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S1

Notes

Objective: This document expands on the model description present in the main
text. We aimed at presenting a single documentation of the model. Therefore,
we have duplicated parts of the methods here, to avoid multiple references to the
main document.

Symbolic notation: The symbolic notation used here is listed in full in Table 1
of the main text.

Numbering of equations: the three ‘key’ equations (and variations as a result
of substitution) are labelled a), b) and c) on the left hand side throughout the
document. The assumptions are labelled in Roman numerals on the left hand
side. All equations are numbered conventionally on the right hand side for ease of
reference.

Potential enthalpy: the present ORCHIDEE uses the term ‘surface static energy’
as the potential for calculating sensible heat flux. This is defined in the model (for
the surface layer) as:

PSsurf = CgirTsurf
where psg,, ¢ is the surface static energy, Cg" is the mass specific heat capacity of

air and T, the surface temperature.

Now the enthalpy of a system (H) is defined H = U + pV, but over the height of
a surface model (< 30m approx), change in p and V is negligible, so:

6H = 6U+pdV +Vip
= (6Q+ W + dW') 4+ psV + Viép

(where we apply the first law of thermodynamics: dU = §Q — §W)

now W = —pdV, so we can say:
SH = 6Q+ W' +Vép
= Q—i—W’—i—/pVész
4 Po
~ C'T

So here we can also assume a proportional relationship between enthalpy and
temperature over the vertical range of the model.

e Sign convention: For latent and sensible heat fluxes, an upward flux is positive

(so a positive flux from the ground is cooling the ground)



S2 Key equations and schemes

The structure of the derivation here outlined is based on that of the LMDz transport
scheme (Dufresne & Ghattas, 2009), but extended to include interactions with the veg-
etation layer at each level.

S2.1 Leaf vapour pressure assumption

The air within leaf level cavities is assumed completely saturated. This means that the
vapour pressure of the leaf can be calculated as the saturated vapour pressure at that leaf
temperature. Therefore the change in pressure within the leaf is assumed proportional to
the difference in temperature between the present timestep and next timestep, multiplied
by the rate of change in saturated pressure against temperature.

o=t = g+ O, @ T (2.1
= Oty @)+ (k- TSty ) ($22)
= T + 6 (S2.3)

where a; and B; are regarded as constants for each particular level and timestep so o; = qs‘“ ’T
and f3; = ( sTat Tizagiﬁt:ri’i)
But to find a solution we still need to find an expression for the terms qﬁ“t‘i and agsjft ’Tf .

in «; and S; above.

Using the empirical approximation of Tetens (e.g. as in Monteith and Unsworth (2008))
and the specific humidity vapour pressure relationship we can describe the saturation
vapour pressure to within 1 Pa up to a temperature of about 35°C.

S2.2 Physical and biophysical parameters:

We here concentrate on the formulation of an implicit solution that assumes a parameter-
isation for R; (the resistance to sensible heat flux at each level), R] (resistance to latent
heat flux at each level) and k; (transport coefficients at each level). The derivation
of these coefficients, based on literature study, will be described in a separate docu-
ment.



S2.3 The leaf energy balance equation for each layer

Now at the leaf level, we assume the energy balance for each layer. It is assumed that
(for a leaf layer of volume AVj, area AA; and thickness Ah;):

dTea 7
AVi0;py ldt L (—H; — AE; + Rsw + Row,i) AA; (52.4)
Dividing (S2.4) by AV;:
dﬂeaf,i . 1
gzpv dt = ( HZ )\E’L + RSWJ, + RLW7Z) <AhZ> (825)

The source sensible heat flux from the leaf at level ¢ is the difference between the leaf
temperature and that above it, divided by R; which is the leaf resistance to sensible heat
flux (a combination of stomatal and boundary layer resistance)). Similarly, the source
latent heat flux from the leaf at level ¢ is the difference between the leaf temperature
and that above it, divided by R} which is the leaf resistance to sensible heat flux. So the
terms of (52.5) are defined (in units W/m?):

(Tleaf,i - Ta,i)

H; = Cgirpa R,
(

(S2.6)

(QZeaf,i - Qa,i)
R

()

AE; = Apa (S2.7)

- Rrw is the sum total of longwave radiation - that is: downwelling LW radiation
from above the canopy, the LW radiation emitted from vegetation layer ¢ and the LW
radiation reflected from the vegetation layers i + 1 and ¢ — 1.

- Rgw is the sum of short radiation, that is to say radiation downwelling on a level,
but also that which is forward- of back- reflected from one level to another, or from the
soil surface. So we express the sensible and latent heat fluxes between the leaf and the
atmosphere respectively as:

dﬂeaf,i (ﬂeaf,i - Ta z) (QIeaf,i - Q(z,i)

()

(I) 0; pv dt = <_Cgirpa R — — Apa R + RSW,Z’ + RLW(tOt)»i> <

L
Ah;

)

(52.8)

S2.4 Sensible heat transport between each atmospheric layer

The sensible heat flux profile is not constant over the height of the canopy. The rate
of change of T, ; (the temperature of the atmosphere surrounding the leaf at level i)




is proportional to the rate of change of sensible heat flux with height and the source
sensible heat flux from the leaf at that level as in (52.6) above:

air dTa,i . aHa,i Tleaf,i - Ta,i ngf)a
b Cppa AV, = — LAY, + ( i ) ( | AV (52.9)
now H,; = — (pacgir)ki agy (if the flux-gradient relation is assumed) so we can say:
dTa 7 0 8X ﬂeafi — Ty 1
AV, = — | k== ) AV ; ’ AV 2.1
N T (k az> Vit ( R: An ) 2V (52.10)

S2.5 Latent heat transport between each atmospheric layer

The latent heat flux profile is also not constant over the height of the canopy. The rate
of change of ¢, (the specific humidity of the atmosphere surrounding the leaf at level
i) is proportional to the rate of change of latent heat flux with height and the source
latent heat flux from the leaf as in (S2.7):

dqai B(AE)a i Qleaf,i — Gayi APa
o AV = ————=AV; ’ : AV; 2.11
c)  Ap o Vi 5, Vi + I Al Vi (S2.11)
a()\E)az (aTleafi +ﬁz) — Gayi >\pa
= D wipy, : : 1
P AV; + < R AR, A82.12)
now (AE)q; = —(Apa)ki dg‘;’i (again assuming the flux-gradient relation) so:

dai 0 aai Teai+i_ai 1
0 [faravi=ge () av - (et () o

S2.6 The ‘zero-leaf’ scenario

Canopy layers that do not contain foliage may be accounted for at a level by assuming
that R; = R = oo for that level (i.e. an open circuit), and that the various coefficients



that relate to the leaf interactions at that level (Rsw, Rrw, Cr,i, Cr,it1, Cqi, Cqit1,
Di, EZ', Fi, Di+1, E/L'Jrl’ Fi+1) are zero.

S2.7 Radiation scheme

The radiation approach is the application of the longwave Radiation Transfer Matrix
(LRTM) (Gu (1988); Gu et al. (1999)), as applied in Ogée et al. (2003). This approach
separates the calculation of the radiation distribution completely from the implicit ex-
pression. Instead a single source term for the longwave radiation is added at each level.
This means that the distribution of radiation is no longer completely explicit (i.e. an
explicit scheme makes use of information only from the ‘present’ and not the ‘next’ time
step). However, an advantage of the approach is that it accounts for a higher order
of reflections from adjacent levels than the single order that is assumed in the process
above.

The components for longwave radiation are abbreviated as:

Ryw: = 771le'er]1% + 12 (S2.14)

The shortwave radiation component is abbreviated as:

Rsw, = n3 RE" (S2.15)

where 71, 12, and n3; are components of the radiation scheme. 7;; accounts for the
components relating to emission and absorption of LW radiation from the vegetation
at level i (i.e. the implicit parts of the longwave scheme relating to the level i) and
72,; the components relating to radiation from vegetation at all other levels incident on
the vegetation at level i (i.e. the non-implicit part of the longwave scheme), as well as
explicit parts from the level 1.

73, is the component of the SW radiation scheme - it describes the fraction of the
total downwelling shortwave light that is absorbed at each layer, including over multiple
forward- and back-reflections, as simulated by the multilayer albedo scheme (McGrath
et al., 2015). The fraction of original downwelling SW radiation that is ultimately
reflected from the surface and from the vegetation cover back to the canopy can then be
calculated using this information.

S2.7.1 Longwave radiation

We applied a version of the Longwave Radiation Transfer Scheme of Gu (1988, 1999),
with some modifications that are summarised here. The method assumes that scattering
coefficients for longwave radiation are very small (of the order of 0.05), and can thus be



ignored. The basics of the scheme can be described by the matrix equation for a canopy

of m levels:
LW LW LW LW
ARy 1,0 ety - - - %I Xm+1
LW LW LW LW
AN, 04%0 a%1 S Qgm Qi
ARgpove aﬁl‘i’l 0 aﬁz+1 o 04#)1/1 m %Lnﬂ m+1

for which each element af}/v is defined as:

/

—1,

Sl = £j—1) — Sl — £5),

(),

Sl = lim1) =Sl — lim1) = S — 4) + (41 — ),
aij = 4 2A3(4) — 2,

Sl = bj—1) = Sl — ) = Sy — 1) + S(lima = 4),
S(),

S(4) — S(4-1),

\_1’

O-(Tsturf)44
O-(T’lteaf,l)
0-(1—‘lteaf,77"z)4
Rrw
i=j=0.
i=0,j=1, 2, ..., m
i=0, j=m+1

i=1,2, ..., m,j=1, 2, ..., i-1
i=1,2, ..., m, j=i
i=1, 2, ..., m, j=i4+1, i+2, ..., m
i=m+1, j=0
i=m+1, j=1,2, ..., m
i=m+1, j=m+1.

(S2.16)

Now, the column on the left hand side of the expression AN; represents the net longwave
radiation that is absorbed at each level vegetation ¢, as well as the soil surface layer

(Ngurf) and the atmosphere directly above the canopy (Napove). 7is

is the temperature

of each layer, and Ry represents the downwelling longwave radiation from above the
canopy. Here ¢; represents the cumulative leaf area index when working up to level ¢

from the ground, that is to say calculated as:

4 = i LAI;
1

(S2.17)

The function ¥ (¢) simulates the effect of canopy structure on the passage of longwave

radiation, and is defined as:



1 7ZGleaf(“)
() = 2/ e o pdp (S2.18)
0

Gleaf(pt) is a function that represents the orientation of the leaves. (¢) is then solved
from integrations. So multiplying out the terms, we have the an expression for AN at
each level:

AR = O‘Z‘I:(I)/VO-(Tsturf)4 + ail:}/vo-(j—‘lizaf,l)él‘“? et O‘z‘[:zyva-(Ijlteaf,i)4

et i, Mo (Th e ) + o Row (S2.19)

This part of the energy budget model is explicit, relying on temperature at the last time
step. However, for the level i in each case we can make the expression semi-implicit, by
expressing partly in terms of the leaf temperature at the next time step, through use a
truncated Taylor expansion, such that:

az'L,z'W0'<Tzi+a},i)4 ~ affvg((z}iaf,i)4+4(7}teaf,¢)3(1}tez},i—Tlteaf,i)) (52.20)
i o (M Teap, ) Tt i = 3(Thoay )" (52.21)

so, in effect, (S2.19) can be expressed as:

LW 4, LW 4 LW 1 4
AR = o, U(Tstm"f) + oy U(Tlteaf,ﬂ ey e T OG 0(4(Tlgaf,i)37}izf,i - 3(Tlteaf,z') )

2

et ai, MW o (T, Y+ o Row (82.22)

and so we calculate the matrix (44) above with the central diagonal for which i = j set
to zero and designate the coefficients (S2.14) as:

mi = ai o(Tap)® (52.23)

i = Ni — 30/ o (Tiep i)t (S2.24)

S2.7.2 Shortwave radiation

We implement the scheme from McGrath et al. (2015), which is a development of Pinty
et al. (2006). The scheme accounts for three-dimensional canopies through use of a
domain-averaged structure factor (the effective Leaf Area Index). To summarise, in this



approach the SW radiation is divided into several terms at each level expressed as a
fraction of the total SW downwelling radiation, as listed below.

We use the notation 1 to denote the fraction of the above canopy SW radiation that is
absorbed (@%%), is incoming to each level i either by direct transmission (uncollided) or
by reflection (collided). The symbol ‘]’ refers to the sum of all downwelling shortwave
radiation (i.e. directly transmitted radiation, and second order reflected radiation),
whilst ‘17 refers to the sum of all upwelling shortwave radiation (i.e. sum of first-order
and second-order reflected radiation from all levels).

° w;‘?‘;‘;ﬁide‘i - fraction corresponding to uncollided light transmitted through level 7
without striking any element. This is also described as ‘unscattered, collimated

radiation’.

° wz‘f”ded - fraction corresponding to collided, transmitted light transmitted through
level i after striking vegetation one or more times. This is also described as ‘forward
scattered isotropic radiation’.

° djfoTHidEd - fraction corresponding to collided light reflected upwards after striking
vegetation one or more times. This is also described as ‘back scattered isotropic
radiation’

Now, using these probabilities of the fate of the light, the equations of Pinty et al.
(2006) are applied to each layer of the canopy in turn, initially for the top layer, with
the assumption of a black background underneath. Some of the flux is reflected back
into the atmosphere, some absorbed, and some transmitted or forward scattered into
the level below. The nature of the light (collimated or isotropic) determines how it
interacts with the canopy, so these two types of light are accounted for separately in the
model. The calculations are repeated for this lower level, with this fraction of the light.
Calculations through all of the levels are continued as an iterative process until all light
is accounted for through either reflection (or back scatter) back to the atmosphere or
absorption by the vegetation or by the soil. McGrath et al. (2015) provides full details
of the iteration scheme, which produces as output wl@bs, which is the fraction of the
incident SW at the top of the canopy that is absorbed at each level at the end of the
convergence loop. Tests in that work demonstrate that results from a multi-level case
are in acceptable agreement with those from the single level.

Over the canopy vegetation levels, we can now define the coefficient 73, in equation
(S2.15):

ngi = PgPs (S2.25)

M3,surf = w?ﬁf’face (8226)



S3 Derivation of implicit solution

S3.1 Write equations in implicit format

To maintain the implicit coupling between the atmospheric model (i.e. LMDZ) and
the land surface model (i.e. ORCHIDEE) we need to express the relationships that are
outlined above in terms of a linear relationship between the 'present’ timestep ¢ and the
‘next’ timestep t + 1.

We therefore re-cast equations a), b) and ¢) in implicit form (i.e. in terms of the next’
timestep, which is ¢t 4+ 1, as below.

S3.2 Implicit form of the energy balance equation

We substitute the expressions (S2.14) and (S2.15) to the energy balance equation (S2.5),
which we rewrite in implicit form:

bl t t41 t+1
CL) Gipv (Tleaf,i _ T‘leaf,i) = < 1 > <—Cgi7'pa (T’leaf,i - Ta,i )

At Ah; R;
(wTLL 4+ Bi — aih)
Apa S e T s R (S3.0)
1

Rearranging to isolate the state variables terms (temperature and specific humidity) at
the ‘next’ timestep:

A\pa At f; naREYMAL  m RISUM AL n3 At
puAh)RO;  (puAh;)0; (puAR)0; — (puAh;)0;
At )\ Atai ngAt )
PN PN B I PN B2

. At At
t+1 ~air t+1 N
o G p“(Riexvahz-)) T o Ap“((vahi)Réf)) (53.2)

t+1 t _
CL) Tleaf,i - T‘leaf,i - (

+1—‘lte—;]1"z <_Cg”/’a (

S3.3 Implicit form of the sensible heat flux transport equation

We difference (S2.10), and divide by AVj:

10



T em (@ -TEY) (o)
At ’ AzzAhz -1 Azi_lﬁhi
1\ Tgapi = Tai")
+ (Ahi> R, (S3.3)
S3.4 Implicit form of the latent heat flux transport equation
We difference (S2.13), and divide by AV;:
N wi i _ oy (e~ %)\ (G~ dain)
At T AzAn ST Az AR
1\ (T, + 8 — aoth)
+\ A7 7 (S3.4)

S3.5 Solving the leaf energy balance equation by induction

We determine to solve these equations by assuming a solution of a particular form and
finding the coefficients that are introduced in terms of the coefficients of the layer above.
This is ‘proof by induction’. Now, for (S3.2) we want to express T/ ! in terms of values
further down the column, to allow the equation to solved by ‘moviﬁg up’ the column, as
in Richtmyer and Morton (1967) and Dufresne and Ghattas (2009).

We assume that:

i) |\Titt = Ar Tt + Bri+ CriTyhy 4+ Draghht (S3.5)
i) ‘Ltzj;l = A%iqztz—;l—l + By + CQviJ}I:eZ},i + DqJTﬂh (S3.6)

These two expressions are the equivalent of equation 11.7 (from Richtmyer
and Morton (1967)) for the present system.

We also re-write these expressions in terms of the values of the next level:

11



i) Té,ﬁrl = AT,Z‘+1T£,J§1 + Briy1 + CT,z‘+17}t£ch7i+1 + Dri1git! (S3.7)

a,i

.. 1
it) gty = Agindys' + Boiv + Coin Tty iy + Dyia Tyt (S3.8)

where A7, Bri, C1, D14, Aqis Byi, Cyqi and Dy ; are constants for that particular level
and timestep but are (as yet) unknown. We thus substitute (S3.5) and (S3.6) into (S3.2)
to eliminate T;ng

At/B' 772At
Tt+14—Tt ':_)\a i
CL) leaf,i leaf,i 1% (,OUAhl)RQQZ (vahl)gl
s Risyy" At
(vahz')gi
I TF,ZI _)\paAtal- B Cg"paAt N mAt
(poAhi) Ri0; 0, R 0;
CairpaAt
(wm) (ArdTyity + Bra+ CriTity  + Dragiihy)

Apa At
+ << AR R,9,> (Agitaits + Bai+ Coi(Tinps) + DaiTa i)
v ) iV

(S3.9)

or, to rearrange again in terms of the unknown state variables (left hand side) and the
know variables (right hand side):

AtC T Apg i At At
a) TH(1- Do Oy et
. (pvAh)RiO; " (puAhy)R;  (poAhy)0;
CgirpaAt Apa At
+ - 7 Cai | =
(poAR)OR;  (puAhi)RO; ™

Tt 4 gt ApaAtA,;  C¥7p AtDy,
Li T aimt \ (5 ARRG; © (poShi) Rib;

i (C;}"paAtAT,i A,oaAth,i> N

ai=1\ "(p,Ah;)Ri0; (ppAh;)R;0; (puAh;)0;

MREGIAL  CUTp, At R B ) (83.10)
'vAhz 01 vAhz Rﬁl T PvAhz R’Gl & vahz R’Oz ! '
p p i i

12



So, to abbreviate (where E;, F; and G; are known assumed constants for the level and
timestep in question, (S3.10) can be written as:

iii) | Tphe s = B + BT + G (S3.11)

so we define the coefficients as:

B _ [ AtAwide AtDr;C3¥ pq /
,OvAh )R 9 (vahz)ngz

( Atadpa AtC7p, mAt Athoa AtCE"p,

vah R/9 (vahz)Ole B (vahi)Oi B (,OvAhl)R;Qz @ (pUAhl)QlRl

vah )R 9 (vahl)Rggz
( Ata)\pa AtCE py m At AtAp, AtCE py

AtATC8%py  AtDgi\pa
F = ( Litp Pa q’p>/

CT,i)

(93.12)

CT,i)

(S3.13)
G = (1t . 4 _mAt REY AL ApaAtB;
' fealii T (puAh)0;  (puAhi)0i  (peAhi) R0
+MB .+& )
(vahl)Rzgl T (pUAhl)RQGZ .
/(1 Atarp, AtCH"pa  mAt  Athp, - AtCEp, oo

S3.6 Solving latent and sensible heat flux equations between layers by
induction

To prove by induction, we must express TtJr1 and qt 1 in terms that are
identical to (S3.5) and (S3.6) We first seek to eliminate TJH from b) and ¢) We first

13

(S3.14)



substitute the assumed expressions for temperature and humidity in the layer above
or, that is to say, (equations (S3.7) and (S3.8) here) We substitute for T;’ﬁrl in b), to
eliminate that term:

41 t+1 t+1 41
Taj ~ T, . Arin T, + Briwr + Crisa Ty i1 + Dty

b et At
) At ! AZlAhz
kT ki Titt keaTitl, T T

_ _ o a,t 1
Az Ah;  Azi_1Ah; AziflAhi—f_AhiRi Ah;R; (83.15)

. . - 1 Br i1k At
b T (1—At (Am+1 ki ki Fi1 )) _ ot Brinkidt

AZZ'AhZ' B AZiAhZ’ B Azi_lAhi B AhiRZ‘ a’i+ AZZ‘Ahi

ki1 kiDr,it1 At kiCriv1
thl At i+1 ) At Tt+1 ) TtJrl ) )
+ a,i—1 (AzzlAhZ> +qa,z Az; Ah; + leaf,i Al R; + leaf,itl Az; Ah;
(S3.16)

t+1

wit1 in ), in order to eliminate that term:

Similarly, we substitute for ¢

t+1 t ot A A i+1 . t+1
i~ a & (A%H‘lqa,i + Bg,i+1 + C. 7Z+1,‘Tleaf,i+1 + ‘D‘LH‘lTa,i )

2 At Az Ah;
1 1 1
B kigyh B kioigyt! N kiagitly  ailihe 4+ Bi—aoh ($3.17)
AZZAhl AZi_lAhi AZi_lAhi AhZR; ’

k‘ k' k‘— 1

t+1 7 7 i—1

S 1At Ay — — — =
C) Qa,i < t < ot Az; Ah; Az;Ah; Az, _1Ah; AhZR; ) >

ByikiAt  BAt ki
¢ ; G,it1%i t+,1 ZilA
Qai T ( AzAh, + AhinL) + 4,5 (Azi_ﬂhi t)

kiDg a1 k; Q;
i+l [ Fillaitl \ Ay o opt1 i i1 At + T ! At
a,i < Az;Ah; + ( leaf,z—i—l) Az;Ah; C‘L +1 + leaf,i AhZR;
(S3.18)

Now, we substitute expression iii) for the leaf temperature in the layer above (S3.11).

This step is in order to eliminate the term Ti‘*‘ilﬂ from both expressions:

14



k; ki ki—1 1
by T (1— At Ap, A - -
) at < ( Tl AZZAhZ AZZAh,L AziflAhi Athz>>
Br i1k At ki1 kiDrit1 At
Tt ) 5 Tt—'»—l At t-‘yjl 5 At Tt+1 )
it Az AR, e\ Az AR, ) S i \AzAn, ) ST eati \ AR,
k;Cr;
ot , t+1 , 1Tyt
+ (Ez—i-l(Ja,z + FZ-HTa,z + G2+1) (AzzAhz > At (83'19>

ki ki ki 1
P — At Ay AL —
C) qa,z < & +1AZiAhi AzlAhl AziflAhi AhZR;
ki—1

Bkt BAL
t g,i+1Mi t+1 At
qa,z < + ) + qa,z—l <AzzlAhz )

Az Ah; Ah;R,
it (B Da ) Ay 4 (B gt Fa T 4 G (i) Cpin A
@i\ AzAh; R VN Y
t+1 -
+ Tporti ( A, R2> At (S3.20)
We now abbreviate equation a) as:
b)  Tif'Xii= Xoj+ XaiTotl + Xaaqlh + X5 T (S3.21)
and abbreviate equation b) as:
(S3.22)

t+1 t+1 t+1 t+1

where:
k; k; ki1 1 )

X1, =1-At(Ap, _ _ _
b t ( Totl AZZAhZ AzzAhZ Azi_lAhi Athz
kiCriiv

BTi 1kiAt kiCTi 1

. t ) i+ . )

Xoi=Toit =3 g +Gin <z +hi > At (S3.24)
(S3.25)

ki1
Xy, = ——7— | At
5 <Azi_1Ahi>

15



Xy, = <kDT“) At + Eiyy (ch“> At (S3.26)

At
X5, = <Athz> (S3.27)

Yii=1-At (A ki i Fi1 1 )

“HUAZ AR AzAh;  Azi_iAh; AR

ki
— B ( AT ) Cois1At  (S3.28)

By it1ki At i At k;
Yo, = qfw- + < Z,:-lAh- + fh'R’») + Gt (A A ) Cqiv1At (S3.29)
ki
kiDg.; ki
Y4,i = <Aqu;]I_1> At =+ E+1 (AZ'Ah'Cq7i+1> At (8331)
Q;
Yai= 5 ) A (S3.32)

We then cross-substitute for qtJrl from c) to b), to eliminate that term:

Yo, Y3, gt Y 41 Y5
Yl,i + Y,z a'L 1 + 5 Y i +5 Yl leaf,i

+ X5 ZT,t;}l (S3.33)

b) TtHXl = Xo;+X3 th+11+X4 i <

Yy Yo,
b) Tit! <X1,i - X4,1Y1’f) T4l Xsi+ <X21 +X42Y1 >
50 ’L

Y5 Ya s
+ Tiﬁ.l (Xuy?; 5,i> + qm 1 <X4”'y?z) (S3.34)

)

similarly, we cross-substitute for 7t! from b) to a), to eliminate that term:

+1 i 1 40 t+1 5% t+1
C) qa ) }/1 4 Y2 N +Y3 1qa i— 1 +Y (Xl,i + Xl’iTa,i—l + Xl,i Qa,i + )(1 iTleaf7i>

+ Y5, (S3.35)
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X4 Xo;
c) qfﬂl <Y1,i - }/4,1')(17%) = qugl_lYg,i + (YQ,i + Yy X?Z->
i K

)

Xs.; Xa;
T+l Y, 5,0 t+1 3,
teafd < 4’iX1,i YE”) Taina <Y4’iX1,i> (83.36)

So this demonstrates the expressions b) and c) can be described in terms of
the respective original substitutions (S3.5) and (S3.6). The respective coefficients
from (S3.5) and (S3.6) may be described as:

Ar; = ey (S3.37)
X1, — Xgi <y11>
Xoi+ Xy, (%)

Br; = o (53.38)
X1, — Xay <y1:>
(X4,z' <%) + X5,i)

Cr = Y (53.39)

X1 — Xa; <y1>
X (32)

Dr; = o (S3.40)

X1 — X <Y1 z>
and:
Y .

Agi = S (53.41)
}/1 i Y4,i (X1:i>
Yo+ Yy, (%1)

Byi— ol ($3.42)
Yii— Y, (X?:)
<Y4,i (ﬁf) + Y5,i>

Coi = - (93.43)

Y 7 Y4,i (X;lyz)
Y4,z <))§? z)
Dy,i (S3.44)

Now, all of the coefficients Xl,i7 X27i7 Xg,i, X4,i7 X57i, }/171‘7 }/271‘, }/371‘, 1/472‘ and Y57i and,
in turn, the coefficients Ar;, Bri, Cri, Dr,i, Aq,i, Bg,i, Cqi and Dy, can be described

17



in terms of the coefficients from the level above and the potentials (i.e. T and q) at the
previous timestep.

So we have a set of coefficients that may be determined for each time-step, and we have
the means to determine T, ¢ (and gsyrs via the saturation assumption). We thus have a
process to calculate the temperature and humidity profiles for each timestep by system-
atically calculating each of the coefficients from the top of the column (the ‘downwards
sweep’) then calculating the ‘initial value’ (the surface temperature and humidity) and
finally calculating each T, ¢, and Tjeq ¢ by working up the column (the ‘upwards sweep’).

The term fl’lte';]lcz 41 can also be described in terms of the variables at the level below by
using equation iii) and its terms F;, F; and G;. We can therefore describe the changes
in the canopy between the present timestep ¢ and the next timestep ¢ + 1 by ‘working
down’ the column from the interaction with the LMDZ atmospheric model to determine
the coefficients Ar, By, Cr etc. and then ‘working up’ the column to determine the

potentials T and q.
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S3.7 Alternative derivation

A more direct method of derivation is to assume solutions of the form:

;" = Eluii " 4+ F) (S3.45)
where we define the vector ;! such that:
t+1
—t+1 < Ta,i )
Us = t+1
qa,i

Now, the original expression for the leaf temperature is:

o ! t+1 t+1
a) eipv <77leaf,z' _ jjleafﬂl) = ( 1 > <_Cgi7"pa (Tleaf,i - Ta,i )

At Ah; R;

(iTychy, + Bi —dgl;')
—Apy——L T+ +mREY" | (S3.46)
(2

which we can abbreviate (with a change of variable label here, to reduce confusion)
as:

a) il = Xg i + YT+ Z; (S3.47)

The original expression for the temperature column is:

B O (i P A DU vt sl
At ‘ Az Ah; 1 Az 1 Ah;
1\ (Toh = Tadh)
’ ’ 4
+ ( Ahé) i (S3.48)

The original expression for the specific humidity column is:
t+1 t+1 t+1 t+1 t+1
0) Qo — qZ,i L (qa7i+1 —ly; ) s (qa,i - qa7i—1)
At ’ AZZAhl 1 AziflAhi

N < 1 ) (Oéﬂ}z;},i + B — q;ﬁl)
Ah; R!

(S3.49)

which we abbreviate to the form of Richtmyer and Morton (1967), equation 11.7, sub-
stituting for Ti“;l from a), above:

b) — Al + Bl — Cluzy "t = D], (83.50)
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Now, directly from Richtmyer and Morton (1967), we can substitute for u;”;"™' =

Ezf_ld;tﬂ + F!_,. This results in a pair of expressions of the form:

i = (B — CUE{_) " Al + Bl — CIEL_) "D+ CIF,_,( (S351)

azt

So we can describe the variables for (S3.45) as:

E!= (B, - C/E|_|) 1A, (S3.52)

F] = (B} — C,E;_,)" (D} + CF]_,) (S3.53)

Now A., B!, C! and D} may be described from substitution of the equations (S3.47),
(S3.48) and (S3.49).

We thus have a set of two equations to solve simultaneously, which is possible starting
from the upper boundary conditions, as laid out in section S4.1. However, we still need
to describe E! and F; which can be achieved by rearranging equations (S4.3), (S4.4),
(54.7), (S4.30) and (S4.31), so that we have two expressions of the form:

it = Eguit + Fy (S3.54)

So if we can describe Ej and F{ from use of (83.52) and (S3.53), we can then derive
the value of these variables working up the column.
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Table 1: Input coefficients at the top layer of the model, where A7, Br ... etc are the respective
coefficients at the top of the surface model and At atmos, BT,atmos are the coefficients at the lowest
level of the atmospheric model.

stand-alone model | coupled model
A1y =0 AT n = AT atmos
Bt 5 = Brinput Bt = BT ,atmos
Crn=0 Crn =0

Dr, =0 D7, =0

Agn =0 Agn = Agatmos
Bgn = Bg,input Bgn = Bg,atmos
Cyn =0 Cyn =0
Dyn=0 Dyn=0

S4 The boundary conditions

S4.1 The upper boundary conditions

In stand-alone simulations, the top level variables Ar,,, Cty, Dt and Ay p, Cypny Dgn,
are set to zero and Br, and B, , set to the input temperature and specific humidity
respectively for the relevant time step (as in Best et al. (2004)) In coupled simulations,
A7y, Bry and Ay ,, By, are taken from the respective values at lowest level of the
atmospheric model. Table 1 summarises the boundary conditions for both the coupled
and un-coupled simulations.
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S4.2 The lower boundary condition

We need to solve the lowest level transport equations separately:

1 1
. T Tt . T T L N T =T
At Az1Ahq panir Ahq Ahq Ry

(54.1)
0 A R S N A WA Vo (R WA (il Al
At "\ Az AR par) Ahy "\ Ahy R,
(S4.2)
We substitute to the above to eliminate 7, é+21 from b) and qflgl from c):
Tt = Apadlf ' + Bro + CraTrL + Dol (S4.3)
and:
qf;,rll = Aq,l?bf\gl + Bg1+C 71T1§J,r11 + Dq,l‘bgl (S4.4)

Now for the leaf at level 1, just above the ground level:

ApaAtSy ns RV At N2 At
TIH‘]. o Tt — SW
9 Ticags = Tieag (puAh1) R0 - (pvAh1)0q - (pvAh1)0;

. At Ato mAt
+ Tt—l—l (Cazr ——————— + A “ + )
leaf,l \ Cp P (poAh1)R16; P (poAh1)R01  (pyAh1)by

~ At At
T, () g () $4.5
al =P p ngl(vahl) qa”l P (pUAhl)Rlltgl ( )

and substitute for Téﬁl and qffllz

CL) T+l ot _ ApaAtS; ?73R%‘{}VUnAt N At
leafl — Heafd = (5 Ah)RYO  (puAhn)0r | (puAhi)6;

t Ata N n At )

(pvAh1)R10y  (puAh1)0)

_|_Tt+1 <Cair "
leaf,1 p P (vahl)ngl

B Cg"paAt
R161(pyAhy)

B Apa At
Ry01(pyAhy)

+ A\pa

(Ar2105 " + Bra + Cra Tty + Draghly)

(Aq,1¢t§31 + Bg1+C. 171122}1 + Dq,lqbgl) (54.6)
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In a similar approach to the previous section, this should be reduced to the form:

Teap1 = Brdip + Faoy ' + Ga (84.7)

and the expression re-arranged to isolate the factors E7, F; and Gi:

o) Tt B Cgir,oaAt N Apa At oAt CT,1C§"paAt
leaf,1 (vahl)Rlel (vahl)Rllel (vahl)Hl Rlel(pUAhl)
Cy1ApaAt ) ¢ t+1 Gy paiAt ApaAt
elfPe™ )t 4 S i T
(oo )R, ) et T8\ TR, (0, AR VT T (o, AR By

+¢t+1 _ CglrpaAt o )\ThOaAt )
H ngl(vahl) ’ (pUAhl)R’lﬁl &

ApaAtB; N3 REUM AL
((PuAhl)R'191 (puAhy)0;
mAt  BraCimpaAt By i\p,At )
(ppAR1)01  Ri61(poAh1)  (puAhy) R0,
(S4.8)

Now, substituting for T;ng in expression b):

t+1 t
Ta,l - Ta,l

b =
) At
L (A7 2T + Bro + Cra(Baglht + BT + Go) + Drpgli + TH)
! Az Ay
(L N T~ Tad (549)
panir Ahl RlAhl '
1 k1Aro  k1CroFy kq 1
b Tt+1 - % > =
) a1 <At A21Ah1 AzlAhl + AzlAhl + Ah1R1>
Tiy s k1CroFEs + ki1 D72
At "t Az Ahy
i+l 1 n k1B, n k1Cr2Ga\ 1 (1
leaf,1 Athl AzlAhl AzlAhl paniT H Ahl
(S4.10)

and for q(tl‘gl in expression c):
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o) qf:rll - thl,l L (Aq,qu;rll + Bg2 + CQ722}ZZ]1”,2 + DqVQTéjl - qull) _
At ! Az Ahy

1 1

paA Ahl Ahl Rll ’

) qﬁll - qz,l —k (Aq,qulel + By + Cq,2(E2qu,+11 + FzTiﬁl + G2) + Dq,QTctle - qZ,ﬁl)
At - Az1Ahq
t+1 t+1
C(AVHE L T A
pa)\ Ahl Ahl Rll '

11 1 klA(LQ k10q72E2 k1 B
c) - - - =
ol \ At Az1Ahq Az1Ahq Az1Ahy

t

a1 t+1 [ Co2F Dg,2 t+1 «
T T

At el <AzlAh1+AzlAh1 T\ AR,

k1B Cy oG 1
+( 1Dgq,2 + q,292 + 61 >_¢§E}( >

AzlAhl AZlAhl Athll Ahl
(S4.13)
We now isolate the terms in (S4.8):
a) T =Bl + el + Gy (S4.14)
so we have:
CairpaAt Ap At
EBi=—-——P ™" D, -7 4
' < Ri01(psAh1) ' (puAh1) Ry q71)/
- Co" pa At Aoalta; Al CraComp, At CyyiApaAt
(vahl)Rlel (vahl)Rllel (vahl)Hl Rlel(vahl) (pUAhl)Rllgl
(54.15)
CHir pa At Apa At
PR=|-—t" A, ———__D
! < R101(poAh1) " (puAh1) R0 q’1> /
- Co'" pa At L Avatoi mAt Cr 1 C97 pa At L Cuadpadt
(vahl)Rlel (vahl)Rllel (ThOUAhl)el ngl(vahl) (vahl)R’lel

(S4.16)
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and:

Apa AtB; N3 REUM AL
(poAh1)R101  (puAhy)0y

G = (Ti,l +

+

772At - BT,lcgirpaAt . Bq,lApaAt /
(pUAhl)tgl ngl(vahl) (vahl)Rllel

(1_< Co po At ApaAtay N no At CraCpaAt — CyidpaAt
(

vahl)Rlel (vahl)Rllel (vahl)Hl

We now seek to rearrange b) and c) into expressions of the form:

i) T Xy = Xo+ ¢ Xa+ g Xa + T X (S4.18)
and:
i) @'Y =Yo+ Vs + T YA+ TG Vs (S4.19)

The same process as in the previous section means that we can assign At 1, Br 1, Cr1,
Dr1, Ag1, By, Cg1, Dy exactly as previously (expressions (S3.37) to (S3.44)), and
define X7 to Y5 as follows:

Xi=1-At <Ak;4§il a IZZTA?ZQ AzflAhl + Ah11R1> (54.20)
X =T1, + At ( A""fg}; ’“ACTAS) (84.21)
Xy = —At (Alh> <paé§”> (54.22)
X, = At <k1CT,2AEZ?;hkl?1DT,2> (54.23)
X5 = At < Ahll R1> (54.24)
ve (A - S At A (5425
Yo =gl + At < Ak;iq’;l + iiﬁiz + Ahﬁl 1R,1 > (S4.26)
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_ A < A1hl> (pix> (S4.27)

k1Cy2Fs k1Dg 2
Y,=A 4 4 S4.28
1=at (AzlAhl * AzlAh1> (54.28)
aq
_A $4.29
t <Ah1R’1> (54.29)

Now, for the lower boundary condition we consider the interaction between the lowest
atmospheric level (level 1) and the infinitesimal surface layer (level S). Fluxes of the
sensible and latent heat from this layer are given, respectively, by:

Tt+1 Tt+1f
) P = (OO Y kg S $4.30
i) H (Pa P ) surf Agur s ( )
qt+11 t-‘rl
i) BN = (PN kg 5L dour/ (S4.31)
Zsurf

¢t+1 . panirksurf
Bo=—

i) Arons (Ap ¢t+1+BT1+CT1T£1 + Dyt — THL) (S4.32)

surf

) (pa\)k
) 0 = O (Ao B CuTi 4 Dl —dlly) (5439)

We use a substitution for the leaf temperature:
TiH = Bl + Fidlf ' + (S4.34)

(pa(jgir)ksurf

A ( 1¢t+1 +_13711 +’C}F1(121¢t+1 +_17 ¢t+& +_(;1)
Zsurf

) o=
+ Draght — THHL)  (S4.35)

surf

CL)\ kS'U//'
i) o = IR (4,32 By + Co(Brohy + Pty + G
sur

+ Dyaoift —glhly)  (54.36)
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acair)ksurf (pacair)ksurf
; Hll(pp—A CriF)=-—"—"2"""(B Cr.G,—Tt"!
Z) ¢H ( * AZsurf ( T’1+ o 1) AZsqu ( T71+ S Surf)
(pacai ) sur
- A—f(¢t+1(CT,1E1 +Dry)) (54.37)
Zsurf
.. a\) Ksur
i) ¢t+1( (pA ! ! (Aq,l + Cq,lEl)) =
Zsurf
(pa)\)ksurf
_ By _
AZsurf ( +C 1G1 qsurf)
a)Ksur
- e e By 4D,) (3439
Zsurf
.. aA) K sur
i) o et ey =
Zsurf
(pa)\)ksur
- Azsurf ! (Bq,l + Cq,lGl - (asurfTsurf + Bsurf))
a) Ksur
MRt e B 1 D)) ($1.39)
AZsurf
and abbreviate to:
i) el = Qo+ T + Ul (S4.40)
it) Qsoll = Q6+ QT + Qsof! (S4.41)
where:
ac«air ksur
M =1+ (pAp)f<AT71 + CT71F1) (8442)
Zsurf
(pacair)ksur
Qo = —Ap—f(BT,l + Cr1Gh) (S4.43)
Zsurf
pacairksurf
Q= —L—— 4.44
K Azsu,,f (S )
(pacairksur )
Q= _—Ap ! (Cr1E1+ Dr1) (54.45)
Zsurf
a) Ksur
Qs =1+ (Az)ff(Aq’l + Cq,lEl) (84.46)
a) Ksur
Qg = _(pAz)smff(Bq’l + Cq71G1 — ﬁsurf) (S4.47)

27



(pa)\) ksurf

Q7 = ——Lag 4.4
! AZsurf Gour (S 8)
a) Ksur
O = —(”A)f(cq,lF1 + Dy1) (S4.49)
Zsurf

cross substitute:

. Q0
0 Qe =0+ QT+ Q—‘;(QG + QT + Qs

Q Q Q0
. t+1 QO — 749 = (0 749 Tt+1 0 4387
i) oy <1 0 8> <2+Q5 6 )+ Tours 3+7Q5
(54.50)
and:
Q
i) Qs = Q6+ QT+ 5 (R + QT + ey
1
Q Q Qg2
. t+1 0 _78(2 e 789 Tt—i-l 0 8343
i1) ¢5/\E<5 o 4) (6-1-91 2 | T Lgurr 7—1-791
(S4.51)
Now we abbreviate 2 by substituting for &:
Qo+ 0
=52 (S4.52)
Ql - 97598
Qs + Q407
b= — (S4.53)
O — G20
Qe + 796?2
3= —so (S4.54)
Q5 — 25l
Q7 + Q(slgg
1
4= —a.ar (54.55)
Q5 — g
And we can equations ) and #i) in terms of &:
0 dt=a+ €2T§J,,1f (S4.56)
i) O\ =&+ GTuy (S4.57)
At
T;:rlf = Tsfurf + %((RLVV,surf +RSW,surf +fl +§2T;:rlf +f3 +§4Tst;;1f> — Jsoil) (S4.58)
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At

to

At
90 (RLVV,surf +RSW,su7‘f +§1 +§3 - Jsoil) (8459)

At
T;:[,}f (1 - §2 - 5400> = T‘;u?“fjL

and so:

Tt+1 . T;urf + %(RLVV,surf + RSVV,surf + gl + 53 - Jsoil)
- A A
surf (1_5297015_5497015)

(S4.60)

We therefore have an expression for the surface temperature T;J}f, in terms of the

downwelling radiation that is incident on the surface (Rry and Rgyw ), the heat capacity
of the infinitesimal surface layer (6p), the vegetation layer directly above the surface (1,
&, &3 and &4) and the heat from the soil system (Jg5).

The radiation that is received by the lowermost level is provided by the radiation
scheme.

So to re-write the above equation including the factors 7 g, 72,5 and 73 s:

T Tt s+ 9(n2s + 3. sREE™ + &1 + €3) — Jeoi
surd (1- G+ +ms))

(S4.61)
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Figure S2: The analysis of Figure 3 repeated for the four seasons of the year (every Sth

measurement is shown in the background in a lighter colour). hourly latent sensible heat flux

(annual average): a) spring; b) summer; c¢) autumn; d) winter



