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PDF Forms and Solved Integral Equations

This Supplement provides the functional forms of the PDFs (Section S1 through Section S4)
and the solved integral equations (Section S5 through Section S8) that are necessary to solve
the microphysical covariance integrals listed in Appendix A of the associated article. These
equations need to be substituted into the appropriate places in the integrals in Appendix A.
The text in Appendix A references the appropriate equations in this Supplement. The equa-
tions are presented in this manner because providing complete formulas in the associated
article would have led to equations that are too lengthy and have too many sub-forms. Ad-
ditionally, this style of presentation mirrors the structure of the source code implementation,
providing clearer mathematical documentation of the source code. Interested readers may

view the source code for more details on the implementation of these integrals.



S1 Functional Form of a Quadrivariate PDF

There is one type of quadrivariate PDF used in the equation set. It is a quadrivariate normal-
normal-lognormal-lognormal distribution, meaning that the individual marginal of x; is a
normal distribution, the individual marginal of x5 is a normal distribution, the individual
marginal of z3 is a lognormal distribution, and the individual marginal of x4 is a lognormal

distribution. The functional form of this type of PDF is given by:
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In Eq. (S1), fiz,s) is the mean of z; in the ith component, ji,,(;) is the mean of x, in the
ith component, fi,,;) is the mean of Inws in the ith component, and fi,,(; is the mean of
Inz, in the 7th component. The ith component standard deviation of z; is o,,(;), the ith
component standard deviation of x5 is 0,,(;), the ¢th component standard deviation of In 3
iS 0g4(), and the ith component standard deviation of Inw, is 6,,¢). The ith component
correlation of w1 and ¥y is pg, 4,(:), the ith component correlation of xy and Inxs is pp 440
the ith component correlation of x1 and Inxy is pg, 2,z:), the ith component correlation of
xo and Inx3 is Py, 2,(:), the ith component correlation of x5 and Inxy is Py, 4,(), and the ith

component correlation of Inzz and Inxy is Py 20

S2 Functional Form of Trivariate PDF's

There are two types of trivariate PDF's used in the equation set. The first one is a trivariate
normal-normal-lognormal distribution, meaning that the individual marginal of x; is a nor-
mal distribution, the individual marginal of x5 is a normal distribution, and the individual
marginal of x5 is a lognormal distribution. The functional form of this type of PDF is given
by:
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In Eq. (S2), ftz,(;) is the mean of z; in the ith component, ji,,; is the mean of x, in the
ith component, and fi,,) is the mean of Inzz in the ¢th component. The ith component
standard deviation of 1 is 0,,(;), the ith component standard deviation of x, is 0,,(;), and
the ith component standard deviation of Inxs is G,,;). The ith component correlation of
xy and T3 IS Py, 2.(:), the ith component correlation of xy and Inxs is Py, 4,(:), and the ith
component correlation of zo and Inws iS Py, 243i)-

The second type of trivariate PDF used in the equation set is a trivariate normal-
lognormal-lognormal distribution, meaning that the individual marginal of z; is a normal
distribution, the individual marginal of x5 is a lognormal distribution, and the individual

marginal of x3 is a lognormal distribution. The functional form of this type of PDF is given



by:

exp {_lANLL} ; (S3)

PNLL(i) (1131;$2, 5E3) =

(27)2 Gy () Fa (1) Fna(i) Ci1 T2 T3
where:
ANLL = Cig [CtQ (21 = ftan@)” + Cis (022 — finyy)” + Cra (N5 — finyi)
+ Cls (901 - Nm(i)) (111 Ty = fas(i ) + Cis ( N:cl(i)) (hl S ﬂzs(i))
+ Cor (02 = fiaay) (025 = flagis) |:
and where:

1
2

Ctl = [1 - (pxl :EQ( ) + pwl $3( ) + ﬁgg,wg,(i)) + Qﬁwlal'Q(i)ﬁxl7x3(i)ﬁ5527553(i) ’

Chy = 22, 3(); Clg = — 1, 3()’ ot = ~ 1, 2(),
T 21(4) 2 (3) O 23(3)
. 2 (ﬁxl,xs(‘)ﬁxz,xs(i) - p~m1,xg(i)) . . 2 (ﬁxl,xz(i)ﬁmg,mg(') - ;511,:1?3(1')) .
Ot5 - ) Ct6 — s
sy Taga) Ty O

and Ct? _ 2 <ﬁ$17$2(i)ﬁxlﬂ33(i) - ﬁwz,ws(i)) ‘

Ovagsy Oy
In Eq. (52), piz, () is the mean of z; in the 7th component, fi,,(;) is the mean of Inx, in the
ith component, and fi,,) is the mean of Inzz in the ¢th component. The ith component
standard deviation of z; is 0y, (;), the ith component standard deviation of In x, is 7,,(;), and
the ith component standard deviation of Inxs is G,,(;). The ith component correlation of
xy and Inxg 18 Py, 40(5), the ith component correlation of xy and Inxs is Py, 44(:), and the ith

component correlation of Inzy and Inx3 is Py 4y()-



S3 Functional Form of Bivariate PDF's

There are three types of bivariate PDFs used in the equation set. The first one is a bivariate
normal distribution, meaning that the individual marginal for each of x; and x5 is a normal

distribution. The functional form of this type of PDF is given by:
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where the ith component mean of x is yi,,(;), the ith component mean of x5 is fi4,(3;), the ith
component standard deviation of z; is 0,,(;), the ¢th component standard deviation of w5 is
Oy, and the ith component correlation of z; and @2 1S P, 24¢i)-

The second type of bivariate PDF used in the equation set is a bivariate normal-lognormal
distribution, meaning that the individual marginal of x; is a normal distribution and the

individual marginal of z5 is a lognormal distribution. The functional form of this type of

PDF is given by:
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where the ith component mean of xy is p,, (), the ith component mean of Inxs is fiz, (), the

ith component standard deviation of z; is 0,,(;), the ¢th component standard deviation of



In 5 is 04,3y, and the ith component correlation of z1 and Inwy is Py 4y 3i)-
The third type of bivariate PDF used in the equation set is a bivariate lognormal distribu-
tion, meaning that the individual marginal for each of x; and x5 is a lognormal distribution.

The functional form of this type of PDF is given by:
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where the 7th component mean of In z; is fi,, (;), the ith component mean of In 3 is fi,, ), the
ith component standard deviation of Inz; is 7,,(;), the ¢th component standard deviation of

In w5 iS 04,3y, and the ith component correlation of Inz; and Inwy IS Py, 4yi)-

S4 Functional Form of Single-Variable PDF's

There are two types of single-variable (univariate) PDFs used in the equation set. The first

one is a normal distribution. The functional form of this type of PDF is given by:

Py (x) = + exXp {M} ; (S7)
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where the ¢th component mean of x is fi,(;) and the ith component standard deviation of
x is 04(). The second type of univariate PDF used in this equation set is a lognormal
distribution. If the natural logarithm was taken for every point in a lognormal distribution,

the resulting distribution would be a normal distribution. The functional form of this type



of PDF is given by:
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where the ith component mean of Inx is fi,(; and the ¢th component standard deviation of

Inx is 0,



S5 Quadrivariate PDF Integrals of Covariance Form

The integrals of the general form

Goc = 7 707(931 - 01> (:cg (H (—22))* 222] — 02)

X Pynpr (21, 22, 3, 24) dzy dos dore day
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are referred to as quadrivariate PDF integrals of covariance form. Both €} and Cy are
constants, and when they both represent the appropriate overall mean values, the resulting
integral is a covariance. Additionally, the conditions on « are @ > 0 and (—1)" must
not be a complex number. The quadrivariate PDF, Pynpr (21,22, 23, 24), is a normal-
normal-lognormal-lognormal PDF, meaning that the individual marginals of both z; and
xo are normal distributions and the individual marginals of both x3 and x4 are lognormal
distributions. The Heaviside step function is denoted H (x). The above integral has 16
sub-forms. When one or more of the variables is constant (has a standard deviation of 0),
the integral simplifies and reduces.

In the solutions below, denoted Gg¢, jt, and o,, denote the mean and standard deviation
of =1 in the quadrivariate PDF, p,, and o0,, denote the mean and standard deviation of x5
in the quadrivariate PDF, p,, and o,, denote the mean and standard deviation of x5 in
the quadrivariate PDF| and pu,, and o,, denote the mean and standard deviation of x4 in
the quadrivariate PDF. For lognormal variates, fi,, and ¢,, denote the mean and standard
deviation of In z3 in the quadrivariate PDF, while ji,, and &,, denote the mean and standard
deviation of In x4 in the quadrivariate PDF. The correlation of x; and x5 is denoted pg, 45,
the correlation of z; and Inzs is denoted p,, .., the correlation of x; and Inx, is denoted
Par 4, the correlation of x5 and Inzs is denoted p,, ., the correlation of o and Inxzy is
denoted p,, »,, and the correlation of Inz3 and In x4 is denoted p,, ,,. The gamma function

is denoted I' (x) and the parabolic cylinder function of order v is denoted D, (z).

10



When 1, x9, x3, and x4 all vary (0., > 0, 0., > 0, 0, > 0, and o,, > 0), the solution is
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There are four sub-forms that contain one constant variable. When x; is constant, but s,

x3, and x4 vary, the solution is
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where ¢ = + D3 02s B+ Py a0y

2

11



When z, is constant, but x1, x3, and x4 vary, the solution is
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When z3 is constant, but x1, xo, and x4 vary, the solution is
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When z4 is constant, but x1, xo, and x3 vary, the solution is

1 o 5 l~2 9 1 9
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where ¢ = + Prow502s -

There are six sub-forms that contain two constant variables. When both x; and x, are
constant, but both x3 and x4 vary, the solution is
(

_ _ 1. 1. _ .
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When both z; and x3 are constant, but both x5 and x4 vary, the solution is

1 o _ 1. 1
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When both z; and x4 are constant, but both x5 and x3 vary, the solution is

1 a _ 1. 1
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When both z5 and x5 are constant, but both x; and x4 vary, the solution is
( 1
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When both x5 and x4 are constant, but both z; and x3 vary, the solution is
( o ~ ~ ~ L.y
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—C (g, — Ch), h 2 < 0; d
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\
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When both z3 and x4 are constant, but both x; and x5 vary, the solution is
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There are four sub-forms that contain three constant variables. When 1, x5, and x3 are

constant, but x4 varies, the solution is

. 1.
(ftz, — C1) p, i, exp {uzn + —Oiﬁ}

2
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( 1
(Hay — C1) g, 113, exp {ﬁmﬁ + 502, 2}
GQC - _02 (,uxl - Cl) ) When Moo S 07 and <S21)
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When z1, x3, and x4 are constant, but xs varies, the solution is
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When x5, x3, and x4 are constant, but z; varies, the solution is

. (Mo, — C1) (g, 12,17, — C2),  when piz, < 0; and
QC —

—Cy (g, — CY), when fi,, > 0.

When z;, 9, z3, and x4 are all constant (0,, = 0, 0., = 0, 0., = 0, and o,

solution is

o (Mm - 01) (M%Hiu% — Cg), when p,, < 0; and
QC =

—Cy (g, — CY), when i, > 0.

S6 Trivariate PDF Integrals of Covariance Form

The integrals of the general form

Gre = / / / (:El — Cl> (x;“ (H (x5))" x — CQ)PNNL (71,29, v3) dz dag dy
—oo —oco 0

(S23)

= 0), the

(S24)

are referred to as trivariate PDF integrals of covariance form. Both C and C5 are constants,

and when they both represent the appropriate overall mean values, the resulting integral

is a covariance. The trivariate PDF, Pyyy (21, 9, 23), is a normal-normal-lognormal PDF,

meaning that the individual marginals of both z; and x5 are normal distributions and the

individual marginal of x3 is a lognormal distribution. The above integral has eight sub-forms.

When one or more of the variables is constant (has a standard deviation of 0), the integral

simplifies and reduces.

When z1, x5, and z3 all vary (o,, > 0, 0., > 0, and o,, > 0), the solution, denoted Gr¢,
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Py a0y I O‘ + 2) D—(oz+2) (—g)

GTC’—\/_—U eXP{Mmgﬂ‘F 52—— }

Lo N - . S25
o__zpl‘l,l‘go-:l‘l + (p:cl,:cg - pa:1,a72px2,z3> 0-$10-1’36) ( )

2

+ <:u331 - C(1 -
xT'(a+1) D_(a1) (—G))

= Gy (pay = C1);

Ha - -
2+ Py w3050

2

where ¢ =

There are three sub-forms that contain one constant variable. When x; is constant, but xs

and x3 vary, the solution is

1 - 1 1
GTC = _% (:u:m - Cl) 0?2 exXp {,uxsﬁ + 02 ’ L_lg2}r (Oé + 1) D—(a‘H) (_g)

(526)
— O3 (ay — C1);
Heay
where ¢ = — + Py 250450
2
When z, is constant, but x; and x3 vary, the solution is
(
/’ng (:u:rl - Cl + ﬁ$17$30$16$3/8) exXp {:U’l“sﬁ + 3 9 1352}
GTC = 2 (/JJ 1 1) when fig, = an <S27)

—Cy (g, — C1) when f1,, < 0.

\
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When z3 is constant, but x; and x5 vary, the solution is

1p2
o B T

Ha
Pz m2amlr (Oé =+ 2) D—(a+2) <__2>

2

+ <um C -2y, maml) T'(a+1)D_far) (_@) )
Oy O

— Oy (g, — Ch) .

Gre =

ﬁ%
/A

(S28)

There are three sub-forms that contain two constant variables. When both z; and x5 are

constant, but x3 varies, the solution is

:U’gz (:U’rm - Cl) exXp {:U’fmﬁ + 3 ﬁQ} - 02 (:ul"l - Cl) ) when Mz, > 0; and

Gre =
—Cs (g, — C1) when f1,, < 0.
(529)
When both z; and x3 are constant, but x5 varies, the solution is
G 1 ( C) a B 1”9262 P( +1)D Moo
=— (g, — oo My, €X - = « —(a —
TC s My 1) Ogy Mgy €XP 102, (at1) Oy (S30)
- 02 (Mm - Cl) .

When both x5 and x3 are constant, but x; varies, the solution is

o, — C) (e pl, — Cs), when p,, > 0; and
Crer (ar = C1) (2,12, = Co) : s

—Cy (e, — C1) when ., < 0.
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When z1, x5, and x5 are all constant (o,, =0, 0., =0, and o,, = 0), the solution is

oy — C1) (ue p? — Cs), when p,, > 0; and
GTC: ( 1 1)( 273 2) 2 (832)

—Cy (pzy, — C1) when ., < 0.

S7 Trivariate PDF Integrals of Mean Form

The integrals of the general form

Gry = 2§ (H (—x1))” xgngNLL (21, T2, x3) dog dry day

0\8 0\8
0\8 0\8

a, B
r{wyxd Py (21, 2, v3) dos dzs day

are referred to as trivariate PDF integrals of mean form. The conditions on a are o« > 0
and (—1)" must not be a complex number. The trivariate PDF, Pypp (71, %2, 23), is a
normal-lognormal-lognormal PDF, meaning that the individual marginal of x; is a normal
distribution and the individual marginals of both x5 and z3 are lognormal distributions. The
above integral has eight sub-forms. When one or more of the variables is constant (has a
standard deviation of 0), the integral simplifies and reduces.

In the solutions below, denoted G'rpy, ft4, and o,, denote the mean and standard deviation
of x; in the trivariate PDF, u,, and o,, denote the mean and standard deviation of x5 in
the trivariate PDF, and p,, and o,, denote the mean and standard deviation of 3 in the
trivariate PDF. For lognormal variates, fi,, and ¢,, denote the mean and standard deviation
of In x5 in the trivariate PDF, while fi,, and ¢,, denote the mean and standard deviation of
Inz3 in the trivariate PDF. The correlation of z; and Inx, is denoted p;, 4,, the correlation
of z; and In 3 is denoted p,, »,, and the correlation of Inz, and In x5 is denoted pg, .. The
gamma function is denoted I' (z) and the parabolic cylinder function of order v is denoted

D, (x).
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When z1, x5, and x5 all vary (o,, > 0, 0., > 0, and o,, > 0), the solution is

1 o _ - 1 ~2 ~2 2
GTM B _\/27T (_le) exXp {'uxzﬁ + MY + 5 (1 - pxlva) 0-“6

+

DN | —

(1= 52 2s) 027" + (Paasss — PorvaPas 5) 5x255x37} (S33)

2
o 20z,

1 oo, L1
X exp {Zgg By —h}f‘ (@ +1)D_(a41) (s);

Mooy

Where g = + ﬁxlyx25-x2/8 + ﬁx17x36—x37'

1
There are three sub-forms that contain one constant variable. When z; is constant, but xs

and x3 vary, the solution is

.
- - 1_ 1. N [N
115, exp {umﬁ flegY + 500,5° + 505,77 + pm,mamﬁaxw},
Gru = when ., <0; and (S34)
0, when p,, > 0.
\
When z, is constant, but x; and x3 vary, the solution is
1 a B 5 1.5 45 1,
Gry = Nor (=01)" ppy ©XP § Flayy + 505,77 = 767 eI (@4 1) Do) (<) (S35)
where ¢ = Hay + Py 250257
1
When z3 is constant, but x; and x5 vary, the solution is
1 - i 1., , 1,
Cra = == (=00)" 13, P § fles + 552,8° = 36° (T (@ 1) Dofai (6); (S36)
h _ Mo S 5
where ¢ = + Pay 2 0o -

1

There are three sub-forms that contain two constant variables. When both z; and x5 are
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constant, but x3 varies, the solution is

. L.

Gry = (S37)
0, when p,, > 0.

When both z; and x3 are constant, but x, varies, the solution is

a Y y 1 ~2 Q2 h <0 d

Moy Mgy €XP Mm/B + 50-952 ; WHRLL flgy = 0; an

Gryv = (S38)
0, when p,, > 0.

When both z5 and z3 are constant, but x; varies, the solution is

Gry = L (—02))* 12 ) exp — 1M§1 I'(a+1)D Pay (S39)

TM \/% Tl xo a3 40_%1 —(a+1) O‘xl .

When z7, 25, and x5 are all constant (o,, =0, 0,, = 0, and o,, = 0), the solution is

Mglﬂggﬂf;g? When /J/Jil S 07 a"nd
Gorag = (S40)

0, when p,, > 0.

S8 Bivariate PDF Integrals of Mean Form

The integrals of the general form
GBM = / /I'(ll (H(ZEl))aZL’gPNL (Il,xg) dZL‘QdZL‘l

://x'fngNL (21, 29) dzy dy
0 0
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are referred to as bivariate PDF integrals of mean form. The bivariate PDF, Py (1, x2), is a

normal-lognormal PDF,| meaning that the individual marginal of z; is a normal distribution

and the individual marginal of x5 is a lognormal distribution. The above integral has four

sub-forms. When one or more of the variables is constant (has a standard deviation of 0),

the integral simplifies and reduces. In the solutions below, denoted Gz, the notation is the

same as in Section S7.

When both z; and x5 vary (o,, > 0 and o,, > 0), the solution is

1, 3 1. 1
Gpu = ﬁ 0., €Xp {ngﬁ + 503252 _ ZGQ}F (a+1) D_ (a1 (—=<);

Moy

1

where ¢ = + Py 2902y -

When z; is constant, but x5 varies, the solution is

1
11, exp {/1125 + 503, 2}, when 4i,, > 0; and
GBM =

0, when p,, <0.

When x5, is constant, but x; varies, the solution is

143,

1 1%
Gpy = —— 0% 1 — r D) Doy [ -2 ).
o m—“p{ 4} ot ””( )

When both z; and x5 are constant (o,, = 0 and o,, = 0), the solution is

GBM =
0, when p,, <0.
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S9 Solved Integrals for Higher-Order Mixed Moments

The solutions to the quadrivariate integral and its sub-forms found in Section S5 are simpli-

fied forms of the solutions to the quadrivariate integral

(o o JNe ol olle o)

////(xl—cl) (xg (H (—x2))” x3x4 C’g) Pyyir (z1, 29, 23, 4) doy dog das day,
—oc0o—o0 0 0

where both a and b are positive integers. The solutions to the generalized higher-order
quadrivariate integral and its sub-forms are found in Appendix I (Section 1) of Griffin (2016).
Likewise, the solutions to the trivariate integral and its sub-forms found in Section S6 are

simplified forms of the solutions to the trivariate integral

o0

oo 00 )
/ / / 1 1'2 (H (xg))a 335 — CQ) PNNL (xl, T2, 33'3) dﬂ?g d$2 dxl,
—o00 —o0 0

where, again, both a and b are positive integers. The solutions to the generalized higher-
order trivariate integral and its sub-forms are found in Appendix I (Section 2) of Griffin
(2016).

The higher-order integrals and their solutions are important for calculating the micro-
physics term in a higher-order turbulent field. For example, a model that contains a pre-
dictive equation for r_f’ or 6’_23 (where 7, is total water mixing ratio and 6, is liquid water
potential temperature) would require the solutions to these higher-order integrals in order

to calculate the microphysics term in the predictive equation.
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