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Abstract

A cusp catastrophe model for alluvial channel regime is established by selecting suit-
able parameters to reflect channel stability. An equation is obtained from the equilib-
rium state of channel regime, which is a cusp catastrophe surface in a translated three
dimensional coordinate. The stability of channel patterns can be identified by such5

a model in a direct way, and the 2-D projection of the cusp catastrophe surface can be
used to classify alluvial channel patterns. Predictions based on this model are consis-
tent with field observations involving about 100 natural rivers. The results indicate that
this method may be applied to study the regime of natural rivers and to assist decision
making in river engineering.10

1 Introduction

Catastrophe theory is a relatively new mathematical method for describing system
behavior where a gradually changing force can produce a sudden dramatic effect.
ReneThom published the first paper on it in 1968, the first book in 1972 (Thom, 1972),
and now it has found applications in a wide variety of disciplines, including physics,15

biology, psychology, economics, and geology (Stewart and Peregoy, 1983; Gilmore,
1993; Yi, 1995; Hartelman, 1997; Henley, 1976). With the development of nonlinear
mathematics, some researchers adopted catastrophe theory to describe the formation
of river channels. Thornes (1980) studied the characteristics of Spanish rivers based
on theories of nonlinear mathematics; Richards (1982) brought catastrophe theory into20

the mechanism of fluvial processes; Graf (1988) described the transformation among
straight, meandering and wandering river patterns with the cusp catastrophe theory
and pointed out that rivers may result in different patterns although under the same
silt-discharge and boundary condition. Nevertheless, the catastrophe theory has just
explained the phenomenon, and lacked quantitative results on the mechanism of fluvial25

processes.
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This paper established equations for the equilibrium state of channel regime based
on the model of cusp-catastrophe surface, the 2-D projection of the cusp catastrophe
surface can be used to classify alluvial channel patterns, and the model can provide
some useful suggests in practical projects.

2 The cusp catastrophe model for alluvial channel regime5

2.1 The cusp catastrophe model

Of the seven elementary catastrophes in catastrophe theory, the cusp model is the
most widely applied. It is often used to model the behavior of a system with two control
parameters and a non-linear state parameter. The potential function E for the cusp
catastrophe is (Stewart, 1975):10

E =
1
4
z4 +

1
2
xz2 − yz (1)

Its equilibrium points, as a function of the control parameters x and y , are solutions to
the equation as follows:

dE
dz

= f (x,y ,z) = z3 +xz− y = 0 (2)15

where x,y are defined as the control parameters, and z is the state parameter of the
system.

The Cardan’s discriminant is written as: ∆ = 4x3 +27y3; Eq. (2) Has one solution if
∆ > 0, and has three solutions if ∆ < 0; The set of values of x and y for which ∆ = 020

demarcates the bifurcation set, and these solutions are depicted as a two dimensional
surface living in three dimensional space, the floor of which is the two dimensional
(x,y) coordinates system called the “control plane”.

1479

http://www.geosci-model-dev-discuss.net
http://www.geosci-model-dev-discuss.net/7/1477/2014/gmdd-7-1477-2014-print.pdf
http://www.geosci-model-dev-discuss.net/7/1477/2014/gmdd-7-1477-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


GMDD
7, 1477–1497, 2014

A cusp catastrophe
model

Y. Xiao et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

2.2 Determination of the control parameters and the state parameter

The morphology of natural river channels is determined by the interaction of fluid flow
with the erodible materials in the channel boundary (Knighton, 1984). The interrelation-
ships between the (1) oncoming bed material load and the sediment carrying capacity
of the flow, and (2) the erodibility of the river banks and the erosive power of the wa-5

ter decide essentially the general direction of the self-adjustment. On the basis of the
concepts as depicted above, the synthetic indexes of river-bed stability determined by
the longitudinal river-bed stability in contrast to the transverse river-bed stability are
adopted in the form (Chien Ning, 1958):

φb =
B
B1

=
BJ0.2

Q0.5
(3)10

φh =
(γs −γ)D50

γhJ
(4)

here φh is used as the longitudinal index, φb is used as the transverse index; h, J are
defined as the local water depth and channel slope; Q denotes the bank-full discharge;
B is the width of the channel under the bank-full discharge; D50 is the median bed15

material grain size.
The transverse index is a domain factor to describe the channel planforms, this paper

decides φ1 as the dominant control parameter, and φ2 as the second control parameter
which determines the scouring and deposition of channel beds. The control parameters
can be written as:20

φ1 = (φb)a (5)

φ2 = (φh)b (6)

where a, b are the weight coefficients, satisfied with a+b = 1. Consider the importance
of the oncoming bed material and the erodibility in the river process, we assumed25

a = b = 1/2 when a+b = 1 in this paper.
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The state parameter is often used to describe the behavior of a system which is
influenced by the control parameters (Stewart, 1975). The sinuosity l is defined as the
ratio of channel length to valley length, which reflects the channel planform, responses
to the changes of the control parameters. So we choose it as the state parameter in
this cusp model.5

2.3 The cusp catastrophe model for alluvial channel regime

Based on the features of topological relationship, the characteristics and the continuity
of the equation can be maintained with the coordinate transformation. Translate the
coordinate into the O′ (φ1, φ2, l ), and obtain the following relationship for control pa-
rameters in the form:10

x =m1l +m2φ1 +m3φ2 −φ′
1

y = n1l +n2φ1 +n3φ2 −φ′
2

z = b1l +b2φ1 +b3φ2 − l ′
(7)

here φ′
1,φ′

2, l ′ is the value of the coordinate in O′ (φ1,φ2, l ); bi ,mi ,ni is the direction
cosine between the original and new coordinate system. Substitute Eqs. (5)–(7) to
Eq. (2), the equation of the cusp catastrophe under the new coordinate system O′

15

(φ1,φ2, l ) can be expressed as:

f (l ,φ1,φ2) = (b1l +b2φ1 +b3φ2 − l ′)3 + (m1l +m2φ1 +m3φ2 −φ′
1)

(b1l +b2φ1 +b3φ2 − l ′)− (n1l +n2φ1 +n3φ2 −φ′
2) = 0

(8)

As shown in Fig. 1, the rotation around z axis of the original coordinate O(x,y ,z) to
the coordinate system O′ (φ1,φ2, l ) contributes to b1 = 1; and bi ,mi ,ni satisfies the20

additional condition as:
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m2
1 +n2

1 +b2
1 = 1

m2
2 +n2

2 +b2
2 = 1

m2
3 +n2

3 +b2
3 = 1

(9)

The coordinate transformations satisfy the right-handed system:∣∣∣∣∣∣
m1 m2 m3
n1 n2 n3
b1 b2 b3

∣∣∣∣∣∣ = 1 (10)

5

Substitute Eq. (9) to Eq. (10), and obtain:∣∣∣∣∣∣
m1 m2 m3
n1 n2 n3
b1 b2 b3

∣∣∣∣∣∣ =
∣∣∣∣∣∣
0 cosγ sinγ
0 −sinγ cosγ
1 0 0

∣∣∣∣∣∣ (11)

γ = arctan l ′ (12)

There is no external force when the control parameters φ1,φ2 equal to zero, the chan-10

nel should maintain its pattern as f (0,0,0) = 0; Eq. (8) can be expressed as:

l ′3 − l ′φ′
1 −φ′

2 = 0 (13)

Substitute Eqs. (11)–(13) into Eq. (8), we have:

f (l ,φ1,φ2) = (l − l ′)3 + l (φ1 cosθ−φ′
1)−φ2(secθ− l cosθ)+ l ′3 = 0 (14)15

θ = arctan l ′ (15)

here φ′
1, l ′ is the critical index, assuming the critical value of state parameter denotes

l ′ = 1 and the critical transverse river-bed stability is φ′
1 = 1 when the rivers attain the

equilibrium.20
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Equation (14) denotes the equilibrium state of the channel regime under the coor-
dinate system O′ (φ1, φ2, l ). The surface of equilibrium channel state is formed in
3-dimensional space as shown in Fig. 2: the points located on the upper or lower sheet
are minimal (steady equilibrium), a smooth change in (φ1,φ2) at a rate allows the
equilibrium to maintain. The middle sheet, often referred as the inaccessible region,5

represents an unstable maximum (Henley, 1976), if the channels lied in this area, any
slight alteration by a control parameter will result in the behavior being transferred to
either the upper or lower sheet.

2.4 River data used in the cusp model

To investigate the applicability of the cusp model presented herein, the values of the10

control parameters φ1,φ2 is obtained from a large date set, including date from about
100 natural rivers, which is divided into three types as straight, meandering and braided
river; the details of the river data are shown in Table 1. Figure 3 shows the distribution
of these rivers in the equilibrium surface.

As sketched in Fig. 4 one can see 10 points are just on the equilibrium channel state15

surface (the computed values satisfy Eq. 14). These plot points either on the upper
sheet or lower sheet (the global minimum); there are no points in the middle sheet
(unstable maximum), this implies that the tendency of adjustment for alluvial channels
is the minimum state, not an unstable maximum, the results agrees qualitatively with
known channel pattern theories as the minimum entropy (Knighton, 1984). There is no20

straight river on the equilibrium surface; it demonstrates that the straight pattern should
not be included as one of the typical patterns that are self-formed (Wang and Ni, 2002).
Based on the cusp catastrophe model for alluvial channel regime, some suggestions
about the channel stability can be proposed from Fig. 5.

1. Choose the section φ2 = 4 forward and backward about 0.5 units from the equi-25

librium surface, and the projection of the river positions along the l −φ1 plane
is obtained in Fig. 5. The natural channels are scattered on either side of the
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intersection line which defines the control plane into three parts: the meander-
ing, straight and braided rivers belong to the upper, middle and lower sheet in
this figure respectively; they may tend to achieve the intersection line by adjusting
the control parameters. Straight channels lied on the middle sheet represents an
unstable maximum (Arnold, 1994), bifurcation may occur, and result in the mean-5

dering or a braided channel pattern without external interference.

2. Over the short time scale, a channel can adjust its non-fluid boundaries to impose
conditions in order to obtain and maintain steady-state equilibrium. Fluctuations
occur during the self-adjustment of alluvial channel (Knighton, 1984). From Fig. 5,
when the channel is far from the intersection line with high amplitude, the stability10

of channel can no longer maintain and a cut-off may develop to obtain a new
balance; in order to prevent unfavorable impact of river stability change in practice,
we should enhance the stability of the channel to control pattern. If the channels
are just around the intersection line, the channel pattern can be maintained if the
condition of flow discharge and sediment is constant. This implies we can assist15

some suggestions for river management from the diagram.

3. Based on the definition of the state parameter as sinuosity l , the region in the
lower sheet is inaccessible (Fig. 5), the channels belong to braided patterns, the
width and the beam-depth ratio of these channels are relatively large according
to the field data (Table 2).Deviations from equilibrium conditions will trigger the20

decrease of the control parameter φ2 to attain the available balance with the
response between inflowing and outflowing water and sediment discharge, such
as decreasing the slope or beam-depth ratio.

3 A cusp catastrophe model for channel pattern classification

Numerous descriptive classification schemes have been proposed (Rust, 1978) as well25

as differences in stability and sedimentation controls in alluvial rivers (Schumm, 1963,
1484
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1985). In this section, a new channel pattern classification is presented based on the
cusp catastrophe model for alluvial channel regime. The discriminant functions are
obtained from the model to distinguish the channel patterns according to the channel
stability. The validity of the proposed method is tested by the river data (Table 1).

The cusp catastrophe model for alluvial channel regime can reflect the stability of5

channels, one can see the channels achieve to the prescribed minimum of equilibrium
state when L = 1; the sinuosity value in excess of 1.5 is often used to discriminate the
meandering and braided rivers (Rust, 1978). The cross sections of L = 1 and L = 1. 5
are used to divide the equilibrium surface as shown in Fig. 6, and brought into Eq. (15),
the discriminators are derived:10

When L = 1 : φ1 −φ2 = 0 (16)

When L = 1.5 : φ1 −φ2/3 = 0.35 (17)

The 2-D projection of the natural channel (Fig. 6) along the control φ1−φ2 plane can
be sketched in Fig. 7. Discriminator (17) represents a reasonable lower bound for wan-15

dering channels (the data for wandering channels come from Zhang et al., 1994); Dis-
criminator (18) forms a reasonable upper bound for the meandering channels; braided
rivers by the definition used in this analysis, or should at least be regarded as transi-
tional forms based on the dynamic features, and they are in the region between Dis-
criminators (17) and (18) in this diagram. The control plane is divided into three zones:20

the upper zone, which can be regarded as the stable zone; the middle zone defined as
the transitional stable zone, and the unstable lower zone. It indicates that the classifica-
tion diagram is in agreement with the known channel pattern theories from the stability
feature. Substitute Eqs. (3)–(4) to the Discriminators (17)–(18), discriminant function
that predicts the channel pattern can be derived as follows:25

1485

http://www.geosci-model-dev-discuss.net
http://www.geosci-model-dev-discuss.net/7/1477/2014/gmdd-7-1477-2014-print.pdf
http://www.geosci-model-dev-discuss.net/7/1477/2014/gmdd-7-1477-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


GMDD
7, 1477–1497, 2014

A cusp catastrophe
model

Y. Xiao et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

Meandering channel:

(
(γs −γ)D50

γhJ

)1/2

> 3

(
BJ0.2

Q0.5

)1/2

−1.05 (18)

Braided channel:(
BJ0.2

Q0.5

)1/2

<
(

(γs −γ)D50

γhJ

)1/2

< 3

(
BJ0.2

Q0.5

)1/2

−1.05 (19)
5

Wandering channel:(
BJ0.2

Q0.5

)1/2

<
(

(γs −γ)D50

γhJ

)1/2

(20)

As shown in Fig. 7,the channel patterns are difficult to distinguish nearby the origin,
according to the catastrophe theory: the region around the origin of the fold line could10

have remarkably different outcomes of the system behavior. For although the two paths
may begin close together their paths are divergent (Arnold, 1994). It is can be used to
explain that different planforms may result from the same silt-discharge and boundary
condition.

4 Conclusion15

This paper presents a cusp catastrophe model for alluvial channel regime with suitable
parameters to reflect channel stability. An equation is obtained from the equilibrium
state of channel regime, which is a cusp catastrophe surface in a translated three
dimensional coordinate. The stability of channel patterns can be identified by such
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a model in a direct way, and the 2-D projection of the cusp catastrophe surface can be
used to classify alluvial channel patterns. About 100 natural rivers are used to test the
application of the model, and the results indicate that this method may be applied to
study the regime of natural rivers and to assist decision making in river management.
However, some assumptions have proposed before the establishment of the model, fur-5

ther studies are needed to improve understanding of patterning process and to modify
the control parameters of the cusp model.
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Table 1. Observed data of natural rivers.

Data source No Width (m) Discharge (m3 s−1) D50 (mm) Slope (×1000) Depth (m) Sinuosity (–)

1.Andrews 18 5.21 ∼ 83.8 2.21 ∼ 255 23 ∼ 122 1.74 ∼ 22.23 0.29 ∼ 1.85 1.07 ∼ 1.98
2.Church and Rood 17 5 ∼ 104 2.7 ∼ 354 33 ∼ 89 0.97 ∼ 13.7 0.65 ∼ 3.06 1.0 ∼ 1.65
3.Hey and Thorne 18 6.5 ∼ 76.5 3.9 ∼ 424 13.9 ∼ 83.8 2.108 ∼ 11.4 0.68 ∼ 3.21 1.33 ∼ 2.5
4.Kellerhals et al. 24 18 ∼ 442 7.93 ∼ 2606 0.2 ∼ 145 0.12 ∼ 16.5 0.58 ∼ 7.2 1.01 ∼ 2.2
5.Lambeek 4 111 ∼ 450 1841 ∼ 5320 12 ∼ 73 0.22 ∼ 1.6 3.8 ∼ 10 1.1 ∼ 1.7
6.McCarthy et al. 1 137 630 0.35 0.4 4.1 1.86
7.Monsalve and Silva 3 140 ∼ 160 830 ∼ 1200 0.4 ∼ 6.2 0.24 ∼ 0.8 3 ∼ 5 1.2 ∼ 2.5
8.Morton and Donaldson 2 57 ∼ 122 70, 389 0.3,0.45 0.74, 1.01 7,7.6 1.37, 2.24
9.Taylor and Woodyer 1 40 210 0.15 0.05 5.0 2.3
10.Mosley 66 4.2 ∼ 1753 1.73 ∼ 3112 1.0 ∼ 189 0.62 ∼ 28.3 0.33 ∼ 2.96 1.0 ∼ 1.77
11.Williams 4 13.7 ∼ 57.9 12.2 ∼ 365.3 2.7 ∼ 42 1.52 ∼ 6.9 0.7 ∼ 3.38 1.32 ∼ 1.93

(Data sources: 1. Andrews (1984), sinuosity data partly from Church and Rood (1983); 2. Church and Rood (1983); 3. Hey and Thorne (1986); 4. Kellerhals
et al. (1972); 5.Lambeek (1994); 6.McCarthy et al. (1991); 7. Monsalve and Silva (1983); 8. Morton and Donaldson (1978b); 9. Taylor and Woodyer (1978); 10.
Mosley (1981); 11.Williams (1978, 1989))
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Fig. 1 The cusp catastrophe model in new coordinate system 
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Fig. 1. The cusp catastrophe model in new coordinate system.
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Fig. 2 The equilibrium channel state surface (the dotted line is the intersection between 4

2
  and the 

equilibrium channel state surface) 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

Fig.3 The distribution of natural rivers in the equilibrium channel state surface 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4 Rivers on the equilibrium channel surface 

Fig. 2. The equilibrium channel state surface (the dotted line is the intersection between φ2 = 4
and the equilibrium channel state surface).

1492

http://www.geosci-model-dev-discuss.net
http://www.geosci-model-dev-discuss.net/7/1477/2014/gmdd-7-1477-2014-print.pdf
http://www.geosci-model-dev-discuss.net/7/1477/2014/gmdd-7-1477-2014-discussion.html
http://creativecommons.org/licenses/by/3.0/


GMDD
7, 1477–1497, 2014

A cusp catastrophe
model

Y. Xiao et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

 

7 

 
Fig. 2 The equilibrium channel state surface (the dotted line is the intersection between 4

2
  and the 

equilibrium channel state surface) 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

Fig.3 The distribution of natural rivers in the equilibrium channel state surface 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4 Rivers on the equilibrium channel surface 

Fig. 3. The distribution of natural rivers in the equilibrium channel state surface.
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Fig.3 The distribution of natural rivers in the equilibrium channel state surface 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4 Rivers on the equilibrium channel surface Fig. 4. Rivers on the equilibrium channel surface.
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Fig.5 Projection forward and backward about 0.5 units from the section 4
2
 in the equilibrium channel 

state surface with natural rivers in the space of 
1
l  

 
Fig. 6   Classification of alluvial channel patterns based on the cusp catastrophe model(Line A is the 

projection of the intersection line between L=1.5 and Eq. (15) in the1-2 space；line B is the projection of 

the intersection line between L=1.0 and Eq. (15) in 1-2 space) 

 
Fig. 7 The diagram classifying alluvial channel patterns in the control space of 1-2(the data of 

Fig. 5. Projection forward and backward about 0.5 units from the section φ2 = 4 in the equilib-
rium channel state surface with natural rivers in the space of l −φ1.
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Fig.5 Projection forward and backward about 0.5 units from the section 4
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Fig. 6   Classification of alluvial channel patterns based on the cusp catastrophe model(Line A is the 

projection of the intersection line between L=1.5 and Eq. (15) in the1-2 space；line B is the projection of 

the intersection line between L=1.0 and Eq. (15) in 1-2 space) 

 
Fig. 7 The diagram classifying alluvial channel patterns in the control space of 1-2(the data of 

Fig. 6. Classification of alluvial channel patterns based on the cusp catastrophe model (line
A is the projection of the intersection line between L = 1.5 and Eq. (15) in the φ1 −φ2 space;
line B is the projection of the intersection line between L = 1.0 and Eq. (15) in φ1 −φ2 space).
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Fig.5 Projection forward and backward about 0.5 units from the section 4
2
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l  

 
Fig. 6   Classification of alluvial channel patterns based on the cusp catastrophe model(Line A is the 

projection of the intersection line between L=1.5 and Eq. (15) in the1-2 space；line B is the projection of 

the intersection line between L=1.0 and Eq. (15) in 1-2 space) 

 
Fig. 7 The diagram classifying alluvial channel patterns in the control space of 1-2(the data of Fig. 7. The diagram classifying alluvial channel patterns in the control space of φ1 −φ2 (the

data of wandering rivers come from the natural rivers and model rivers, Zhang Hongwu et al.,
1994).
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