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Abstract

General expressions of magnetic vector (MV) and magnetic gradient tensor (MGT)
in terms of the first- and second-order derivatives of spherical harmonics at different
degrees and orders, are relatively complicated and singular at the poles. In this paper,
we derived alternative non-singular expressions for the MV, the MGT and also the
higher-order partial derivatives of the magnetic field in local north-oriented reference
frame. Using our newly derived formulae, the magnetic potential, vector and gradient
tensor fields at an altitude of 300 km are calculated based on a global lithospheric
magnetic field model GRIMM_L120 (version 0.0) and the main magnetic field model of
IGRF11. The corresponding results at the poles are discussed and the validity of the
derived formulas is verified using the Laplace equation of the potential field.

1 Introduction

Compared to the magnetic vector and scalar measurements, magnetic gradients lead
to more robust models of the lithospheric magnetic field. The ongoing ESA’s Swarm
mission, will provide measurements not only of the vector and scalar data but also
an estimate of their east—west gradients (e.g. Olsen et al., 2004; Friis-Christensen
et al., 2006). Kotsiaros and Olsen (2012, 2014) proposed to recover the lithospheric
magnetic field through Magnetic Space Gradiometry in the same way that has been
done for modeling the gravitational potential field from the GOCE satellite gravity gradi-
ent tensor measurements. Purucker et al. (2005, 2007) also reported efforts to model
the lithospheric magnetic field using magnetic gradient information from the Orsted,
CHAMP, SAC-C and ST-5 constellation. Their results showed that by using gradients
data, the modelled lithospheric magnetic anomaly field has enhanced shorter wave-
length content and has a much higher quality compared to models built from vector
field data. This is because the gradients data can remove the highly time-dependant
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contributions of the magnetosphere and ionosphere that are correlated between two
side-by-side satellites.

The order-2 magnetic gradient tensor consists of spatial derivatives highlighting cer-
tain structures of the magnetic field (e.g. Schmidt and Clark, 2000, 2006). It can be
used to detect the hidden and small-scale magnetized sources (e.g. Pedersen and
Rasmussen, 1990; Harrison and Southam, 1991) and to investigate the orientation of
the lineated magnetic anomalies (e.g. Blakely and Simpson, 1986). Quantitative mag-
netic interpretation methods such as the analytic signal, edge detection, spatial deriva-
tives, Euler deconvolution, and transforms, all set in Cartesian coordinate system (e.g.
Blakely, 1995; Purucker and Whaler, 2007; Taylor et al., 2014) also require calculating
the higher-order derivatives of the magnetic anomaly field and need to be extended
to regional and global scales to handle the curvature of the Earth and other planets.
Ravat et al. (2002) and Ravat (2011) utilized the analytic signal method and the to-
tal gradient to interpret the satellite-altitude magnetic anomaly data. Therefore, both
the magnetic field modelling and also the geological interpretations require the calcu-
lation for the partial derivatives of the magnetic field in form of spherical harmonics,
possibly at the poles for specific systems of coordinates. Spherical harmonic analysis
(SHA), established originally by Gauss (1839), is generally used to model the global
magnetic lithospheric field of the Earth and other terrestrial planets (e.g. Maus et al.,
2008; Langlais et al., 2009; Thébault et al., 2010; Lesur et al., 2013; Sabaka et al.,
2013; Olsen et al., 2014). Series of spherical harmonic functions themselves made of
Schmidt semi-normalized associated Legendre functions (SSALFs) (e.g. Blakely, 1995;
Langel and Hinze, 1998), are fitted by least-squares to magnetic measurements, giving
the spherical harmonic coefficients i.e. the Gaussian coefficients defining the model.
Kotsiaros and Olsen (2012, 2014) presented the MV and the MGT using a spherical
harmonic representation and, of course, their expressions are singular as they ap-
proach the poles. Even if there are satellite data gaps around the poles, it is advisable
to use non-singular spherical harmonic expressions for the MV and the MGT in case
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airborne or shipborne magnetic data are utilized (e.g. Golynsky et al., 2013; Maus,
2010).

In this paper, following Petrovskaya and Vershkov (2006) and Eshagh (2008,
2009) for the gravitational gradient tensor in the local-north-oriented reference frame
(LNORF), the non-singular expressions in terms of spherical harmonics for the MV, the
MGT and the higher-order derivatives of the magnetic anomaly field in the LNORF are
presented. In the next section, the traditional expressions of the MV and the MGT are
first stated, then some necessary propositions are proved and at last new non-singular
expressions are derived. In Sect. 3, the new formulae are tested using the global litho-
spheric magnetic field model GRIMM_L120 (version 0.0) (Lesur et al., 2013) and the
main magnetic field model of IGRF11 (Finlay et al., 2010). Finally, further applications
are discussed and some conclusions are also drawn.

2 Methodology

In this section, the traditional expressions of MV and MGT are presented, and their
numerical problems are stated. Then based on the mathematical derivations, new ex-
pressions are given.

2.1 Traditional expressions

The scalar potential VV of the Earth’s magnetic field in a source-free region can be
expanded in the truncated series of spherical harmonics at the point P(r,8, @) (e.g.
Backus et al., 1996):

L { I+1 -
V(r.6,p)=a) > ( ) ’ (9" cosme + h"sinme) P (cos 6), (1)
1=1 m=0

where a = 6371.2km is the radius of the Earth’s magnetic reference sphere; r, 6 and
@ are geocentric radius, co-latitude and longitude, respectively; P (cos @) (or P for
8480
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15

simplification) is the SSALF of degree / and order m; L is the maximum spherical
harmonic degree; g;" and h;" are the geomagnetic harmonic coefficients describing
internal sources of the Earth.

If considered in the LNORF xp, yp, Zp at the point P(r, @, 8), where z, axis points
downward in geocentric radial direction, xp axis points to the north, and y, axis to-
wards the east (that is, a right-handed system). At the poles, we define that y, axis
points to the meridian of 90° E. Therefore, the three components of the MV can be
expressed as:

1 0
BX(r595§0) r 6(—9) (f,Q,QD)
L ! a /+2 m m o 0 ~
= z Z <7> (97" cosme + h'sinme) [%P/ (cose)] , (2a)
/=1 m=0
1 0
B, (r,0,p)=- —V(r,0
L/ a\/+2 m o m 1 =
= z z <7> m(g/"sinme — h" cos mo) [SIWP/ (cos@)] , (2b)
/=1 m=0
0
B,(r,0 -—V(r,6
Z(rs sq)) a(_r) (r! !qD)
L / a 1+2 —
= - z z (/ + 1)(—) (g7 cosme + h"sinme) P"(cos 6). (2¢)
I=1 m=0 r
The MGT can be written as (e.g. Kotsiaros and Olsen, 2012)
Byx Bxy Bx: 0B,/ox 0B,/0y 0B,/0z
vB=\8, B, B,|=|0B,/0x 8B,/oy 0B,Joz |, (3)
B,x By B 0B,/0x 0B,/0y 0B,/0z
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where nine elements are expressed respectively as:
1 /+3 .
B,, Ez z ( ) (97 cosme + hsinmg)
/= =

62
[——P’” cosd) + (/ +1)P™(cos 9)] (4a)

1 L /+3
Ez z< ) m (g sinme - h" cos m)
=

m=

O

x [—Liﬁ’"(cos 0) + S

in0og ! sze F"(cos 9)] ’ (4b)

Lo
1 a\/+s3 . 0 5
By =B =~ > > (7> (/ +2) (g7 cosme + h"sinme) [%P/’"(cos 6)] . (40)

Lo
B,, = % 22 (;) (97" cosme + hsinme)

/=1 m=0
2
m® ~ cosf 6’
[+ 1)P" P 4
[( +1) (cosé?)+Sln 25" (cosB) — Snd 90 P, (cose)] (4d)
1< <« [a)\/+8 - m 1 =,
By, =By =~ z z (7) (I +2)m (g]"sinme - h}" cos me) [&WP’ (cos@)],
/=1 m=0
(4e)
Lo
1 a\/+3 m m i pm
B,, = _EZ > (7) (/ +1)(/ +2) (97" cos m@ + h"sinme) P(cos 6). (4f)

The expressions for B, and B,, can be calculated stably even for very high SH de-
grees and orders by using the Holmes and Featherstone (2002a) scheme. However,
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there exist the singular terms of 1/sin@ and 1/sin29 in Egs. (2b), (4b), (4d) and (4e)
when the computing point approaches to the poles. Besides, some expressions con-
tain the terms of first- and second-order derivatives of SSALFs, such as Egs. (2a)
and (4a)—(4d). Nevertheless, the second-order derivative for very high degree and or-
ders of SSALFs can be recursively calculated by the Clenshaw or Horner algorithms
(Holmes and Featherstone, 2002b). These algorithms are relatively complicated and
thus we want to use alternative expressions to avoid the singular terms and the partial
derivatives of SSALFs.

2.2 Mathematical derivations

To deal with the singular terms and first- and second-order derivatives of the SSALFs,
some useful mathematical derivations are introduced and proved in the following.

1 — Derivation of 65,’” /86
Based on the Eq. (Z.1.44) in Ik (1983)
OP™/86 = 0.5[(/ + m)(/ - m+ )P~ — p*1], (5)

and the relation between the ALFs and the SSALFs as

B = \[Conll = m /(1 + m)PT, )
thus the first-order derivative of the SSALFs can be deduced as:

oP™/06 = a; ,P"" + b, , P, (7a)

aym=05VI+mV/i—m+1,/C,/Cp_1, (7b)
by m=-05VI+m+1VI-=m\/Cp/Cprit, (7¢)
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where C,, =2-58, 4= 1, m=0
m = m,0 — 2 m#o

2 — Derivation of 6213,”’ /062

According to the Eq. (23) in Eshagh (2008) as

82P" /067 = 0.25(/ + m)(I = m+1)(I + m = 1)(/ = m +2)P"~?
—0.25[(/+m)(/ =m+1)+ (I —=m)(/ + m+1)| P + 0.25P"*2,

the second-order derivative of the SSALFs can be written as:

02P"[06% = ¢, ,P"% + d; P + ) P2,

C/m=025VI+mVi+m-1 \//—m+2\//—m+1m,

d)m=-025[(/ +m)(/ =m+1)+(/ = m)(l + m+1)],

&,m=025V1+m+2VI+m+ 11 -mVI-m-1,/Cp,/Cp,o.

3 — Derivation of I'-:',”'/ sin@

Using the Eq. (Z.1.42) in lIk (1983)
P™/sin® = 05[(/ +m)(/ +m=-1)P " + P /m, m>1,
and the Eq. (6), we can obtain that

,5/’"/sin0 = f,,mlsl’f;1 +g,,m/'5/’f1+1,m > 1,

fim =05VIi+mVi+m-1\/C,,/C,_i/m, m3>1,

9im=05VI-mVI-m-1\/C,,/Cpr1/m, m=z1.
8484

and 6 is the Kronecker’s delta function.

(9a)

(9b)
(9¢)

(9d)

(10)

(11a)
(11b)

(11c)
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4 - Derivation of P™/sin?@
Employing the Eq. (31) in Eshagh (2008) as

P /sin?0 = {(/ + m)(I + m = 1)(/ = m+ 1)(/ = m +2)/(m = 1)P"?
+[(1+m) (I +m=1)/(m=1)+ (I —m)(/ -m-1)/(m+1)|P"
+1/(m+1)P*2} /(4m), m 22, (12)

and the Eq. (6), we have

P™/sin0 = h; WP + ky P+ 0y PR, m 2 2, (13a)
h,m_025\//+m\//+m—1\//—m+1\//—m+2\/Cm/Cm2/[m m-1)], mzx2,
(13b)
ki m=025[(/+m)(/ +m=1)/(m=1)+(-m)(l —-m=1)/(m+1)]/m, m=>=2, (13c)
m=025VI—mVIi—-m-1Vi+m+2Vi+m+1\/Cp/Cpria/ [M(m+1)], m21.
(13d)

5 — Derivation of aﬁ,’" /(sin6a8)
Using the Eq. (36) in Eshagh (2008) as

6/—"/’"/(sin069)=0.25{(/+m)(/+m—1)(l+m—2)(/—m+1)/(m—1)l—"/’1’1'2
+[(1+m) (I =m+1)/(m=1)= (I +m+1)(/ + m)/(m+1)|P,
—1/(m+1)P™?}, m>2, (14)
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and the Eq. (6), we can derive

0P™/(sin600) = 0, P2 +q; WP + X mPI2, m 22, (15a)
01 m=025VI+mVi+m-1VI+m-2VI-m+1,/C,,/Cp_a/(m=1), m=2,
(15b)
G =025VI—mVI+m[(l-m+1)/(m=1)=(+m+1)/(m+1)], m>2,  (15c)
x,’m=—0.25\//+m+1\//—m\//—m—1\/l—m—2 C,/Cmia/(m+1). (15d)

6 — Derivation of 6P™ /(sin666) - P cos 8 /sin?0
According to Petrovskaya and Vershkov (2006) and Eshagh (2009), we can write

0P /(sin6d6) — P" cos§/sin*0 =
0.5[(m=1)(/+m)(/ - m+ 1)P/’"‘1/sin0—(m+ 1)P/”’+1/sin6]/m, m>1, (16)

and using the Eq. (36) in Eshagh (2008), we can obtain

P"1/sin@=05[(/-m+2)(/ -m+3)PT 2+ P™]/(m=-1), m>2, (17a)

P™1/sin@ = 0.5[(/ = m)(/ = m+1)P. + P72 /(m +1). (17b)

Substituting the Eq. (17) into the right hand side of the Eq. (16) and after simplification,
we can derive
0P [(sin006) — P" cos 0/sin?6 = 0.25 [(/+m) (I =m+1)(/—=m+2)(| -m+ C%)F’/’J:’;2

+2m(l—m+ )P —P2 /m, mx1. (18)
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And combing the Eq. (6), we obtain that
0P™/(sin000) - P cos0/sin’6 =

0.25[\//+m\//—m+ 1 \//—m+2\//—m+3\/0,77/0,,7_2:5/’}:1‘2

+2m\/l—m+1\//+m+1,5/’f1

- \//+m+1\//+m+2\//+m+3\/l—m\/Cm/Cm+2.5/’f1+2]/m, m>1.

7 - Derivation of [(/ +1)sin?0P™ + m?>P™ - sin@ cos 86P™ /56 /sin%6

Based on the Lemma 3 in Eshagh (2009) as
sin6cosOOP /86 = mP" + (I + 1)sin’OP" - sinOP"+,
we can derive

[(/ +1)sin*6P™ + m?P" — sin®cos 80P™ /86] /sin6 =
m(m —1)P" /sin*6 + P71 /sin6.

According to the Eq. (10), we can write

P*1/sin@ = 0.5[(/ + m+2)(/ + m+1)P" + P"*2] /(m +1).

(19)

(20)

(21)

(22)

Inserting the Egs. (12) and (22) into the Eq. (21), and after some simplifications, we

obtain that
[(/ + 1)sin?0P" + m?P" - sin6 cos 00P™ /58] /sin®6 =
0.25(/ + m)(/ + m = 1)(/ —=m + 1)(/ = m + 2)P"~?
+0.25[(/+m)(/ + m=1)+ (I —=m)(/ —=m=1)(m = 1)/(m + 1)
+2(/+m+2)(/ + m+1)/(m+1)] P +0.25P*2,
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And combing with the Eq. (6), we can derive
[(/ + 1)sin®0P™ + m?P™ — sin@ cos 0P /58] /sin®6 =

0.25VI+mVi+m-1Vi-m+1VI-m+2\/C,/C,,_,P"?
+0.25[(/+m)(/+m—1)+(/—m)(/—m—1)(m—1)/(m+1)
+2(/+m+2)(/+m+1)/(m+1)],5/’"

+025VI+m+1Vi+m+2Vi-mVI-m-1,/C,,/C,,,.P"*2. (24)

2.3 New expressions

Inserting the corresponding mathematical derivations in the last section into the
Egs. (2) and (4) and after some simplifications, the new expressions for the MV and
the MGT can be written as:

Lo o ) )
B, = z Z (;) + (g;nCOSfTICD + h;”sinmgo) (a;(’mp/m—1 +b;(,mP/m+1) , (25a)
/=1 m=0
Lo 1o 3 )
B,=2 (;) (g™ sinme - h" cos mp) (a{ B b mP,"_71+‘) , (25b)
/=1 m=0
L / a [+2 . _
B, = Z (7> (97" cosme + h" sinme) (aimplm) ’ (250)

-
1]
e

m=0
Lo
B, = 1 z z (f)HS (g cosme + hsinme) (a“ PM=2 4 pX* pM 4 XX ,5’"*2)

=g L ’ / / 1m" I f,m" 1 ’

I,m" /|
/=1 m=0
(26a)
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Lo
B, = % S>> (f)”s (97" sinmg - 7 cos me) (axy P24 pY PM 4 ,5’"*2),

y = r ,m" [+1 I,m" [+1 I,m" [+1
/=1 m=0
(26b)
/ I+3 - ~
B,, = % z z (;) ' (g7 cosme + h"sinme) (azj(,j’nP/m‘1 + bj‘,ntD,’””), (26¢)
/=1 m=0
B,, = 15 / (i)HS (g7 cosme + h'" sinmg) <ayy P24 p pm 4 Y ﬁ”’*z)
wTal 2 \; / / Iml 1 m 1 Y Cmt ,
(26d)
B _1 < < a\i+s o _pm vz pm-1  p¥Z pm+1 >
vz = 3 22 (r) (97" sinmg - hicos my) (a/,m -1 O ) (26e)
1=1 m=0
B, =1 i i (f>/+3 (9" cosmA + K sinme) a?2 P (26f)
zz = a r / / Im | °
1=1 m=0

Furthermore, some other higher-order partial derivatives and their transforms are usu-
ally used to image geologic boundaries in magnetic prospecting (e.g. Hsu et al., 1996).
Therefore, we also give the third-order partial derivatives of the spherical harmonics as
following:

_0B,, 98°B, 0°B,
XX2 T 9z T 0x0z  0z0x
Lo
1 a\/+4 . - B _
=3 z z (7> (g7 cosme + h"sinme) (af’)’;fp/m + DB 4 B )

/=1 m=0

B

(27a)
o8,, 0B, 9°B, 9°8, 0°B, 0°B,

2= T, T 87 ~ 0ydz 020y  0x0z  0z0x
8489

B

| Jadeq uoissnosigq | Jedeq uoissnosiq | Jaded uoissnosiqg

Jaded uoissnosiq

GMDD
7, 8477-8503, 2014

Non-singular
spherical harmonic
expressions of
geomagnetic fields

J. Du et al.



http://www.geosci-model-dev-discuss.net
http://www.geosci-model-dev-discuss.net/7/8477/2014/gmdd-7-8477-2014-print.pdf
http://www.geosci-model-dev-discuss.net/7/8477/2014/gmdd-7-8477-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/

10

L/
g\ /+4 . Xyz=m-2 . Xy
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(27b)
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X279z 9z = 9z2  0x0z 0z0x

Lo
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I,m™ | I,m"/

2 2
_oB, 0%, 0%,
Wz™ 9z  9ydz 8zdy

Lo s i ] ]
- 1Sy (%) * (97" cos m + h"sinme) (a{ﬁp/m_2+b,yjnzp,m+0yszm+2),

1,m"
a2 /=1 m=0 m
(27d)
88,, 0B, 0°B, &° 2
B _ yz _ zy ,V_aBz_aBz
Y227 9z © 8z  9z2 0Oydz 0z0y
Lo
1 ay/+4 i YZZ 5sm-1 YZZ 5m+1
== > (7> (g7 sinmA — h7" cos mA) (a/,ml-"/’f1 +b, Py ) (27e)
/=1 m=0
9°B,
BZZZ - 822
1 L L g\ /4 B
== > > (7> (9] cosme + h"sinme) ajZ2P", (27f)
/=1 m=0

where the corresponding coefficients of the SSALFs are presented in Appendix A and
can be computed once for all points. In this way, we avoid computing recursively the
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SSALFs, their first- and second-order derivatives respectively with the traditional for-
mulae. These new relations do not suffer from the singular terms and don’t contain
the derivatives. The cost is only to calculate two additional degrees and orders for the
SSALFs at most. In this study, we use the conventional form of SSALF that if m < 0,

then P = (—1)'”7|l:"‘/|m| and if m >/, then P = 0.

3 Numerical investigation

We test the derived expressions and the numerical implementation in C/C + +, by cal-
culating the magnetic potential, vector and its gradients on a grid with 0.125° x 0.125°
cell size at the altitude of 300 km relative to the Earth’s magnetic reference sphere
using the magnetic field models defined by: (i) the lithospheric magnetic field model
GRIMM_L120 (version 0.0) (Lesur et al., 2013); (ii) the main magnetic field model
IGRF11 (Finlay et al., 2010) at the epoch of 2005.0.0. The global magnetic po-
tential V, the MV and the MGT mapped by the lithospheric field and the main
field are shown in Figs. 1 and 2, respectively. The corresponding statistics are pre-
sented in Tables 1 and 2. A simple test is that the MGT meets the Laplace’s equa-
tion of the potential field, that is, the trace of the MGT should be equal to zero.
Our numerical results show that the amplitude of B, +Byy +B,, is in the range of
[-8.0x10 " pTm ™' /+8.0x 107 pTm "1 (1pTm™ ' =10 nTm™" = 1nTkm™). The
relative error is almost equal the machine accuracy. Therefore, this feature proves the
validity of our derived formulae. In addition, as shown in Fig. 1, it is obvious that the
MGT enhances the lineation and contacts. It also reveals some small-scale anomalies,
which is very helpful for the further geological interpretation. Figure 2 illustrates that
the gradients of the main field are very smooth but the amplitudes are still very high.
Furthermore, the computed magnetic fields are smooth near the poles and don’t have
the singularities at the poles as shown in Fig. 3. The magnetic potential I/, B, and B,,
components at the poles are independent of the direction of the x, and y, axes. How-
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ever, while changing with the direction of the x, and y, axes at the poles, the B,, B,
B,.. B, components have a period of 360° and the B,,, B,, and B,,, components have
a period of 180°. Therefore, at the poles we specially define that the x, axis points to
the meridian of 180° E (or 180° W) at north pole and 0° E at south pole and the y, axis
points to the meridian of 90° E, that is, the LNORF moving from Greenwich meridian to
the poles.

4 Discussion and conclusions

We develop in this paper the new expressions for the MV, the MGT and the third-order
partial derivatives of the magnetic field in terms of spherical harmonics. The traditional
expressions have complicated forms involving first- and second-order derivatives of the
SSALFs and are singular when approaching to the poles. Our newly derived formulae
don’t contain the first- and second-order derivatives of the SSALFs and remove the
singularities at the poles.

However, our formulae are derived in the spherical local north-oriented reference
frame with specific definition at the poles. For an application to the magnetic data of
a satellite gradiometry mission, it is necessary to describe the MV and the MGT in the
local orbital reference frame, where the new MV and MGT are the linear functions of
the MV and the new MGT in the LNORF with coefficients related to the satellite track
azimuth (e.g. Petrovskaya and Vershkov, 2006). The other main purpose of this paper
is in the future to contribute to the signal processing and the geological interpretation
of lithospheric magnetic field model, especially in polar areas.
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Appendix A: Additional formulae

Numerical constants in the Egs. (25)—(27) are expressed in following:

{afm =05VI+mJ/i-m+1,/C,,/Cp_1

b}, =-05VI+m+1VI —m\/C,/Crrit,

{a/ym =05Vi+mVi+m-1,/C,,/C,,_;

5 a

by, =0.5VI—myI—m-1 \/C/Comet

/Z,m= —(/+1),

'a;(,)r(n=—0.25\//+m\//+m—1\//—m+2‘//_m+1m
b7 = 0.25[(/+m)(/ = m+1) +(/ = m)(/ + m+ D] +(/ +1)

/,m
-0.25VI+m+2Vi+m+1VI-mJVI-m-1\/C,,/C,..0,

aﬁn__0,25\//+m\//—m+1\//—m+2\//—m+3m
b =-05mVI—-m+1vVI+m+1

I,m

XX
\ C/,m

\Cﬁn=0,25\//+m+1\//+m+2\//+m+3\//—mm’

{a,{; = 0.5(/ + VT H mVI=m+1\/Cpp/Cp_y = 1 + 20,

7\

b2 = ~0.5(1 + 2T+ m+ TVT=\[Cpp/Cpys1 = (I + 2B,

ra/yf”n=0.25\//+m\//+m—1\//—m+1\//—m+2m
byr = 0.25[(/ +m)(I +m=1)+ (I =m)(/ —=m = 1)(m=1)/(m +1)
+2(/+m+2) (I + m+1)/(m+1)]

\C;’j’n:0.25\//+m+1\//+m+2\//—m\//—m—1\/%’
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Code availability

(I+1)(I+2)(/ +3)=(/ + 3)afjn =(/+2)(/+ 3)aim. (A15)

Supplementary software implementation is performed by the programming language
C/C + +. The source code and input data presented in this paper can be obtained
by contacting the corresponding author via email or download from the Supplement
related to the online version of this article.

The Supplement related to this article is available online at
doi:10.5194/gmdd-7-8477-2014-supplement.
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Table 1. Statistics of the global magnetic potential V, the MV and the MGT at the altitude of ©O eomaanetic fields
300 km using the lithospheric magnetic field model GRIMM_L120 (version 0.0) (Lesur et al., § 9 9
2013) for spherical harmonic degrees 16 ~ 90. 7 J. Du et al.
2
Min. Max. Mean SD %
Q
V [T xm] -0.006977 +0.007065 +0.000025 +0.001202 = _
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Figure 1. Global lithospheric magnetic potential, vector and its gradients fields at the altitude of
300 km as defined by the lithospheric magnetic field model GRIMM_L120 (version 0.0) (Lesur
et al., 2013) for spherical harmonic degrees 16 ~ 90. (a) is magnetic potential (I/), (b—d) are
three components (B,, B, and B,) of magnetic vector, (e—j) are six elements (B,,, B,,, B,
B,,.B,, and B,,) of magnetic gradient tensor, respectively. The dark green lines are the plate
boundaries by Bird (2003). All maps are shown on a Hammer projection centered at 90°E.
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Figure 2. Global magnetic potential, vector and its gradients fields of the main field at the
altitude of 300 km as defined by the main magnetic field model IGRF11 (Finlay et al., 2011)
at the epoch of 2005.0.0 for spherical harmonic degrees 1 ~ 13. (a) is magnetic potential (V),
(b—d) are three components (B,, B, and B,) of magnetic vector, (ej) are six elements (B,,,
B,,, By, B,,,B,, and B,,) of magnetic gradient tensor, respectively. The dark green lines are
the plate boundaries by Bird (2003). All maps are shown on a Hammer projection centered at

90°E.
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Figure 3. Limit values of magnetic potential (V), vector (B,, B, and B,) and its gradients (B,,,
B,,. By, B,,, B,, and B,,) at the poles when the local reference frames vary from different
meridians (the direction of x, axe changing from different meridian to the poles). Solid and
dashed lines indicate the magnetic effects at north-pole and at south-pole, respectively. Red
and blue lines indicate the lithospherthe x, axis points to the meridian of 180° E (or 180° W) at

north pole and 0° E at south pole and the y, axis points to the meridian of 90° E.
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