is found in Fig. 2c and the Gaussian-space plapfis found
in Fig. 2d. Similar tor,., the SL shape overpredicts the PDF at small value§,odnd underpredicts
it at large values ofV,.. In Gaussian space, it is easy to see that SL's peak is lotadefdr to the
left. The DDL shape provides a better fit than the DL shape tM$AS data in Fig. 2c. Again, the
DL shape is too peaked in Fig. 2d, whereas the bimodal DDL s @bspread out, which provides
a better match to SAM LES data.

Figure 3 contains scatterplots that show the bivariate PDf and N, for both SAM LES and
CLUBB's PDF in RICO at the same altitude and time as Fig. 2. Th&JBB PDF scatterpoints

were generated by sampling the DDL PDF using an unweightedtd@arlo sampling scheme.

15



Geosci. Model Dev. Discuss., doi:10.5194/gmd-2015-280, 2016
Manuscript under review for journal Geosci. Model Dev.
Published: 4 February 2016

(© Author(s) 2016. CC-BY 3.0 License.

485

490

495

500

505

510

515

This demonstrates the advantages of the multivariate eatuCLUBB’s PDF. The hydrometeor
fields are correlated the same way in CLUBB’s PDF as they aBAiM LES.

Figure 4 compares marginal PDFs involving and N,. for the DYCOMS-II RF02 case at an
altitude of 400 m and a time of 330 min. All three hydrometeDFshapes provide a decent match
to the SAM LES data. In Fig. 4a and Fig. 4c, the SL and DL PDF shatip a little below the
SAM LES line in the middle of the data range for and NV,., respectively. The DDL PDF shape
stays closer to the SAM LES line in this region. Additionatlye SL PDF shape overestimates the
SAM LES line close to the y-axis. In Fig. 4b and Fig. 4d, the &dan-space plots show that the
two components of the DDL shape superimpose more than thepdihe RICO case, owing to the
reduced within-precipitation variance in the drizzlingasbcumulus case.

Figure 5 compares marginal PDFs involvingand N,. for the LBA case at an altitude of 2424 m
and a time of 330 min. Compared to SAM’s PDF, the DDL hydromeRDF shape is too bimodal,
but it still provides the best match of the three hydromeRIDF shapes to SAM data.

To indicate whether the three PDF shapes work for ice-phgd®meteors, we compare marginal
PDFs involvingr; and V; for the LBA case at an altitude of 20500 m and a time of 360 mig-(F
ure 6). Similar to the-, and N,. plots for RICO and LBA, Fig. 6a and Fig. 6¢ show that the SL PDF
shape overpredicts the PDF at small values;adnd V; and underpredicts it at large valuesof
andN;. The DL shape provides a better fit than the SL, and the DDL Iséiglatly better fit than the
DL. The Gaussian-space plots in Fig. 6b and Fig. 6d show teaBAM LES distribution ofnr;
andIn V; is again platykurtic. The SL PDF shape has a peak that iseshié the left. The DDL
hydrometeor PDF shape is able to spread out the most to dewgidtykurtic shape of the LES in
Gaussian space.

Why does the DDL PDF shape match LES output better than the Bhesim the aforementioned
figures? The PDFs (in Gaussian space) for the LES of RICO arddhBw a broad, flat distribution
of hydrometeor values from the LES. The DL shape is too peakedmparison to the LES data.
The DDL shape is able to spread out the component means aethyHeandle the platykurtic shape
better.

Why does SAM LES data have a platykurtic shape in Gaussiarespacese cases? One possible
cause is the partly cloudy (and partly rainy) nature of themses. In these partly rainy cases, a
relatively high percentage of the precipitation occursedde regions” near the non-precipitating
region. These regions usually correspond to the edge ofl@dowutside of cloud. Evaporation (or
less accretion) occurs in these regions, increasing tleecaaupied by smaller amounts of rain. Yet,
there is also an area of more intense precipitation nearehtcof the precipitating region, which
produces larger amounts of rain. Collectively, the areasddll and large rain amount produce the
large spread in the hydrometeor spectrum.

The DYCOMS-II RF02 PDFs from the LES tend not to share theyglatic shape seen in the

other cases. The RF02 case is overcast, so there are not gSedgr” regions of precipitation as
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found in partly rainy cases. There is much less in-precipanae in the RF02 case. The simpler PDF
shape is easier to fit by all the PDF shapes (SL, DL, and DDL)ufiher illuminate the physics
underlying the PDF shapes produced by LES, further studydiaeineeded.

5.1 Quality of fit: general scores

While a lot can be learned by looking at plots of the hydromefdFs, they are anecdotal and
cannot tell us how well the idealized PDF shapes work gelyetia obtain aroverall quantification
of the quality of the fit, we calculate the Kolmogorov-Smivn@-S) and the Cramer-von Mises
(C-vM) scores.

Both the K-S and C-vM tests compare the cumulative distidoufiunction (CDF) of the idealized
distribution to the CDF of the empirical data (in this caskMBLES data). Both tests require that the
CDFs be continuous. Therefore, the scores are calculategl asly the within-precipitation portion
of the hydrometeor PDF in Eq. (8). The DDL, DL, and SAM LES dathave the same precipitation
fraction. The in-precip. portion of the PDF is normalizeddyiding by precipitation fraction so that

itintegrates to 1. The equation for the in-precip. portiéthe marginal PDFP (h)];,, is
f, f,
P(h)]y, =& ;}(1) Pry (h) +£@ Z}@ Py (h), (32)
p p

wherePp; is given by Eq. (9).

The K-S score is the greatest difference between the erapinigprecip. CDF,C, (h)|
idealized in-precip. CDFC' (h)]
from the requested level and time was sorted in the ordercogéasing value. This was done only for

ip and the
at any pointim, > 0. In order to run the tests, the SAM LES data

ip?

points where the requested hydrometeor was found. The Ki® s given by (Stephens, 1970)

KS = m}ax‘ A C(h)\ip‘ = max (KS*,KS™), where

KSt = max <£7 C(h,{)\ip> and KS™ = max (C(h,{)\ipf Hil). (33)

1<k<n, \ Ny 1<k<n, Ny
The number of data points in SAM LES where the hydrometeoous\d is denoted,,, andh,, is
the value of the hydrometeor at SAM LES ordered data paint
Unlike the K-S test, which only considers the greatest tiffiee between the CDFs, the C-vM test
is based on an integral that includes the differences bettre= CDFs over the entire distribution.
The integral is (Anderson, 1962)

2
wzz/(ce (Wl = C(R)ly,) A C (R, (34)
The C-vM score is calculated by (Anderson, 1962; Stepheh&))L
TS S ?
CVM = w?n, = o) +KZ:1 o, C(h)ly ) - (35)

The K-S and C-vM test scores are produced at every LES vehtical and three-dimensional

statistical output time for every hydrometeor speciessThsults in a large number of scores. We
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desire that each hydrometeor species have a single K-S andra single C-vM score in order to
more easily compare the DDL, DL, and SL hydrometeor shapesal¢ulate this score by averaging
the individual level scores over multiple levels and muétiputput times. For K-S this is simple, and
the result is(KS) (where angle brackets denote an average over multipleslerel times). The
C-vM test score in Eq. (35) is dependent on the number of pitating grid points. This number
changes between vertical levels and output times, so th¥l Geores cannot simply be averaged.
Rather, they are normalized first by dividitgv M by n,, to producew? at every level and time.
Those results are averaged to calculaté).

After inspecting profiles of SAM LES results for mean mixiragios in height and time, regions
were identified in height and time where the mean mixing rafia species was always at least
5.0 x 1076 kg kg~!. Averaging of the scores was restricted to these regionsdardo eliminate
from consideration levels that do not contain the hydrowrete contain only small amounts of the
hydrometeor with a small number of samples. RICO test sdores. and N,. were averaged from
the surface through 2780 m. and from 4200 min. through 4320 BY COMS-II RFO2 test scores
for r,. and N,. were averaged from 277 m. through 808 m. and from 300 min. @on3i6.

The LBA case contains both liquid and frozen-phase hydreoreipecies. LBA test scores for
and N, were averaged from the surface through 6000 m and from 28%mangh 360 min. The test
scores forr, and N, were averaged from 4132 m through 9750 m and from 315 min ¢fir@G60
min. The test scores for, and N were averaged from 5026 m through 9000 m and from 345 min
through 360 min. Finally, the test scores fpand N; were averaged from 10250 m through 11750 m
at 360 min. For the LBA case, the value fused by CLUBB’s PDF was based on the greatest value
of SAM output variables for rain fraction, ice fraction, snéraction, and graupel fraction. Each of
these statistics is the fraction of the SAM domain occupigddiues of the relevant mixing ratio
of at least1.0 x 10~¢ kg kg~!. In order to keep the comparison of the PDF shapes to SAM data
consistent, values lower than this threshold were omittechfthe calculations of the individual
level-and-time scores for K-S and C-vM.

The results of KS) are listed in Table 1 for every hydrometeor species in evasgcThe DDL
PDF shape has the lowest average score for every case armhigtdor species except for one.
The DL PDF shape edges out the DDL in the DYCOMS-II RF¥2 comparison. The SL PDF
shape has the highest average score for every case and lefdoorspecies, except for the LBA
comparison, where it has the second-lowest score and theaBlthie highest score. The results of
<w2> are listed in Table 2. The DDL PDF shape has the lowest avesege for every case and
hydrometeor species, the DL shape has the second-lowesigavscore, and the SL shape has the
highest average score.

We note the important caveat that, as compared to DL, DDL hae mdjustable parameters. A
parameterization with more free parameters would be eggect provide a better fit to a training
data set. Therefore, although DDL matches the LES outpuermlmsely than does DL, we can-
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not be certain, based on the analysis presented here, thatiliDoutperform DL on a different
validation dataset. For a deeper analysis, one could usedalrselection method that penalizes

parameterizations with more parameters. We leave suchaysanfor future work.
5.2 Microphysical process rates

A primary reason to improve the accuracy of hydrometeor PBFs improve the accuracy of the
calculation of microphysical process rates. In this sectwee compare the accuracy of calculations
of microphysical process rates based on the SL, DL, and DDE §iiapes.

In the simulations of RICO and DYCOMS-II RF02, both SAM LESIZ@LUBB use KK micro-
physics. The process rates output are the mean evaporateafr,., the mean accretion rate of,
and the mean autoconversion raterpf Also recorded is rain drop mean volume radius, which is
important for sedimentation velocity of rain. In order tawaant for subgrid variability in the micro-
physics, the KK microphysics process rate equations hage bpscaled (to grid-box scale) using
analytic integration over the PDF (Larson and Griffin, 20G8ffin and Larson, 2013). The updates
to the multivariate PDF (see Section 2) require updatesaaifiscaled process rate equations. The
updated forms of these equations are listed in the Supplemen

Figure 7 shows profiles of RICO mean microphysics processrdathe mean evaporation rate
profile in Fig. 7a shows that all three shapes over-evapattategher altitudes, but that SL and DL
over-evaporate more than DDL. It should be noted that theorefor the over-evaporation at higher
altitudes in the RICO case is the marginal PDFRfroduced by ADG2. While it provides a good
match between CLUBB and SAM LES in the fields of cloud fractan7, the value ofo, () is
far too large. Whery andr,. (or N,.) are distributed jointly, this results in too many largeues of
r, (or N,.) being placed in air that is far too dry. RICO mean evaporataie could benefit from an
improved ADG2 in order to produce a better marginal distrdouof x, but that is beyond the scope
of this paper.

Figure 7b shows that both the DL and DDL PDF shapes match ti# mEan accretion rate
profile much better than does the SL shape. The mean autosanveate depends opand N.,,
but not hydrometeor variables, and so the autoconversterigahe same for all three PDF shapes
(not shown). The overall mean microphysics rate — i.e., thna f the evaporation, accretion, and
autoconversion rates — is fit best by the DDL shape and wortié gL shape. Both DDL and DL
are a much better match to the SAM profile of rain drop meannaeluadius than SL (Fig. 7d).

Figure 8 shows that all three hydrometeor PDF shapes pravigieod match to SAM LES for
DYCOMS-II RFO2. In Fig. 8d, the SL PDF shape deviates momngfly from SAM LES than does
DL or DDL near the bottom of the profile of rain drop mean voluradius.

In the simulation of LBA, Morrison microphysics was used ottbthe SAM LES and CLUBB.

In order to account for subgrid variability in the microplggs sample points from the PDF are pro-

duced at every grid level using the Subgrid Importance Ldjipercube Sampler (SILHS) (Raut and Larson,
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2015; Larson and Schanen, 2013; Larson et al., 2005). FdrBlAecase, 128 sample points were
drawn. Morrison microphysics is then called using each $sample points, and the results are
averaged to calculate the mean microphysics process rates.

Figure 9 shows the same mean microphysics process rateprasious figures, but here for LBA.
The profile of mean evaporation rate in Fig. 9a shows that Dxheé best match to SAM LES. The
profile of mean accretion rate in Fig. 9b shows that DDL is testlmnatch to SAM, followed by DL
and then SL. The overall (autoconversion + accretion + enajpm) warm microphysics process
rate profile is best matched by the DDL hydrometeor PDF sHapewed by the DL shape, which
in turn is followed by the SL shape (Fig. 9c).

6 Conclusions

The multivariate PDF used by CLUBB has been updated to ingoifoey subgrid representation of hy-
drometeor species. The most important update is the inttamuof precipitation fraction to the PDF.
The precipitating fraction contains any non-zero valuearyf hydrometeor species included in the
microphysics scheme. The remainder of the subgrid domaireisipitation-less and is represented
by a delta function where every hydrometeor species hasue \&dlzero. When a hydrometeor is
found at a grid level, its representation in the precipiigportion of the subgrid domain is a lognor-
mal or double lognormal distribution. The introduction @épipitation fraction increases accretion
and decreases evaporation in cumulus cases, allowing meegjpation to reach the ground.

Additionally, a new method has been developed to calculeentithin-precipitation mean and
standard deviation of a hydrometeor species in each compoh€LUBB’s two-component PDF.
This method preserves the grid-box mean and variance of/th@meteor species. By simply chang-
ing the values of tunable parameters, CLUBB’s marginal P&faf hydrometeor can be changed
from a delta-double-lognormal (DDL) to a delta-lognormBIL] or to a single-lognormal (SL)
shape.

In order to compare the effectiveness of the three hydraon@&BF shapes, three simulations —
a precipitating shallow cumulus case (RICO), a drizzlirgtscumulus case (DYCOMS-II RF02),
and a deep convective case (LBA) — were run using SAM LESis8Bta| output values from the
LES for the grid-level mean and turbulent fields were usedriieedhe PDF for each hydrometeor
PDF shape. The idealized PDF shapes were compared to the E8\dsults. The DDL PDF shape
produced the lowest average K-S and average normalized €cokés when compared to SAM LES
results, followed by the DL PDF shape. Both produced loweressthan the original SL PDF shape.
However, for DYCOMS-II RF02, all three PDF shapes were inadtrequal agreement with SAM
LES results.

The DL and DDL PDFs possess three important properties:el) dne multivariate, and hence

can represent interactions among multiple hydrometeaciepe?) they admit a precipitation-less
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region, which is necessary to permit realistic processtiateumulus cloud layers; and 3) they have
realistic tails, as evidenced by the comparisons with LESvwshhere. Because of these three prop-
erties, the DL and DDL PDFs may be general enough and accematggh to adequately represent
hydrometeor variability over a range of important cloudeypincluding shallow cumulus, deep cu-
mulus, and stratocumulus clouds. This generality, in tovay help enable parameterization of these
clouds types in a more unified way. Indeed, an early versicgheDDL PDF has already been used
to represent hydrometeor subgrid variability in some Btéve simulations with a unified cloud
parameterization. Namely, the DDL PDF was used in the iot&asingle-column simulations of
these cloud types by Storer et al. (2015) and in the globallsitions by Thayer-Calder et al. (2015).
Further testing would be required, however, to better ustded the limits of the DL and DDL PDFs.
Better understanding is particularly desirable in, fotamge, mixed-phase and glaciated clouds. This
has been left for future work.

Appendix A: Back-solving PDF component correlations

In Section 5, mean microphysics process rates were cadcukither by using the analytical inte-
gration of a local microphysics scheme or by using SILHS togde the PDF in order to drive a
local microphysics scheme. Both methods require inforomatin the PDF component correlations.
These correlations can be back-solved when given the dyegrial-box) covariance of the necessary
variables.

Al PDF component correlation of a binormal variate and a hydiometeor

The PDFcomponent correlation of a binormal variate (using as an example) and a hydrometeor
can be back-solved when their covaria@, is provided. Their covariance can be written in terms
of PDF parameters by integrating over the PDF, such that

e}

T = . (re =77) (h—R) P (ry, k) dhdr, (A1)
[

oo

whereP (r, h) is the bivariate marginal PDF ef andh in theith PDF component. This equation

can be rewritten as

=& / /(T‘t —71) (h—=h) (foiyPrriy (re,h)
i=1

—oo 0

+ (1= fo(i)) Pngiy (re) 6 (h)) dhdry, (A2)

where Py 1, (¢, h) is theith component bivariate PDF involving one normal variate and log-
normal variate, and whety ;) (1) is a normal distribution in théth component. This equation is
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integrated and reduced, resulting in

o n

rih' =" & Foti) (Hryi) = T+ Broh(i)Ora () Oh(i)) Hin(i) (A3)
i=1

wherey,, ;) ando,, (;y are the mean and standard deviation, respectively, iofthe ith PDF com-
ponent.

The variable that needs to be solved fopis,;), which is the within-precipitation correlation of
r. andlnh in theith PDF component. This is the normal-space correlationishegquired for use

in the microphysics. It is related to thith component within-precipitation correlation aof andh,

Pre,n(i) PY

. - Hh(i
Pre,h(i) = Pre,h(i)Oh(i) @, (A4)
Oh(i)

The covariance; 2’ given by Eqg. (A3) can be written in terms of CLUBB’s two-conmamt PDF
(n=2)as
" =€) Fpr) (Hro() = T2+ Proh()r (1) F(1)) Hi1)

+ &2 fp2) (B, (2) =Tt 4 Pron(2)Tr(2)T0(2)) Hh(2)- (A5)
The overall covariance is provided, so the component aioel can be back-solved by setting
Proh(1) = Proh(2) (= Pro.n)- The resultis

it =&y fp) (e 1) = T7) Bn) — €@ Fo(2) (B (2) = T1) Bn(2)
Prieh = ~ ~ 5
S Fp(1)Tr (1) Th(1) Br(1) +E2) p(2)Tre (2) Th(2) Bh(2)

(A6)

where—1 < g, j, < 1.

The equation for;%/ given in Eq. (A5) is for a fully-varying PDF in both componerf,., ;) > 0
andoy(;) > 0). A variable may have a constant value in a PDF sub-compoighéen this hap-
pens, the PDF of the constant variable is a delta functioheith sub-component mean. When
o) > 0andoy; = 0, ry varies inith component buk is constant within precipitation. The PDF
P (ri, h) becomesPy ;) (1) 6 (b — pp(s))- There also may be situations wherg ;) = 0 but
anaiy > 0, or even where,, ;) = 0 andoy, ;) = 0.

Wheno,, (1)o5(1) > 0 buto,, (2)042) = 0, the equation for/h’ is written as

7ih' =€) fpr) (o) = 76+ Prn() o) Fh(1)) (1) + €20 fo) (Kra(2) = T7) Hng)- (A7)
The above equation can be rewritten to solveiqry, 1), such that

I — &) fo) (tr (1) = T2) 1) — €@ Fo@) (Bro2) = T7) b2
) fp(1)Tro(1)Th(1) Hh(1)

ﬁnﬁ(l) = ) (AS)

while p,., ,(2) is undefined and irrelevant to the microphysics. Whgiy o1y = 0 buto,., (2)04(2) >
0, the equation for-,7’ is analogous to Eq. (A7). An equation analogous to Eq. (A8)esofor
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Pre,h(2), While p.., (1) is undefined. In a scenario whese, (1y04,(1) = 0 and o, (2)0,(2) = 0, the

equation for;h’ is

T =&y oy (e (1) = T2) (1) + @) Fo2) (Hro(2) = T2) Hn()- (A9)

When this is the case, bofh, 1,1y andp,, »(2) are undefined.
This method of back-solving for the component correlatimas used to calculate the PDF com-
ponent correlations of, andr,., r, andN,., #; andr,., andd; andN,.. These were the only correlations

of this type that were necessary to produce the microphpsaxess rates used in the comparison.
A2 PDF component correlation of two hydrometeors

The PDFcomponent correlation of two hydrometeor#,. andh,,, can be back-solved when their

covariancep/, iy, is provided. Their covariance can be written in terms of RiaFameters by inte-

grating over the PDF, such that

hih, = // hthz hyfhy) (ha,hy)dhy dh,, (A10)
0 0

whereP (h,,hy) is the bivariate marginal PDF &f, andh,, in theith PDF component. This equa-
tion can be rewritten as

Ty =36 [ [ (ha =) (ha = B3) (o Praco (b )
i=1 0 0

+ (1= foi)) 6(he) 6(hy)) dhy dhs, (AL1)

wherePy ;) (hs, hy) is theith component bivariate PDF involving two lognormal varsate
This equation is integrated and reduced, resulting in

by = —hy by, + Z € Fo(t) (Hha (i) Py () Pha by () Tha ()R, (3)) 5 (A12)

wherepy,,, 1, (¢) is the within-precipitation correlation éf, andh,, in theith PDF component. When
the PDF is fuIIy-varylng in both components;(, ;) > 0 andoy,, ;) > 0), the covariancé/ h/ hy, given

by Eq. (A12) can be written in terms of CLUBB'’s two-compon®mF as

R =&y o) (Bhe () fthy (1) T Pha by (1)The (1)Thy (1))
+&2)fo2) (/thI(2)l’fh,1,(2) +th‘h,y(2)0hm(2)0hy(2)) —hy by, (A13)

The overall covariance is provided, so the component arogl is solved by settingy, 1, (1) =
Phaihy(2) (= ph,.n,)- Theresultis

Ry 4 P hy = £1) Fo1) B (1) Ey (1) — €2 Fp(2) o ( 2)Hhy (2)
&) fp(l Tho(1)h, (1) T §2) fp(2)Tha (2)Thy (2)

Pha by = (A14)
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740 Whenoy,,, (1)04, (1) > 0 butoy,, 2)on, (2 = 0, the equation for/ 2j, is written as

Rl = € fo) (Km0, (1) F Phe oy, () Th, (10, (1) +8@) Fp@) e @), (2) = ha By (A15)
The above equation can be rewritten to solvedor.;,, (1), such that

R hly + iy By — €(1) fo(1) fhy (1) By (1) — §2) Fp(2) B (2) F,y (2)

(A16)
€ fo(1)Tha (1), (1)

Pha hy(1) =

while p, 1, (2) is undefined and irrelevant to the microphysics. Whgn, oy, (1) = 0 butoy,, 2yon,(2) >

Yy

745 0, the equation fol/,h! is analogous to Eq. (A15). An equation analogous to Eq. (AbB)es for

z'ty

Pha hy(2), While pp_ 1 1) is undefined. In a scenario wherg, 1y0y,, (1) = 0 andoy, (20, (2) = 0,

the equation foh/, 1), is

Rohly = £y Fo(1) e (1) Ehy (1) T €2) Fo(2) i (2) by (2) — T Py (A17)

When this is the case, both, 1, (1) @ndpy, n,(2) are undefined.

750 The variable that needs to be solved fopjs 1, (:), Which is the within-precipitation correlation
of Inh, andln i, in theith PDF component. This is the normal-space correlatioristraguired for
use in the microphysics, and it is given by

Tha (1) Thy (i)

Pohy (i) Kby (i) )

Tha(i)hy ()

In (1 + Ph by (6)
: (A18)

Phig by (i) =

where—1 < pp, n, i) < 1.

755 This method of back-solving for the component correlatimas used to calculate the PDF com-
ponent correlation of,. and IV,.. This was the only correlation of this type that was necestar
produce the microphysics process rates used in the coroparis
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inthe SVN repository located at http://carson.math.uvdw/eepos/clubb_repos/tags/Hydromet_PDF_shapes.
In the repository is a filREADVE_Hydr onet _PDF_shapes which gives instructions for gener-
ating the results found in this paper.
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Table 1.Kolmogorov-Smirnov statistic averaged over multiple grid levels and stafistitput timesteps com-
paring each of DDL, DL, and SL hydrometeor PDF shapes to SAM LE&t® The best (lowest) average score
for each case and hydrometeor species is listed in bold. The DDL hasitéstlaverage score most often, and
the DL has the second-lowest average score most often.

Average Kolmogorov-Smirnov Statistic
Case-Species (KS)DDL  (KS) DL (KS) SL

RICO7, 0.223 0.373 0.496
RICO N, 0.182 0.263 0.634
RFO2r, 0.131 0.133 0.148
RFO2N, 0.152 0.150  0.170
LBA 7, 0.152 0.240 0.201
LBA N, 0.142 0.187 0.295
LBA r, 0.197 0.307 0.429
LBA N, 0.165 0.222 0.566
LBA 7, 0.177 0.267 0.432
LBA N, 0.173 0.238 0.492
LBA 7; 0.212 0.282 0.614
LBA N, 0.122 0.210 0.647

Table 2. Normalized Cramer-von Mises statistic averaged over multiple grid levelsstatistical output
timesteps comparing each of DDL, DL, and SL hydrometeor PDF shaf®@&M LES results. The best (low-
est) average score for each case and hydrometeor species is listd.iffiee DDL has the lowest average

score every time, and the DL has the second-lowest average seoydiave.

Average Normalized Cramer-von Mises Statistic
Case-Species (w”) DDL  (w?) DL (w®) SL

RICO 7, 0.0187 0.0508 0.1255
RICO N, 0.0100 0.0238 0.1872
RFO2r, 0.0041 0.0049 0.0094
RFO2N.. 0.0064 0.0070 0.0136
LBA 7. 0.0078 0.0231 0.0282
LBA N, 0.0081 0.0145 0.0537
LBA 7, 0.0159 0.0351 0.1092
LBA N, 0.0129 0.0194 0.1576
LBA 7 0.0107 0.0240 0.1072
LBA N, 0.0089 0.0174 0.1261
LBA 7; 0.0126 0.0246 0.1968
LBA N; 0.0046 0.0134 0.2046
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Figure 1. A schematic of the single lognormal (SL), delta-lognormal (DL), aritbeégouble-lognormal (DDL)
hydrometeor PDF shapes. The SL PDF shape is precipitating over the suttigrid domain, whereas the DL
and DDL shapes are not. In all three plots of the PDFs (where each RIfEnstion of a hydrometeor species,
such ag,.), the weighted PDF from each PDF component is shown (black dashdédsack dots). The sum of
the two are the SL (solid magenta), the DL (solid green), and the DDL (shi&).bThe SL does not contain a
delta at 0, and the mean and variance of each PDF component arertbeEzch component of the DL has a
delta at O (upward pointing black arrows on the y-axis). The sum of theedmgponent deltas forms the DL's
delta at 0 (upward pointing green arrow). The mean and variancecbf @2 PDF component are the same
within precipitation. Each component of the DDL also has a delta at 0 (ubp@inting black arrows). The
sum of the two component deltas forms the DDL's delta at O (upward pgibiire arrow). The mean and/or

variance differ between DDL PDF components within precipitation.
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(a) RICO: rain water mixing ratio, r, (b)  RICO: Natural log of rain water mixing ratio, In r
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Figure 2. PDFs of rain in the RICO precipitating shallow cumulus case at an altitude ®frB&nd a time

of 4200 min. The SAM LES results are in red, the DDL results are blue sokdlithe DL results are green

dashed lines, and the SL results are magenta dashed-dotted linese (@gidinal distribution of,. with the

delta atr,, = 0 omitted. (b) The marginal distribution dfr, using the “in-precip. PDF.” This is the within-

precipitation marginal PDF in Gaussian space. (¢) The marginal distribofidv, with the delta atV,, =0

omitted. (d) The marginal distribution af V,. using the “in-precip. PDF.” Again, this is the in-precip. marginal
PDF in Gaussian space. The DDL provides a better fit to SAM LES than thevbich in turn provides a better

fit than the SL.
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Figure 3. Joint PDF ofr, and V.. in the RICO precipitating shallow cumulus case at an altitude of 380 m and
a time of 4200 min. SAM LES results are the red scatterpoints. CLUBB PBftespoints were generated by
sampling the DDL PDF using an unweighted Monte Carlo scheme. The SAMddiain i256 x 256 grid
points, so to provide for the best comparison of LES points to CLUBB Ribfide points, 65536 CLUBB PDF
sample points were used. The light blue scatterpoints are from PDF cemipband the dark blue scatterpoints
are from PDF component 2. Every 10th point was plotted from both SA8 bnd CLUBB'’s PDF. The joint

CLUBB's PDF

eee PDF Component 2

1eoo0o PDF Component 1]

nature of the PDF allows,. and N, to correlate the same way in CLUBB as they do in SAM.
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RF02: rain water mixing ratio, r

(b)

RFO02: Natural log of rain water mixing ratio, In r
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Figure 4. PDFs of rain in the DYCOMS-II RF02 drizzling stratocumulus case at an adtibf 400 m and a
time of 330 min. The SAM LES results are in red, the DDL results are blue §okd, the DL results are
green dashed lines, and the SL results are magenta dashed-dotte@aliriBse marginal distribution of,.
with the delta at-, = 0 omitted. (b) The marginal distribution &fir, using the “in-precip. PDF.” This is the
within-precipitation marginal PDF in Gaussian space. (c) The marginaitdison of N, with the delta at
N, =0 omitted. (d) The marginal distribution dh N, using the “in-precip. PDF”, which is the in-precip.
marginal PDF in Gaussian space. Owing to relatively low within-precipitatarguce, the three hydrometeor
PDF shapes are all a close match to SAM LES.

32



Geosci. Model Dev. Discuss., doi:10.5194/gmd-2015-280, 2016
Manuscript under review for journal Geosci. Model Dev.

Published: 4 February 2016

(© Author(s) 2016. CC-BY 3.0 License.

(a) LBA: rain water mixing ratio,r_

(b)  LBA: Natural log of rain water mixing ratio, In r
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Figure 5. PDFs of rain in the LBA deep convective case at an altitude of 2424 m éinteaof 330 min. The
SAM LES results are in red, the DDL results are blue solid lines, the DL remtdtgreen dashed lines, and the

SL results are magenta dashed-dotted lines. (a) The marginal distrib@itiomvith the delta at,. = 0 omitted.

(b) The marginal distribution dfir,- using the “in-precip. PDF.” This is the within-precipitation marginal PDF
in Gaussian space. (c) The marginal distribution\of with the delta atV,, = 0 omitted. (d) The marginal

distribution of In V,- using the “in-precip. PDF”, which is the in-precip. marginal PDF in Garsspace.
Again, the DDL provides the best fit to SAM LES.
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(a) LBA: ice mixing ratio, r, (b) LBA: Natural log of ice mixing ratio, Inr,
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Figure 6. PDFs of ice in the LBA deep convective case at an altitude of 10500 m &intbaf 360 min. The
SAM LES results are in red, the DDL results are blue solid lines, the DL resudtgreen dashed lines, and the
SL results are magenta dashed-dotted lines. (a) The marginal distribfittpwith the delta at; = 0 omitted.

(b) The marginal distribution dir; using the “in-precip. PDF.” This is the within-precipitation marginal PDF
in Gaussian space. (¢) The marginal distributionNof with the delta atV; = 0 omitted. (d) The marginal
distribution ofln IV; using the “in-precip. PDF.” Again, this is the in-precip. marginal PDF iu&an space.
The method works for frozen hydrometeor species as well, as the D@lides a better fit to SAM LES than
the DL, which in turn provides a better fit than the SL.
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Figure 7. Profiles of mean microphysics process rates in the RICO precipitatifigwhaumulus case time-
averaged over the last two hours of the simulation (minutes 4200 throd@®).4The SAM LES results are
red solid lines, the DDL results are blue solid lines, the DL results are gresmed lines, and the SL results
are magenta dashed-dotted lines. (a) The mean evaporation nate(bj The mean accretion rate of. (c)
The overall mean microphysics tendency for (d) The mean volume radius of rain drops. Overall, the DDL
provides a better fit to SAM LES than the DL, which in turn provides a betténdit the SL.
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Figure 8. Profiles of mean microphysics process rates in the DYCOMS-II RF@2lufrg stratocumulus case

time-averaged over the last hour of the simulation (minutes 300 throu@h B6e SAM LES results are red

solid lines, the DDL results are blue solid lines, the DL results are greereddisies, and the SL results are

magenta dashed-dotted lines. (a) The mean evaporation rate (@) The mean accretion rate of. (c) The

overall mean microphysics tendency for. (d) The mean volume radius of rain drops. All hydrometeor PDF

shapes provide a good fit to SAM LES.

36



Geosci. Model Dev. Discuss., doi:10.5194/gmd-2015-280, 2016
Manuscript under review for journal Geosci. Model Dev.
Published: 4 February 2016

(© Author(s) 2016. CC-BY 3.0 License.

@

12000
10000
8000

6000

Height [m]

4000

2000

(b)

12000
10000

8000

Height [m]

4000

2000

(©

12000
10000
8000

6000

Height [m]

4000

2000

Figure 9. Profiles of mean warm microphysics process rates in the LBA deepective case time-averaged
over the last hour of the simulation (minutes 300 through 360). The SAM teSults are red solid lines, the
DDL results are blue solid lines, the DL results are green dashed lineghet®l results are magenta dashed-
dotted lines. (a) The mean evaporation rate-af (b) The mean accretion rate of. (c) The overall mean
microphysics tendency far,.. Again, the DDL provides a better fit to SAM LES than the DL, which in turn

provides a better fit than the SL.
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