In this response to the reviewer’s comments, the reviewer’s comments are italicized, and our
responses are in roman font.

Anonymous Referee #1

This paper describes a new PDF representation of the subgrid variability of hydrometeors
implemented in the CLUBB scheme. The new method incorporates a delta function in the
PDF at 0 that represents precipitation free regions of the grid. Much of the paper outlines
the mathematical formulation of the new PDF. Testing of the new PDF is performed against
three LES simulations. Incorporation of the delta function is shown to improve the micro-
physical process rates by reducing evaporation and increasing accretion thereby allowing larger
amounts of precipitation to reach the ground. The paper is very well written and contains
appropriate methods and references. I only have minor comments shown below.

Thank you for your review.

Line 132: I can’t quite follow why the relationship is approximate. I would have thought that
mean(N_cn) = mean(N_c)/cloud_fraction, which would be exactly the in-cloud mean. Could
you clarify?

This is now discussed with equations in a new appendix. The revised manuscript now says
“The value of N, is approximately the in-cloud mean of N., and in special cases, is exactly
the in-cloud mean of N,.. Please see Appendix B for a more detailed explanation.”

Figures 2,4,5,6: Values of In(r_r) less than about -11.5 are very small. Often even the DDL
does not match these values well. However I would guess that they probably do not contribute
appreciably to the total mass or the process rates. Is that correct? Is it worth commenting
on the fact that even DDL does not represent the extremely small values well.

Yes, even the DDL does not match the left-hand tail of the PDF, but those hydrometeor
values are small. The revised manuscript now includes the statement “However, even the
DDL PDF fails to capture the far left-hand tail of the LES PDF. In the RICO, DYCOMS-II
RF02, and LBA cases, between about 5% and 20% of the LES PDF is found to the left
of the DDL PDF (see Figures 2b, 4b, 5b, and 6b). However, these values of hydrometeor
mixing ratios are small. They are roughly a factor of 20 or more smaller than the median
value. By combining these factors, we see that the percentage contribution of hydrometeor
mixing ratios that are omitted on the left-hand tail is only about 1%.”

Line 536: looks like an erroneous ‘.” After precip.

Line 537: Again looks like an erroneous ‘." After precip.
In the revised manuscript, “in-precip.” has been replaced everywhere by “in-precipitation”.

In this response to the reviewer’s comments, the reviewer’s comments are italicized, and our
responses are in roman font.

Anonymous Referee #2



Overall comment

This paper provides an overview of the development of an extension to a PDF-based mi-
crophysics and cloud paramaterization method. The key development being the inclusion of
flexibility to allow for cloud-free regions where there are no hydro-meteors. Although sections
2 and 3 are mathematically pretty heavy going, they are required to fully document the method
being described.

Thank you for your review.
Minor comments:

1) Presumably the LES simulations used here do not have time-evolving forcing. I presume
they are runs for a period of time until some form of equilibrium is reached. If that is case,
it may be worth clarifying that these are run with non-evolving forcing.

The shallow cumulus (RICO) and marine stratocumulus (DYCOMS-II RF02) cases have
steady-state forcing, but the shallow-to-deep-convection transition case (LBA) evolves
rapidly. It goes from no cloud to deep convection in 6 hours.

2) If the simulations are indeed for steady-state conditions, could you discuss how applicable
your method may be to time-evolving situations. Although the Tompkins scheme is dealing
with a different problem, that scheme discusses the ill-posed nature of that mathematical
framework at the point when cloud first appears in a previosuly cloud-free environment. Could
you discuss whether your approach could deal with simulating the transition from clear to
partially cloudy and the transition from precipitation free to precipitation in a portion of the
domain. Is all of the math well-posed for these scenarios.

Yes, the math is well posed during the transition from precipitation-free to precipitation.
The problem with the Tompkins scheme is that it uses cloud water mixing ratio as a predictor
for cloud fraction, and cloud water is zero in clear skies. CLUBB doesn’t do this; it uses
moments instead, and the moments are always predicted, even in clear skies. Hence the
information about variability that is needed to initiate cloud is always available.

The revised manuscript adds an explanation: “Although f, is provided by the LES for
this study, it can be diagnosed based on the cloud fraction using a method such as that of
Morrison and Gettelman (2008). If the cloud fraction, in turn, is diagnosed based on the
omnipresent prediction of means, variances, and other moments — as in higher-order moment
parameterizations such as CLUBB — then the onset of partial cloudiness is well defined and
indeterminacy about the time of cloud initiation is avoided. In contrast, parameterizations
that diagnose cloud fraction based on, e.g., cloud water mixing ratio, lack crucial information
in cloudless grid boxes, as discussed in Tompkins (2002). The well-defined onset of CLUBB’s
cloud fraction is inherited by the precipitation fraction.”

3) Although there is mention of horizontal correlation between species, for example for calcu-
lating accretion, there is no mention of vertical correlation and vertical overlap. Presumably



the LES simulations have some vertical coherence and precipitation formed in cloud is more
likely to be in a cloudy part of the domain as it falls to the next level down. Is this effect
considered in your present work, or do falling precipitation particles experience a randomly
selected portion of the layer they fall into. Please clarify whether and how you take this into
account.

The present work does not consider sedimentation, only instantaneous snapshots of PDF's
and local processes like accretion and evaporation. Hence vertical overlap doesn’t enter our
calculations. However, Larson and Schanen (2013) have developed a method to parameterize
vertical correlations for CLUBB, and this manuscript is cited in the revised manuscript:
“Although the multivariate PDF allows for the calculation or specification of the (horizontal)
correlation between any two variables at the same grid level, the PDF does not contain
information about vertical correlations. Vertical correlations can arise in calculations of
radiative transfer, diagnosed hydrometeor sedimentation, or other processes that involve the
correlation of a variable with itself at different vertical levels. Such processes are excluded
from this study, and hence information about vertical correlations is not needed here. For
one possible method to parameterize vertical correlations, see Larson and Schanen (2013).”

Typographical comments:

U

4) Line 75 and elsewhere. Instead of "in precip.” and outside precip.” I suggest using the
un-abbreviated for 7in precipitation” to avoid some periods appearing mid sentence. Suggest
changing this through-out document.

In the revised manuscript, “in-precip.” has been replaced everywhere by “in-precipitation”,
and similarly for “outside-precip.”

5) Line 331 need rephrasing ”The value of * can now be solved for through Eq 27.”

We have rephrased ”The value of * can now be solved for through Eq 27.” to ”The value of
* can now be found using Eq 27.”

6) Line 385. What was the model top?

We’ve added the following sentence to the revised manuscript: “The model top was located
at 4000 m in altitude.”

7) Line 398. Suggest "and covering a domain of DEPTH 159.3 m.” Similarly line 406 "a
domain of DEPTH 27500m.”

The wording has been changed as suggested.

8) Line 455. Suggest "much closer match subjectively. A quantitative assessment will follow
in the next section.”

The section now reads “The DL and DDL PDF shapes provide a much closer match quali-
tatively to the SAM data. A quantitative assessment of the quality of the fit will follow in



Section 5.1.”
9) Line 495. Perhaps remind reader that a less subjective assessment will follow.
We have added the sentence “The fit will be quantified in Section 5.1.”

10) Line 493. Presumably this height was chosen as the hydro-meteors are all liquid-only at
this height?

Yes, this height contains only liquid. The revised manuscript adds the sentences “In order
to assess how well the PDF shapes are able to capture ice PDFs as well as liquid PDF's, we
turn to the LBA case. In LBA, liquid and ice appear at different altitudes and times.”

11) Near line 570, why are different time-averaging windows being used?

The ice-phase hydrometeors appear only later in the simulation, and when they do appear,
their values increase and decrease with time differently. This calls for the use of different
time-averaging windows. The revised manuscript now states: “The LBA case contains both
liquid and frozen-phase hydrometeor species that evolve as the cloud system transitions
from shallow to deep convection. The various hydrometeor species develop and maximize at
different altitudes and times, so different periods and altitude ranges are chosen for averaging
test scores for each species.”

12) Line 565, no need for period after abbreviation of meter.

The period has been removed, as suggested.
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Abstract. The subgrid-scale representation of hydrometeor fielda®itant for calculating micro-
physical process rates. In order to represent subgrié sealability, the Cloud Layers Unified By
Binormals (CLUBB) parameterization uses a multivariatelfbility Density Function (PDF). In
addition to vertical velocity, temperature, and moistueédfs, the PDF includes hydrometeor fields.
Previously, each hydrometeor field was assumed to follow livariate single lognormal distribu-
tion. Now, in order to better represent the distribution ydtometeors, two new multivariate PDFs
are formulated and introduced.

The new PDFs represent hydrometeors using either a dgjtetmal or a delta-double-lognormal
shape. The two new PDF distributions, plus the previouslsilegnormal shape, are compared to
histograms of data taken from Large-Eddy Simulations (LEBSd precipitating cumulus case, a
drizzling stratocumulus case, and a deep convective casalyi-the warm microphysical process
rates produced by the different hydrometeor PDFs are cadparthe same process rates produced
by the LES.

1 Introduction

The atmospheric portion of the hydrological cycle dependthe formation and dissipation of pre-
cipitation. In a numerical model, precipitation procesm&srepresented by the microphysics process
rates. These process rates are highly dependent on thea wdlgdrometeor fields at any place and

time. Hydrometeors (such as rain water mixing ratio) cany g@gnificantly on spatial scales smaller

than the size of a numerical model grid bi)x (Boutle e{ al.,£20kbsock et aI\, 20&3). This means

that a good representation of subgrid-scale variabilifynigortant for the parameterization of mi-
crophysical process rates.

Subgrid-scale variability (but not spatial organizati@@n be accounted for through use of a
Probability Density Function (PDF). PDFs have been usedtimogpheric modeling to account
for subgrid variability in moisture and temperature (ell‘gellor, 1977; Sommeria and DeardJ)rff,
4, ZO(HZ; Naumann et Lal., 2013) in order to ¢atewsuch fields as cloud fraction and

mean (liquid) cloud mixing ratio, and have been extendecdettical velocity in order to calculate

Tompkin
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fields such as liquid water qui( (Lewellen and Mm.ja%: Lapped Randa{l‘. ZO(HL: Larson eJ al.,

‘20032;

Bogenschutz et a&.. Z(HO: Firl and RarHaI, 2015). #bé&ve been used in microphysics

200&) and in warm hydrometeor fields (Larson and Gmrfin, 2&3%13;

Morrison and Gettelmbn,
Cheng and M 20b9:

to account for subgrid variability in cloud water (Zhang kt %002;

Kogan and Meche‘nLl. ZOM4. 2015) in order to calculate warmaplgysics process rates. They also

have been used to represent cloud‘ice (Kércher and Burk ).

Regarding the PDF’s functional form, generality is highbstted. For instance, we would like
the PDF to be capable of representing interactions amormgespeuch as accretion (collection) of
cloud droplets by rain drops. In addition, the PDF should ble & represent a variety of cloud
types, such as cumulus and stratocumulus. Generality ifPBies functional form is important

because it facilitates the formulation of unified cloud pagterizations (e.d., Lappen and RaAdaII,
ZOOJ,; Neggers et gl., 2&09; SuSelj et ‘al., 2&)13; BogensemdXKrueger, 20 Clb; Guo etul., 2&)15;

Cheng and %J 201%: Thayer-Calder eHaI.. 2015).
Cloud Layers Unified By Binormals (CLUBB) is a single-colummodel that uses a multi-

L ZOOQ, b;

variate PDF to account for the subgrid-scale variabilitynuddel fields (Golaz et £I

Larson and Goleﬁ. 2065). The original PDF used by CLUBB aiadi of only vertical velocity,

w, total water mixing ratio (vapor + liquid cloudy,;, and liquid water potential temperatufe, The
PDF is a weighted mixture, or sum, of two multivariate norifiagctions. Each one of these multi-
variate normal functions is known as a PDF component. Alifinaunormal distribution is unskewed,
the two-component shape makes it possible to include skesinenodel fields.

Larson and Griffin‘ (ZOﬂS) extended CLUBB’s PDF to accountdsiaiogrid variability in rain wa-
ter mixing ratio,r,., and rain drop concentration (per unit masd),. Each of these hydrome-

teor species was assumed to follow a single lognormal (Sétyidution on the subgrid domain.
This treatment worked well for calculating microphysicegess rates in a drizzling stratocumulus
case (Griffin and Lars%. 20‘13). Subsequently, CLUBB’s Ps extended to other hydrometeor
species involving ice, snow, and graupel.

However, the single lognormal treatment of hydrometeolgss successful when it is applied
to a partly cloudy, precipitating case. The problem is thatgingle lognormal assumes that a hy-
drometeor is found (that is, has a value greater than 0) ay @a@nt on the subgrid domain. This
is not realistic in a partly cloudy regime, such as prectpitashallow cumulus, which has non-zero
precipitation over only a small fraction of the domain.

Consider an example in which rain covers 10% of the grid leVben thewithin-precipitation
in-precipitationmean ofr, is ten times greater than the grid-mean value. This can ganafdems
when microphysics process rates are calculated using thEl&laccretion rate of. is proportional
to the value ofr,. inside cloud. In this example, the SL, which distributes lingnormal around
the grid mean, would underpredict accretion rate becausau$es-, to be too small in cloud.
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Likewise, evaporation rate is proportional to the value,odutside cloud. The SL would overpredict
evaporation rate because it spreadghroughout the domain, including the clear portion.

The solution to this problem is to account for the non-prigaijmg region of the subgrid domain.
This is done by representing the non-precipitating regibthe domain with a delta function at a
value of the hydrometeor @f. Thewithin-precipitation(er-in-preeip)-in-precipitationportion of
the subgrid domain can still be handled by using a singledagal distribution to represent subgrid
variability in the hydrometeor species. The resultingriistion is called a delta-lognormal (DL).
In the above example with 10% rain fraction, tie-grecipin-precipitatior) lognormal from the DL
PDF would be distributed around thepreeip-in-precipitationmean, as desired, rather than around
the grid mean, which is a factor of 10 smaller.

Further improvements in accuracy can be achieved withivelgtminor modifications to the
PDF. As previously mentioned, CLUBB’s PDF contains two comgnts. Each of these components
can be easily subdivided into am-precip-in-precipitationsub-component and asutside-preeip.
outside-precipitatiosub-component. The result is a delta-lognormal representaf the hydrom-
eteor fieldin each PDF component. Both delta functions are @&t and represent the region outside
of precipitation, but thevithin-precipitatienin-precipitationnydrometeor values are distributed as
two lognormals that may have different means/andariances. When the two lognormals differ in
some way, the resulting distribution is called a delta-dedbgnormal (DDL). Figuré 1 illustrates
the SL, DL, and DDL hydrometeor PDF shapes.

The main purpose of this paper is to present the formulati@napdated multivariate PDF that
extends CLUBB's traditional PDF to include the DL and DDL hguheteor PDF shapes. Addition-
ally, a new method is derived to divide tgad-box mean and variance of a hydrometeor species into
PDF component means and standard deviations. A secondary purpose ofgher |is to present a
preliminary comparison of the new PDF shapes with PDFs datyplarge-eddy simulations (LESS).
The SL, DL, and DDL hydrometeor PDF shapes are compared togngns of hydrometeor data
taken from precipitating LES. Additionally, microphysipgeocess rates are calculated using each of
the idealized PDF shapes and compared to microphysicsggoates taken from the LES.

The remainder of the paper is organized as follows. Sectigives a detailed description of the
new PDF. Sectioh 3 discusses the PDF parameters and in¢h&ldgrivation of a new method to
divide the grid-box mean and variance into PDF componentnsi@ad standard deviations for a
hydrometeor species. Section 4 describes the LES setufhandst cases, as well as the driving of
CLUBB’s PDF for the tests. Sectidn 5 presents a comparistrydfometeors between the LES and
the SL, DL, and DDL PDF shapes. The comparison includes ploDFs, Kolmogorov-Smirnov
and Cramer-von Mises scores, and microphysics process &detion 6 contains all conclusions.
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2 Description of the multivariate PDF

We now describe how the multivariate PDF used by CLUBB is ffiedito improve the represen-
tation of hydrometeors. Perhaps the most important motlidicds the introduction of precipitation
fraction, f,, to the PDF. Precipitation fraction is defined as the fractdthe subgrid domain that
contains any kind of precipitation (where any hydrometgacses has a positive value). In order to
account for any precipitation-less region in the subgrithdim, the PDF is modified to add a delta
function at a value of for all hydrometeor species. Each PDF component contaresin precipi-
tation fraction. Expressed generally for a PDFafomponents, the overall precipitation fraction is
related to the component precipitation fractions by

Ip= Zf(i)fp(i), 1)

=1
where f,;y denotes precipitation fraction in thith PDF component, and whete< f,;) < 1 for
all f,;). Additionally

D én=1, )
i=1

where¢; is the relative weight, or mixture fraction, of thiéh PDF component, and whefe<
&) < 1forall §;). A PDF with more than one component requires that each PDfpanent have
a mixture fraction.

Before writing the form of the multi-component PDF, we diggdo discuss a special case, the

cloud droplet concentration (per unit mass).,. In‘Larson and GriffiH (20{3)1.\7(: was introduced to
the PDF and was assumed to follow a single lognormal digtabuThis assumption foN, means
that when any cloud is found at a grid levél, > 0 at every point on the subgrid domain. This is
unphysical in a partly cloudy situation, for cloud dropleteuld be found at points where cloud
water is not found. Additionally, the single lognormal tr@ant of V.. can cause problems with the
microphysics. The grid-level mean of., denotedN.. (for the remainder of this paper, an overbar
denotes a grid-level mean and a prime denotes a turbularg)yéd handed to the PDF by the model,
and this mean value includes clear air in a partly cloudyasitm. This results in a value oF,. that is
much smaller than the in-cloud values/§f. Since the single lognormal iN.. is distributed around
N,., N, is much too small in cloud for cases with small cloud fractiteading to an excessive
autoconversion (raindrop formation) rate.

In order to distributeV, where (and only where) cloud water mixing ratiq, is found on the
subgrid domain, it cannot use the same method as the othesrhgteors. Hydrometeors such as
r, can be found outside cloud whertgis not found, or alternatively hydrometeors might be absent
inside cloud where.. is found. Instead the PDF is modified so that a new variallg, replacesV,
in the PDF. The variabléV.,, is a mathematical construct that can be viewed as an extaroled!

droplet concentration or even as a simplified, conservatived condensation nuclei concentration.
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Nzt is distributed as a single lognormal over the subgrid domainis-setequattoN—atAt
points where cloud water is founelitotherwiseissetto-O-whenlV, is setequalto N.,,. Otherwise,
N, is setto 0 at pointswhereno cloud water is found (see Eq.| (4) below). The value\gf, is
{atleastapproximately)-approximatelythe in-cloud mean ofV., andis-basedon-N-—and-cloud

detailedexplanation.
The PDF includes all the hydrometeor species found in theahmicrophysics scheme with the

exception of-., which is calculated from other variables in the PDF throaglaturation adjustment,
and N,, which is described above. In additiontp and N,., a microphysics scheme may include
hydrometeor species such as ice mixing ratjpice crystal concentration (per unit mass), snow
mixing ratio,r,, snowflake concentration (per unit mass), graupel mixing ratioy,, and graupel
concentration (per unit massy,. The vector containing all the hydrometeor species indudé¢he
PDF will be denotede. The full PDF can be written aB (w,r,0;, N.,, h).

In order to calculate quantities that depend on saturasooh as'; and cloud fraction, a PDF
transformation is required. The PDF transformation is angeaof coordinates. The multivariate
PDF undergoes translation, stretching, and rotation oaites (Larson et M 2005; Mel‘l$r, 1977).
Within each PDF component, a separate PDF transformati@s alace. Théth component PDF,

Py (w, 7,01, Nen, h), is transformed td ;) (w, x, 7, Nen, h), wherey is an “extended"” liquid water
mixing ratio that, when the air is supersaturated, has aipesialue and furthermore is equalitg
When the air is subsaturateghas a negative value. The varialhlés orthogonal toy. The variables

r. and N, can now be written as

re = xH (x) and ®3)
Nc:Nan(X)a (4)

whereH () is the Heaviside step function.
The general form of a PDF with components and) variables (whetheD includes all the
variables in the PDF or any subset of those variables in avatilite marginal PDF) can be written

as

P(zy1,22,...,0p) = Zf(i)P(i) (z1,22,...,2D). (5)

=1
Of the D variables listed, the first variables are normally distributed in each PDF componeat (i
w, r¢, andd;, orw, x andn), the nextK variables are lognormally distributed (i&.,,), and the last
Q variables are the hydrometeor species, suchithat.J + K + €. Theith component of the PDF,
Py (w1,22,...,2p), accounts for both the precipitating and precipitatiossleegions, and is given
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Puy (w1,22,...,2p) = fp@)Plrx+a)6) (T1,22,...,2Dp)
D
+ (lifp(i))P(J,K)(i) ($1,$2,...,IJ+K) ( H 5(5&)) . (6)
e=J+K+1
wherethe-The subscripts in theth componente-g-+ 7 xmedenetest 1 k) O Prx40)3):

denotethe number of normal variates;g-J, and the number of lognormal variatesg-K or
K 3, usedin Eq. (7).

Each original PDF component is split into precipitating gmecipitation-less sub-components.
The component means, variances, and correlations forblesia; ...z ;4 x do not differ between
the precipitating and precipitation-less parts of Eq. {@)is greatly simplifies the procedure for
parameterizing the component means and variances, gieayritftlevel means and variances. Ad-
ditionally, keeping the component means and variancesaihee detween thedthin-precipitation
in-precipitationand outside-precipitation parts of Eq/ (6) allows the PDFb¢oreduced back to
prior versions. For instance, the multivariate PDF in E§pafd [(6) reduces to the version given in

Larson and GriffiH (2013) when afi,;) = 1 and various PDF parameters are chosen appropriately.
Furthermore, when microphysics is not used in a simulatigdrometeors are not found in the PDF.

In this scenario, the PDF reduces to the original versiondldu‘ Golaz et al.‘ (200£a).

The PDF does not contain a fraction for each hydrometeoriepec type, but rather one pre-
cipitation fraction. Each PDF component is split into twdstomponentswithin-precipitation
in-precipitationand outside-precipitation). Including a fraction for edgfdrometeor type (rain,
show, etc.) would cause the number of sub-components to gxpanentially with the number of
fractions. Using:; hydrometeor fractions increases the number of sub-conmene2™/ in each
PDF component. This would make setting the PDF parametseogiased with each sub-component
increasingly difficult.

The multivariate PDF can be adjusted to account for a sgoatihen a variable has a constant
value in a PDF (sub-)component. In that situation, the Wéeiaan be reduced to a delta function at
the (sub-)component mean value. A good example of this woelsettingV,,,, to a constant value
in order to use a constant in-cloud value of cloud dropleteoiration. This is also especially useful
when dealing with more than one hydrometeor. If one hydreoretpecies is found at a grid level,
but another hydrometeor species is not found at that lelelhtydrometeor that is not found can
reduce to a delta function &tin the precipitating sub-component of Eg. (6).

The general form of then-variate hybrid normal/lognormal distribution in ttin PDF compo-
nent,P; 1) (i (€1, 22,...,2n), which is found in each sub-component of Ed. (6), consistsrur-
mal variates ané lognormal variates, where = j+ k. The firstj variables are normally distributed
and the remaining variables are lognormally distributed. The multivariatgmal/lognormal PDF
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is given by‘(FIetcher and Zupanuki. 2006)

m

1 |
PGy (1,22, 8m) = ——F—7 H —
@m* [2|* \r=in ™
1
X exp{—2 (z—ne) 3 (‘”—Hu))} )

Bothx andpu ;) arem x 1 vectors, where is a vector of the variables (in normal-space) in the PDF
andpu ;) is a vector of the (normal-space) PDF sub-component medmgsndtatioriT denotes the

transpose of the vector. Thexm (normal-space) covariance matrix is dena¥gg and its determi-

nant is denote¢2(i)| JFIetcher and Zupansaﬁi. 2006). The advantage &hgle multivariate PDF,
as opposed to a collection of individual marginal PDFs, & the multivariate PDF accounts for
correlations among the variables in the PDF. This is adg@utas when calculating such quantities

as rain water accretion rate and rain water evaporation rate

with itself at different vertical levels. Such processesare excludedfrom this study, and hence
informationaboutvertical correlationds not neededhere.For onepossiblemethodto parameterize

vertical correlationsseiLarson and Schangn 2613).

When variables are integrated out of the full multivariaté#PDe result is a multivariate marginal

PDF consisting of fewer variables. When all variables butamegentegrated out of the PDF, the result
is a univariate marginal or individual marginal PDF. For drygrometeor specieg, found in the
full multivariate PDF in Eq./(B), the univariate marginastlibution is

P(h) =" &) (Fotiy Pocy (1) + (1= fo) 6.(h) 4 ®)
1=1
wherePp,; (h) is alognormal distribution in théth PDF component, which is given by
2
1 — (Inh — fipg
PL(i) (h) = T exXp ( 252 M )) . 9
(2m)2 Gny b Thi)

Thewithin-precipitationin-precipitationmean off in theith PDF component ig;, ;). This is the
mean of theth lognormal ofh. However,ji;), as in Eq.(9), is the normal-space component mean

of h. It is the within-preeipitationin-precipitationmean ofln s in the ith PDF component and is
given by

Thi) .
Aney =In | pine) <1+ 3 ) ; (10)
(i)

whereo, ;) is thewithin-precipitationin-precipitationstandard deviation df in theith PDF compo-
nent. The quantity,,; is the standard deviation of thith lognormal of:. The normal-space compo-
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nent standard deviation éfis 5;,;), as found in Eq.(9). It is thevithin-precipitationin-precipitation
standard deviation dh & in theith PDF component and is given by

On(i) = (11)

The variables that are distributed marginally as binormaéssimilar notation. For example, ;)
is the mean ofy in the ith PDF component, or the mean of tite normal. Likewiseg,, ;) is the

standard deviation af in theith PDF component, or the standard deviation ofithenormal.

3 PDF parameters

This paper will use the phrase “PDF parameters" to refer éoRBFcomponent means, standard
deviations, and correlations involving variables in theFPBs well as the mixture fractions and
the PDF component precipitation fractions. The PDF pararseire calculated from various grid-
mean input variables. In this paper, the component meaasdatd deviations, and correlations
involving w, ¢, and;, and the mixture fractions;;y and¢(), are calculated according to the
Analytic Double Gaussian 2 (ADG2) PDF, as described in Apipeife) of Larson et al. (2002).
ADG2 requiresasinput-anddoesnotchangethe valuesof-thefollowing-quantitiesthe following
quantitiesasinput the overall (grid-box) mean, variance, and third-orderted moment ofw (w,
w2, andw’3, respectively), the overall mean and variance-of/; and?, respectively), and the
overall mean and variance 6f (6; andW, respectively) ADG2 preserveshevaluesof theseinput

variables meaningthat the PDF parameterganbe usedto successfullyreconstructhe valuesof

theinput variables.Additionally, ADG2 requires and preserves the overall ciarace ofw andr,

(w'r}), the overall covariance af andé), (w'67), and the overall covariance of and{; (TG;). All
of the aforementioned quantities are prognosed or diaghos€LUBB and are not the subject of
this paper.

The individual marginal distribution foN,,, is specified to be a single lognormal over the entire
subgrid domain. This requires that both PDF component meaual the overall (grid-box) mean
(BN, (1) = 1N..(2) = N,,). Likewise, this requires that both PDF component standaxdations

equal the overall standard deviation(,, (1) = o, (2) = N2 1/2).

cn

When no hydrometeor species are found at a grid lekek (), f, = f,(1) = fp2) = 0. Oth-
erwise, if any hydrometeor species lnis found at a grid level (has a value greater thgn
Il < fo < 1, where f,|, , is the minimum value allowed for precipitation fraction witgydrom-
eteors are present. We now describe how CLUBB parametefizgsand f,,), given f,. First, we

note that

Jo =8 for) +€2) fo2)- (12)
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A tunable parameter;. (where thex subscript denotes a tunable or adjustable parameter}yas in
duced and is defined as the ratioéef, f,(1) to f,, where0 < v, < 1. The precipitation fraction of
PDF component 1 is solved by

. Uk
fo) = mln( g(ip, 1) . (13)
The PDF component 2 precipitation fraction can now be sobyed
f;@)::rnn1<jb__§g;fb“)7l>- (14)

Whenf,,1) calculated by Eqi (13) is small enough to forte,) calculated by Eq; (14) to be limited

at1, the value off, ;) is recalculated (witty,») = 1) and is increased enough to satisfy Eq./(12).

3.1 Hydrometeor PDF parameters

A mean-and-variance-preserving method is used to cakthatvithin-precipitationin-precipitation
means of the hydrometeor field in the two PDF componepts,) and uy2), and the

within-preeipitationin-precipitationstandard deviations of the hydrometeor field in the two PDF
componentsgy, 1y andoy, o). The fields that need to be provided as inputs are the overad-box)

mean of the hydrometeat, the overall variance of the hydrometeb'2, the mixture fraction in each
PDF component;) and{ ), the overall precipitation fractiory,,, and the precipitation fraction in

each PDF componenf,,;) and f,2). Given these inputs, theithin-precipitatienin-precipitation
mean of the hydrometeoh,, , can be calculated by

(15)

and thewithin-precipitationin-precipitationvariance of the hydrometeot, ﬁlf can be calculated by

—s 2 —2
|/2_ h/2+h 7fph|ip
1p fp :

The grid-level mean value of any function that is writtenémhs of variables involved in the PDF

(16)

can be found be integrating over the product of that functiod the PDF. For example,

h:O/hP(h) dh  and h’Q:O/(h—h)QP(h) dh. 17)

After integrating, the equation fdr expressed in terms of PDF parameters is
b= &) foy a1y +E2) fo(2) n(2)- (18)

Likewise, the equation fo’2 expressed in terms of PDF parameters is

-2

W2 =€) fp) (Miu) +Ji21(1)> @ foc2) (”2(2) +0f21(2)) —h (19)

9
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When the hydrometeor is not found at a grid levek /2 = 0 and thecomponent means and
standard deviations of the hydrometeor also have a valoe\Wwhen the hydrometeor is found at a
grid level,h > 0. Precipitation may be found in only PDF component 1, only RDfponent 2, or
in both PDF components. When precipitation is found in only RDRponent 14,2y = o,2) =0
and (1) andoy, (1) can easily be solved by Eq. (18) and Eq./(19). Likewise, wiregipitation is
found in only PDF component 2,1y = o,(1) = 0 anduy,(2) andoy, 2y can easily be solved by the
same equation set.

When there is precipitation found in both PDF componentghé&rinformation is required to
solve for the two component means and the two componentatémigviations. The variabl® is

introduced such that
2

g
R= 2(2) . (20)
Fh2)
In order to allow the ratio oefr,%(l) to ,ui(l) to vary, the paramete, is introduced, such that
2
9h1
R(1+¢) =22, (21)
Fh)

where (. > —1. When(, >0, thena} ) /uj,, increases at the expense @f o) /135, Which
decreases in this variance-preserving equation set. Wher0, thenay, |, /uil 1y = 07 5/ 115 2)-
When —1 < (. <0, thena} ) /i, ) increases at the expense ®f 1)/ 11y, Which decreases.
Combining Eq. (19), Eql (20), and EQ. (21), the equatiomt8rcan be rewritten as

-2

W2 = €0y fpy (L R(L+C)) iy +E2) foe) L+ R) phay — B (22)

Both the variance of each PDF component and the spread betitheemeans of each PDF

component contribute to thesithin-precipitationin-precipitation variance of the hydrometeor
(h\g). At one extreme, the standard deviation of each componeuldcbe set to0 and the

within-preeipitationin-precipitationvariance could be accounted for by spreading the PDF com-
ponent within-precipin-precipitation) means far apart. The value £fin this scenario would be its
minimum possible value, which & At the other extreme, the means of each component could be
set equal to each other and thepreeip-in-precipitationvariance could be accounted for entirely by
the PDF componentr(-precipin-precipitatiorn) standard deviations. The value Bfin this scenario
would be its maximum possible value, whichitg, .

In order to calculate the value &f,,.x, S€tu, 1) = pn(2) = h|ilD andR = Ru.x. EQ. (22) becomes

W+E2 = WmQ (5(1)fp(1) (]- + Rmax (]- + C*)) + g(2)fp(2) (]- + Rmax)) . (23)

When Eq.[(16) is substituted into Ef. (28 is solved for and the equation is

T2
fy ) Mo ”

Rm'X:( —2"
¢ E) fory (14 C) + &) for) h\iPQ

10
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In the scenario that, = 0 the equation forR,,,. reduces to the ratio o‘i|;§ to h\ip .
In order to calculate the value &, a parameter is used to prescribe the rati® ¢d its maximum
value,R,.x. The prescribed parameter is denotedwhere

R = 04 Riax, (25)

and wherd) < o, < 1. Both R andR,,,. are known functions of the inputs and tunable parameters.
Wheno, = 0, the standard deviation of each PDF componedt#dy., (i) is spread far fromu, ).
Wheno. = 1, thenuy,(1) = 152y, and the standard deviations of the PDF components account f
all of the in-preeip-in-precipitationvariance. At intermediate values of, the means of each PDF
component are somewhat spread apart and each PDF compasesurhe width. The new equation

for hydrometeor variance becomes

N —2

W2 = &) fp) (14 0x Rinax (14 G)) 1 1y +E2) Fo2) (14 0w Runax) pify o) — (26)
The two remaining unknowng,,(1y andyu 2y, can be solved by a set of two equations, Eq! (18)

for h and Eq.|(26) for’2. All other guantities in the equation set are known quastitilo find the

solution, Eq.|(18) is rewritten to isolats,») such that

h—&a) o) a()
§2)fp2)

Hh(2) = (27)

The above equation is substituted into Eq. (26). The regp#uation is rewritten in the form
Qa#iu) + Qopin(ry + Qe =0, (28)

so the solution to the quadratic equation fgy, ) is

—Qy £ /Qf —4Q.Qc

Bh(1) = 20, (29)
where:
&
Qa = f(1)fp(1) (]- + O*Rmax (1 + C*)) +—— (]- + O*Rmax) )
£2)fp2)
Q=220 (1 o R E and
§2)/p2)
D) 1 £ max 7
Q.= (h'2+ (1_+OR) hQ). (30)
§2)/p2)

The value ofQ), is always positive and the value ¢, is always negative. The value ¢f. can
be positive, negative, or zero. Sinfe— (1 + 0. Ryax) / (5(2)fp(2)))52 is always negative ant2
is always positive, the sign @@. depends on which term is greater in magnitude.

Whenh'2 is greater, the sign of). is negative. This means thattQ,Q. is positive, which in
turn means that/Q7 — 4Q.Q. is greater in magnitude thanQ,. If the subtraction option of the
+ were to be chosen, the value of ;) would be negative in this scenario. At first glance, it might

11



appear natural to always choose the addition option. Horyvthie set of equations was derived with

the condition thapu, ) equalsuy,2y wheno, = 1. When(, > 0, this happens when the addition
345 option is chosen, but not when the subtraction option isehodowever, wheg, < 0, this happens

when the subtraction option is chosen, but not when the iaddiption is chosen. So, the equation

for ju;,(1) becomes

_Qb + Q% - 4Qan
2Qq ’
Hh(1) = (31)
—Qy — /@ —4Q.Q.
2Qq ’
The value ofj1j,(2) can now beselvedfer-threughfoundusingEq. (27). Afterpy, 1) andgu, (o) have
350 been solvedgy,1y anday,(o) can be solved by plugging Eq. (25) back into Eq. (21) and [EQ), (2
respectively.

when ¢, > 0; and

when (. < 0.

As the value oth]f /W; increases and as the valuewfdecreases (narrowing the-preeip.
in-precipitationstandard deviations and increasing the spread betweémghecip-in-precipitation
means), one of the component means may become negativéafiisns because there is a limit to

355 the amount ofr-precip-in-precipitationvariance that can be represented by this kind of distributio
In order to prevent out-of-bounds values;gf or p(2), a lower limit is declared, callegy, |,

where |, . is a small, positive value that is typically set to be two esdef magnitude smaller

thanm. The value ofuy, (1) Or pu,(2) Will be limited from becoming any smaller (or negative) dsth
value. From there, the value of the other hydrometegsrecip-in-precipitationcomponent mean is
360 easy to calculate. Then, both values will be entered intc#heulation of hydrometeor variance in
Eqg. (22), which will be rewritten to solve fdk. Then, both the hydrometeor mean and hydrometeor
variance will be preserved with a valid distribution.
When the value of. > 0, the value ofu; ;) tends to be larger than the valuegf,). Likewise
when the value of. < 0, the value ofu;,(2) tends to be larger than the valueof(,). Since most
365 cloud water and cloud fraction tends to be found in PDF corepb#, it is appropriate and advanta-
geous to have the largerpreeip-in-precipitationcomponent mean of the hydrometeor also found
in PDF component 1. The recommended valu€,at a value greater than or equal(to
This method of closing the hydrometeor PDF parameter equatt produces a DDL hydrom-
eteor PDF shape wheh< o, < 1 or when(, # 0. The DL hydrometeor PDF shape is produced
370 simply by settingo. = 1 and (. = 0. These settings forcgy, (1) = pin(2) andoy 1y = oy (2), Which
result in a single lognormal within the precipitating portiof the subgrid domain. Furthermore,
if, in addition to settingo,. = 1 and(, = 0, one simply set, ;) = f,(2) = 1, then precipitation is
found everywhere within the subgrid domain, producing thehgdrometeor PDF shape. Hence it
is very easy to change between DDL, DL, and SL hydrometeor $Halpes. Additionally, it should
375 be noted that there is only omg and only onel,, applied to all the hydrometeor specieshin
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In limited testing, the value of the tunable parameferdid not affect the results much for
CLUBB'’s DDL PDF shape. The value @f. has been left ab, effectively eliminating a tunable
or adjustable parameter from the scheme. Whes 0, the DDL shape approaches the DL shape
aso, approached. As o, approache$, the DDL shape approaches a double-deitarecip-in

precipitation(in addition to the delta &). Additionally, when0 < o, < 1, thewithin-precipitation
in-precipitationskewness of the hydrometeor field is influenceddhy As v, approaches), the

within-preeipitationin-precipitationdistribution becomes more highly (positively) skewed. Inu&a
sian space (see Section 5), tieprecip-in-precipitationdistribution is positively skewed. As.
approached, the within-precipitationin-precipitationdistribution is less (positively) skewed. In
Gaussian space, the-precip-in-precipitationdistribution is negatively skewed. For the results pre-
sented in this paper for the DDL hydrometeor PDF shape, thmiréng two tunable parameters
have been set to the values= 0.5 andv,. = 0.55.

4 Model setup and testing

There is insufficient data from observations to calculatethe fields that need to be input into
CLUBB'’s PDF. However, this data can be supplied easily aredtifully by a LES. In this paper,
LES output of precipitating cases is simulated by the SydtamAtmospheric Modeling (SAM)
AKhairoutdinov and RandHl, 2003). SAM uses an anelasti@mgqgn set that predicts liquid water
static energy, total water mixing ratio, vertical velociyd both the south-north and west-east com-

ponents of horizontal velocity. Additionally, it predidigdrometeor fields as directed by the chosen
microphysics scheme. A predictive 1.5-order subgridestadbulent kinetic energy closure is used

to compute the subgrid-scale fluxgs (Deardg 1980). SAMkLa fixed, Cartesian spatial grid and
athird-order Adams-Bashforth time-stepping scheéoradvanceahe predictiveequationf motion

It uses periodic boundary conditions and a rigid lid at theedbthe domain. The second-order MP-

DATA (multidimensional positive definite advection trawspalgorithm) scheme is used to advect

the predictive variablels (Smolarkiewicz and Grabowsk8)9

In order to assess the generality of the different hydroorteBDF shapes for different cloud
regimes, SAM was used to run three idealized test cases —c@ippating shallow cumulus case,
a drizzling stratocumulus case, and a deep convective Taseuse of cases from differing cloud
regimes help avoid overfitting the parameterizations of Rb&pe. The setup for the precipitating

shallow cumulus test case was based on the Rain in Cumulugtey@®cean (RICO) LES inter-

comparisor# (van Zanten et gl., 2611). The horizontal réisoluvas 100 m, and 256 grid boxes were

used in each horizontal direction. The vertical resoluti@s a constant 40 m and 100 grid boxes

were used in the vertical. The modep waslocatedat4000m in altitude.The modeltime step was

1 s and the duration of the simulation was 72 hours. A verfioafile of level-averaged statistics was

output every minute and a three-dimensional snapshot abhyeteor fields was output every hour.
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The RICO simulation was run with SAM’s implementation of @hairoutdinov and Kogan
1» hereafter KK) warm microphysics scheme. KK micrapby predicts both, andN,.. SAM’s
implementation of KK microphysics uses a saturation adjesit to diagnose,.., and cloud droplet

concentration is set to a constant value (whicilism — for RICO).

The setup for the drizzling stratocumulus test case wasitiken the LES intercomparison based
on research flight two (RF02) of the second Dynamics and Cstemof Marine Stratocumulus
(DYCOMS-II) field experiment‘ (Ackerman et JI., 2009). Therimontal resolution was 50 m and
128 grid boxes were used in each horizontal direction. Arvenly-spaced vertical grid was used

containing 96 grid boxes and covering a domaimgepth1459.3 m. The model time step was 0.5 s
and the duration of the simulation was six hours. A vertigalffife of level-averaged statistics was
output every minute and a three-dimensional snapshot afohyeteor fields was output every 30
minutes. The DYCOMS-II RF02 simulation was also run with SANfhplementation of KK mi-
crophysics and used a constant cloud droplet concentratioh cm 3.

The setup for the deep convective test case was taken fromnB8entercomparison based on
the Large-Scale Biosphere-Atmosphere (LBA) experin4emab@wski et aJI., 20&6). The horizontal
resolution was 1000 m, and 128 grid boxes were used in eadrohtal direction. An unevenly-

spaced vertical grid was used, containing 128 grid boxesanering a domain oflepth27500 m.
The model time step was 6 s and the duration of the simulatemsix hours. A vertical profile of
level-averaged statistics was output every minute andegttiimensional snapshot of hydrometeor
fields was output every 15 minutes for the final 3.5 hours okthrulation.

The LBA case requires a microphysics scheme that can acdourite-phase hydrometeor

species. The LBA simulation was run w%th Morrison et ‘al. (d))fhicrophysics, which predicts the
mixing ratio and number concentration (per unit mass) of,relioud ice, snow, and graupel. SAM’s
implementation of Morrison microphysics diagnosesaising a saturation adjustment right before
the microphysics is called and then allows microphysicspate the value of., which in turn is
used to update the valug. Cloud droplet concentration was set to a constant valu@®tm 3.

CLUBB'’s hydrometeor PDF shapes will be compared to histograf hydrometeors produced
by SAM LES data. Our goal is to isolate errors in the PDF shegedfi In order to eliminate sources
of error outside of the PDF shape and provide an “applegpbea” comparison of CLUBB’s PDF
shapes to SAM data, we drive CLUBB'’s PDF using SAM LES fieldther than perform interactive
CLUBB simulations. The following fields are taken from SAMatistical profiles and are used as
inputs to CLUBB’s PDF77, 0, w'2, 1,2, 0;2, w'r},, w'0], 7,0}, w'3, f,, 7, 12, N,, and N/2. For
the LBA case, we add;, /2, N;, N/2, 7, 72, N,, N2, 7, r'2, N,, andN/2. Another input to
CLUBB'’s PDF isw. The value ofw from large-scale forcing is set according to case spediicst
in both SAM and CLUBB. CLUBB’s PDF is generated at every SAMtigal level and at every
output time of SAM level-averaged statistical profiles.
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Additionally, covariances that involve at least one hydeteor are added to the above list and are

used to calculate the PDF component correlations of the sameariables. These covariances are

i, 9;r r;N!, 0/N!, andr’ N/. Please see Appendix:Alfor more details on the calculation of
PDF component correlations. The values of the componentletions do not affect the individual
marginal PDFs of the hydrometeors. They are included foc#ieulation of microphysics process
rates (seeectiorSections.2).

Owing to differences between the KK and Morrison micropbysichemes in SAMf,, used by
CLUBB'’s PDF is computed slightly differently depending ohieh microphysics scheme is used by
SAM. The differences are due to the number of hydrometeariepénvolved in the microphysics,
the thresholding found internally in the microphysics cgdend the variables that are output to
statistics by SAM. KK microphysics contains only rain, anaiMBs implementation of KK micro-
physics clips any value of,. (and with it N,.) below a threshold value in clear air. Therefore, it is
simple to setf, to the fraction of the domain occupied by non-zero values.andN,.. Morrison
microphysics predicts rain, ice, snow, and graupel. Foh @i¢hese species, SAM outputs a frac-
tion. To provide an apples-to-apples comparison with CLUBHSs approximated as the greatest of
these four fractions at any particular grid level.

Although f,, is provided by the LES for this study, it can be diagnosedbasedon the cloud
fraction using a methodsuch as that of‘Mornson and Gettelm$ 2008lIf. the cloud fraction, in
turn, is diagnosedbasedon the omnipresentprediction of means variancesand other moments

— as in _higher-ordermoment parameterizationsuch as CLUBB — then the onsetof partial
cloudinesss well definedandindeterminacyboutthetime of cloudinitiation is avoidedIn contrast,

arameterizationthatdiagnosecloud fraction basedn, e.g.,cloud watermixing ratio, lack crucial

informationin cloudlessgrid boxes,as discussedn Tompkins (2002).The well-definedonsetof
CLUBB'’s cloudfractionis inheritedby the precipitationfraction.

5 Results

We first evaluate the shape of the idealized PDFs directlynagiES. Histograms of SAM LES
data are generated from the three-dimensional snapshbtgdodmeteor fields. One histogram is
generated at every vertical level for each hydrometeor.figltlistogram of a SAM hydrometeor
field is compared to the CLUBB marginal PDF of that hydromefesdd at the same vertical level
and output time. The comparison is done with each of the SL,,@bd DDL PDF shapes.

Figure 2 compares marginal PDFs involvingand N, for the RICO case at an altitude of 380 m
and a time of 4200 min. For the plot of the PDF¢fin Fig. Za, the delta function at. = 0 has been
omitted. The SAM data is divided into 100 bins, equally-dizer,., that range from the largest value
of r,. to the smallest positive value of. (In what follows, all histograms use 100 equal-size bins,

arranged from smallest to largest value.) The SL hydromd?&d- shape significantly overpredicts
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the PDF at small values of and significantly underpredicts it at large values,ofThese errors are
an expected consequence of the single lognormal’s attenfipthe precipitation-less area. The DL
and DDL PDF shapes provide a much closer majohlitativelyto the SAM dataA guantitative

Each of the CLUBB hydrometeor PDF shapes has a lognormaildigon within precipitation
in each PDF component. Taking the natural logarithm of eysint of a lognormal distribution
produces a normal distribution, and so the plot of the PDIs f in Fig.[2b is a normal distribution
in each PDF component for each of the DDL, DL, and SL PDF shapesplot of the PDF o,
(hereafter referred to as the PDFsgfin Gaussian space) complements the aforementioned plot of
the PDF ofr,. (Fig.'2a). The plot of the PDF of. is log-scaled on the y-axis, accentuating the small
values of P (r,.) that are found at large values of. The plot of the PDF ofnr, accentuates the
PDF at small values of,.

The plot of the PDF ofnr,. is a plot of only thewithin-precipitationin-precipitationportion of the
distribution, omitting all zero-values. Tha-precip-in-precipitationportion of the PDF is divided
by f,. which allows the area under the curve to integrate to 1. TBE Bhown in Figl 2b is the
Gaussianized form of Eq. (32).

Figurel 2b shows that the SL hydrometeor PDF shape signifjcanisses the mark, for its peak
is located too far to the left of the bulk of the SAM LES dataisTéhift of the peak to excessively
small values is to be expected of a continuous PDF shaperiésitd include a delta function at
zero. The DL PDF shape is far too peaked in comparison to thé BAS data, which is spread out
broadly in Gaussian space. The DDL PDF shape is able to a&chispread-out shape because it has
two different means within precipitation. This allows ithietter fit the more platykurtic shape of the
SAM LES data in Gaussian space.

The plot of the PDF of RICQV,. is found in Fig[ 2c and the Gaussian-space plaipfis found
in Fig.[2d. Similar tor,., the SL shape overpredicts the PDF at small valug¥,odnd underpredicts
it at large values ofV,.. In Gaussian space, it is easy to see that SL's peak is lotabefdr to the
left. The DDL shape provides a better fit than the DL shape tM$AS data in Figl 2c. Again, the
DL shape is too peaked in Fig. 2d, whereas the bimodal DDL lis tmbspread out, which provides
a better match to SAM LES data.

Figurel 3 contains scatterplots that show the bivariate PDF and N, for both SAM LES and
CLUBB’s PDF in RICO at the same altitude and time as Fig. 2. Th&/BB PDF scatterpoints
were generated by sampling the DDL PDF using an unweightedt®iGarlo sampling scheme.
This demonstrates the advantages of the multivariate eatfuCLUBB’s PDF. The hydrometeor
fields are correlated the same way in CLUBB’s PDF as they aBAiM LES.

Figure/ 4 compares marginal PDFs involving and N,. for the DYCOMS-Il RF0O2 case at an
altitude of 400 m and a time of 330 min. All three hydrometeDiFshapes provide a decent match
to the SAM LES data. In Fig. 4a and Fig. 4c, the SL and DL PDF shatip a little below the
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SAM LES line in the middle of the data range for and IV,., respectively. The DDL PDF shape
stays closer to the SAM LES line in this region. Additionatlye SL PDF shape overestimates the
SAM LES line close to the y-axis. In Fig/ 4b and Fig. 4d, the &dan-space plots show that the
two components of the DDL shape superimpose more than thdpidihe RICO case, owing to the
reducedwithin-preeipitationin-precipitationvariance in the drizzling stratocumulus case.

we turn to the LBA case.ln LBA, liquid andice appearat different altitudesandtimes. Figure 5
compares marginal PDFs involving and N,. for the LBA case at an altitude of 2424 m and a time

of 330 min. Compared to SAM’s PDF, the DDL hydrometeor PDFpghia too bimodal, but it still
provides the bestisual match of the three hydrometeor PDF shapes to SAM ddtafit will be

guantifiedin Sectionb.1.

To indicate whether the three PDF shapes work for ice-phgdmmeteors, we compare marginal

PDFs involvingr; and N; for the LBA case at an altitude of 10500 m and a time of 360 mig-(F
urel 6). Similar to the',. andV,. plots for RICO and LBA, Fid. 6a and Fig. 6¢ show that the SL PDF
shape overpredicts the PDF at small values;adnd V; and underpredicts it at large valuesrof
and ;. The DL shape provides a better fit than the SL, and the DDL Istiglatly better fit than the
DL. The Gaussian-space plots in Fig. 6b and Fig. 6d show He@a8AM LES distribution ofnr;
andln N; is again platykurtic. The SL PDF shape has a peak that iseshitt the left. The DDL
hydrometeor PDF shape is able to spread out the most to dowgddtykurtic shape of the LES in
Gaussian space.

Why does the DDL PDF shape match LES output better than the Bjesim the aforementioned
figures? The PDFs (in Gaussian space) for the LES of RICO amddi®w a broad, flat distribu-
tion of hydrometeor values from the LES. The DL shape is toakpd in comparison to the LES
data. The DDLshapePDFis able to spread out the component means and thévabgierepresent

the platykurtic shapéetter.moreaccuratelyHowever,eventhe DDL PDF fails to capturethe far
left-handtail of the LES PDF. In the RICO, DYCOMS-Il RF02,andLBA casesbetweenabout
[6b). However,thesevaluesof hydrometeomixing ratios are small. They are roughly a factor of
20 or moresmallerthanthe medianvalue.By combiningthesefactors,we seethatthe percentage

contributionof hydrometeomixing ratiosthatareomittedon the left-handtail is only about1%.
Why does SAM LES data have a platykurtic shape in Gaussiarespalcese cases? One possible

cause is the partly cloudy (and partly rainy) nature of themses. In these partly rainy cases, a
relatively high percentage of the precipitation occursédde regions” near the non-precipitating
region. These regions usually correspond to the edge oflaowutside of cloud. Evaporation (or
less accretion) occurs in these regions, increasing tleecm@ipied by smaller amounts of rain. Yet,
there is also an area of more intense precipitation nearehieicof the precipitating region, which
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produces larger amounts of rain. Collectively, the areasmdll and large rain amount produce the
large spread in the hydrometeor spectrum.

The DYCOMS-II RF02 PDFs from the LES tend not to share theyglatic shape seen in the
other cases. The RFO2 case is overcast, so there are not gs‘edge” regions of precipitation
as found in partly rainy cases. There is much liesgrecip-in-precipitationvariance in the RF02
case. The simpler PDF shape is easier to fit by all the PDF shi&he DL, and DDL). To further
illuminate the physics underlying the PDF shapes produgddds, further study would be needed.

5.1 Quality of fit: general scores

While a lot can be learned by looking at plots of the hydromefDFs, they are anecdotal and
cannot tell us how well the idealized PDF shapes work gelyeifi@ obtain aroverall quantification
of the quality of the fit, we calculate the Kolmogorov-Smwn@-S) and the Cramer-von Mises
(C-vM) scores.

Both the K-S and C-vM tests compare the cumulative distidoutunction (CDF) of the ideal-
ized distribution to the CDF of the empirical data (in thiseaSAM LES data). Both tests require
that the CDFs be continuous. Therefore, the scores ardatddwsing only thevithin-precipitation
in-precipitationportion of the hydrometeor PDF in Eq./(8). The DDL, DL, and SAHS data all
have the same precipitation fraction. Tirepreeip-in-precipitationportion of the PDF is normal-
ized by dividing by precipitation fraction so that it integes to 1. The equation for the-precip.
in-precipitationportion of the marginal PDEP (h)|; ,, is

P(h);, =€) fpf(l)PLu) (h) +&2) f;@) Pra) (h), (32)
p p

wherePy, ;) is given by Eq.[(9).

The K-S score is the greatest difference between the erapirigarecip-in-precipitationCDF,
Ce (h)|;,,, and the idealized-preeip-in-precipitationCDF, C (h)|;,, at any point ini > 0. In order
to run the tests, the SAM LES data from the requested leveltiamel was sorted in the order of

increasing value. This was done only for points where theiested hydrometeor was found. The

K-S score is given b&Q?O)

KS = m}iaX’C’e (M)lsp — C(h)];,| = max (KS*,KS™), where
KST = max (- C(ho)l.) and KS = max (C(h), — (33)
1<k<n, Ny #/lip 1<k<n, #/lip np '

The number of data points in SAM LES where the hydrometeoousid is denotea,, andh, is
the value of the hydrometeor at SAM LES ordered data paint

Unlike the K-S test, which only considers the greatest thifiee between the CDFs, the C-vM test
is based on an integral that includes the differences betwe=CDFs over the entire distribution.
The integral is kAnderso@GZ)

= [ (), - cw,) dcml,. (34)
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The C-vM score is calculated by (AndersL)n. ]HGZ: Ste&ﬁn@ﬁ))l

ny 2
CVM:w2nP:1+Z<2“ L C(hﬁ)ip) . (35)
k=1

12n,, 2n,,

The K-S and C-vM test scores are produced at every LES vehtieal and three-dimensional
statistical output time for every hydrometeor speciessThsults in a large number of scores. We
desire that each hydrometeor species have a single K-S andra single C-vM score in order to
more easily compare the DDL, DL, and SL hydrometeor shapesaléulate this score by averaging
the individual level scores over multiple levels and mudtiputput times. For K-S this is simple, and
the result is(KS) (where angle brackets denote an average over multiplesiaral times). The
C-vM test score in Eql (35) is dependent on the number of pitating grid points. This number
changes between vertical levels and output times, so thkl Geores cannot simply be averaged.
Rather, they are normalized first by dividitgVM by n, to producew? at every level and time.
Those results are averaged to calculaté).

After inspecting profiles of SAM LES results for mean mixirgios in height and time, regions
were identified in height and time where the mean mixing rafi@a species was always at least
5.0 x 107% kg kg~!. Averaging of the scores was restricted to these regionsdardo eliminate
from consideration levels that do not contain the hydroorete contain only small amounts of the
hydrometeor with a small number of samples. RICO test sdores. and N,. were averaged from
the surface through 2780 nrand from 4200 minthrough 4320 min. DYCOMS-II RF02 test scores
for r,. and NV, were averaged from 277 athrough 808 m-and from 300 min-to 360 min.

The LBA case contains both liquid and frozen-phase hydreorespecies-that evolve asthe

cloudsystentransitionsfrom shallowto deepconvection.Thevarioushydrometeospecieglevelop

andmaximizeat differentaltitudesandtimes,sodifferentperiodsandaltituderangesarechoserfor
averagingestscoredor eachspeciesLBA test scores for,. and N, were averaged from the surface

through 6000 m and from 285 min through 3@n. The test scores for, and N, were averaged
from 4132 m through 9750 m and from 315 min through 36@. The test scores fot, and NV,
were averaged from 5026 m through 9000 m and from 345 min gir@60min. Finally, the test
scores for; and NV; were averaged from 10250 m through 11750 m at 360 min. For Bfedase,
the value off, used by CLUBB’s PDF was based on the greatest value of SAMubuggiables for
rain fraction, ice fraction, snow fraction, and graupetfran. Each of these statistics is the fraction
of the SAM domain occupied by values of the relevant mixirtgraf at leastl.0 x 10~° kg kg 1.
In order to keep the comparison of the PDF shapes to SAM datsistent, values lower than this
threshold were omitted from the calculations of the indidblevel-and-time scores for K-S and
C-vM.

The results of KS) are listed in Table |1 for every hydrometeor species in evasecThe DDL
PDF shape has the lowest average score for every case armhitgtdor species except for one.
The DL PDF shape edges out the DDL in the DYCOMS-II RFU2 comparison. The SL PDF
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shape has the highest average score for every case and legdovrapecies, except for the LBA
comparison, where it has the second-lowest score and theaBlthe highest score. The results of
<w2> are listed in Tablé 2. The DDL PDF shape has the lowest avesege for every case and
hydrometeor species, the DL shape has the second-loweasigavecore, and the SL shape has the
highest average score.

We note the important caveat that, as compared to DL, DDL hare mdjustable parameters. A
parameterization with more free parameters would be egpect provide a better fit to a training
data set. Therefore, although DDL matches the LES outputrolmsely than does DL, we can-
not be certain, based on the analysis presented here, tHatiiDoutperform DL on a different
validation dataset. For a deeper analysis, one could usedalmselection method that penalizes
parameterizations with more parameters. We leave suchaysanfor future work.

5.2 Microphysical process rates

A primary reason to improve the accuracy of hydrometeor PiBFs improve the accuracy of the
calculation of microphysical process rates. In this sectiee compare the accuracy of calculations
of microphysical process rates based on the SL, DL, and DDE §tiapes.

In the simulations of RICO and DYCOMS-II RF02, both SAM LESJa@LUBB use KK micro-
physics. The process rates output are the mean evaporateafr,., the mean accretion rate of,
and the mean autoconversion raterpf Also recorded is rain drop mean volume radius, which is
important for sedimentation velocity of rain. In order taaant for subgrid variability in the micro-

physics, the KK microphysics process rate equations hage bpscaled (to grid-box scale) using
analytic integration over the PD‘F (Larson and Gri*ﬁn. é&)@ﬁﬁin and Larsorf;ﬂl?;). The updates
to the multivariate PDF (see Section 2) require updatesgaifiscaled process rate equations. The
updated forms of these equations are listeghasSupplemerthe Supplement.

Figure[ 7 shows profiles of RICO mean microphysics processrdthe mean evaporation rate

profile in Fig. 7a shows that all three shapes over-evapaitatiegher altitudes, but that SL and DL
over-evaporate more than DDL. It should be noted that theoreéor the over-evaporation at higher
altitudes in the RICO case is the marginal PDFgfroduced by ADG2. While it provides a good
match between CLUBB and SAM LES in the fields of cloud fracteom 7, the value ofo, ;) is
far too large. Whery andr,. (or N,.) are distributed jointly, this results in too many largeues of
r. (or N,.) being placed in air that is far too dry. RICO mean evaponataie could benefit from an
improved ADG2 in order to produce a better marginal distidouof , but that is beyond the scope
of this paper.

Figure[ 7b shows that both the DL and DDL PDF shapes match tt® mEan accretion rate
profile much better than does the SL shape. The mean autasamveate depends op and N,
but not hydrometeor variables, and so the autoconversiengahe same for all three PDF shapes
(not shown). The overall mean microphysics rate — i.e., thra ef the evaporation, accretion, and
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autoconversion rates — is fit best by the DDL shape and worttd$L shape. Both DDL and DL
are a much better match to the SAM profile of rain drop meanmelvadius than SL (Fig.| 7d).
Figure[ 8 shows that all three hydrometeor PDF shapes pravigiod match to SAM LES for
DYCOMS-II RF02. In Figl 8d, the SL PDF shape deviates momnsfly from SAM LES than does
DL or DDL near the bottom of the profile of rain drop mean voluradius.
In the simulation of LBA, Morrison microphysics was used wtibthe SAM LES and CLUBB.
In order to account for subgrid variability in the micropfogs sample points from the PDF are

produced at every grid level using the Subgrid ImportancenLBAypercube Sampler (SILHS)
; (R&lIt and Lars%. 20@6: Larson and Schg‘nen,HOB: Larsdm‘%ﬂ)@é)
For the LBA case, 128 sample points were drawn. Morrisonapicysics is then called using each

set of sample points, and the results are averaged to cad¢hamean microphysics process rates.

Figurg 9 shows the same mean microphysics process rategrasious figures, but here for LBA.
The profile of mean evaporation rate in Fig. 9a shows that DiXhe best match to SAM LES. The
profile of mean accretion rate in Fig. 9b shows that DDL is thstlmatch to SAM, followed by DL
and then SL. The overall (autoconversion + accretion + enadjom) warm microphysics process
rate profile is best matched by the DDL hydrometeor PDF sHaflewed by the DL shape, which
in turn is followed by the SL shape (Fig. 9c).

6 Conclusions

The multivariate PDF used by CLUBB has been updated to ingotfoe subgrid representation of hy-
drometeor species. The most important update is the inttmauof precipitation fraction to the PDF.
The precipitating fraction contains any non-zero valueargf hydrometeor species included in the
microphysics scheme. The remainder of the subgrid domaireispitation-less and is represented
by a delta function where every hydrometeor species hasug wdlzero. When a hydrometeor is
found at a grid level, its representation in the precipigortion of the subgrid domain is a lognor-
mal or double lognormal distribution. The introduction @épipitation fraction increases accretion
and decreases evaporation in cumulus cases, allowing meepjpation to reach the ground.

Additionally, a new method has been developed to calculdte within-precipitation
in-precipitationmean and standard deviation of a hydrometeor species in eawiponent of
CLUBB's two-component PDF. This method preserves the gad-mean and variance of the hy-
drometeor species. By simply changing the values of tunadélameters, CLUBB’s marginal PDF
for a hydrometeor can be changed from a delta-double-lagalofDDL) to a delta-lognormal (DL)
or to a single-lognormal (SL) shape.

In order to compare the effectiveness of the three hydraon@BF shapes, three simulations —
a precipitating shallow cumulus case (RICO), a drizzlingtsicumulus case (DYCOMS-II RF02),
and a deep convective case (LBA) — were run using SAM LESis8tal output values from the
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LES for the grid-level mean and turbulent fields were usediteedhe PDF for each hydrometeor
PDF shape. The idealized PDF shapes were compared to the E&8\dsults. The DDL PDF shape
produced the lowest average K-S and average normalized €cwkés when compared to SAM LES
results, followed by the DL PDF shape. Both produced loweresthan the original SL PDF shape.
However, for DYCOMS-II RF02, all three PDF shapes were inadthequal agreement with SAM

LES results.

The DL and DDL PDFs possess three important properties:€l) dine multivariate, and hence
can represent interactions among multiple hydrometecrispe?) they admit a precipitation-less
region, which is necessary to permit realistic processtateumulus cloud layers; and 3) they have
realistic tails, as evidenced by the comparisons with LESwshhere. Because of these three prop-
erties, the DL and DDL PDFs may be general enough and accemategh to adequately represent
hydrometeor variability over a range of important cloudegpincluding shallow cumulus, deep cu-
mulus, and stratocumulus clouds. This generality, in toray help enable parameterization of these
clouds types in a more unified way. Indeed, an early versidgheoDDL PDF has already been used
to represent hydrometeor subgrid variability in some Bx#ve simulations with a unified cloud
parameterization. Namely, the DDL PDF was used in the intesingle-column simulations of
these cloud types d)v Storer et Lal. (2015) and in the globallsitions bd/ Thayer-Calder et HI (2015).
Further testing would be required, however, to better wstdad the limits of the DL and DDL PDFs.
Better understanding is particularly desirable in, fotange, mixed-phase and glaciated clouds. This

has been left for future work.

Appendix A: BaslessbhangPb=eamosnentearelatens

Appendix A: Back-solving PDF componentcorrelations

In Sectioni 5, mean microphysics process rates were cadclkdther by using the analytical inte-
gration of a local microphysics scheme or by using SILHS toga the PDF in order to drive a

local microphysics scheme. Both methods require inforomadin the PDF component correlations.
These correlations can be back-solved when given the dygrial-box) covariance of the necessary

variables.
Al PDF component correlation of a binormal variate and a hydiometeor

The PDFcomponent correlation of a binormal variate (using as an example) and a hydrometeor
can be back-solved when their covarian¢é/, is provided. Their covariance can be written in terms
of PDF parameters by integrating over the PDF, such that

o0

T = (re —77) (h— 1) P (ry,h) dhdr, (A1)
[

oo
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whereP (ry,h) is the bivariate marginal PDF of and hin-the4th-PBDFecompenentThis equation
can be rewritten as

=3 & / / (re =77) (h=h) (fpy Priy (re.h)
i=1

—oo 0

+ (1= foiy) Py (re) 6 (R)) dhdry, (A2)

where Py, (¢, h) is theith component bivariate PDF involving one normal variate ane log-
normal variate, and whery ;) (r;) is @ normal distribution in théth component. This equation is
integrated and reduced, resulting in

rih = Zﬁ(i)fp(i) (Horo(i) = T2+ Pro h(i) O, (1)Thi)) (i) (A3)

=1
wherey,., ;) ando,., ;) are the mean and standard deviation, respectively, of theith PDF com-
ponent.

The variable that needs to be solved for fs, (;), which is the within-precipitation
in-precipitationcorrelation ofr, andln / in theith PDF component. This is the normal-space correla-
tion that is required for use in the microphysics. It is rethto theith component#thin-precipitation
in-precipitationcorrelation ofr; andh, p., 1), by

- ~ Hh(i
Proh(i) = Pry,h(3)Th(i) Uhi; : (A4)

The covariance’h’ given by Eq.[(A3) can be written in terms of CLUBB's two-conmamt PDF
(n=2)as
1ih! =€) Fo1) (B (1) = T+ ry b)) T (1) TR(1) ) Hi(1)

+ &) fo@) (Hro2) = Tt + Bro n(2)0r(2)Tn(2)) Hh(2)- (A5)
The overall covariance is provided, so the component caticgl can be back-solved by setting

p~m,h(1) = ﬁrt,h(Z) (: p~”7h). The result is

B = i =€y For) (Bro(1) = T2) 1m0 — €20 Fo@) (Bro(2) = T7) i)
" S p(1)Tr ()T R(1) T E2) fo(2)Tr (2)Th(2) Hh(2) ’

(A6)

where—1 < p,, », <1.

The equation for;h’ given in Eq.[(A5) is for a fully-varying PDF in both componertt,, ;) > 0
andoy,(;) > 0). A variable may have a constant value in a PDF sub-compoihen this hap-
pens, the PDF of the constant variable is a delta functioheith sub-component mean. When
o) > 0anday,;) = 0, r; varies inith component buk is constant within precipitation. The PDF
Py 1) (re, h) becomesPy ;) (r¢) 6 (h — pp(s)) - There also may be situations wherg ;) = 0 but
one) > 0, or even where,., ;) = 0 andoy, ;) = 0.
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Wheno,., (1yon1y > 0 buto,, 2y01(2) = 0, the equation for; A’ is written as
i = €y fp) (B (1) = T2+ Pre h(1) Ore()OR(1)) (1) + €@ Fo(2) (Bre(2) = T2) Bn2)- (A7)
The above equation can be rewritten to solvei#or, 1), such that

il =€) fo) (Bra1) = T2) B0 ) = €@ fo() (Bro2) = T7) Hhe)
§1) fp(1)Tre(1)Th(1) A (1)

Proh(1) = (A8)

while p,, 2y is undefined and irrelevant to the microphysics. When o) =0 but

o, (2)0h(2) > 0, the equation for;h/ is analogous to Eq. (A7). An equation analogous to (A8)

solves forp,., 52y, while ., (1) is undefined. In a scenario wherg (1y0y,(1) = 0 ando,., (2)0p(2) =

0, the equation for; 1’ is

i =€)y For) (1) = T2) (1) + €20 o) (Bre2) — T2) Hn(2)- (A9)

When this is the case, boff, 5,1y andp,, (2) are undefined.

This method of back-solving for the component correlatimas used to calculate the PDF com-
ponent correlations of, andr,., r, andN,., §; andr,., andf; andN,.. These were the only correlations
of this type that were necessary to produce the microphysarsess rates used in the comparison.

A2 PDF component correlation of two hydrometeors

The PDFcomponent correlation of two hydrometeors,, andh,, can be back-solved when their

covananceh;h’y, is provided. Their covariance can be written in terms of R2Fameters by inte-

grating over the PDF, such that

I h, = // (ha =1y (hy = Ty) P (b, hy) dhy Ay, (A10)
0 0

whereP (h,, h,) is the bivariate marginal PDF af, andh,intheith-PBFeomponentThis equation
can be rewritten as

hyhy = me// (ha = ha) (he = hy) (foe) Prog) (ha,hy)
i=1 00

+ (1= fp@i)) 6 (ha) 6 (hy)) dhy dhy, (Al1)

wherePy ;) (he,hy) is theith component bivariate PDF involving two lognormal vargate
This equation is integrated and reduced, resulting in

hphyy = —ho oy + Z € Ipti) (Bna6) Py i) F Pha by () The )Ty (1) (A12)

wherepy,, 1, (i) is thewithin-precipitationin-precipitationcorrelation ofh,, andh,, in theith PDF
component. When the PDF is fully-varying in both componentfs, ) > 0 and oy, ;) > 0), the
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covarianceh/, h;, given by Eq. (A12) can be written in terms of CLUBB'’s two-cooment PDF as
H Pty =€) Fo) (Bha () Phy (1) F Ph by (1) The () Th (1)
+ &2 fp2) (Bho )1y 2) F Pho by (2)Tha(2)Thy(2)) — P By (A13)

The overall covariance is provided, so the component cticel is solved by setting;,, », 1) =

Phaihy(2) (= Pho.hy, ) The resultis

) R bl h hy — £ fo1) B, (1) (1) g(2)fp(2)//fh,(2)ﬂhu(2)
h.ﬁ,hy -
' §a fp )Ohe(1)Thy (1) T €2 [p(2)The (2)Thy (2)

(A14)

Whenoy, , (1)on, 1) > 0 butoy,, 2)on, (2) = 0, the equation foh/ k) is written as

LR, = £y fo) (Bhe (1) By (1) F Pha by (1)The (1) Th, (1)) F E2) fo@) ha 2) Hhy 2) — Pa hy.  (A15)

The above equation can be rewritten to solvedor ., (1), such that

BB A+ g hy — &1y Fp(1) e (1) ok (1) — £2) fo(2) o (2) Poh, o
§) fp(1)Thy (1) Thy (1)

Phy,hy (1) = (Al6)

while pp, 5,2 is undefined and irrelevant to the microphysics. Whep 10,1y =0 but
Oh,(2)0h,(2) > 0, the equation forh! h! h:, is analogous to Eql (A15). An equation analogous to
Eq. (A16) solves fopy,, 5 ,(2)» While py, 1,1y is undefined. In a scenario wherg_(1y04,(1) =0

andoy,,, (2)0n,(2) = 0, the equation foh/ h; is

LR, = £y (1) o (1) Eohy (1) T £2) Fp(2) o (2) by (2) — T Dy (A17)

When this is the case, bot, 1, (1) andp, ., (2) are undefined.

The variable that needs to be solved for jg, 1, ), which is the within-precipitation
in-precipitationcorrelation ofln 2, andln h,, in the ith PDF component. This is the normal-space
correlation that is required for use in the microphysicsl &fs given by

Ohy(i)Ohy (i
In <1 + Ph by () RO )>
K, (i) Fhy, (i)

Phy by (i) = & 0 ’ o
zshy Ohy (i) Ohy (3)

where—1 < p, n, ) < 1.

This method of back-solving for the component correlatieas used to calculate the PDF com-
ponent correlation of,. and N,.. This was the only correlation of this type that was necgssar
produce the microphysics process rates used in the coraparis

Appendix B: The relationship betweenN, and N,

The relationship betweelv, and N.,, is given in Eq.[(4) and described in Section 2. The over-

all (grid-box) mean value of cloud droplet concentratidf, is calculated by integrating over the

25



810

815

820

825

830

product of Eq.[(4) and the PDF gfandN..,,, such that

Fc: //Nan Zg(Z)P(L) XaNcn)chndX7 (Bl)
—oo 0 -
where P (x, Nen) is the bivariate marginal PDF of and N, in the ith PDF component. This

equation can be rewritten as

Ezzg(i)\//NCHPNL(i) (X»N(:'n,)chndX
0

=2 & NCa), (B2)

where Py iy (x, Nen) is theith component bivariate PDF involving one normal variate and
lognormal variate. This equation is integrated and reduesdilting in
_1 L (ExG) | - =
NC MNcn T erfc( s ( +p yNen (i JNcn @ ) (B3)
() (@) NACTRES (4) ()
whereerfc (x) is the complimentary error function, and wherg;) ando, ;) are the mean and

standard deviation, respectively,pfn theith PDF component. Additionally; is the standard

en(4)
deviation ofln N, in theith PDF component and, v, ;) is the correlation of andln N, in the
ith PDF component.

The evaluated integral fa¥C ;) given in Eq.[(B3) is for a fully-varying PDF in théth compo-
nent ¢y;) >0 andoy,_ ; > 0). There are times when a variable may have a constant valae in
PDF component. When this happens, the PDF of the constaableaiis a delta function at thigh
PDF component mean. When ;) > 0 andoy,_, (;y = 0, x varies inith component bulV,,, is con-
stant. The PDRPy ;) (x,7) becomesPy ;) (x) 6 (Nen — 1., (1)) The integral is solved and the

equation folNC ;) becomes

1 Ho (i
x (%

Likewise, whero, ;) = 0 andoy,, ;) > 0, x varies inith component bulV..,, is constant, and when
botho, ;) =0 andoy,, ;) =0, bothx and N.,, are constant in théth PDF component. In either
scenario, the equation becomes

HNea (i) When fiy() > 0; and

NCy) = (B5)

O, when Hox (4) < 0.
It is important to be able to back-solvé.,, from N, because numerical models and microphysics
schemes usually either preditdt., predict the mean in-cloud value of cloud droplet conceiuna
N |1c’

calculated from this information for use in the PDF. Thetielaship between grid-box meaw. and

or specify the in-cloud value of cloud droplet concentmatiThe value ofV,,, needs to be
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the mean in-cloud value of cloud droplet concentratioVjs,, = N./f., wheref. is cloud fraction.

CLUBB calculates cloud fraction by integrating over the P&iF, such that

fe= / H(x)Y o Pay 00 dx =Y & fetiy, (B6)
oo i=1 i=1
wheref,; is the cloud fraction in théth PDF component, which is calculated by

1 i
—erfc (—MX()> , when o, ;) >0;

2 V20,

fe) = B _ (B7)
1, when o, (;y = 0 and p,;) > 0; and
0, when o, (;y =0 and p,;) <0.

The value ofN,, from can be back-solved.. As described in Sectidn 3., ;) = Ne,, and
ON.. (i) = N2. Additionally, 5 N..(i) IS related tg, v, ;) in the manner described by EQ. (A4).
These substitutions are made into Eq.|(B3), Eq. (B4), andBs). However, further simplification
is necessary to solve fév,,,. The value on@/J\Tn2 is set to a prescribed constant value, denoted
Cn...- Additionally, the correlation, ., ;) is also set to a prescribed valyg, v, . The value

of N, can now be solved by

N,

Ncn = n—c7 (BS)
> & FCTR

i=1

whereFCTR ;) is the factor given by

1 1 Hox (i) ))
serfe( ——= + OxNews VONnr | )5
2 < \/§ (Ux(z) X

when o, ;) > 0and Cy,,« > 0;

cn

1 i
FCTR;) = 3 erfc (— \/l%);(x)(i) ) , when oy (;) > 0and Cy,,« = 0; (B9)

1, when o, ;) = 0 and pi,(;) > 0; and

0, when o, ;) =0 and g, ;) < 0.

When the last scenario is found in all components, the deratoninf Eq.[(B8) is 0. However, cloud
fraction is 0, meaningV. is also 0, leavingV.,, undefined. For numerical purposég,, can be set
to a reasonable value in this scenario.

The relationship betweeV,,, and N[, is found by comparing Eq. (B8) and Eq. (B9) with
Eq. (B6) and Eq/ (B7). Three scenarios emerge in the congrari%henl,,, is constant (used for
prescribing a constant value of in-cloud., as was done for the RICO, DYCOMS-II RF02, and
LBA cases in this paper)y., = m WhenN,,, varies, but the correlation of and NV, is O (or
undefined whery is constant), it still holds thaW,,, = m However, whenV,,, varies and the

correlation ofy andV,,, is a value other than QY.,, differs from N.|;..
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In a situation where CLUBB is using SILHS with a microphysgsheme that predictd,, a
model time step works as follows. The time step begins wighntiost recent value aof... The value
of N., is calculated for use in the PDF. Then, the PDF parametersadealated, including those
involving N.,,. SILHS uses the PDF parameters to generate sample pointsvafiables involved
in the PDF, includingy and N.,,. The value ofN, at these sample points is calculated according
to Eq. (4). The sample points df. are then fed to the microphysics scheme, which requiigas
input. The microphysics tendency 8. is output from SILHS, and is used to advance the predictive
equation forlV,, for the next model time step.

Code availability

The CLUBB code is freely available for non-commercial useteraf registering
for an account on the website http://clubb.larson-graup.c The specific ver-
sion of CLUBB used in this paper is available in the SVN retmwyi located at
http://carson.math.uwm.edu/repos/clubb_repos/tagsibget PDF_shapes. In the repository
is a file README_Hydr onet _PDF_shapes which gives instructions for generating the results
found in this paper.
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Table 1.Kolmogorov-Smirnov statistic averaged over multiple grid levels and stafistitput timesteps com-
paring each of DDL, DL, and SL hydrometeor PDF shapes to SAM LE@t® The best (lowest) average score
for each case and hydrometeor species is listed in bold. The DDL hasitestlaverage score most often, and

the DL has the second-lowest average score most often.

Average Kolmogorov-Smirnov Statistic
Case-Species (KS) DDL  (KS) DL  (KS) SL

RICOr, 0.223 0.373 0.496
RICO N, 0.182 0.263 0.634
RFO2r, 0.131 0.133 0.148
RFO2 N, 0.152 0.150 0.170
LBA 7, 0.152 0.240 0.201
LBA N, 0.142 0.187 0.295
LBA 7y 0.197 0.307 0.429
LBA N, 0.165 0.222 0.566
LBA 74 0.177 0.267 0.432
LBA N, 0.173 0.238 0.492
LBA r; 0.212 0.282 0.614
LBA N; 0.122 0.210 0.647

Table 2. Normalized Cramer-von Mises statistic averaged over multiple grid levalsstatistical output
timesteps comparing each of DDL, DL, and SL hydrometeor PDF shiaf®aM LES results. The best (low-
est) average score for each case and hydrometeor species is lis@d.ifftie DDL has the lowest average
score every time, and the DL has the second-lowest average seoydiave.

Average Normalized Cramer-von Mises Statistic
Case-Species (w?) DDL  (w”)DL  (w®) SL

RICOr, 0.0187 0.0508 0.1255
RICO N, 0.0100 0.0238 0.1872
RFO02r, 0.0041 0.0049 0.0094
RFO2 N, 0.0064 0.0070 0.0136
LBA 7, 0.0078 0.0231 0.0282
LBA N, 0.0081 0.0145 0.0537
LBA 7y 0.0159 0.0351 0.1092
LBA Ny 0.0129 0.0194 0.1576
LBA r, 0.0107 0.0240 0.1072
LBA N, 0.0089 0.0174 0.1261
LBA r; 0.0126 0.0246 0.1968
LBA N; 0.0046 0.0134 0.2046
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SL DL DDL

Figure 1. A schematic of the single lognormal (SL), delta-lognormal (DL), arlthd@ouble-lognormal (DDL)
hydrometeor PDF shapes. The SL PDF shape is precipitating over the gutigrid domain, whereas the DL
and DDL shapes are not. In all three plots of the PDFs (where each RIfEnstion of a hydrometeor species,
such ag-,), the weighted PDF from each PDF component is shown (black dasddsiack dots). The sum of
the two are the SL (solid magenta), the DL (solid green), and the DDL (shi&).brhe SL does not contain a
delta at 0, and the mean and variance of each PDF component areneEssch component of the DL has a
delta at 0 (upward pointing black arrows on the y-axis). The sum of thecbmgponent deltas forms the DL's
delta at O (upward pointing green arrow). The mean and variancecbf @ PDF component are the same
within precipitation. Each component of the DDL also has a delta at 0 (upp@inting black arrows). The
sum of the two component deltas forms the DDL's delta at O (upward pgibline arrow). The mean and/or
variance differ between DDL PDF components within precipitation.
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(a) RICO: rain water mixing ratio, r (b) RICO: Natural log of rain water mixing ratio, In r
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Figure 2. PDFs of rain in the RICO precipitating shallow cumulus case at an altitude®f88nd a time of
4200 min. The SAM LES results are in red, the DDL results are blue solid line®L results are green dashed
lines, and the SL results are magenta dashed-dotted lines. (a) The ahdigiribution ofr,. with the delta at

r» = 0 omitted. (b) The marginal distribution dfir,. using the fa-preeip-in-precipitationPDF.” This is the
within-preeipitationin-precipitationmarginal PDF in Gaussian space. (c) The marginal distributias,ofvith

the delta atV,. = 0 omitted. (d) The marginal distribution &f IV, using the fa-preeip-in-precipitationPDF.”
Again, this is then-precip-in-precipitationmarginal PDF in Gaussian space. The DDL provides a better fit to
SAM LES than the DL, which in turn provides a better fit than the SL.
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RICO: Joint PDF of r. and N,
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Figure 3. Joint PDF ofr,. and N.. in the RICO precipitating shallow cumulus case at an altitude of 380 m and
a time of 4200 min. SAM LES results are the red scatterpoints. CLUBB PBftespoints were generated by
sampling the DDL PDF using an unweighted Monte Carlo scheme. The SA8Mddiain i256 x 256 grid
points, so to provide for the best comparison of LES points to CLUBB Ribipée points, 65536 CLUBB PDF
sample points were used. The light blue scatterpoints are from PDF cemipband the dark blue scatterpoints
are from PDF component 2. Every 10th point was plotted from both SA® Bnd CLUBB’s PDF. The joint
nature of the PDF allows, and N, to correlate the same way in CLUBB as they do in SAM.
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(@ RFO02: rain water mixing ratio, r_ (b)  RFO02: Natural log of rain water mixing ratio, In r
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Figure 4. PDFs of rain in the DYCOMS-II RF02 drizzling stratocumulus case at an a@éitf 400 m and a
time of 330 min. The SAM LES results are in red, the DDL results are blue bodd, the DL results are green
dashed lines, and the SL results are magenta dashed-dotted linese (@gfdinal distribution of,. with the
delta atr, = 0 omitted. (b) The marginal distribution &fi,. using the #r-precip-in-precipitationPDF.” This

is thewithin-precipitationin-precipitationmarginal PDF in Gaussian space. (c) The marginal distributiaw,of
with the delta atV,. = 0 omitted. (d) The marginal distribution &f /V,. using the fa-precip-in-precipitation
PDF”, which is thein-preeip-in-precipitationmarginal PDF in Gaussian space. Owing to relatively low within-
precipitating variance, the three hydrometeor PDF shapes are all awddsk to SAM LES.
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(@) LBA: rain water mixing ratio,rr (b) LBA: Natural log of rain water mixing ratio, In r
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Figure 5. PDFs of rain in the LBA deep convective case at an altitude of 2424 m &intkaof 330 min. The
SAM LES results are in red, the DDL results are blue solid lines, the DL restdtgreen dashed lines, and the
SL results are magenta dashed-dotted lines. (a) The marginal distribbitiomith the delta at. = 0 omitted.
(b) The marginal distribution dh r,- using the fa-precip-in-precipitationPDF.” This is thewithin-precipitation
in-precipitationmarginal PDF in Gaussian space. (c) The marginal distributioN,oWith the delta atV, =

0 omitted. (d) The marginal distribution df N,. using the fa-preeip-in-precipitationPDF”, which is the
in-preeip-in-precipitationmarginal PDF in Gaussian space. Again, the DDL provides the best iWbIES.
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(@) LBA: ice mixing ratio, r, (b) LBA: Natural log of ice mixing ratio, Inr,
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Figure 6. PDFs of ice in the LBA deep convective case at an altitude of 10500 m &inteaf 360 min. The
SAM LES results are in red, the DDL results are blue solid lines, the DL reastdtgreen dashed lines, and the
SL results are magenta dashed-dotted lines. (a) The marginal distrib@ittowith the delta ai; = 0 omitted.
(b) The marginal distribution dfi; using the ¥a-precip-in-precipitationPDF.” This is thewithin-precipitation
in-precipitationmarginal PDF in Gaussian space. (c) The marginal distributioN;okith the delta atV; = 0
omitted. (d) The marginal distribution &fi /V; using the fa-precip-in-precipitationPDF.” Again, this is the
in-precip-in-precipitationmarginal PDF in Gaussian space. The method works for frozen hydemmspecies
as well, as the DDL provides a better fit to SAM LES than the DL, which in tuavigies a better fit than the
SL.
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(a) RICO: Mean r Evaporation Rate (b) RICO: Mean r Accretion Rate
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Figure 7. Profiles of mean microphysics process rates in the RICO precipitatifigwhaumulus case time-
averaged over the last two hours of the simulation (minutes 4200 throd@®).4The SAM LES results are
red solid lines, the DDL results are blue solid lines, the DL results are gresired lines, and the SL results
are magenta dashed-dotted lines. (a) The mean evaporation rate(bj The mean accretion rate of. ()
The overall mean microphysics tendency for (d) The mean volume radius of rain drops. Overall, the DDL
provides a better fit to SAM LES than the DL, which in turn provides a betténdit the SL.
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(a) RF02: Mean r Evaporation Rate (b) RF02: Mean r Accretion Rate
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Figure 8. Profiles of mean microphysics process rates in the DYCOMS-II RF22lag stratocumulus case
time-averaged over the last hour of the simulation (minutes 300 throu@h Bbe SAM LES results are red
solid lines, the DDL results are blue solid lines, the DL results are greereddistes, and the SL results are
magenta dashed-dotted lines. (a) The mean evaporation rate () The mean accretion rate of. (c) The
overall mean microphysics tendency for. (d) The mean volume radius of rain drops. All hydrometeor PDF

shapes provide a good fit to SAM LES.
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Figure 9. Profiles of mean warm microphysics process rates in the LBA deepective case time-averaged
over the last hour of the simulation (minutes 300 through 360). The SAM tdsults are red solid lines, the
DDL results are blue solid lines, the DL results are green dashed linetheu®l results are magenta dashed-
dotted lines. (a) The mean evaporation rate-af (b) The mean accretion rate of. (c) The overall mean
microphysics tendency fat,.. Again, the DDL provides a better fit to SAM LES than the DL, which in turn
provides a better fit than the SL.
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