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Abstract

We examine the influence of the grid aspect ratio of horizontal to vertical grid spacing
on turbulence in the planetary boundary layer (PBL) in a large-eddy simulation (LES).
In order to distinguish them as much as possible from other artificial effects caused
by numerical schemes, we used a fully compressible meteorological LES model with
a fully explicit scheme of temporal integration. The influences are investigated with
a series of sensitivity tests with parameter sweeps of spatial resolution and grid aspect
ratio. We confirmed that the mixing length of the eddy viscosity and diffusion due to
sub-grid scale turbulence plays an essential role in reproducing the theoretical —5/3
slope of the energy spectrum. If we define the filter length in LES modeling based on
consideration of the numerical scheme, and introduce a corrective factor for the grid
aspect ratio into the mixing length, the theoretical slope of the energy spectrum can
be obtained; otherwise, spurious energy piling appears at high wavenumbers. We also
found that the grid aspect ratio has influence on the turbulent statistics, especially the
skewness of the vertical velocity near the top of the PBL, which becomes spuriously
large with large aspect ratio, even if a reasonable spectrum is obtained.

1 Introduction

In meteorological simulations, the grid aspect ratio of the horizontal to vertical grid
spacing is generally much larger than in other fluid dynamics fields. The use of such
large aspect ratios has been validated based on the phenomena studied in this field.
So far, most of the phenomena of interest are considerably affected by the rotation
of the earth and vertical stratification; both lead to differences between the horizon-
tal and vertical scales of atmospheric phenomena. Further, since it is natural to treat
the atmospheric motions separately in the horizontal and vertical directions in order to
understand the atmospheric dynamics, a large aspect ratio is used for grids in meteo-
rological simulations.
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Atmospheric phenomena have a wide range in terms of both time and space. One of
the initial targets of the studies involving meteorological numerical simulations was the
planetary wave. In this case, the horizontal scale, at O(1000)—0O(10000) km, is much
larger than the vertical, and is dominated by the effect of rotation. The vertical scale is
mainly determined by atmospheric thickness, characterized by the depth of the tro-
posphere, i.e., a scale of O(10)km, and the motion is essentially two-dimensional
(barotropic). The synoptic scale phenomena are also important targets, with smaller
horizontal scale than planetary-scale phenomena. They have the same vertical scale
of O(10) km as planetary-scale phenomena, but have a vertical (baroclinic) structure.
To express the vertical structure of such phenomena, several vertical layers in a nu-
merical simulation are configured according to the degree of vertical structure desired.
A grid aspect ratio of O(100) is typically used for these phenomena.

If we turn our attention to mesoscale phenomena, whose horizontal scales are
0(10)-0(100) km, a more detailed expression of vertical structure is required. Since
moist convection plays an important role in the vertical motion of such phenomena,
hydrostatic balance, which is a good approximation for planetary and synoptic-scale
phenomena, is no longer satisfied. The spatial scale of their vertical motion is roughly
O(1) km. Therefore, the grid aspect ratio in this case should be reasonably determined
with O(10)-O(100). In the beginning of the 1970s, one of the most significant paradigm
changes in meteorological numerical studies was the appearance of non-hydrostatic
models (e.g., Klemp and Wilhelmson, 1978). Cumulus convection is explicitly rep-
resented in these models (e.g., Skamarock et al., 2008; Hodur, 1997; Tripoli, 1982;
Xue et al., 2000; Black, 1994; Saito et al., 2006; Tsuboki and Sakakibara, 2002). Re-
cently, global convection system-resolving models, such as NICAM (Tomita and Satoh,
2004; Satoh et al., 2014), have been developed to investigate the interactions between
synoptic-scale phenomena, cloud clusters, and individual cumulus clouds. To resolve
vertical motion precisely, the number of vertical layers in such models is larger than in
general circulation models (GCMs), but the grid aspect ratio is still large. For example,
it is five in Miyamoto et al. (2013, 2015).
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In the atmosphere, there are many smaller scale variabilities than associated with
cumulus clouds. For example, the spatial scale of the dominant motion in the unstable
planetary boundary layer (PBL) is smaller than 1 km. Clearly, turbulence in the PBL is
an important issue for all meteorological models, because heat and mass transport by
turbulence in both the horizontal and vertical directions strongly affect the atmospheric
mass and energy balances. In particular, vertical transport is important for atmospheric
variability over the PBL. Its effect is parameterized as turbulence models in GCMs and
cloud-resolving or permitting models (e.g., Mellor and Yamada, 1982; Nakanishi and
Niino, 2004). At this scale, the effects of rotation and stratification are smaller compared
with those of advection. Thus, we may say that such variability is essentially isotropic
and three-dimensional. This means that an isotropic grid, whose grid aspect ratio is
unity, would be preferred to reproduce these small variabilities.

Large eddy simulation (LES) is a vital tool to represent such small scale variabilities
explicitly. LES is designed to resolve turbulence at scales down to the inertial sub-range
by parameterizing sub-grid scale (SGS) turbulence based on the theory of energy cas-
cades. With the rapid development of computers, LES has recently started being used
for meteorological simulations (e.g., Deardorff, 1980; Moeng and Wynggard, 1988; Sul-
livan et al., 1994; vanZanten et al., 2011). The theory of LES is based on dynamics of
three-dimensional isotropic turbulence. In terms of phenomenology and methodology,
an isotropic grid would be the most suitable for LES. Nevertheless, the grid used in
meteorological LESs usually has a large aspect ratio, mainly because of limitations of
computational resources. The effect of the grid aspect ratio has not been discussed
explicitly in most previous studies. The purpose of this study is to examine the influ-
ences of the grid aspect ratio on the turbulent aspects of the PBL from a meteorological
viewpoint when LES is applied. To do so, we performed a series of PBL experiments
by systematic parameter sweeps of aspect ratio and grid spacing.

We present an overview of the model used in this study in Sect. 2, focusing on
the modeling related to this study. Since the detailed descriptions of the model are
important for the traceability of the experiment and reliability of the model, we present
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them in the appendices. The configuration of the numerical experiments are shown in
Sect. 3. The influences of the grid aspect ratio on turbulence are discussed in Sect. 4.
Section 5 gives the summary and concluding remarks.

2 Model description

The model used in this study is SCALE-LES (http://scale.aics.riken.jp/), which was
developed as a meteorological large eddy simulation model. In this section, we focus
on describing the essential parts of the model for the purposes of this study; the model
dynamics and turbulence schemes are described in Sects. 2.1 and 2.2, respectively.
In the latter, we consider in particular the relationship between the numerical filter and
spatial filter in LES.

Detailed descriptions of the model, including the discretization method, which are
not directly related to the topic of this study, are given in the appendices as follows:
the governing equations are in Appendix A1, the temporal integration scheme is in
Appendix A2, the spatial discretization is in Appendix A3, the numerical filter is in Ap-
pendix A4, and other physical processes are in Appendix A5. We also describe the con-
sideration of numerical stability in determining discretization schemes in Appendix B,
and the validity of the dynamical core in Appendix C. Symbols used in this paper are
summarized in Table 1.

2.1 Dynamics

Since the purpose of this study is to clarify the impact of the grid aspect ratio on
the turbulent aspects, the influences of the approximations to the governing equa-
tions should be reduced as much as possible. For this reason, we employ the set
of fully compressible non-hydrostatic equations as the governing equations. The three-
dimensional momentum (ou, pv, and pw, for the x, y, and z directions, respectively),
total density (o), mass-weighted potential temperature (08), and mass concentration
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of tracers (0q,; x € {v,/, s}) are used as the prognostic variables. See Appendix A1 for
the detailed formulation of the governing equations.

The central difference schemes are used for spatial discretization; the second-order
scheme is applied to the pressure gradient terms in the momentum equations and di-
vergence terms of mass flux in the continuity equation, while the fourth-order scheme
is applied to the advection terms in the momentum and thermodynamics equations.
The reason the advection terms are discretized by the high-order scheme is based on
the accuracy of the eddy viscosity and the diffusion terms representing effect of SGS
turbulence. The coefficients of the viscosity and diffusion terms are proportional to the
square of the grid spacing, so that the magnitude of the terms would be comparable to
the truncation error of the advection terms, in terms of order of accuracy, if the second-
order scheme is employed. The even-order schemes require the explicit numerical filter
for numerical stability. However, they have the advantage that it is easier to evaluate
the effect of the numerical diffusivity using the explicit numerical filter than that intro-
duced implicitly by an odd-order scheme. See Appendices A3 and A4 for details of the
discretization and a discussion of the numerical filter, respectively.

A fully explicit scheme, i.e., HE-VE (horizontally explicit and vertically explicit)
scheme, is used for temporal integration in this study. This scheme generally has less
implicit numerical diffusion than implicit schemes such as HI-VI (horizontally implicit
and vertically implicit) and HE-VI (horizontally explicit and vertically implicit) schemes.
To focus on the influences of the grid aspect ratio, an explicit scheme is more suitable
than implicit schemes. Additionally, we do not use a time-split scheme to avoid numer-
ical damping of the time-splitting. See Appendix A2 for a detailed description of the
temporal scheme used in this study.

In order to validate the dynamical core of this model, we performed a density cur-
rent experiment (Straka et al., 1993) as a standard test case. The detailed results are
described in Appendix C; we posit that the dynamical core of the model shows reason-
able performance, and is reliable enough for the investigations performed in this study.
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As well as validating the dynamical core, Sato et al. (2014) validated this model from
the viewpoint of moist physical processes.

2.2 Sub-grid model
2.2.1 Overview of LES modeling

The model for effect of SGS turbulence used in this model is a Smagorinsky—Lilly-
type model (Smagorinsky, 1963; Lilly, 1962). In the governing equations shown in Ap-

pendix A1, the effect of the SGS turbulence can be written as a;;{., in the momentum
J

: opT . : . . .
equations, and % in the thermodynamics and tracer equations. In this subsection,
!

the subscripts imply summation over the set {1,2,3}. The 7;; and 7; are parameterized
as

1 2
T7j; = —2Vsgs (5/1 - §5kk5/j) + §TKESGS6/‘j, (1)
. ., 09
T = _Vsesa_xl_' (2)

where vggs and vgg are the coefficients of the SGS eddy viscosity and diffusion,
respectively, &;; is the Kronecker delta, and ¢ represents scalar quantities such as 6
and g,. S is the strain tensor given by

1 au,- au/
Si=3 <6x/- Tox ) ®)

TKEggs is the turbulence kinetic energy (TKE) of the SGS turbulence.

The role of the sub-grid model is to parameterize the effect of SGS turbulence based
on the energy cascade theory of three-dimensional isotropic turbulence. The eddy vis-
cosity and diffusion model is employed as a sub-grid model to represent the effect. For
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the determination of the amount of the energy cascade, the mixing length of the eddy
viscosity and diffusion is the most important factor. The coefficient of the SGS eddy
viscosity, vggg in EQ. (1), is proportional to the square of the mixing length (L) in
Prandtl’s mixing length theory;

Vsas = L2 |S]. (4)

The mixing length depends on what type of spatial filter we employ on the variables
in the equations, and the length scale of the spatial filter is the essential factor for the
mixing length. The spatial filtering is inevitable in the discretization of the equations.
The spatial filter in a numerical model is implicitly determined by the grid spacing and
discretization schemes. The artificial length characterizing the spatial filter owing to
discretization is defined as the filter length. Besides the filter length, the shape of the
grid should be also considered in the mixing length determination. Its effect can be
represented by the grid aspect ratio. Scotti et al. (1993) proposed an equation for the
effect of the grid aspect ratio on the mixing length. Using the filter length A and grid
aspect ratio a, the mixing length can be represented as

Lix = Csf(a)AFS’ (5)

where f(a) is a function of the grid aspect ratio, and represents the effect of the grid
aspect ratio on the mixing length. Cy is the Smagorinsky constant, and Fg represents
the effect of static stability.

The effect of the static stability on the mixing length is introduced in this model
according to Brown et al. (1994). They extended the Lilly model to improve the per-
formance of the simulation by considering the dependency of the Prandtl number,
Pr = vggs/Vags- For the unstable condition (Ri < 0),

Vsgs = (Csf(@)A)?|S| V1 - cRi, (6)
1 -_CRi
Pr =Pry LR (7)
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where Ri is the local (pointwise) gradient Richardson number, defined as
N2

" ISE

Pry is the Prandtl number in neutral conditions; Pry = 0.7. The constants ¢ and b are

16 and 40, respectively, following Brown et al. (1994). They are empirically given to fit

surface-layer observations. For the weakly stable condition, where Ri is smaller than
the critical Richardson number Ri; (= 0.25), i.e., 0 < Ri < Rig,

Ri

(8)

Ri\*
v5as = Cor@BPsI(1- £t) ©
IC
Ri ™
Pr=Prys1-(1-Pry)=—¢ - (10)
Ri
For the strongly stable condition (Ri > Ri,),
Vsas =0, (11)
Pr=1. (12)

The TKEggs in Eq. (1) is
1 Vsas |2
TKEggs = =7/, = | =—) , 13
sGs = 57 (CkA) (13)
where C is an SGS constant and assumed to be 0.1, following Deardorff (1980) and
Moeng and Wynggard (1988).
2.2.2 Problems of filter length and grid aspect ratio

There are two ambiguous factors in the configuration for determining the mixing length
in recent meteorological LES models. One problem is the configuration of the filter
6029
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length in Eq. (5) in the models. The value of A is usually set as the grid spacing for sim-
plicity, not by considering the numerical filter inherited by an individual model scheme.
The other problem is that the effect of the grid aspect ratio on the mixing length is not
considered in determining the mixing length; correspondingly, f(a) = 1 in Eq. (5).

Such rough treatment of the filter length and no consideration of the grid aspect ra-
tio lead incorrect turbulent properties. A usual remedy to such effects is a posteriori
tuning of the Smagorinsky constant, C, in Eq. (5), so as to reproduce realistic results
(e.g., Deardorff, 1971). However, this constant should not, in principle, be determined
empirically, but should be derived from the theory. Here, we should note that each the-
ory is based on its own basic concepts. Although this means that different theoretical
concepts lead to different values for the constants, we should keep in mind that a cer-
tain constant is uniquely determined by a particular model on theoretical basis. The
Smagorinsky constant is derived by integration of the kinetic energy filtered out by the
spatial filter. If the cutoff filter is employed as the spatial filter, the integration can be
performed in the cubic B in Fourier space:

B ={lk,| < m/Ax, |ky| <m/Ay,|k,|<m/Az}, (14)

where k; is the wavenumber in the /-direction. Lilly (1967) obtained the constant (Cs =
0.16) by integrating in the sphere inscribed in the cubic B, while Scotti et al. (1993)
obtained it more precisely by integrating in the entire cubic. In this study, we follow
Scotti et al. (1993), and use C; = 0.13.

Let us return to the first problem, i.e., the determination of the spatial filter length
A. Most models in previous studies assume that the filter length is determined as the
geometric mean of the grid spacings in the three directions (e.g., Deardorff, 1980):

A = (AxAyAz)'/3. (15)

It is generally difficult to strictly define the spatial filter in a model because the filtering

effect implicitly introduced by discretization is very complicated. This difficulty is espe-

cially significant if we apply the implicit method of time integration. On the other hand,
6030
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the effect of the explicitly introduced numerical filter can be more easily estimated than
that of an implicitly introduced filter. In our model, we introduce hyperviscosity and dif-
fusion explicitly as the numerical filter (see Appendix A4). The explicit numerical filter
is thought to be the dominant spatial filter because we employ the explicit temporal in-
tegration method and even-order spatial difference scheme. This type of filter removes
the two-grid scale noise selectively. In other words, the two-grid scale variability is fil-
tered out from the resolved variability. Consequently, we can say that in our model, the
two-grid scale is preferred as the filter length rather than the grid spacing defined in
Eq. (15):

A =2(AxAyAz)'/3. (16)
In the next section, we investigate the validity of this configuration using simulation
results.

The second problem is the treatment of the grid aspect ratio in LES in actual grid
systems. In the equilibrium condition with the universal Kolmogorov spectrum, the en-
ergy flux cascaded into the SGS variability is equal to the SGS dissipation. Since the
dissipation does not depend on the artificial grid configuration but on the physical con-
figuration, energy cascaded to the SGS turbulence should not depend on grid con-
figuration, including the grid aspect ratio. The energy cascade flux, which is equal to
the dissipation, can be written as a function of the strain tensor S;; defined in Eq. (3)
and the mixing length in Eq. (5) in Smagorinsky-type models. S;; depends on the grid
configuration, including aspect ratio. The mixing length should be thus dependent on
the aspect ratio to cancel out the dependency of S;; on the aspect ratio, otherwise the
energy cascade flux and dissipation should be dependent on the grid configuration.
Scotti et al. (1993) derived an approximate function of the f(a) in Eq. (5), considering
the grid aspect ratio theoretically by integrating the energy in the cubic B defined in
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Ea. (14);
f(a) =1 .736a1/3{4P1 (by)a'’® +0.222P,(by)a~5%/3 + 0.077P,(b,)a~ /3
-3/4
—3by +4P;(by) + 0.222P,(b,) + 0.077P;(b,) — 3b2} : (17)

where b, = arctan(1/a), b, = arctan(a) = /2 - b4, and

P,(2) = 2.5P,(z) — 1.5(cos(z))?/3sin(z), (18)
P,(z) = 0.98z + 0.073z% — 0.4182° + 0.1202*, (19)
Ps(z) = 0.9762 +0.1882% + 1.1692° + 0.7552* - 0.1512°. (20)

Note that they considered two grid aspect ratios, while here we consider only one for
simplicity, i.e., Ax = Ay > Az. Note that f(a) is a monotonic function for a, for instance,
f(2) = 1.036,f(5) = 1.231,1(10) = 1.469, and f(20) = 1.790. Roughly speaking, there
can exist larger scale (or lower wavenumber) variability in filtered out variabilities for
a larger grid aspect ratio. This implies larger turbulence kinetic energy for larger aspect
ratios, and larger TKE results in a larger mixing length. In our study, the effect of the
grid aspect ratio on the mixing length is introduced in Eq. (17) by following Scotti et al.
(1993).

3 Numerical experiments

We performed three PBL experiments to examine the influences of the grid aspect

ratio and filter length on simulated turbulence, which are summarized in Table 2. In the

control experiment, the filter length is double the grid spacing, as in Eqg. (16), and the

mixing length in the sub-grid model is modified by the grid aspect ratio, as in Eq. (17).

The second experiment is a small filter length experiment in which the filter length is set

as in Eq. (15). The last is a fixed mixing length experiment, in which the mixing length
6032
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in the SGS model is not modified by the grid aspect ratio, that is, f(a) = 1. In the most
current meteorological simulations, the configuration of the filter length follows Eq. (15)
and f(a) = 1in Eq. (5).

In the three experiments above, a systematic parameter sweep of resolution and grid
aspect ratios was conducted. The spatial resolution of each run performed in the control
experiment is shown in Table 3. The parameter set in the small filter length experiment
is the same as the control experiment, except for the 5mAR10 and 5mAR20 runs,
while in the fixed mixing length experiment it is the same as the control, except for the
10mARS3 run.

In all the runs, the domain size is 9.6km x 9.6km in the horizontal direction, and
3 km in the vertical. The domain size is large enough to contain convective cells in the
PBL. The lateral boundary conditions are double periodic. The vertical grid is stretched
above 2 km. In the stretching layer, the vertical velocity is damped by Rayleigh damping
with an e-folding time of 10s to reduce the effect of the reflection of waves at the top
boundary.

For the initial condition, we follow Ito et al. (2010); the potential temperature is 299 K
at the surface, with a vertical gradient of —4 Kkm~' and a random small perturbation
of 0.1 K. A constant horizontal velocity of 5 ms™' is set in the x direction in the entire
domain.

The temporal integration is done for four hours for each run. In order to focus on our
purpose, we simplify the setting of the bottom boundary condition so that a constant
heat flux of 200 Wm™2 is added to the lowest layer through the integration, although Ito
et al. (2010) added a heat flux with a sinusoidal temporal change to represent diurnal
change. With a background flow of 5ms™' and a ground heat flux of 200Wm™2, we
expect the cellular convection to develop according to Ito et al. (2010). In this study, we
consider dry conditions without moist and radiation processes.

Different temporal intervals are used for the dynamical and physical processes. In
this study, the physical processes are only the surface flux for the momentum and
the eddy viscosity and diffusion for SGS turbulence. The intervals for the dynamical
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process Atdyn are 0.006, 0.012, and 0.03s for Az =5, 10, and 30 m, respectively. The
interval for the physical processes At is ten times Aty , to reduce computational
resource. One concern is that use of too large a factor of Aty /Aty has the non-
negligible effect of an artificial acoustic wave excited by intermittent forcing added by
the physical processes. In this model, the artificial wave can be reduced as described in
Appendix A2.2. In a preliminary experiment, we confirmed that simulated phenomena
in the runs with Az, s = Aty and Aty s = 10A%4,, do not have essential differences
in the context of this study.

We used an eighth-order numerical filter, i.e., n =8 in Eq. (A125), with the non-
dimensional coefficient y of 2 x 10~* in this study. The higher order is preferred in order
to limit the numerical filter to smaller scale variability, but the higher-order filter requires
more expensive computational costs. As discussed in Appendix A4, we confirmed that
the effect of the numerical filter of order eight is less than that of the eddy diffusion
and viscosity. The smaller coefficient y is preferred as long as two-grid scale noise is
prevented. The coefficient was determined by another preliminary parameter sweep
experiment of the coefficient without the SGS model for the numerical filter to prevent
two-grid noise.

phys

4 Results and discussions
4.1 Energy spectrum

Most sub-grid models are based on the idea of an energy cascade due to three-

dimensional isotropic turbulence so that the energy spectrum has the slope of k‘5/3,
where k is the wavenumber. Figure 1a shows the horizontal spectrum of the three-
dimensional kinetic energy at an altitude of 500 m in the control experiment. This height
corresponds to the middle of the PBL, at which the vertical velocity is largest. The in-
ertial sub-range with —5/3 power can be clearly seen at wavenumbers greater than
1/1000 m~'. The spectra for runs with various resolutions and grid aspect ratios show
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good agreement with one another, except near the filter length scale, at which variabil-
ities are damped numerically. The largest energy appears at a scale of about 2 km; the
external forcing seems to mainly inject energy at this scale. This corresponds to the
spatial structure of convective cells, as shown in Fig. 3a. The cells have well-known
hexagonal or quadrangular structure with strong upward convection in the narrow cell
boundary, and relatively weak downward convection in the entire cell region.

On the other hand, the spectrum of horizontal kinetic energy U+ v2/2 does not
clearly indicate the power law as shown in Fig. 2. Horizontal vortexes (i.e., convections)
are strongly constrained by the PBL top and bottom boundaries. The horizontal velocity
related to convection is dominant near the top and bottom of the convection, while it
is relatively small near the middle of the convection. As a result, the horizontal kinetic
energy of large scale motion tends to be smaller around the middle of the PBL. On the
other hand, the vertical velocity is dominant in the middle of the convection, and the
energy spectrum of vertical kinetic energy is mostly logarithmically linear, as shown
in Fig. 2. This difference between vertical and horizontal velocity is more significant
for larger scale motion. This is almost opposite for horizontal and vertical velocities
near the PBL top and bottom boundaries; the spectrum of the horizontal velocity at the
lowest layer shows a slope of almost —3/5, while that of the vertical velocity does not.
These differences, due to the existence of the PBL top and bottom boundaries, cause
anisotropy and static stability (Yakhot et al., 1989; Horiuti, 1993).

In most LES models, the filter length for the sub-grid model is set to be equal to the
grid spacing itself. In our model, the filter length is set to be twice the grid spacing, as
described in Sect. 2. In order to examine the influence of the filter length, we performed
the small filter length experiment, in which we use a conventional filter length, i.e., as
in Eq. (15). Figure 1b shows the energy spectrum in this experiment (only runs with
Az =10m are shown). The spectra show an spurious energy profile, in which energy
piles up at the higher wavenumbers. The slopes of the spectra become gentler than
-5/3 because of the spurious energy. The spurious energy piling is considered to be
a result of the lack of energy cascade because of SGS variability, caused by the use
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of a small mixing length. We found that the situation is more significant for larger grid
aspect ratios and coarser horizontal resolution, as shown Fig. 1b, although the effect of
the grid aspect ratio represented by Eq. (17) is taken into account in this experiment,
as well as in the control experiment.

In order to estimate the degree of the energy piling quantitatively, we introduce an
index denoted by SEP:

SEP = max ( E(k) ) : (21)
Ak-5/3

where E (k) is the energy spectrum in each run, and the fitting coefficient A is calculated
with a spectrum ranging from 1/1000 to 1/100 m™ using the highest resolution run
with a grid aspect ratio of unity (10mAR1 run) in the control experiment as a reference
solution. Thus, SEP indicates the maximum ratio of the energy spectrum in each run
to the fitting slope of —5/3 power in the reference run. Figure 4 shows the dependency
of the SEP index on the grid aspect ratio. Since the energy spectrum is not perfectly
logarithmically linear with the —3/5 slope, the index is not one, even in the 10mAR1
run. The index in the control experiment is smaller than 1.2 for all the runs; it does not
depend on the grid aspect ratio. On the other hand, the indices in the small filter length
experiment are larger than those in the control experiment. They are larger than 1.2 for
all the runs, except when the grid aspect ratio is unity. This shows that, in this model,
twice the grid spacing is more suitable as the filter length rather than the grid spacing
itself, and suggests that the filter length should be chosen according to the numerical
schemes used in a model. In addition, the dependency on the grid aspect ratio can
clearly be seen. These results suggest that an appropriate filter length is necessary,
especially in the case of a large grid aspect ratio.

Next, we consider the influence of f(a) in the mixing length, as in Eq. (5), on the
spectrum. The mixing length is modified by the grid aspect ratio in the control experi-
ment according to Scotti et al. (1993), as described in Sect. 2. In the fixed mixing length
experiment, we fixed f(a) in Eq. (5) equal to one in order to ignore the effect of the grid
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aspect ratio. Figure 1c shows the spectra of the runs in the fixed mixing length ex-
periment; only runs with larger grid aspect ratios are shown. The spectra for the large
aspect ratio, especially greater than ten, show the spurious energy pile, as in the case
of the small filter length experiment. The SEP index is greater than 1.3 in these cases,
as shown in Fig. 4. This means that the effect of the grid aspect ratio should be taken
into account in modeling the mixing length for the SGS turbulence model. The mixing
length should be enlarged according to the effect of the grid aspect ratio from that of
the isotropic grid case, otherwise artificial energy piles at higher wavenumbers.

4.2 Turbulence statistics

In this subsection, we show the influence of the grid configuration of the runs on the
turbulence statistics in the PBL. Figure 5 shows the dependency of the vertical profiles
of several turbulence statistics on the spatial resolution and grid aspect ratio in the
control experiment: the horizontal mean potential temperature, the vertical heat flux,
the variance of the vertical velocity, and the skewness of the vertical velocity. These
values are averaged over the last half hour (¢ = 3.5-4h). In the calculation of these

values, the horizontal mean is defined as the mass weighted average, %, where the

overline represents the mathematical horizontal average. These profiles are calculated
from the resolved variability, except for the heat flux.

Figure 5a gives the vertical profile of the potential temperature for all the runs. The
potential temperature is almost uniform, and the atmosphere is well mixed in the PBL
below 1.2km height; the difference is about 0.05 K. On the other hand, the profile in
the surface layer indicates some difference according to the resolution and grid aspect
ratio. Here, we define the surface layer as the layer that keeps the potential temperature
gradient less than ~102 Km™"." In the 10mAR1 run, this steep potential temperature
gradient is reproduced in the unstable surface layer below 75 m depth. Figure 6a shows

The discussion in this paragraph is qualitatively robust regardless of the magnitude of the
threshold.
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the dependency of the depth of the surface layer on the horizontal resolution. We found
that the depth becomes larger for coarser horizontal resolution, even if the vertical
resolution is higher. Typically, in the 5mAR20 run, the depth of the surface layer is
about 140 m. This tendency can be reasonably understood by larger eddy diffusion
due to greater mixing length.

Figure 5b shows the profile of the vertical heat flux, which is here defined as the
sum of the resolved flux, ow’6’ /p, and the SGS flux. Note that the prime represents
deviation from the horizontal mean. We define the top boundary of the PBL as the
height of minimum heat flux. In all the runs, the PBL height of 1.25km and the heat
flux profile are almost the same. The flux profile indicates a linear distribution in the z
direction, and this means that the heating rate is constant in the PBL. Its slope is about
0.18Wm™, corresponding to a heating rate of about 0.6 Kh™". This value is consistent
with the sensible heat flux from the bottom boundary (200Wm_2) divided by the depth
of the region where the heat flux is positive (about 1.1 km). We can conclude that the
total vertical heat flux is reasonably reproduced regardless of grid configuration.

The variance of the vertical velocity is shown in Fig. 5¢c. The variance is the largest
around 500 m height in all the runs. Results from the highest and lowest resolution
runs (10mAR1 and 30mARS5) are about 1.75 and 1.4 m?s~2, respectively. Figure 6b
shows how the grid configuration affects the variance of vertical velocity. It is found that
the variance of the vertical velocity mainly depends on the horizontal resolution; as
the horizontal grid spacing decreases, the variance of the vertical velocity increases,
and their correlation is about —0.98. On the other hand, significant dependency of the
variance of the vertical velocity on the vertical resolution and grid aspect ratio is not
seen; their correlations are —0.21 and —-0.56, respectively.

Theoretically, the variance of vertical velocity should converge to a certain value with
grid refinement for the following reason. The variance is approximately equal to the
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sum of squares of each wavenumber component as

>
3

Var, ~ » |#(k)P, (22)
1

x
1}

where k.« and (k) are the maximum horizontal wavenumber and amplitude of the
vertical velocity of wavenumber k, respectively. Note that here we ignore the density
variability for simplicity. Under the condition that the energy spectrum ||/T/|2 has an expo-

nential decay of k'5/3, the accumulated energy, which is equal to half of the variance,
can be obtained analytically as
kmax
_ 3., -2/3
/ Ak=5/3dk = B - EAkmaﬁ , (23)
ko

where A and B are constants. Nevertheless, as shown in Fig. 6b, the variance has not
yet converged in the range of resolutions. The convergence point is still a debatable
issue at higher resolutions.

The profile of skewness shows an almost linear slope in the PBL except near the
surface, as shown in Fig. 5d. The skewness has a similar value around 500 m height
for all the runs, while it shows variety around the top and bottom of the PBL. Positive
skewness implies stronger upward motion compared to downward motion. Around the
top boundary, the hexagonal or quadrangular cell structure of convection seen around
the middle of the layer in Fig. 3a is no longer dominant, as Fig. 3b shows. There are
strong upward plumes surrounded by compensating annular downward flow, whose
horizontal scale is about 1-2 km. Most of the plumes are located above the cell vertex
at lower height. Figure 6¢ shows the dependency of the skewness on the horizontal
resolution at 1.2 km height (top of the PBL). The skewness is larger for coarser resolu-
tion. The logarithmic values of skewness and horizontal resolution have a mostly linear
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relationship. Sullivan and Patton (2011) tried to explain the dependency of the skew-
ness on the horizontal resolution by the SGS moment, but its effect is quantitatively not
sufficient to explain the difference. We suppose that localized strong upward plumes
due to the larger eddy viscosity is a possible cause of the larger skewness based on
the following explanation. Coarser resolution corresponds to larger filter length and
consequently, larger eddy viscosity. The larger viscosity prevents small scale motions.
However, the amount of heat transferred vertically should be almost the same as in
other runs, because static instability becomes strong if the vertical heat flux is smaller
because motion is prevented. In fact, the horizontal mean vertical heat flux is almost
identical in all the runs (Fig. 5b). Individual convective plumes in coarser resolution runs
could be stronger, transferring more heat than in higher resolution runs. It is possible
that such localized stronger upward plumes are the cause of the larger skewness in
coarser resolution runs.

Residuals from logarithmic linear regression of the skewness in the horizontal res-
olution are relatively larger for coarser horizontal resolution: e.g., the 5mAR20 (cyan
square) and the 30mARS5 (green circle) runs. Dependency of the skewness on the grid
aspect ratio is one of the reasons for the residuals. The dependency on the aspect
ratio can be seen in Fig. 6d. The skewness tends to be larger for larger aspect ratios.
Positive residuals from the 5mAR20 run and negative ones from the 30mARS5 run in the
regression would be due to large and small aspect ratios, respectively. Also, the skew-
ness of the 5mAR20 run is larger than that of the 1T0mAR10 run (blue x symbol) at the
same horizontal resolutions (100 m). Their difference could be due to the difference in
aspect ratio. The skewness in the 10mAR10 run is closer to that of the 10mAR1 run
(black x symbol), than that of the 5mAR20 run, even if the vertical resolution is higher
in the 5mAR20 run than in the 10mAR10 run. This suggests that a large aspect ratio
produces spurious large skewness in vertical velocity, that is, artificially strong upwind.
The dependence on the grid aspect ratio seems somewhat complex, and the reason for
the dependence is not clear. We assume that it is related to static stability. For higher
grid aspect ratios, i.e., relatively higher vertical resolution or lower horizontal resolu-
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tion, static stability could vary vertically rather than horizontally. In that case, a strong
shallow stable layer could cover a relatively wider region horizontally, and strong static
stability and small horizontal contrast might prevent vertical motion and suppress the
vertical eddy viscosity and diffusion. Under this condition, only a strong parcel can
go upward against the thin strong stable layer. For the same amount of vertical heat
transportation independent of grid configuration, a larger grid aspect ratio might require
stronger upwind, indicating larger skewness.

5 Conclusions

We conducted a series of planetary boundary layer experiments to examine the in-
fluences of the aspect ratio of horizontal to vertical grid spacing on the atmospheric
turbulence in a large-eddy simulation. In order to focus on the influences, we tried to
avoid artificial effects as much as possible by employing the fully compressible gov-
erning equations. A fully explicit (i.e., HE-VE) temporal integration scheme and a high-
order central difference scheme for spatial differentials are adopted to reduce implicitly
introduced numerical viscosity and diffusion by discretization.

In the model used in this paper, we considered the effect of spatial filter length and
grid aspect ratio on the mixing length of the eddy viscosity and diffusion, which is
a parameterization of the energy cascade to SGS variability. Explicit numerical hyper-
viscosity and diffusion is introduced to reduce the two-grid scale noise in this model.
This can be considered a spatial filter in LES. As a result, the filter length in this model
is double the grid spacing, while the grid spacing is used as the length in most LESs.
The effect of the grid aspect ratio on the mixing length proposed by Scotti et al. (1993)
was also introduced.

If we use a reasonable filter length and introduce the grid aspect ratio effect, the en-
ergy spectra of all the runs show good correspondence with the theoretical k573 slope,
regardless of spatial resolution and grid aspect ratio. On the other hand, the theoret-
ical slope in the spectrum is no longer obtained, and a spurious energy pile is found
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if the spatial filter length is set to be equal to the grid spacing as in most meteorolog-
ical LESs. The spurious energy piling is more significant for larger grid aspect ratios.
A shorter filter length results in a shorter mixing length and consequently, a smaller
energy cascade to SGS variability. Thus, an inappropriate filter length causes spurious
energy.

The effect of the grid aspect ratio on the mixing length of the eddy viscosity and
diffusion cannot be ignored. If the mixing length is not modified by the grid aspect
ratio, spurious energy also piles at higher wavenumbers because of an insufficient
energy cascade to SGS turbulence at large grid aspect ratios. In previous studies, the
Smagorinsky constant was often modified as a tuning parameter to obtain the expected
energy spectrum. However, the constant should be determined theoretically and should
not be tuned to make the energy cascade large instead of considering filter length and
grid aspect ratio.

The horizontal resolution and grid aspect ratio also influence the turbulence statis-
tics. The vertical profiles of several turbulence statistics depend on the grid configura-
tion as follows. The depth of the unstable surface layer is larger for coarser horizontal
resolution (but not vertical resolution). The variance of the resolved vertical velocity es-
sentially depends on the horizontal resolution, mainly because of spatial averaging by
discretization. The skewness of the vertical velocity shows dependency on grid aspect
ratio as well as on horizontal resolution. In particular, the skewness is sensitive to the
grid configuration around the top and bottom of the PBL. It becomes larger and smaller
around the top and bottom, respectively, for coarser resolution and larger grid aspect
ratio. Higher resolution and smaller grid aspect ratio are required in order to obtain
accurate skewness. This is important, because the spurious strong upward wind near
the PBL top, which is implied by larger skewness, would have a large effect on cloud
microphysical processes. For example, the reproducibility of clouds around the PBL
top, such as stratocumulus, would be sensitive to grid configuration.

We conclude that the grid aspect ratio influences the parameterization of the energy
cascade to SGS variability and the reproducibility of skewness of turbulence in the PBL.
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Although there are many meteorological LESs in which the grid aspect ratio is large,
such large grid aspect ratios have led to misinterpretation in some experiments in pre-
vious studies because of spurious energy piling at higher wavenumbers and stronger
vertical motion indicated by larger skewness. The aspect ratio should be taken into ac-
count properly in determining the mixing length of the eddy viscosity and diffusion as
a sub-grid model for the reliability of simulations of boundary layer turbulence.

Appendix A: Model description

A1 Governing equations

In this subsection, we introduce the governing equations for the prognostic variables
(0,pu,pv,pw,p08, and pq,s). The gas constant and specific heat are those for total
(moist) air in the thermodynamics equation and equation of state. The 8 in this model
is not the conventional potential temperature for dry air, but the corresponding value
for total air, considering water content. These variables are spatially filtered quantities,
and the Favre filter (Favre, 1983) is used for u,v,w, 8, and q,s.

A1.1 Continuity equations

The continuity equations for each material can be described in flux form:

agfd +V-(pqqu) = DIFF [q4] , AD
ag ;’V +V-(oq,u) =S, +DIFF[q,], (A2)
% +V-(oqu) + opai = 5 +DIFF[q], (A3)
02;75 +9-(ogeu) + 229 s L DIFF[g,], (A4)
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where V is the gradient vector, and DIFF[¢] is the diffusion term by SGS turbulence
(see Sect. 2.2). The sum of the ratios of their mass should be unity:

Ga+Qqy+qi+qs=1. (A5)
The source terms for water substances should satisfy the following relationship:
S,+5+S5,=0. (AB)
The sum of Egs. (A1)—(A4) gives the continuity equation of total density:

dp opqwi  9pgsWs

T 4iv. =0. A7
gt TV P57 5, 0 (A7)
For this derivation, we use the fact that the operator DIFF[¢] is a linear operator;

0 op
DIFF[@] = ——pVina=—- A8

Using Eq. (A5),

DIFF [gg] + DIFF[g,] + DIFF[q]] + DIFF [g]
= DIFF [qq + Gy + G, + g5] = DIFF[1] = 0. (A9)

A1.2 Momentum equations

The momentum equations for the gas, liquid, and solid materials are described as

0
W +V. [p(qd +qv)u®u]

=-Vp-[p(aq+q.)g +(fi+1)| e, +uS, + DIFF [(gq + q,)u] , (A10)
Opqu dpquw,

—5; tV(bqueu)+ —-
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= -(0q,9 - f)e, +uS, + DIFF[qu], (A11)
Opq.u dpqg.uw,
o”r—ts +V-(0qsUu o u) + %

= —(0qs9 - fs) e, + uS, + DIFF [q.u] (A12)

where ® represents the tensor product. The pressure is derived from the equation of
state as

p =p(qgRq+q,A,)T. (A13)
The sum of Egs. (A10)—(A12) gives the total momentum equation as

Opu opqw, 0pqsWs
e +V-(pu®u)+( 57 + 52 u

=-Vp-pge, + DIFF[u]. (A14)

Note that the drag forces from loading do not appear in Eq. (A14), because those term
are canceled out by the summation.

A1.3 Thermodynamics equations

The equations of internal energies are given as

5,0(%9;: vev) +V-[p(gq€4 + G,0,)U]
- pT-40,+0, +OFF [0+ T .
opqier . (0giew) + opgem _ Q, +DIFF[q,T"], e
T, 0z
% +V-(0gsesu) + % = Qs + DIFF [gsT"], A7)
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where e, are the internal energies, and defined as

ed = CVdT’ (A1 8)
e, =cul, (A19)
e| = C|T, (A20)
s =Cgl. (A21)

The DIFF operator represents the mixing by SGS turbulence. The SGS eddy viscosity
should be used for conserved quantities following the motion. The internal energies
are not conserved quantities in the Lagrangian sense, and the diffusion term in these
equations and 7™ are only conceptual, and should be determined to be consistent with
the diffusion term in an equation for a conserved quantity along the flow trajectory (i.e.,
potential temperature), which is discussed later.

The sum of Egs. (A15)—(A17) gives the total internal energy equations:

opqgew, 0pgsesw,
where
€ = G4€q + G\8 + 4|6 + Js6s, (A23)

and the total diabatic heating is described as

Q=0Q4+Q,+Q + Q. (A24)
Equations (A2)—(A4), (A7), (A14), and (A22), along with Eq. (A13), form the complete

set of equations.

A1.4 Conservation of thermodynamics in the dynamical process

Equation (A22) is not a complete flux form, because the internal energy itself is not con-
served both in the Euler sense and the Lagrangian sense. In this section, we consider
the conserved quantity for the thermodynamics equation.
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15

The potential temperature for dry air, which is defined as

Ry/Cpd
6y = r(%) " (A25)

is used as a conserved quantity in traditional models. Although it is conserved along
a Lagrangian trajectory, it is no longer conserved when the water substances are in-
cluded. We introduce a new conserved quantity following the motion in moist condi-
tions.

Using Eqgs. (A7) and (A22), without the terms for the sedimentation of water, the
diabatic heating and diffusion can be written as

de d /1
— — (=] =0. A26
at Par (p) (A26)
Substltutmg Egs. (A13), (A18)—(A21), and (A23) into Eq. (A26),
dC]dcvdT d’qd quCVVT d quvT
dt dt p
d c T d Cs T
dt dt

From Egs. (A2)—(A4) and (A7), Eq. (A27) gives the following form:

de,oT RaT dc, T R,T
ol T g [ || o [ e ]

dt dt | p dt dt | p
dc|T dCT _0 (A28)
+ + =0.

Dividing this equation by T,

g.c [dInT+/?dd In(l)”
da¥pd " dt " cpgdt p
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+ c M.Fii In l
Neov | gt Cpy dt p

+ qlc,M + qscsM =0,
dt dt
and
dinfy ding, dinT dinT

QdedT +34yCpy at +4\C ot + qus? =0,
where 6, is the potential temperature for water vapor, defined as

Hv/cpv
6,=T (@) .
Joj

Thus,

d AdCpd o WCovrqiciT9scs \ | _
= [m(ed o TaeT )]_o.
The quantity

o
O = 6% P TIATICs = T (@)
Jo)

is conserved along the flow trajectory, where

C;) =(yCpd t yCpy + q|C) + GsCs,
R* = qde + quv-

Here we define a new potential temperature

e
0=0"/° = r(@) e
D
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This @ satisfies
4o _ 1 g1/6,-199 _

dt ¢, dt

0, (A37)

and @ is a conserved quantity along the flow trajectory, even in moist conditions. We
employ p@ for the prognostic variable.
The pressure expression is derived diagnostically as:

P = Poo ( (A38)

Poo

Figure A1a gives the vertical profile of the temperature in the US control atmosphere,
and Fig. A1b shows the vertical profiles of 8/64 under this temperature condition when
we assume that g, is the specific humidity at saturation, and g, + g5 gives 0.0, 0.01,
0.02, and 0.04. The difference between 6 and 6, becomes larger with height and may
not be negligible.

A1.5 Diabatic heating in the physical process

Changing the prognostic variable for thermodynamics from the internal energy to the
newly defined potential temperature 8 should modify the diabatic heating and sedimen-
tation terms in Eq. (A22). Through the manipulation of Eq. (A26) to Eq. (A32), Eq. (A22)
can be written as

din®@ 0- 0pq,ew, _ 0pqsesWy
dr 0z 0z
Substituting Eq. (A36) into Eq. (A39),

ol

+ DIFF[T™]. (A39)

.
dé 1 (Poo) opgew, 0pqgsesws

— == - - DIFF[T"]). A40
at c;,(p> -5 5, *DIFFIT’] (A40)
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T" is the variable defined to satisfy the following equation:

. GMDD
01—* (%) * DIFF(T*] = DIFFI6]. (A41) 8, 6021-6094, 2015
p

Jaded uoissnosiq
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the meteorological

A1.6 Summary of governing equations

The governing equations are summarized as follows: LES
o
0 73 L
g?v = -V -(pg,u) + S, + DIFF[q,], (A42) % S. Nishizawa et al.
0pq, doqw, ]
gt TTbanT g, Tl &9 3
0 opq.w, o
% =-V-(oqsu) - pg; 2 + S, + DIFF [gg], (Agq) —  [AbsE [infedicten]
a_p = _V(pu) - 6quWI _ apqSWS (A45) o - -
o oz 0z o Taes  Figwes
OPU _ _y.(pusu)-Vp-pge, - 2LDUM _OPIUWs | e (A46) 4
% e | -
000 -
5 ="V P i
i o
L1 [P\ 5 [, dpaem _0paseqwn, ~ Bak Clse
o\ 7 0z oz | s
o
+DIFF[d], (A47) 2
(7] _
e S enaweDsasion
QR* fLH §
c,-R* S
P = Poo (p ) o (A48) O OMO,
Poo
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c; = 04Cpg + GvCpyv + G\C) + GsCs;, (A49)

A1.7 Boundary condition

The vertical boundary conditions are that the vertical velocities at the top and bottom
boundaries are zero. This causes the vertical flux at the top and bottom boundaries for
all the prognostic variables to be zero;

w =0, (A51)
pow =0, (A52)
pquw = pqw = pqsw =0, (A53)
puw = pvw = pww =0, (A54)
00w =0, (A55)

at the top and bottom boundaries.
A2 Temporal integration scheme

We conceptually separate the complete set of governing equations into dynamical and
physical parts:

o9 (09 o¢
W - (W)dynamics v <E>physics. (ASG)

The diabatic heating process, diffusion by SGS turbulence, sedimentation process of
liquid and solid waters, and the source and sink of water substances are treated as
physical processes, and the others are treated as dynamical processes.

According to this scheme, the dynamical processes can be written as

00q,

=+ V- (0q,u) =0, (A57)
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dpq
—o V- (oaw) =0, (AS8)
0pq

o7+ V- (gsu) =0, (A59)
9P 4+ v.(ou) =0, (A60)
ot
65.;;[+V-(pU®u)=—Vp—pgez (AB1)
‘%9 +V-(00u) = 0. (A62)

On the other hand, the physical processes are as follows. The governing equations for
the physical processes being

0

g ;’V _ 5, + DIFF[q,], (A63)
dpq dpaqw,

o - _ azl ! +5,+ DIFF[qg], (AB4)
0pq 0pqsw,

o S - _ a; ® + S, +DIFF [gs], (A65)
0p  Opgqw, 0pqsws
o9° _ _ _ A

ot 0z 0z '’ (A66)
opu opquw, 0pgsuwy

. P DIFF[u], (AB7)

R*

0p6 _ 1 (Poo)CZ [ dpqew, aqu@sWs]
—=—— Q- -

ot cp\ P 0z 0z

+ DIFF[6]. (A68)
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A2.1 Dynamical processes

A Runge—Kutta (RK) scheme with three steps is used as the temporal integration
scheme for the dynamical processes. The RK scheme with three steps used in this

model is defined as
s ky = Atf(e"),

¢t+Al‘ — ¢t +k3,

(AB9)
(A70)

(A71)

(A72)

where f(¢) = aa—‘f. Taylor expansion of the gb”m calculated by Eq. (A72) around gbt

10 Yyields
P = ¢ + BHF(@') + S ALHG ()
+ SAPFQF (G + GACIH SR (@)

+O(AtY).

Theoretically, the Taylor expansion of ¢ (t + At) is

15 @t + At) = @' + Atf(p') + %Al‘zf(d)t)f'(d)t)
+ SAPFQF (2 + ZACIH S (@)
+O(AtY).
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This shows that the three-step scheme used in this model only has second-order ac-
curacy, despite the three steps. However, it has third-order accuracy for linear equa-
tions, because " (¢) = 0 if 7(¢) is a linear function. This scheme can calculate small-
amplitude perturbations with third-order accuracy, and finite amplitude waves with
second-order accuracy. In terms of numerical stability, this scheme has a stability re-
gion, which is almost the same as in standard explicit RK schemes with three steps
for small perturbations. The stability region is wider than for RK schemes with second-
order accuracy, and includes the imaginary axis, which corresponds to neutral rotating
modes, while that for second-order schemes does not. This is why we choose the
three-step method instead of the two-step method.

The advantage of this scheme compared with ordinary three-step schemes is the
reduction of memory load and storage, which is one of the most expensive components
of recent computers with low byte per flop (B/F) ratios, along with the benefit of higher
numerical stability.

A2.2 Physical processes

The acoustic wave is the fastest mode in the dynamical processes, and the temporal
interval for dynamical processes must be less than the grid spacing divided by the
speed of the acoustic wave, to satisfy the Courant-Friedrichs-Lewy (CFL) condition.
However, the time scale of the physical processes is usually much longer than the
interval, so the temporal interval for the physical processes can be much longer than for
the dynamical processes. We use a larger temporal interval to calculate the tendencies
of the physical processes than of the dynamical processes. We call the time step for
the physical processes a large time step, and for dynamical processes, a small time
step.

Traditionally, tendencies in physical processes are calculated with large time steps,
and the prognostic variables are updated with the Euler scheme with the tendency for
large time steps. This causes an artificial acoustic wave, as described below. In this
model, the tendency in some physical processes, such as surface flux (sensible heat
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flux and latent heat flux) and eddy viscosity and diffusion, are calculated with large time
steps in the same way, but they are added to the prognostic variables with the tendency
of dynamical processes in small time steps.

Figure A2 shows the horizontal averaged vertical velocity in the planetary boundary
layer experiment, whose details are described in Sect. 3. In the control run, in which the
temporal interval for the large time step (At ) is the same as that for the small time
step (Atyyn), the velocity is almost zero, as shown in Fig. A2a. However, in the case
where Aty s > Aty and the tendency of the surface flux is added to the prognostic
variables at the large time step as in the traditional manner, a vertically propagating
artificial wave can be seen, as in Fig. A2b.

In addition, such a wave radiating periodically from a fixed location can cause a spuri-
ous stationary wave in the simulation output. This could lead to misinterpretation of the
simulation results, although this problem is not directly based on physics or modeling.
In most practical cases, the temporal interval for historical output (Af,,¢) is @ multiple
of Atage, @nd snapshots of physical quantities are the output. In such cases, every
snapshot has artificial acoustic waves with the same phase, because the sampling
frequency is not sufficient. This results in a spurious stationary wave in the historical
output, as we can see in Fig. A2c, that is, forcing by physical processes added at small
frequencies results in a spurious stationary wave in the historical data.

The artificial acoustic wave and resulting spurious stationary wave can be avoided
if the prognostic variables are updated with the tendency calculated in the physical
processes with a small time step, although the tendency is calculated with a large
time step. Figure A2d shows that the artificial acoustic wave in (b) and (c) does not
appear with this method. This shows that the tendency of the physical processes can
be calculated with a large time step (i.e., not every small time step), while the time
integration must be done with the dynamical process at a small time step.

6055

Jaded uoissnosiq | Jadedq uoissnosiq | Jaded uoissnosiq | Jaded uoissnosiq

Title Page
Abstract Introduction

Conclusions References

Tables Figures
1< >l
] >
Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion


http://www.geosci-model-dev-discuss.net
http://www.geosci-model-dev-discuss.net/8/6021/2015/gmdd-8-6021-2015-print.pdf
http://www.geosci-model-dev-discuss.net/8/6021/2015/gmdd-8-6021-2015-discussion.html
http://creativecommons.org/licenses/by/3.0/

10

15

A3 Spatial discretization for the dynamical processes

We employ the Arakawa-C staggered grid. Central difference schemes are used for
the spatial differential for the dynamical processes, because waves such as gravity
waves and acoustic waves generally cannot keep their spatial symmetry with odd-
order schemes. Based on a consideration of numerical stability (see Appendix B), we
choose the fourth-order central difference scheme for the advection (or convection)
terms, and the second-order central difference scheme for the pressure gradient term
in the momentum equations and divergence term in the continuity equation.

Before the discretization of the differential equations, we diagnose several quantities
from the prognostic variables;

Full-level pressure and potential temperature

*
c

P
(08),,4R" %™
Pi.j.k = Poo [+ ; (A75)
Poo
(06); ;
9,-’1-,,( = —I’/’k (A76)
Pijk
Half-level density
Pi+ljk = W (A77)
— Pi,j +0;,j
p/’j+%’k _ /,/+1,k2 /,/,k, (A78)
— Pij,j +0;
Pjjk+i = —I'j’kﬂz LLY (A79)
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Half-level velocity

_ (pu)i+%,j,k
ul'+%,j,k=——’ (A80)
Pi+l,jk
_ (pv)i,j+%,k
Vijsdhk == (A81)
Pij+ik
_ (OW)i ) kst
Wijkel = —= - (A82)
Pijk+}
Full-level velocity
_ (OU); 14+ (OU)j-1 ik
Uijk= > , (A83)
Oi )k
_ (OV)ijein+(OV)ij_1k
ik = (A84)
Pi,j k
_ (OW); j kv s +(OW); j i1
W/,j,k = 2 . (A85)
Pij.k

A3.1 Continuity equation

Divergence in the continuity equation is calculated with the second-order central differ-
ence scheme. The continuity equation is discretized as

ap (OU)st ik = (OU)j-1 i
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(0V)ijrs k= (OV)ij-1k

R e (A86)
Azk

A3.2 Momentum equations

The advection terms and pressure gradient term are calculated with the fourth and
s second-order central difference schemes, respectively. The momentum equation is dis-
cretized as

dpu (P, kUis k= (PU)i k)i
ot Ax
(pu)i+%,j+%,kvi+%,j+%,k - (PU)/+%,/_%,kV/+%,j_%,k
Ay,

(OW)ist jhkriWish jhed = (OU)jst j k-1 Wisd k1

i+3.j,k i+3

Az,
Pistj k= Pijk
Ax; ’

1+

(A87)

10

1
2
where

— —(oU)ivs ke +T(OU)1 1 )
(oY) jx = 12
7(ou)i—s jk = (OU)i-3 j k

+ 3 , (A88)
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— —(OU)is 1 jr2k + T(OU)ist jat k
(pu)/+%,j+%,k= 12
7(oU)js1,jk = (OU)jst j1 .k

, A89
* 12 (A89)

— —(OW)js 1 jhre + T(OU)11 1 kst
(pu)/+%,j,k+1§ = 12
7(pU)jr1 jk = (PU)is1 ) k-1
+ z R A90
12 (A90)
and the velocities at the cell wall for the staggered control volume in the x direction are
defined as

Vij+ik TVietj+dk

Viedjadk = 5 ; (A91)
— Wijked ¥ Wittjk+l AQD
Wi lip, 1 = .

I+§,],k+§ 2 ( )

In this form, the fourth-order accuracy in the advection term is guaranteed on the con-
dition of constant velocity. The momentum equations in the y and z directions are
discretized in the same way. In the vertical equation, o, jk+39 is added.

A3.3 Thermodynamics equation

The thermodynamics equation is discretized as

800 (pu)i+%,j,k5i+%,j,k - (pu)i—%,j,kéi—%,j,k

% b o 6059
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(OV)ij 3 400 j+ 1k = (OV)ij-1 k) j-1 k

ij
(pW)ijk+15ijk+l - (pW)i/k—léi/k—l
_ o/ K+3 7Kg JSsK=35 7 1], 2, A93
Az, (A93)
where
_ -0; 2,',k+79‘ 1,‘,k+79',‘,k_9‘—1,‘,k
04y jh = —— hat SR (A94)

12
and 5,-,/,,%,,(, and 5,-11-,,”% are defined in the same way.
A3.4 Tracer advection

The tracer advection process is done with the Euler scheme after the temporal integra-
tion of the dynamical variables (o, pu, pv, pw, and p8). We impose the consistency with
continuity (CWC; Gross et al., 2002) and monotonicity of the tracer advection following
Niwa et al. (2011).

With the condition of no source/sink, the ratio of the mass of tracers to the total
mass in the advection process should be conserved along the trajectory. It is, at the
least, necessary that the spatially constant mass concentration should be kept in any
motion of fluid. In order to satisfy this condition, we use the same mass flux at the last
Runge—Kutta process (k3 /At in Eq. (A72)) for integration of tracers:

(pq)f;ﬁ(t Q) Ptk Tivtk = PU—1 ki1
At - Ax;
(pv)i,j+%,kai,j+%,k - (pv),-,,-_%,kﬁ,-,,-_%,k
_ 5

J
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(pW)/,j,k+%ai,j,k+% - (,OW)/,j,k-- qijk-1
- . (A95)
Az,

In order to satisfy the monotonicity of tracer advection, we employ the Flux Cor-
rected Transport (FCT) scheme, which is a hybrid scheme with a higher-order differ-
ence scheme and first-order upwind scheme (Zalesak, 1979). In this model, we use
the fourth-order central difference scheme as a higher-order scheme.

If the fourth-order central difference is applied, g is discretized as

—high ~Giv2jk +1qis1,jk ¥ 79 jk = i1,k

i3k 12 ; (A96)

and Ehigh and Ehig are defined in the same way. On the other hand, in the first-
ij+3.k ij.k+3

order upwind scheme, q is described as

—low _{qi,j,k it (ou)j+1,jk >0,

qis1ix= _ A97

i+3.0k i1 Otherwise, (A97)
and q, J+hk and q, i k+1 are defined in the same way. The actual g is described as

hlgh —low

q,+ Jik T C/+ gk, <1 - Ci+%,j,k> q,-+%,/-,k, (A98)
and 5,-’/4%’,( and 6,-71-,,“% are defined in the same way.

Equation (A95) can be written as
(09)"", = (0q)!, , ~ ————

11 k I’/’k AX,ijAZk

/+ .k
6061
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[ high ow
B Ci_%j'kF"—%’Lk ¥ (1 ~Ci-g, k) F/—%J,k
[ high ow
+ C/,j+%,k I,/'+%,k + <1 - C/,j+% k) Fi,j+%,k
[ high low
[ high ow ]
+|C; ke 3Fi et + <1 C,,/,k+%)/'—,,/.,k+%
- C"k ; high +<1_C"k 1)F|0W (Agg)
LK=3"j j k-1 k=3 ) Uikt | |
where
hlgh,lOW _ h|gh,|0W
F,-+%,,-,k = Athy fAzk(p“)'%’/,qug,/,k' (A100)
high,| high,| . . e , .
and F/ /'i1 (;W and F/ /',gk ?W are defined in the same way. The anti-diffusive flux is defined
’ 27 s/ 5
as
_ phigh  low
Aregiae =P i~ P e (A101)

and A,,/+%,k and A,-,/-,,H% are defined in the same way. Equation (A99) can be rewritten
as

y
n+1 _ n o
(0q); k= (PQ); ; & Bxby, Azk{

low
+ [Fi+%,j,k + Ci+%,j,k’4i+%,j,k:|
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low

- /—%,/‘,k + CI——,j,kAI— ik
low

+ F,j+ k+Ci,j+1 k’4/j+1 k
low

- F,j_1 +C//—— //—k

low
5 - Fljk +Cljk 1Aljk—— }

In practice, we calculate Eq. (A102) by the following steps:

1. The tentative values are calculated using the low-order flux:

(pq), k=),

_ 1 low low
. 1 .
Ax;Ay;Az) i3k i=hgk

10 +F,IO_W1 - ,|0,W1
I,j+3.k ij=3.k

Flow _Flow
ij.k+3 ijk=3 1"

2. Allowable maximum and minimum values are calculated:

max

(09); /% = max{

max{(0q)] ; .+ (09}, ]
6063

(A102)

(A103)
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(0q)

3. Several values for the flux limiter are calculated:
= —min (O,AI'_'_%‘/',/() + max (O’Ai—%,j,k)
—mln(o A,/+ k) +max(0 A 5")

— min (O,A,-’j‘,”%) + max (O,A,-J,k_%) ,
6064

+
Pljk

min
ijk

max[(0q);_, ; - (P9)]
max[(0q);,, ; 4 (P9)]

) i1k

)
maX[(pq),, 10 0a)]

)

)

)

1,7,k
i1,k
max[(oq ,,+1 o (eq)!
max[(oq ,, wq (0Q)7
max[(0q); ; .1-(P9)]

ij+1, k:|

i,j,k— 1:|

vvvvvv

iJ, k+1]}

= min{

minl(0q); , . (09)7 ]

minl(0q)!_, ; 1 (09)]_ ;1)
minl(0q)!, | ; 1 (09)],1 ;4
minl(0q)! ;_; (09)] ;_y 1)
minl(09)] ;1 4 (09)] 111 4
minl(0q)! ; 1, (09)] ;1)
minl(09)! ; .1 (09)] 1}

(A104)

(A105)

(A106)
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P 4 = max (O,A,-Jr%’jyk) — min (0,Ai—%,j,k)

rnax(o Aoy k) (o,A,/_5 )
max (0,A,-,j’k+%> —min (O,A,-J,k_%) ,
s Q)= |ear - oa)]; | Axityaz,,

Oi,j,k = [(pq)-,r,j’k - (pq T;nk] AX ijAZk,

o _{Wmtoﬂxﬁhx it P, >0,
ij,k —

0 ﬁij_O
_ min(1,Q,."j’k/P,.’_j’k) itP >0,
Wk 0 ifp =0

4. The flux limiters at the cell wall are calculated:

C. 1., = rnln(’E”/+1/k’ i_,j,k) ifA/+1§,/,k20,
i+3.j.k mm(R,lk,R,.H,/.’k) ifA,-+%’j’k<0,

10

and C,-,/-+%,k and C,-,/-,,H% are defined as the same way.
A3.5 Boundary condition

The boundary condition at the top and bottom boundaries is

Wiyjskmax"'% = Wijkmin_% =0,
15 (pW)i,/ k (pW)/ S Kmin—

1
max+ min— 2

=0,
6065

(A107)

(A108)
(A109)

(A110)

(A111)

(A112)

(A113)
(A114)
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[N]

0

(quW)/ s kmax+ (pqu)/ S kmln_% = O, (A1 1 5)
(0qW);jk . + 1= (loqw )/’jkmin—% =0, (A116)
(p )/ JoKmax+3 = (pqS )/ JKenin=% 0, (A117)
(ouw); ; Kt L = (puw),,/,kmm_% =0, (A118)
(pVW)/ s kmax+% = (pVW)i,j,kmin—% 0, (A119)
(00)i j ko + +1= (/09)/,j,kmin-% =0 (A120)
Wi j Kt & =0, (A121)
Wi j k=1 = 0. (A122)
This leads to the boundary condition of the vertical momentum:

(ow); ;. Knaxt 3 = 0, (A123)
(pW)i'j!kmin_% = 0 (A1 24)

For other prognostic variables, the vertical fluxes at the top and bottom boundaries
are zero, except those from physical processes.

A4 Numerical filter

We impose an explicit numerical filter using the numerical viscosity and diffusion. Al-
though the filter is necessary for numerical stability, too strong a filter could dampen
any physically meaningful variability. In this subsection, we describe the numerical fil-
ters used in this model, and discuss the strength of the filter.

In order to damp the higher wavenumber component selectively, we adopt the hyper-
viscosity and diffusion in the traditional way. The hyperviscosity and diffusion of the nth
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order is defined as

o | o 'f
— , A125
ax |72 6‘x"-1] (A125)
where f is an arbitrary variable (f € p,u,v,w,8,q).
The Laplacian of f is discretized as
VRS LAY (R P (n126)
AXI' AXI'_‘_% AXI'_'_% AXj_l AX,'_%
and
An/2f, =L LAH/2—1/:‘ - 1 + 1 An/2—1f,
! AX,‘ AXI'_'_% I+ AXI'_‘_% AX,'_% !
+LAH/2—1,«,._1] . (A127)
AX,'_%

Here we consider spatially dependent grid interval in calculating the Laplacian. If it is
calculated with constant Ax; as

1

Afy = — (fi g —2f +f_q), (A128)
Ax?
A"/2f, = Lz (A”/2‘1f,-+1 — 2NV 4 A”/z“f,-_1) : (A129)
Axl.

non-negligible numerical noise appears where the grid spacing varies (e.g., stretching
layer near the top boundary).
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The hyperviscosity and diffusion can be discretized as

2] 2
where
,+%% (A”/2‘1f,-+1 - A"/2-1f,-) . (A131)
The coefficient, v, is written as
AX, 4
Vieg = (12 Ty (A132)

where y is a non-dimensional coefficient. One-dimensional sinusoidal two-grid noise

will decay to 1/e with 1/y time steps. Note that the theoretical e-folding time is 7%—2%
However, it is &% with the fourth-order central scheme used in this model.

For the numerical stability of the numerical filter itself, it should satisfy
y<1 (A133)
for the one dimensional two-grid noise, and
Yy < 1 (A134)

3

for the three dimensional two-grid noise. The conditions might be stricter for other types
of noise.
The flux, F, for the numerical filter is added to the advective flux as

(ouf). , =(ouf)j s +Fit, (A135)

2
6068
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where the first term of the right-hand side is the flux calculated by the advection
scheme. In the present model, the advection scheme is the fourth-order central differ-
ence scheme (see Appendix A3). This concept is very important for the CWC condition
in the tracer equations (see Appendix A3.4). The modified mass flux of the numerical
filter should be used in the tracer advection, otherwise the CWC condition is violated.

The numerical viscosity and diffusion in the y and z directions are formulated in
the same way as in the x direction, although a special treatment for the z direction is
needed. At the top and bottom boundaries, the flux must be zero, kaax+% = kain_% =0.
In order to calculate the kaax_% and kam+%’ values beyond the boundaries, f, .4 and
fx..—1, are required, then the mirror boundary condition is assumed; f, .4 =—f;
and f, __4 =—f, . This condition is appropriate to cause the decay the vertical two-
grid noise.

Vertical profiles of density, potential temperature, and water vapor usually have sig-
nificant (e.g., logarithmic) dependencies on height. Eq. (A130) has a non-zero value
even for the steady state, and the numerical filter produces artificial motion. To reduce
this artificial motion, we introduce a reference profile which is a function of height,
and deviation from the reference is used as f instead of p, 8, and g, in calculating
the numerical filter. The reference profile can be chosen arbitrarily, but a profile under
hydrostatic balance is usually chosen.

Determination of the value of the non-dimensional coefficient y is an important issue.
If it is too small, the simulation could be numerically unstable or numerical noise could
violate the physical variability, while variability could be dampened too much if y is
too large. At least, the effect of the numerical filter on the phenomena of the scale we
want to simulate must be reasonably smaller than the effect of the physically oriented
viscosity and diffusion, i.e., the eddy viscosity and diffusion representing the effect of
the SGS turbulence.

The e-folding time of an eddy whose spatial scale is L is

L2
CZ@Mx2l8]

2"L"
yAx"

by eddy viscosity and diffusion for an isotropic

At according to

the numerical filter, and is
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grid under neutral stability conditions. The e-folding time of an eddy whose scale is
larger than the effective resolution of the numerical filter should be longer than that
for eddy viscosity and diffusion, where the effective resolution is the smallest scale
of physically meaningful phenomena that a simulation can represent. It requires that

y< 2”+ZC§|S|AZ‘%"__22. The magnitude of the characteristic velocity, U, is assumed to be

O(1)-0(10)m s~ for motions whose spatial scale is approximately equal to the effective
resolution. Then, |S|A#(~ %At) is estimated to be 0(10'3)-0(10'2), because Ax/At is

0(350)—-0(1000) ms™" according to the CFL condition. Roughly speaking, the effective
resolution is usually several times the grid spacing. Here, we assume L /Ax ~ 2 -10;
Skamarock (2004) suggested that the effective resolution is about six times the grid
spacing. It is found that y should be

Yy <0(1073) - O(1) for n = 4, (A136)
Y <0(1) —=0(10°) for n = 8. (A137)

This condition is stricter than the stability condition Eq. (A134) for n = 4, so this con-
dition must be considered when the value of y is determined if n =4 is chosen. On
the other hand, it is always satisfied if the stability condition is satisfied for n > 8. This
means that in this case, the effect of the numerical filter on phenomena whose spatial
scale is larger than the effective resolution is always smaller than that of the eddy vis-
cosity and diffusion, and this condition for y does not have to be considered if n > 8
is chosen. The advantage of an explicit numerical filter is that its strength can be con-
trolled or tuned based on such physical considerations.

Odd-order advection schemes are generally more stable numerically than even-order
schemes. In general, odd-order schemes can be divided into a central difference term
and a filter term (and sometime other additional terms) conceptually. This implicit nu-
merical filter stabilizes the calculations. We estimate the corresponding value of y for
the implicit filter. The spatial differential of a scalar quantity ¢ with the ordinary third-
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order upwind difference scheme is written as
09| —Pisa+8Piit —8Pi 1+
ox |; 12Ax

AX®  Biip— 4P + 60 -4, 1+ Do

+ U
12 Yl Ax*

The first term on the right-hand side of the equation represents the central difference
with fourth-order accuracy. The second term, divided by |U|, is written as

AX® b0 =41 +60; —4d; 1+, _ Ax® < M)

(A138)

12 Ax4 T 12 \ x4

+ 0(Ax2)> , (A139)

/

and corresponds to fourth-order hyperviscosity and diffusion. This can be considered
as implicit numerical filter introduced to the scheme. Their dimensional coefficient is

3 . . L
U %, and the non-dimensional coefficient is

Y =|U|—. (A140)

Considering the CFL condition, At/Ax < 1/c, vy is O(107%)-0(1072), if U is assumed
to be O(1)-0O(10) ms~', where ¢ is the speed of acoustic wave and is 0(102)—0(103).
This mostly satisfies the necessary condition (Eq. (A136).

The third-order scheme by Kawamura and Kuwahara (1984) is a modification of the
third-order scheme to enable changing the strength of the numerical filter, and is written

as

0| _—Pi2+8Pi1 —8di1 +Dip

ox |, 12Ax

Givo—4¢; 1 +60; -4, 1+ D; o

| Ax4
6071

3
Ax U

+C ) (A141)
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=

0

20

We can change the constant C to control the strength of the numerical filter.

Although these schemes can be thought of as being similar to central difference and
explicit fourth-order numerical filters, the total coefficient of the filter depends on the
velocity U. The strength of the implicit filter could be too large when the basic wind
state is strong, and its effect is not always smaller than that of the eddy viscosity and
diffusion representing the effect of SGS turbulence. As we discuss here, it is important
to estimate the effect of the numerical filter used in a model, and to control or confirm
that the artificial filter does not violate the viscosity and diffusion as a physical param-
eterization. This point is one of the most important factors in choosing a numerical
scheme in this type of study.

A5 Physical processes

Currently, the following processes are implemented as physical processes in SCALE-
LES.

— Cloud microphysics

— A one-moment three-category bulk scheme (Kessler, 1969)

— A one-moment six-category bulk scheme (Tomita, 2008)

— A two-moment six-category bulk scheme (Seiki and Nakajima, 2014)
— A bin method (Suzuki et al., 2010)

— Sub-grid turbulence

— A Smagorinsky—Lilly-type scheme including stability effect developed by
Brown et al. (1994)

— A RANS (Reynolds Averaged Navier—Stokes Simulation) turbulence model
(Nakanishi and Niino, 2004, level 2.5)

— Radiation
6072
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— A parallel plane radiation model (MstrnX; Sekiguchi and Nakajima, 2008)
— Surface flux

— A Louis-type bulk model (Louis, 1979; Uno et al., 1995)
— A Beljaars-type bulk model (Beljaars and Holtslag, 1991; Wilson, 2001)

Jaded uoissnosiq

5 — Urban Canopy _
— A single-layer urban canopy model (Kusaka et al., 2001; Kusaka and Kimura, g
2004) 2
%)
S
Appendix B: Numerical stability Y Title Page
©
In this model, we use the second-order central difference scheme for the spatial differ- % Abstract Introduction
10 ential terms of the pressure gradient and the divergence of mass flux, and the fourth- — G :
. . . . \ . . onclusions References
order scheme for advection terms. In this section, we investigate the numerical insta-
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To investigate the stability, the equations are linearized. The density is divided into
the basic value and the deviation from the basic:

P =p0p+p0, (B4)
where
Poo
= _ B5
Po= g6, (B5)

Pressure is written as

Cod p' ,
P~ Poo (1 = —) = Pgo + €°0’, (B6)
Cvd Po
: - =\ /Cpd Pooy =
where c is the speed of the acoustic wave (= Cre Do ) in the reference state of p = py,

and p = pg.
The time derivatives are written as

ap - =alpu)jiq,j i+ blou); ;i = bou)j_1 ;4 +aPU);i_2 i
ot |, (b-3a)Ax
=a(ov);je1k +bOV); k= b(OV)ij_1.k +aOV); j—ok
- (b - 3a)Ay
_ —a(ow); j k1 +b(owW); j = b(OW); ji_1 + 8(OW); ji_o (87)
(b—3a)hz !
d(pou) e —aPjs2jk +bOi1,jk —bP;j i +aP;_1jk (88)
|4 (b-3a)hx |
d(pv) e =ap; jiok +bO; ji16 — DO jk +8P; -1k (B9)
ot |k (b-3a)Ay ’
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Bl -ap; ; +bp _bp +ap;
(,OW) 2 i k+2 i k+1 i,k i k=1 . (B10)

For the second-order central difference, a =0 and b = 1, while a =1 and b = 9 for the
fourth order.

Now we consider the numerical stability of a two-grid noise. An eigen analysis
showed that the two-grid noise is the most unstable eigen mode in all the cases we

tested. The density with the noise can be written as pf,jyk = pg + Asin(m(/ + j + k)). Us-
t+At

ing the third-step RK scheme, the density after one time step, Pk is
2 2
tent o _ [4_pl@+b)” 5 AL t
Pk =Po= <1 ®b-322° ax2 (914~ 0) (B11)

The necessary condition for the two-grid noise to decrease in time is

2
1-6 a+b At <1, (B12)
b -3a AtCFL
then
1
At < — At (B13)
V3

for the second-order spatial difference, and

At < ?Atcﬂ_, (B14)

for the fourth order, where Atcr = Ax/c. If the fourth-order scheme is adopted, we
need to make At 0.6 times (or number of time steps multiplied by 1.67) larger than that
in the second-order scheme.
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The accuracy of the pressure gradient term and divergence term could especially
affect the high-frequency modes of acoustic and gravity waves. The high-frequency
modes seem to be less significant meteorologically. We choose the second-order spa-
tial scheme for terms of the pressure gradient and divergence terms to increase At
in spite of the decreasing accuracy of the terms, and the fourth-order scheme for the
other terms.

Appendix C: Density current experiment

Straka et al. (1993) proposed a standard benchmark test of a nonlinear density current
problem, and we performed a test experiment with the same settings. A cold bubble
whose size is 4 x 2 km (horizontal and vertical, respectively) and minimum thermal per-
turbation is —15K, is placed in the domain’s center horizontally, and at 3 km height in
a basic resting state whose potential temperature is constant at 300 K. The domain is
two dimensional, and its size is 51.2km x 6.4 km. Runs are done with various spatial
resolutions of 200, 100, 50, and 25m. The viscosity and diffusion are given by a coef-
ficient of 75m?s™" for the velocities and scalar quantities.

Figure A3 shows a plot of the potential temperature at ¢ =900 s for the 100 m reso-
lution run. The structure, such as the position of the front of the density current, rolls
caused by the K-H instability, and the magnitude at the local maxima, is reasonably
similar with results of various models shown in Straka et al. (1993). The dependency
of the L, norm of the potential temperature perturbation as a reference solution of the
25m run of spatial resolution shows higher-order convergence than the second order
between 100 and 50 m runs (Fig. A4). This model uses a fourth-order central differ-
ence scheme for advection, which has fourth-order accuracy with constant velocity,
and second-order central difference scheme for the acoustic wave. The higher than
second-order convergence seems to be due to the fourth-order difference scheme,
although the velocity is not constant, and the scheme does not have fourth-order accu-
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racy. The convergence is almost first-order between the 200 and 100 m runs. As Straka
et al. (1993) mentioned, 200 m is too coarse to resolved this density current.

Acknowledgements. This model was developed by an interdisciplinary team at RIKEN Ad-
vanced Institute for Computational Science (AICS) called Team SCALE, from the fields of
meteorological science and computer science. Part of the results in this paper were ob-
tained using the K computer at the RIKEN AICS. Figures in this paper were drawn using
tools developed by GFD-Dennou Club (http://www.gfd-dennou.org/index.html.en) and gnuplot
(http://www.gnuplot.info/).
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Table 1. Notation of symbols.

total density

ratio of mass of dry air to total mass
specific humidity

specific liquid water content

specific solid water content

time

velocity vector of air flow

x component of velocity

y component of velocity

z component of velocity

relative velocity of liquid water to gas
relative velocity of solid water to gas
source term of water vapor

source term of liquid water

source term of solid water

pressure

gravitational acceleration

drag force from water loading by liquid water
drag force from water loading by solid water
vertical unit vector (upward)

gas constant for dry air for unit mass

gas constant for water vapor for unit mass
temperature

diabatic heating from dry air

diabatic heating from water vapor
diabatic heating from liquid water
diabatic heating from solid water

internal energy of dry air

internal energy of water vapor

internal energy of liquid water

internal energy of solid water

total internal energy

specific heat at constant volume of dry air

specific heat at constant volume of water vapor

specific heat at constant pressure of dry air

specific heat at constant pressure of water vapor

specific heat of liquid water
specific heat of solid water
standard pressure

potential temperature of dry air
potential temperature of total air

-2 -2

kgm™s

Jkg™'

Jm=3s!

Jm=3s™!
Jm3s™!
Jm=3s”!
Jkg™!
Jkg™'
Jkg™'
Jkg™'
Jkg™'
Jkg 'K
JkgT'K!
Jkg 'K
Jkg 'K
Jkg 'K
Jkg'K!
Pa
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Table 2. Filter lengths and the effect of grid aspect ratio on mixing length in the three experiment
performed in this study.

filter length modification by
the grid aspect ratio

control experiment 2(AxAyAz)1/ 8 yes
small filter length experiment (AxAyAz)V 8 yes
fixed mixing length experiment 2(AxAyAz)1/ % no (f(a)=1)
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(a) Control experiment 2=500

i

om0 17200 ioen /s TR
1 (D) Small filter length i m)

Figure 1. Energy spectrum three dimensional velocity at height of 500 m averaged over t =
3.5 to 4h in (a) control experiment, (b) small filter length experiment, and (¢) fixed mixing
length experiment. Colors indicate grid aspect ratio; 1 (black), 2 (red), 3 (orange), 5 (green), 6
(pink), 10 (blue), and 20 (cyan). Line types indicate vertical resolution: 10 m (solid line), 30 m
(dashed line), and 5 m (dotted line). Linear slope representing the slope of —5/3 power fit to the
spectrum of the T0mAR1 run between 1/1000 and 1/100 m~'is superimposed. Only spectra
for Az = 10 m runs in the small filter length experiment and for large aspect ratio runs (a > 5) in
the fixed mixing length experiment are shown.
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Figure 2. Same as Fig. 1, but spectrum of (left) horizontal and (right) vertical velocity at (top)
height of 500 m and (bottom) lowest layer: z = 2.5, 5, and 15m for Az =5, 10, and 30 m.
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Figure 3. Horizontal cross section of the vertical velocity at (a) 300 m and (b) 1200 m height in

the 10mAR1 run of the control experiment.
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Figure 4. Dependency of the index of energy pile defined in the text on the grid aspect ratio for
runs in the (a) control experiment, (b) small filter length experiment, and (¢) fixed mixing length
experiment. Symbol shows vertical resolution; square, cross, and circle shows 5, 10, and 30 m,
respectively. Colors represent the grid aspect ratio as in Fig. 1.
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Figure 5. Vertical plots of horizontal mean (a) potential temperature [K], (b) heat flux [W m™2],
], and (d) skewness of vertical velocity in the control
experiment. These values are averaged over t = 3.5 to 4 h. Black and cyan lines are results of
10mAR1 and 5mAR20 runs, respectively. Shaded areas represent range between maximum
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and minimum of all runs in the control experiment.
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Figure A2. Time—height section of horizontal mean vertical velocity in runs where (a) Aty =
Atgs =0.03s and Aty = 0.3s, (b) Aty, =0.03s, Aty =1.5s, and Afyy,, = 0.3s, and

surface flux is added at large time step intermittently, (c) same as (b) but At = At
1.5, and (d) same as (b) but surface flux is added at small time step.
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Figure A3. Plot of potential temperature at { = 900s of the 100 m resolution density current
experiment. Contour interval is 1K, and contours are centered around 300 K.
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Figure A4. L, norm of potential temperature computed against the 25 m resolution experiment.

Dashed lines represent first-, second-, and fourth-order convergence.
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