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November 20, 2014

Author’s response to executive editor D. Lunt

We have contacted Prof. Lutz Gross, the editor handling this manuscript, and
GMD publisher. We have prepared the codes of global SWE model described

in our manuscript as requested.

Author’s response to reviewer #1

Thank you for carefully reading the paper. Your constructive comments are
extremely helpful for use to improve the manuscript. We have fully taken your
comments into account and accordingly modified the paper. Below, please find
our point-to-point responses to your comments. (The comments from the re-
viewer are marked in red color.)

This paper reports on a very interesting method for solving conservation
laws, with an application to global ocean modelling. The method is in some
senses a hybrid between discontinuous Galerkin methods, Finite volume meth-
ods and Collocation methods. High order is obtained from the high order poly-
nomial representation in the volumes, and robust high order approximation of
the fluxes is obtained via an interesting combination of averaging the fluxes at
the volume boundaries via (approx) Riemann solvers and interpolation in the
interiors of the volumes. The numerical experiments and the linear analysis
support the conclusion that the method produces a simple robust high order

method.



The paper does need an edit to pick up slight problems in the language, for
instance, there are a number of places where definite or indefinite articles are
missing.

Thank you for your comments. We have made a thorough linguistic edit.

Some minor points or comments:

(1) As discussed on page 4255, the pointwise representation of the quantities
and the fluxes are obtained via high order polynomial interpolation. a question:
Is it always safe to do this, i.e. is it ever necessary to limit the interpolants or
introduce some sort of artificial viscosity? Or does the use of the average fluxes
at the boundaries stabilize the calculation of the derivative of the fluxes at the
interior points?

At cell boundaries, we solve a Riemann problem to determine the values of
the numerical fluxes. As a result, the proposed scheme is an upwind scheme with
inherent numerical viscosity, which guarantees the computational stability as
shown by the Fourier analysis of the semi-discrete system in the paper. However,
in the presence of discontinuous solutions the non-physical oscillations might
occur without effective limiters or artificial dissipations, which is a common
issue of the high-order schemes. There are some existing works for this purpose.
We added some explanations in the revised manuscript (line 122 to line 125 and
line 467 to line 473 in the marked-up manuscript).

(2) Equation (12). It would be good to remind the reader of the exactness
of Gaussian Quadrature for polynomials of degree 5.

Thank you for suggesting this. We added some words in the revised manuscript
(line 133 in the marked-up manuscript).

(3) Page 4258. Comment on the choice of Runge-Kutta methods. Provide a
reference.

Two types of explicit Runge-Kutta schemes have been adopted in present
study. The third-order scheme has been widely used in the existing models.
Third-order scheme is a good trade-off between numerical accuracy and com-
putational cost. The fifth-order scheme was used here only for assuring the

fifth-order accuracy in both time and spatial discretizations in numerical con-



vergence tests. The references for the Runge-Kutta method is added to the
revised manuscript (line 144 and line 151 in the marked-up manuscript).

(4) Page 4260. Provide a very short overview of the methods DG3, MCV5
which you use for your numerical comparisons.

We conduct a comparison between DG3, MCV5 and the proposed scheme
since these three schemes have fifth-order accuracy and can be derived by flux
reconstruction framework using different constraint conditions for spatial re-
construction of flux functions. As detailed in Huynh(2007), the DG3 scheme
uses the Radau polynomial as the correction functions to derive the flux re-
construction which assure the continuity of the numerical fluxes computed from
Riemann solvers at the cell interfaces. MCV5 scheme can be derived by the gen-
eral framework for flux reconstruction using multi moments proposed in Xiao
et al. (2013). MCV5 uses constraint conditions on the point values, first- and
second-order derivatives of flux functions at the cell interfaces where Riemann
solvers in terms of derivatives of the flux function are required. We added a
brief description in the revised manuscript as suggested (line 206 to line 215 in
the marked-up manuscript).

(5) Page 4263. Provide the relationship between the covariant velocities u,
v and the contravariant velocities ubar and vbar.

We added the relationship between covariant and contravariant velocity com-
ponents in the revised manuscript as suggested (Eq.(28)).

(6) Can your method work with wet/dry interfaces?

The numerical techniques designed for the traditional finite volume schemes,
as well as other high order schemes, like DG, can be straightforwardly applied
to the present scheme without substantial barriers. The calculation of wet/dry
front in shallow flows has been extensively studied under such numerical frame-
works, and can be adopted in our model.

(7) Can your method reproduce a still lake (ocean) i.e. is well balanced for
this stationary solution?

The stationary state can be exactly preserved by the proposed model since

the topography source term is formulated in the way that satisfies the “exact



C-property”. The numerical procedure for this was described in details in Chen

& Xiao, JCP, 2008.

Author’s response to reviewer #2

Thank you for carefully reading the paper. Your constructive comments are
extremely helpful for use to improve the manuscript. We have fully taken your
comments into account and accordingly modified the paper. Below, please find
our point-to-point responses to your comments. (The comments from the re-
viewer are marked in red color.)

This paper presents a flux reconstruction method for discontinuous elements
applied to 2D shallow water equations. While this research would be interesting
for the modeling community, I have many comments on the quality of the pre-
sentation (given by this paper). The main objection is that the paper does not
provide enough explanation on spatial discretizations. Also, there are comments
on the model and on English usage.

I recommend it for publication in GMD after major revisions.

Comments:

1. In the introduction, the paper claims using the flux reconstruction method
as described in Huynh, 2007 and modified in Xiao, 2013. The FR technique is to
redistribute flux to all elements nodes, but Eqns. (6), (7) and further only up-
date end points. If the paper uses one of the schemes derived in Xiao, 2013, then
it should be stated. Still, in Xiao, 2013 (http://arxiv.org/pdf/1206.4406.pdf) it
seems that interior points are modified by the FR process. In summary, much
more should be given on the scheme used. Also, describe what (if anything) is
different from previously published works.

Basically, the flux reconstruction (FR) includes the following steps:

1. Define the unknowns as the local degrees of freedom, which are the nodal

values at the solution points within each cell;

2. Build a high-order spatial reconstruction for flux function which is a con-

sistent approximation to the solution over each cell and satisfies the con-



tinuity conditions using the Riemann solver at cell boundaries;

3. Evaluate the derivatives of flux function at the solution points to get the

time evolution equations to update the solutions.

The key is step 2, and different constraint conditions can used for flux re-
construction, which result in different numerical schemes.

In Huynh 2007, FR is formulated by two correction functions which assure
the continuity at the two cell boundaries and collocate with the so-called pri-
mary Lagrange reconstruction at their zero-points. So, the existing nodal type
schemes can be recast under the FR framework with different correction func-
tions.

In Xiao et al. 2013, a more general FR framework was proposed by introduc-
ing the multi-moment constraint conditions including nodal values, first-order
derivatives and even second-order derivatives to determine the flux reconstruc-
tion.

In this study, we present a more straightforward and simpler approach to
derive the FR formulation using the collocation method, which has not been
discussed in either Huynh (2007) or Xiao et al (2013). The resulting scheme,
GaussLegendre-point based conservative collocation (GLPCC) scheme, is new
and has not be reported by anyone else to our knowledge.

We added some explanations in the revised manuscript (line 86 to line 93 in
the marked-up manuscript).

2. Eqn. (12) and conservation: It seems that conservation is only achieved
for uniform meshes, because Eqn. (12) depends on the element length. So, in
general, the scheme does not conserve mass if non-uniform grids are used? Also,
cube-sphere meshes are only quasi-regular. Is scheme conservative on a sphere?

It would be useful to provide a plot for mass conservation from one of the
shallow water tests, similar to Figure 14.

The proposed scheme is conservative even for non-uniform grids. The to-
tal mass within each control volume, i.e. “Az;g;” is exactly conserved, which

is in fact computed by a finite volume formulation with the numerical fluxes



calculated at the cell boundaries as shown in Eq. (12). Rather than volume-
integrated average (VIA) itself, the product of VIA and the volume is conserved.

We have rewritten Eq. (12) in the revised manuscript to avoid possible
misleading. The plots for mass conservation of case 5 and 6 are shown in Fig.
10 and Fig. 13 in the revised manuscript.

3. Eqn. (19) and spectral analysis: How was eqn. (19) derived and what are
the coefficients? Also, it seems that the spectral problem is formulated globally
because neighbor values are included. I found more details in paper Xiao, 2013
(http://arxiv.org/pdf/1206.4406.pdf) but at least if notations are used, they
should be clarified.

We have revised this part in the revised manuscript with more details (line
160 to line 193 in the marked-up manuscript). The spectral analysis adopted
here follows the procedure in Huynh (2007).

4. Super convergence: The authors mention super convergence a few times.
I believe they mean that their method is an h-p method with corresponding
convergence properties. It would be desirable to clarify terminology. Also, the
authors state (p. 4253) that “The Fourier analysis and numerical tests show
that the present scheme has the super convergence property same as the DG
method.” First, they did not show this numerically because there are no tests
for the p refinement. Second, which DG method are they referring to? Third,
how exactly the Fourier analysis can be used for exponential convergence?

The discussion on the super convergence follows the context in Huynh (2007)
where a scheme using K solution points is said to be super-convergent if its order
of accuracy is higher than K. As shown in Huynh (2007) that the nodal DG
scheme has a convergence rate of 2K —1, we demonstrate that the present three-
point GLPCC scheme has 5'-order convergence rate by the Fourier analysis
used in Huynh(2007). Here, the DG scheme is referred to the nodal type DG
defined in Huynh (2007) which uses the Radau polynomial as the correction
function. A relevant theoretical work can be found in Guo et al. (W. Guo, X.
Zhong and J. Qiu, J. Comput. Phys. Vol. 235, 458-485 (2013)).

5. “The parameter a in Eq. (24) is determined by the contravariant veloc-



ity component and the water depth, which are exactly same on two adjacent
patches.” A continuous velocity field in contravariant coordinates on an edge
has two components, and one of them, corresponding to a basis vector perpen-
dicular to the edge, is the same (up to the sign) for adjacent elements.

It has been clarified in the revised manuscript (line 330 to line 333 in the
marked-up manuscript).

6. Figure 15 needs labels ((a), (b) ...) and captions for them.

Thank you for suggestion. We added the figure labels in the revised manuscript
(Fig. 17 in the revised manuscript).

7. p. 4263: “The expression of metric tensor can be found in Chen and
Xiao (2008)”. I believe (correct this if I am wrong) that this paper largely uses
transformations and formulations from earlier papers (Nair, R. D.; S. J. Thomas
and R. D. Loft, 2005: A discontinuous Galerkin transport scheme on the cubed
sphere. Monthly Weather Review,Vol. 133, pp 814-828) and (Nair, R. D., S. J.
Thomas and R. D. Loft, 2005: A discontinuous Galerkin global shallow water
model. Monthly Weather Review, Vol. 133, pp 876-888). The reference should
be corrected then.

Thank you for your comments. We revised the sentence in the manuscript
(line 281 in the marked-up manuscript).

8. The paper does not cover diffusive properties of the proposed method
and possible applications of artificial diffusion. I believe this is a valid point for
discussion. Shallow water models are often considered as preliminary studies
for 3D models. In 3D models, diffusion mechanisms cannot be ignored.

Based on the Riemann solver at cell interfaces, the proposed scheme is essen-
tially an upwind type method. As a result, the inherent numerical dissipation
is included and stabilizes the numerical solutions. We did not use any extra
artificial viscosity in the shallow water model for the numerical tests presented
in the paper. We agree with you that additional dissipation or limiter projection
might be necessary in other cases in 3D. Because of the algorithmic similarity,
the existing works on high-order limiting projection and artificial dissipation

devised for DG or spectral element methods should be applicable to GLPCC



without substantial difficulty. Some comments have been included in the re-
vised manuscript (line 122 to line 125 and line 467 to line 473 in the marked-up
manuscript).

Comments on English:

1. More attention should be given to articles.

2. p. 4262: Revise “... coordinate system (£,n) are shown in Fig.” “...the
governing equations is rewritten..”

3. p. 4264: Revise “... we solving ...”

4. p. 4267: Revise “The conservation errors of total energy and enstrophy
are interest for atmospheric modelling”

5. p. 4268: Revise “T'wo kinds of setup of this test are usually checked in
literatures.”

We have made a thorough linguistic check. All your comments are reflected

in the revised manuscript. Thank you.

Appendix

A marked-up version of the revised manuscript is included as follows, where the

revisions are indicated by using latexdiff.














































































Fig. 17. Numerical results of relative vorticity for unbalanced setup of barotropic instability test on a -series
of refined grids. Contour lines vary from —1.1 x 10™% to —0.1 x 10™* by dashed lines and 0.1 x 107 to
1.5 x 10~ by solid lines.
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Table 1. Numerical errors at two wavenumbers and corresponding convergence rate.

Wavenumber w=73 w=7 Order
Error —3.1408 x 1075 —4.2715 x 1075 —5.0466 x 1077 — 3.4068 x 1078  4.97
Table 2. Numerical errors and convergence rates for advection of a sine wave.
Resolution I error order l5 error Order oo error Order
I=4 3.9392 x 1073 - 3.9623x1073 - 3.9702 x 1073 -

I=8 1.5683 x 107*  4.65 1.4841x107* 474 1.3396x107* 4.89
I1=16 5.3627 x 1075 4.87 4.8431x107¢ 494 4.1707x107¢ 5.01
I1=32 1.6897 x 1077 498 1.5327x 1077 498 1.3293x 1077 497
I1=64 5.3017 x 107° 499  4.8092x107° 499 4.1670x107°  5.00

Table 3. Numerical errors and convergence rates for case 2 with-of the flow in-nerth-eastdireetion-f{with v = 7).

Grid 1 error [, order > error l> order loo error loo order

Gs 3.394x107° — 5.492 x 1079 — 1.868 x 10~* —

Giz 1.440x107° 4.56 2.321 x 107° 456  8.924x107° 4.39
Gas 5.367x1078 4.75 8.317x 1078 480  3.457x10°7 4.69
Gus 1.942x107° 479  2957x107%  4.81 1.487 x 1078 4.54
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