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Abstract. The semi-Lagrangian absolute vorticity (SL-AV) 1 Introduction

atmospheric model is the global semi-Lagrangian hydro-

static model used for operational medium-range and seasondtl Motivation for the research

forecasts at the Hydrometeorological Centre of Russia. The

distinct feature of the SL-AV dynamical core is the semi- The modern atmospheric models used for long-range fore-

implicit, semi-Lagrangian vorticity-divergence formulation €asting or climate change modeling should treat concentra-

on the unstaggered grid. A semi-implicit, semi-Lagrangiantions of the greenhouse gases and certain other atmospheric
approach allows for long time steps but violates the globalConstituents as prognostic variables. The mass field of such

and local mass conservation. In particular, the total mass irfonstituents is characterized by the local and global mass

simulations with semi-Lagrangian models can drift signif- conservation in the absence of sources and sinks and chem-
icantly if no a posteriori mass-fixing algorithm is applied. ical transformations. The conservation properties should be

However, the global mass-fixing algorithms degrade the lo-maintained by the numerical method employed, since the
cal mass conservation. global mass drift can introduce biases into the model feed-

AV model dynamical core presented here ensures global an¥ation may contaminate the physical sources and sinks of the
local mass conservation without mass-fixing algorithms. Theconstituents masses due to the chemical transformations.
mass conservation is achieved with the introduction of the Treatment of the atmospheric constituent concentrations
finite-volume, semi-Lagrangian discretization for a continu- 8 the prognostic variables is a difficulty for the semi-
ity equation based on the 3-D extension of the conservativd-2grangian (SL) models that is well known to violate both lo-
cascade semi-Lagrangian transport scheme (CCS). Numefal and global mass conservation. In particular, the total mass
ical experiments show that the new version of the SL-AV of the atmosphere and the mass of its constituents was found
dynamical core presented combines the accuracy and std@ drift significantly during the long-range integration of the
bility of the standard SL-AV dynamical core with the mass- SL models (see, for examplBates et a|.1993. The global
conservation properties. The results of the mountain-inducednass correction approach (e Briestley 1993 used in some
Rossby-wave test and baroclinic instability test for the mass-SL models obviously degrades the local mass-conservation

conservative dynamical core are found to be in agreemenproperties. _ o
with the results available in the literature. Despite the abovementioned mass conservation issues, the

semi-implicit, semi-Lagrangian (SISL) treatment of the at-
mospheric equations is very suitable for use in general cir-
culation models because of its computational efficiency. At-
tempts were made to develop advection schemes and the
atmospheric equations discretizations that combine mass-
conservation properties with the efficiency and robustness
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of the SL approachZerroukat and Alle(2012 present the

from the standard nonconservative SL-AV model dynami-

3-D inherently mass-conservative transport scheme on theal core. The nonconservative dynamical core is reviewed in

sphere. CSLAM l(auritzen et al. 2010, the locally mass-

Sect.2.2 Sectior2.3describes mass-conservative discretiza-

conservative 2-D SL scheme on the cubed sphere provideon of the continuity equation introduced to obtain mass-
the transport computations with great multi-tracer efficiency.conservative dynamical core. SectiBrpresents the results
The approach for consistent coupling between the discret®f numerical experiments.

tracer transport and continuity equations in the SISL shallow-
water model is implemented Wong et al(2013. Lauritzen
et al. (2008 developed the inherently mass-conservative,
limited-area SL dynamical core for HIRLAM model using
floating Lagrangian vertical levels.

This article presents the cell-integrated, mass-conservative

2

2.

Inherently mass-conservative SL dynamical core
formulation

1 Governing equations

discretization of the continuity equation in the SISL frame- 1o governing equations for the SL-AV model dynamical
work for the semi-Lagrangian absolute vorticity (SL-AV) ¢ore in the absence of humidity are the adiabatic primitive

global atmospheric dynamical core. Unlikauritzen et al.
(2008, fixed vertical levels are used. We consider this re-
search as a first step towards the hydrostatic SL dynamical
core with mass-conservative and consistent tracer transport
(as discussed iwong et al, 2013, although the tracer trans-
port problems are beyond the scope of the article.

1.2 Brief model overview

The SL-AV is a global semi-Lagrangian hydrostatic atmo-
spheric modelTolstykh 2010. The model includes the dy-
namical core developed at the Institute of Numerical Math-
ematics, Russian Academy of Sciences, in cooperation with
the Hydrometeorological Centre of Russia and the subgrid-
scale physics package from ALADIN/LACE NWP model.
The main feature of the SL-AV dynamical core is the finite-
difference, semi-implicit semi-Lagrangian formulation on
the unstaggered grid with the horizontal divergence and the
vertical component of the absolute vorticity as the prognos-
tic variables. The horizontal grid is regular latitude—longitude
with the options for variable latitude resolution and the use of
the reduced lat.—long. grid. In the vertical, sigma= p/ps

(p is the pressure angk is the surface pressure) coordinates
are used.

Medium-range and seasonal forecast versions of the SL-
AV are operational at the Hydrometeorological Centre of
Russia. New versions of the model are being developed now.
In particular, the nonhydrostatic version for the medium-
range forecast and the hydrostatic mass-conservative version
for long-range forecast and climate simulations are consid-
ered.

1.3 Article structure

equations written in the vertical coordinate as follows:

— The momentum equation in the vector forBafes et

al,, 1993 with the advected Coriolis termRpchas
1990:

dv dr
(dt +29 x dt)H_ V& — RTVInps. )
Since the prognostic variables are the horizontal di-
vergence and the vertical component of the absolute
vorticity, the momentum equations are used only to
derive the absolute vorticity and divergence equations
(see below).

The first equation of thermodynamics and the con-
tinuity equation with the orographic termgfifchie
and Tanguay1996 to make spurious orographic res-
onance less severe:

d_T_E<i+d('”PS+%))

dr cp \O dr
1

=——V.Vs, (2
Cp

d(lnps-l-&) 96 1

RT o

— 2 4+ D+ —=—V .V, 3

dr Ot e T RT ° ®)

— Lastly, the hydrostatic balance equation

P

—— = —RT. 4
dlno “)

Inthe abovey = (u, v) is the horizontal velocity vectof2 is

Earth’s angular velocity vectof? is Earth’s angular velocity,
Section2 presents the formulation of the inherently mass- r is the vector joining Earth’s center and the given point at the
conservative SISL dynamical core, beginning with the setsurface(..)y is the horizontal projection of a vectab, is the
of atmospheric governing equations (dry, adiabatic) usedjeopotentialps is the surface pressur®, is the horizontal
(Sect.2.1). The inherently mass-conservative dynamical coregradient operator] is the temperatureR is the ideal gas
makes use of absolute vorticity, divergence, and thermo-constantc), is the specific heat capacity at constant pressure,
dynamical equations approximations along with the semi-g is the vertical velocity in the coordinate systents is the
implicit system formulation and many other discretizations surface geopotential, is the constant reference temperature,
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D =diva(u, v) is the horizontal divergence at tleplane, — The absolute vorticity equation:
anda is Earth’s radius.
The absolute vorticity equation is obtained analytically €+ H" -+ e =

from the component form of the momentum E&j: ( At 1
—7[<1+e> (rDy 24y

d
a(§+f)=—(§+f)D—J,

< (D) + (D))
. R <8_Ta|nps_8_Ta|nps> (4D
"~ a?cosp \ dr g dp oA +{{D+J} e—i—{{D—i—J} i|, (8)

acosp

1 (adav o 80'8u)
Ir Ao S‘pawa ’

5

© where thef D-type terms are treated as a product of
separately calculated and D. The Coriolis param-
eter is calculated analytically; = 22 sing, whereg

is either the known arrival point latitudg’** or de-
parture point latitude] calculated via the trajectory-
searching algorithm.

where¢ is the relative vorticity;f = 2Qsing is the Coriolis
parameter; andx, ¢) are the longitude and the latitude, re-
spectively. The equation for the horizontal divergedzés
obtained in the discrete form in Sect. 2.2.

The formulation of the mass-conservative dynamical core

also require§ the continuity equation to be rewritten in the  _ The thermodynamic equation linearized around the
integral form: reference temperatufe:
d / psdV =0 (6) _ ds (A+ears\"
dt S ’ T”+1—KT<|nps+_§+—_) =
sV (1) RT 2 o
. n
wheredV (¢) represents an arbitrary 3-D reference volume " — KT(Inszr 3? _ ME)
moving with the air. RT 2 ad),
. . . eNt [T\ o\t
2.2 Basic (nonconservative) SL-AV dynamical core 5 (;) + (;)*
formulation
2 (v v e Y ©)
The SL-AV model uses the time-stepping scheme based on 2 * ’
SETTLS (Hortal, 2002 time approximation in combina-
tion with the se.mi—implicit approach and the p_seudo-sgcond— — The continuity equation (the notati@n.. implies that
order decenteringlemperton et al200]). The discrete time horizontal 2-D interpolation is used to calculate depar-
form of a generic equation, ture point values):
dyr
_ L N = 0, ® n+1 ® n
o TEVANG) (lnps+ R—;) —(lnps+ R—;)*z
is as follows: At
1+e n+1 n € n (n+1),
1ﬁn+1_wn 1 ——(D3 +D3*> + —(D3 +D3 )
4 (N N w)) ) 2 2 '
+—_<V”V<I> +VetDey g ) 10
+ izeLer-l_’_ izel,w:: — g (Lwin—i—l)e _’_Lwn> =0, 2RT S * S ( )

wherey is an arbitrary variablel. and N are the linear and whereD3 = D + d5/d0 is the 3-D divergence; = L.ﬁ = %

nonlinear operators, respectively? tDe = 2y —y =1 Ar and Nt stands for the nonlinear terms of the thermodynamic

is the time stepe is the small decentering parameter; and theequation.

notationy, means the value of calculated at the depar- The vertical part ofDﬁ*l, i.e., 36"t1/do, is contained

ture point of the upstream semi-Lagrangian trajectory. Thein the time-discreteps Eqg. (L0). It can be excluded from

Y variable can be one of prognostic variabled’, or Inps; Eq. (10) by integrating it from the model top = oyop to the

the time-discrete forms of the corresponding equations are amodel bottoms = 1 using the boundary conditiors(1) =

follows: 6 (otop) = 0 and treating Ips as pseudo-3-D variable con-
stant in the vertical:
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(V"Vcl>s+ Vgl+1>evq>5*) } do.

At (D”+1 4 Dg*) (Dg 4 ngfl)f)
At
+__

2RT (1)

A similar technique is applied to derive the expression
for 6"+1 used in the energy conversion term of the thermo-
dynamic equation9). The continuity equationlQ) is inte-
grated from the model top to eaehlevel and Eg. 11) is
then used to eliminatgs:

o 1
- n+1 _ 2 / _ o~ Ut_OD /
6" (o) = (1+e)m< {1do T— {.}da). (12)

Otop Otop

The terms in the bracds} are equal to the sub-integral term
in the braces from Eq1().

The time-discrete equation for the horizontal divergence
is obtained with the application of the horizontal divergence

operator dig(az, ap) = acé&p (% + 3"%,%) to the compo-

nent form of the momentum Edl)linearized around” and
written in the time-discrete form, similar t@)

1+e€

pl= AV2(0 4 RTInps)" ™ + diva(A?, A", (13)
where the vectofA], A7) is the combination of known time-
stepn quantities from the right-hand side of the time-discrete
momentum equation.

Equations 8), (9), (11), (12, and @3) compose the
system for the variableg”+1, 771, In pu+1, 6 +1, prtl),
The system is closed with the hydrostatic equati®méwrit-
ten for " +1

[ea
") = ch+R/ 7" (o)dIne.
1

(14)

Given D"*1, all other variables can be easily computed
using Egs. 8), (9), (11), and (L2). Thus it is reasonable to
isolateD"*1 in the single equation. As iBates et al(1993,
we derive theD"*1 equation in the vertical discrete form on
the nonuniform vertical grid of NLEV levels. The vertical
grid is defined by the NLEW- 1 half-levelsoy 1> andk =
0...NLEV such thairy 2 = otop andonLev+1/2 = 1; the ver-
tical levels arery = 3(0x+1/2+0%x—1/2) andk = 1...NLEV,
and the vertical grid spacingo; = (ak+1/2 - ak_l/z). The
vertical part of 3-D divergence is discretized as

Geosci. Model Dev., 7, 4074417, 2014
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96 Ok+1/2 — Ok—1/2

15
do Aoy (15)

The vertical integration terms gfs (11) and hydrostatic
(14) equations are substituted for their discrete analogs using
the midpoint and trapezoidal rules, respectively.

The elimination of {"*2, Inpf*t, ®"+1) in the diver-
gence equatiornl@) using Egs. 9), (11), (12), and (4) leads
to the equation foD"*+1:

Dl (izem)zvzm D= g, (16)
where D"*1 is the vector of dimension NLEV with compo-
nentsD,’j*l, k=1...NLEV representing the horizontal di-
vergence at leved; as a function of(A, ¢). (Note that our
considerations are still analytical in horizontal.) The vec-
tor H" is a combination of known time-level values. The
matrix M of size NLEVx NLEV results from approxima-
tion of the integrals in Eqs1@) and (4), and the notation
V2M D"t1 means that the horizont&l? operator is applied
to each component of vectt D" 1,

To obtain theD"*1, the problem Eq.X6) is reduced to
NLEV horizontal Helmholtz equations using the eigenvalue
transformationM = PAPT (seeBates et al. 1993 for de-
tails). The 2-D Helmholtz equations are solved on the regu-
lar latitude—longitude grid using the algorithm frdralstykh
(2002.

Given the divergence, the+ 1 time step updates of other
prognostic variables; (2, 7"+, In p2+1) can be calculated
using Egs. 8), (9), and (1). The horizontal wind compo-
nentsu andv at time step:+1 are restored from knowgt' 1
and D" using the algorithm fronTolstykh and Shashkin
(20129. The algorithm solves the direct problem,

1 ov  ducCoSsp

n+1 — 17
3 a Ccosp (ax R17 ) (7)
Dl 1 (a_u 8vcos<p> (18)

acosp \oA dp /’

using fourth-order finite differences in latitude and Fourier
representation in longitude.

To summarize the description above, the structure of com-
putations at the + 1th time step in the dynamical core is as
follows:

1. The coordinates of the upstream trajectories departure
points are computed using”, v"), ("1, v""1) via
the algorithm fromRochaq1990.

. All departure point quantities — i.e., the terrs.)
of Egs. 8), (10), (9), and (L3) — are calculated using
interpolation.

. The Helmholtz problem Eql6) is solved, and diver-
genceD"t1 is obtained.

www.geosci-model-dev.net/7/407/2014/
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4. The updates"*1, 771, and Inp';+l are obtained computations, we use 3-D extension of the conservative cas-
from Egs. 8), (9), and (L1) using the departure point cade scheme (CCS) iNair et al.(2002. The CCS 3-D im-
quantities and>"+1. plies the approximation of the departure volume geometry

) ) ) ntl ontl by the polyhedron with the sides parallel to the coordinate

5. The horizontal wind ak 7; 1th tlmelstegu V") planesOig, 0o, andOgo. Following the ideology of the
is reconstructed fromy"** and D"** using the solver  4qcade approach, the form of the polyhedron in CCS 3-D
described infolstykh and Shashki(2012. is chosen in a way to allow for the splitting of the 3-D in-

tegration into the three consecutive 1-D integrations. Piece-

wise parabolic subgrid reconstructio@dlella and Wood-

ward 1984 without limiters and filters is used for the 1-D

2.3 Mass-conservative SL discretization of the
continuity equation

The mass of the air contained in the elementary volumetegral approximation.

dV = a?cospdirdgdo in the hydrostatic atmosphereris= The V (preV) = divz (prefu, prefv)-type terms are cal-
ps(.,0)dV/g. The total mass of the atmosphere lis— culated with the 2-D divergence calculation algorithm
[ psdV/g = (1—o10p) [ psdS/g, where the first integral is from the mass-conservative shallow-water modelstykh

assumed over the all atmosphere, the second integral is ovéd Shashkin(2013. The algorithm used guarantees
the sphere, ang is gravitational acceleration. V (prefV)dS = O (the integral is over the sphere) and thus

To get the semi-implicit mass-conservative discrete equa—i” combination with CCS 3-D ensures the mass conservation

tion for ps, the integral form of the continuity equatio8) (s of the continuity equation approximatiod) (seeTolstykh
Iinearizgé aroun(prgef(k 0): yed )( and Shashkif2012 for a detailed discussion).

Much like to the nonconservatives equation 10), the

d , s mass-conservative on&0) contains the(ds/do )"+ term.
ar / psdV = — / V(prefV) + pref3 = dv; (19)  As in the nonconservative case, EQOY is integrated from
sV (r) sV (1) the model top to the model bottom using the boundary con-

) ) ) _ ditions ¢ (1) = 6 (a10p) = O to eliminate the vertical velocity
Ps= ps— pret. On the right-hand side of this equation, we ; The vertical integration in the case of EQO is equal
have used the Eulerian treatment of tfle/ and the fact tq the sum over the vertical column of the arrival calls
that 22t — 0 and %2 = 0. Following the strategy of the SL & = 1...NLEV spreading from the model top to the model
methods, the arrival cedlvV (t"+1) supposed to coincide with  bottom. The resulting mass conservatpgequation can be
some grid cellAV and the departure cellV (") = AV, is written as
then determined with the SL trajectory-searching algorithm.
Given the arrival and departure cells, Ef9)is discretized
in time using the same approach és for the nonconserva-

(1— otop) pe T AS =

N

tive continuity equation: 1
7 Z / pgdV — %At v (PrernJrl)k AV
pettAV — [, pedv B =R
At h
1 96 n+1 95"
- te v (Prefvn-i_l) + Dref d AV + / \% (Prer”) + pref-— |dV
2 do do
8 -n Avk*
o
+ / |:V (Prefvn) + Pref Py ]dV)
AV, € N ac "
' +§At \ (Prefv )k + pref— [AVk
€ n ac" AV do
-V |4
+ 2 (Pref ) =+ Dref pys
3G (e 55 (1+De
+ / |:V (Prer(’H_l)") + Prefa—cy dV)- (20) + / v (Prer(’H—l)e) + Prefa—(7 dv , (21)
AV AVis

The arrival cell integral of a function is treated here as thewhere AS is the square of the base of the vertical column,
cell-averaged value of the function multiplied by the arrival AV, is the departure cell corresponding to the arrival cell
cell volume. AVi, andV (preiV), refers to the value oV (prefV) aver-

The mass-conservation properties of the continuity equaaged overA V.
tion approximation Z0) depend on the scheme used for the Equations 20) and @1) are used to derive the expression
computation of the departure volume integrals and the apfor 6" to be used in the energy conversion term of the ther-
proximation ofV (prefV) terms. As for the departure volume modynamic Eqg. § consistent with the mass-conservative
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Table 1.Grid parameters and? diffusion coefficients used. grid points in longitude and latitude, and the corresponding
horizontal grid spacings are® x 0.72°, 0.5625 x 0.45°,
Grid AL Ag Kp,Kt K, 0.45° x 0.36°, and 03° x 0.24° in longitude and latitude, re-
10%mAs~1)  (105mAs1) spectively. In the vertical, we use the set of 28 equally spaced
i —3
400x250  Q9° 072 1.91 1.27 levels withotop = 107°. o
640x 400 05625 0.45° 0.77 0.51 The implicit V# horizontal diffusion (se@olstykh, 1997,
800x 500  045°  0.36° 0.48 0.32 for details) is applied forz, D, and T in all tests. The
1200x 750  Q3°  0.24° 0.21 0.14

resolution-dependent diffusion coefficiers, Kp, andKr
are presented in Tablie

continuity equation approximation. Equatid0fis summed 3.1 Mountain-induced Rossby wave
over the vertical column of cell¥,, k=1...K, andK =

1...NLEV -1, and Eq. 21) is used to eliminatgp2*!. The  This 3-D analog of the shallow-water test case no. 5 from
resulting equation foéx 1,2 is Williamson et al.(1992 is carried out to check the perfor-
mance of the mass-conservative dynamical core in the pres-
ence of orography. The test setup presentedaisionowski
2 k=K o _ k=N et al.(2008 is used. The initial conditions present the hydro-
K+1/2 — Otop . . :
m [Z {...}— S Ty {.. .}:| ; statlcqlly bala_nced smooth z_qnal flow, yvh|ch is the stationary
Pref k=1 op k=1 analytic solution to the primitive equations in the absence of
the terms in braceg. .} are equal to the term in the braces in the orography. Given the nonzero orogr_aphy, the zo_nal flow
Eq. @1). breaks up and a Rossby-wave train begins its evolution.

The SLAV-MC setup for the test uses the reference sur-
face pressurgyei = poexp(—®s/RTp) with po =930 hPa
andTp = 288 K (equal to the initial isothermal state of the at-
1. The coordinates of the departure points of the upstreanmosphere). This choice gfef produces the orographic cor-

trajectories are computed. rection terms similar tdRitchie and Tanguay1996 in the
) . i mass-conservative continuity equatid®)that improved the
2. All departure point quantities — i.e., the terms.)} 5| AvMC accuracy near the mountain and reduced spurious
of Egs. 6), (9), (10), and (.3), and also the departure  orqgraphic resonance. The reference temperatuigeset to
volume integrals from Eq (1) — are calculated. 320K. The time step for the 400250 grid simulations is
3600 s, which gives the initial zonal CFL numb@r- 0.72.
In higher-resolution simulations, the time step is chosen to
keep the initial CFL number the same. The developed cir-
culation longitudinal and meridional CFL numbers with the
time steps chosen are abou® &ind 18, respectively, in all
4. The¢"*1is calculated using Eq8}. simulations.
The SLAV-MC dynamical core conserves the global mass
) ) . up to machine precision, whereas the standard SLAV dynam-
known D"** and¢"** using the solver described in icgl core with t[r)]e mass fixer turned off produces the n)1/ono—
Tolstykh and Shashki(2012). tonic global mass decrease that amounts to 0.02 % of the to-
6. Given the horizontal wind, the term (prerV™+2) is tal atmqsphere mass during the month iqtegration of the test
case initial conditions on the 640400 grid. Such a mass
trend cannot be considered as negligible for integration peri-
ods longer than a year. However, it does not affect the solu-
7. Givens"t1, Eq. @) is used to calculat&”*1, tion in a 1-month experiment. Indeed, standard and mass-
conservative SL-AV test solutions are practically identical
(the comparison is not presented); thus only the SLAV-MC
3 Numerical experiments solu_tion is discussed here. _ _

Figurel presents the day 25 geopotential height, temper-
We test the presented mass-conservative version of thature, and relative vorticity fields at 700 hPa from SLAV-MC
SL-AV model dynamical core (further denoted as SLAV- simulations at the lowermost resolution (40@50 grid) and
MC) with the mountain-induced Rossby-wave and thethe finest resolution (1200 750 grid) used in the study. Ob-
Jablonowski and Williamsor(2006@ baroclinic instabil-  viously, the high-resolution solution better resolves the finer
ity test cases. The tests are carried out using four regulafeatures in the vicinity of the mountain (98, 3¢ N), espe-
grids with 400x 250, 640x 400, 800x 500, and 120& 750 cially in the vorticity field. The large-scale structure of the

Sxi12= (22)

The computational procedure of the-1th time step of the
presented mass-conservative dynamical core is as follows:

3. The Helmholtz problem 1) is solved and diver-
gence D"t is obtained. Note that nonconservative
continuity equationX0) is still implicitly used in the
Helmholtz equation systeni).

5. The horizontal wind V**1 is reconstructed from

calculated and used to compytg™™ ands"*+* vertical
velocity via Egs. 21) and £2)

Geosci. Model Dev., 7, 407447, 2014 www.geosci-model-dev.net/7/407/2014/
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700 hPa height (m) at day 25 SLAV-MC at 400x250 grid 700 hPa height (m) at day 25 SLAV-MC at 1200x750 grid

0 30E 60E 90E 120E 150E 180 150W 120W 90W 60W 30W O 0 30E 60E 90E 120E 150E 180 150W 120W 90W 60W 30W O

24002500 2600 2700 2800 2900 3000 3100 3200 3300 3400

700 hPa T (K) at day 25

SLAV-MC at 400x250 grid

0 30E B0E 90E 120E 150E 180 150W 120W 90W 60W 30W O 0 30E G60OE 90E 120E 150E 180 150W 120W 90W 60W 30W O

270 273 276 279 282 285 288 291 294 297 300 303

700 hPa ¢ (107%s™) at day 25 SLAV-MC at 400x250 grid 700 hPa ¢ (107%™) at day 25 SLAV-MC at 1200x750 grid

90N

60N

30N

308

60s

208

30E B0E 90E 120E 150E 180 150W 120W 90W 60W 30W 0

-2 -1 0 1 2 3 4 5

0 30E 60E 90E 120E 150E 180 150W 120W 90W 60W 30W O 0

Fig. 1. The day 25 geopotential height (upper ro®)(middle row), and vorticity (lower row) fields at 700 hPa from the SLAV-MC solutions
to the mountain-induced Rossby-wave test case. Simulations at the 28grid (left column) and 1208 750 grid (right column).

solution remains the same in both high- and low-resolutionoverlaid zonal wind speed perturbation starting the evolution
runs (see the geopotential height field snapshots). Thex400 of the baroclinic wave.
250 grid solution is found to be in reasonable agreement with The time step for 40& 250 grid simulations is 2700,

the reference solution presentedlablonowski et al(2008
(solution from finite-volume dynamical core of the CAM at-
mospheric model on a 360181 regular latitude—longitude

grid).

3.2 Baroclinic instability test

The test case as describedJablonowski and Williamson

yielding the initial maximum zonal CFL numbér~ 1.3. In
higher-resolution simulations, the time step is chosen to keep
the CFL number the same. The CFL number used is at least
twice higher than that used tablonowski and Williamson
(20064 in simulations with the SL dynamical core of the
CAMS3 model. The reference state used in the experiment is
the constant reference surface presspg= 900 hPa and
the reference temperatufe= 320 K.

In the first part (stationary case) of the test, the model de-

(20063 consists of two parts. The first part tests the abil- viation from the initial state (which is the analytic solution)
ity of the dynamical core to maintain the steady-state initialis dominated by the numerical vertical integration error in
conditions with two midlatitude jets. The second part of the the hydrostatic balance EdL4). This gives the root-mean-
test consists of the same steady-state initial conditions wittsquarelz error (as defined idablonowski and Williamsan

www.geosci-model-dev.net/7/407/2014/

Geosci. Model Dev., 7, 4072-2014



414 V. V. Shashkin and M. A. Tolstykh: Mass-conservative SL-AV

Ps (hf’a) aydayo _ | SLAY-MC at 4q0x250 grid 50 hPa T (K) a} day,9 SLAY-MC at 4Q0x250 gril
90N 90N
P @’ z .

] % j) i I \————]

30N — = 30N — — — =

0 30E GOE SOE 120E 150E 180 150W 120W 90W 80W 30W O 0 30E BOE 9Q0E 120E 150E 180 150W 120W 90W 60W 30W O

(h?a) a*l dayI | | SLAY MC at 64l0x40? grld 50 hPa T (K) a} day,9 SLAY—-MC,at 6840x400 gri
90N L - L 90N
60N _,? BN @’ - 60N 7

30N 30N — =

0 SOE GOE QOE 120E 15OE 180 150W 120W 90W 60W 30w O 0 30E 60E 90E 120E 150E 180 150W 120W 90W 60W 30W O

oON Ps (hfa) ajday@ _, | SLAY-MC at 8Q0x509 grid 90N 50 hPa T (K) a} day,9 SLAY-MC at 8Q0x500 gril
60N ;9 A, @, L eon
] 0% ) i et e (\"—=————|

30N — 30N — — —

0 30E GOE QOE 120E 150E 180 150W 120W 90W 60W 30W O 0 30E 60E 90E 120E 150E 180 150W 120W 90W 60W 30W O
p. (hPa) at day 9 SLAV-MC at 12Q0x750 grid
gon PP efdey® g, STAVPHC 4t 120x750 gr
6oN 7 222@9/. -
4 = é,
30N — =
or-r-rr-r—-r——r-rr--r--r—T—"—
0 30E 60E 90E 120E 150E 180 150W 120W 90W 60W 30W O 0 30E B0E 90E 120E 150E 180 150W 120W 90W 60W 30W O
[ [ [ N [ [ [ I
950 960 970 980 990 1000 1010 230 240 250 260 R70 280 290 300

Fig. 2. The day 9ps (left column) andr’ at 850 hPa surface (right column) in thablonowski and Williamso(20063 test case simulated
by the SLAV-MC dynamical core at the various resolution grids.

20063 in ps field of about 0.2 hPa after 30 days of integra- the model are practically identical; therefore only the SLAV-
tion. The error is reduced twice when increasing the numbemMC solution is discussed here.
of vertical levels up to 50. The initial state is also affected Figure 2 shows the comparison of the surface pressure
by the Helmholtz solver boundary conditions near the polesand 850 hPa temperature fields from the SLAV-MC simula-
which are only second-order accurate in the latitudinal direc-tion at day 9 using grids with various resolution. We find
tion. This produces thgs decrease of about of 3 hPa around the basic structures of the solution well resolved even in
the poles in the simulations with the 4@®50 regular grid.  the coarsest 4080 250 grid run. The field patterns gradu-
The ps field remains symmetric under all test conditions. ally become more developed once the resolution increases
In the second part of the test case, zonal wind speed perwith the most remarkable development in the temperature
turbation added to the geostrophically balanced initial condi-field). No apparent phase shift can be noticed between lower-
tions triggers the evolution of the baroclinic wave. The maxi- and higher-resolution runs. One can find a good agreement
mum developed circulation longitudinal and meridional CFL between the snhapshots presented in Rigand the snap-
numbers with the time steps used are about 3.5 and 1.8, reshots of the reference solutions given in adlonowski and
spectively. Both the mass-conservative and standard version#/illiamson (20060 and ICON dynamical core solutidan
of the SL-AV model remain stable for at least 30 days of sim-et al.(2013.
ulation with the chosen time steps and diffusion coefficients. As compared to the reference solutions presented in
As in the mountain-induced Rossby-wave test, the stanJablonowski and Williamsor{20068) — namely solutions
dard non-mass-conservative SL-AV solution is characterizedrom Eulerian, semi-Lagrangian, and finite-volume dynam-
by the monotonic loss of the total atmosphere mass of aboutcal cores of the CAM atmospheric modeLdllins et al,
0.02 % per 30 days (the 640400 grid simulation), whereas 2004 and the dynamical core of GME atmospheric model
the mass-conservative version of the model preserves the tqMajewski et al, 2002 — the 850 hPa relative vorticity field at
tal mass integral up to machine precision. Although the men-day 9 from the SLAV-MC solution presented at F&jooks
tioned mass loss can be a problem in a longer period of integenerally smoother, and no Gibbs phenomenon as in the
gration, it does not influence the solution in a 30 day simula-CAM-EUL and CAM-SLD can be observed. The shape and
tion. In fact, the numerical test solutions by two versions of magnitude of the field features agree well with the reference
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Fig. 3. The day 9 850 hPa relative vorticity field in tdablonowski
and Williamson(20063 test case simulated by the SLAV-MC dy-

namical core at the various resolution grids.

solutions and also ICON-HDOANan et al, 2013 solution.
One can note that there are no negative vorticity values in
side the vortices in the SLAV-MC solution.

The quantitative assessment of the similarity and differ-

ence between the SLAV-MC solution and reference solution

from the T340 spectral SL dynamical core of the CAM3
atmospheric model is available via tlg I, andl,, sur-
face pressure difference norms definedlablonowski and
Williamson (20063. The upper row in Fig4 presents dif-
ference norms plots for the SLAV-MC solutions at various
resolution. The lower row of the figure shows the difference
norms between the lower-resolution SLAV-MC solutions and
the highest resolution (1200750 long.—lat. grid) SLAV-
MC solution. The gray shading in Fig.denotes the uncer-
tainty of the numerical solution obtainedJablonowski and
Williamson (20063 by comparing different reference solu-
tions.
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The difference norms shown on the upper row of Hig.
are all below the uncertainty limit; this confirms the conver-
gence of the SLAV-MC simulations to the reference solution.
Moreover, one can see that the lower-resolution SLAV-MC
solutions converge to the highest resolution SLAV-MC solu-
tion (at 1200x 750 grid) since the corresponding difference
norms (lower panel of Figd) also fall below the uncertainty.
Finally, the difference norms between standard SLAV and
SLAV-MC solutions of equal resolution are well below the
uncertainty limit (not shown) that proves the similar behav-
ior of the two versions of the dynamical core.

4 Conclusions

A semi-implicit time integration scheme in conjunction with
the semi-Lagrangian treatment of advection allows running
of atmospheric simulations with time steps larger than time
steps limited by CFL stability condition and thus building
of computationally efficient models. Indeed, it was shown
that the semi-Lagrangian advection can be implemented ef-
ficiently on massively parallel computer systems using up to
0(10% processorsWhite and Dongarrg2011). Recently, it
was found that the elliptic solver necessary to implement the
semi-implicit scheme can also use such systems efficiently
(seeMiller and Sheichl2013. However, the application of
SISL methods in modern atmospheric models used for cli-
mate simulations is limited by the absence of inherent mass
conservation requiring a global mass fixer.

We have presented here a version of SISL dynamical core
for the SL-AV global model that is inherently mass conser-
vative without use of mass correctors. The mass conservation
is achieved by the introduction of the cell-integrated semi-
Lagrangian discretization for the continuity equation. This
discretization is based on the 3-D extension of the conser-
vative cascade SL transport scheme (CCS)Nayr et al.
(2002. Except for the new discretization of the continu-
ity equation, approximation of the primitive equations and
the semi-implicit equation system formulation in the mass-
conservative version are the same as in the standard version,
and therefore only minimal changes to the dynamical core
are introduced.

The numerical experiments showed that the inherently
mass-conservative version of the SL-AV dynamical core
(SLAV-MC) is as accurate and stable with long time steps as
the standard nonconservative version of this dynamical core.
The results of SLAV-MC for the baroclinic instability test
(Jablonowski and Williamsqr20064 and mountain-induced
Rossby-wave test (frodablonowski et al.2008 are found
to be in agreement with the results available in the literature.
In the baroclinic instability test case, the difference norms be-
tween SLAV-MC solutions in various resolution and the ref-
erence T340 SL solution are below the solution uncertainty
calculated inJablonowski and Williamso(0063. The be-
havior of two versions of the dynamical core in the numerical

Geosci. Model Dev., 7, 4072-2014



416 V. V. Shashkin and M. A. Tolstykh: Mass-conservative SL-AV

108 L L L 1 L 108 L L L 1 L 108 L L L 1 L
102 4 L 10% 4 L 10% 4 e ]
=
s 7 =~ F 5 7 /' 10t 4 4 L
= © |
A o L = o ] / L A o ] L
o 10 o 10 4 = 10
~ ¥ ‘ ~
107 4 2 107 o / 2 107 o 2
J >
1072 4 W 2 1024 2 107 2
107 T T T T T 107° T T T T T 10°° T T T T T
[ 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
Day Day Day
10° L L L 1 L 10° L L L 1 L 10° L L L 1 L
102 4 2 107 5 2 10% 5 — 2
10t 4 2 10t 4 2 10t 4 2
o & 3
Ay
= 1004 F © 10° Foo 10°9 3
— < ~
107* o F 107 o F 107 4\ F
1072 4 3 1072 3 107 3
107 T T T T T 107° T T T T T 107° T T T T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
Day Day Day

Fig. 4. Time evolution of théq, Io, andl, ps difference norms. Upper row: difference between the spectral T340 SL reference solution and
SLAV-MC solutions at 400« 250 (red line), 646 400 (green line), 80& 500 (blue line), and 1208 750 (orange line) regular lat.—long.
grids. Lower row: difference between the 120050 SLAV-MC solution and the lower-resolution SLAV-MC solutions (the line colors are
the same as on the upper row). Gray shading presents the uncertainty of reference solutions.

experiments is very similar, except that the standard versiorReferences

(with mass corrector turned off) produces the monotonic loss

of global mass, which can be crucial in the longer-period sim-

ulations. SLAV-MC conserves the global mass up to machineBates, J. R., Moorthi, S., and Higgins, R. W.: A global mul-
precision. tilevel atmospheric model using a vector semi-Lagrangian

The presented approach efficiently combines the advan- fini_t_e-difference scheme, Mon. Weathe.r Rev, 121, 244__263’
tages of the SISL method with the inherent mass conserva- Cljg'égo'1175/1520'0493(1993)121<0244'AGMAMU>2'O'CO’2
“On' _Thus we believe th_at our research can be th_e basis f()&olella, P. and Woodward, P. R.: The Piecewise Parabolic Method
building an SISL dynamical core of an atmospheric general (PPM) for Gas-Dynamical Simulations, J. Comput. Phys., 54,
circulation model suitable for long-range forecasting and cli- 174701, 1984.
mate simulations. In particular, we plan to implement the hy-coliins, W. D., Rasch, P. J., Boville, B. A., Hack, J. J., McCaa, J.
brid o—p vertical coordinate and the reduced lat.—long. grid  R., williamson, D. L., Kiehl, J. T., Briegleb, B., Bitz, C., Lin,

(Fadeey2013, as we did for the shallow-water modéio(- S.-J., Zhang, M., and Dai, Y.: Description of the NCAR Com-
stykh and Shashkji2012. Furthermore, consistent transport ~ munity Atmosphere Model (CAM 3.0), NCAR Technical Note
formulation similar toWong et al.(2013 is considered. NCAR/TN-464+STR, NCAR, 2004.

Fadeev, R. Yu.: Algorithm for Reduced Grid Genera-
tion on a Sphere for a Global Finite-Difference Atmo-

AcknowledgementsThis work was supported by the program of ~ spheric Model, Comput. Math. Math. Phys., 53, 237-252,
the Russian Ministry for Science and Education (contract no. d0i:10.1134/S0965542513020072013

14.132.21.1378, agreements 8344 and 8350 and partly 8326), bpiorgetta, M. A., Roeckner, E., Mauritsen, T., Bader, B. S. J,,
the Russian Foundation for Basic Research (grants 12-05-31441 Crueger, T., Esch, M., Rast, S., Schmidt, L. K. H., Kinne, S.,
and 13-05-00868), and by program no. 15 of the Presidium of the M0bis, B., and Krismer, T.: The Atmospheric General Circu-

Russian Academy of Sciences. lation Model ECHAMG6: Model Description, Tech. rep., Max
The authors are grateful to Eigil Kaas and Ross Heikes for their Planck Institute for Meteorology, Hamburg, Germany, 2012.
thorough reviews, which helped to improve the manuscript. Hortal, M.: The development and testing of a new two-time-
level semi-Lagrangian scheme (SETTLS) in the ECMWF
Edited by: H. Weller forecast model, Q. J. Roy. Meteor. Soc., 128, 1671-1688,

doi:10.1002/qj.200212858312002.

Jablonowski, C. and Williamson, D. L.: A baroclinic instability test
case for atmospheric model dynamical cores, Q. J. Roy. Meteor.
Soc., 132, 2943-2975, dbD.1256/qj.06.122006a.

Geosci. Model Dev., 7, 407447, 2014 www.geosci-model-dev.net/7/407/2014/


http://dx.doi.org/10.1175/1520-0493(1993)121%3C0244:AGMAMU%3E2.0.CO;2
http://dx.doi.org/10.1134/S0965542513020073
http://dx.doi.org/10.1002/qj.200212858314
http://dx.doi.org/10.1256/qj.06.12

V. V. Shashkin and M. A. Tolstykh: Mass-conservative SL-AV 417

Jablonowski, C. and Williamson, D. L.: A Baroclinic Wave Test Temperton, C., Hortal, M., and Simmons, A.: A two-time-level
Case for Dynamical Cores of General Circulation Models: Model  semi-Lagrangian spectral global model, Q. J. Roy. Meteor. Soc.,
Intercomparisions, NCAR Technical Note NCAR/TN-469+STR, 127, 111-129, dal0.1002/qj.49712757102001.

NCAR, doi10.5065/D6765C8&006b. Tolstykh, M. A.: Implementation of the fourth-order horizontal dif-

Jablonowski, C., Lauritzen, P., Nair, R. D., and Taylor, M.:  fusion in Fourier space in the variable resolution spectral model,
Idealized test cases for the dynamical cores of Atmo- Research activities in atmospheric and oceanic modelling, WMO
spheric General Circulation Models: A proposal for the  WGNE Rep. N 25, Ed. A. Staniforth, WMO/TD-792, Geneva,
NCAR ASP 2008 summer colloquium, 74 pp., available at: 3.40-3.41, 1997.
http://www-personal.umich.edu/~cjablono/NCAR_ASP_2008_ Tolstykh, M. A.: \orticity-Divergence Semi-Lagrangian
idealized_testcases_29May08.tHst access: 15 July 2013), Shallow-Water Model of the Sphere Based on Com-
2008. pact Finite Differences, J. Comput. Phys, 179, 180-200,

Lauritzen, P. H., Kaas, E., Machenhauer, B., and Lindberg, doi:10.1006/jcph.2002.705@002.

K.: Mass-Conservative Version of the Semi-Implicit Semi- Tolstykh, M. A.: Global semi-Lagrangian numerical weather pre-
Lagrangian HIRLAM, Q. J. Roy. Meteor. Soc., 134, 1583-1595, diction model, FOP, Obninsk, Moscow, Russia, pp. 111, 2010
doil10.1002/qj.307, 2008. (in Russian, English abstract availathitp://nwplab.inm.ras.ru/

Lauritzen, P. H., Nair, R. D., and Ulrich, P. A.: A conserva- SLAV_Book_abs.pdt
tive semi-Lagrangian multi-tracer transport scheme (CSLAM) Tolstykh, M. A. and Shashkin, V. V.: Vorticity-divergence mass-
on the cubed-sphere grid, J. Comput. Phys., 229, 1401-1429, conserving semi-Lagrangian shallow-water model using the re-
doi:10.1016/}.jcp.2009.10.03€2010. duced grid on the sphere, J. Comput. Phys., 231, 4205-4233,

Majewski, D., Liermann, D., Prohl, P., Ritter, B., Buchhold, doi:10.1016/j.jcp.2012.02.01@012.

M., Hanisch, T. Paul, G., Wergen, W. and Baumgardner Wan, H., Giorgetta, M. A., Zang|, G., Restelli, M., Majewski, D.,
J.. The operational global icosahedral-hexagonal grid- Bonaventura, L., Frohlich, K., Reinert, D., Ripodas, P., Korn-
point model GME: Description and high-resolution tests, blueh, L., and Foérstner, J.: The ICON-1.2 hydrostatic atmo-

Mon. Weather Rev., 130, 319-338, dd:1175/1520- spheric dynamical core on triangular grids — Part 1: Formulation

0493(2002)130<0319:TOGIHG>2.0.CQZ2002. and performance of the baseline version, Geosci. Model Dev., 6,
Mdller, E. H. and Scheichl, R.: Massively parallel solvers for ellip-  735-763, doit0.5194/gmd-6-735-2012013.

tic PDEs in numerical weather- and climate prediction, 24 pp., White Ill, J. B. and Dongarra, J. J.: High-performance high-

available athttp://arxiv.org/abs/1307.2036y2013. resolution tracer transport on a sphere, J. Comput. Phys., 230,

Nair, R. D., Scroggs, J. S., and Semazzi, F. H. M.: Efficient Conser- 6778—-6799, doi0.1016/j.jcp.2011.05.002011.
vative Global Transport Schemes for Climate and AtmosphericWilliamson, D. L., Drake, J. B., Hack, J. J., Jakob, R., and Swartz-
Chemistry Models, Mon. Weather Rev., 130, 2059-2073, trauber, P. N.: A standard test set for numerical approximations
doi:10.1175/1520-0493(2002)130<2059:ECGTSF>2.0.CO;2 to the shallow water equations in spherical geometry, J. Comput.
2002. Phys., 102, 211-224, 1992.

Priestley, A.: A quasi-conservative version of the semi-LagrangianWong, M., Skamarock, W. C., Lauritzen, P. H., and Stull, R. B.:
advection scheme, Mon. Weather Rev.,, 121, 621-629, A cell-integrated semi-Lagrangian semi-implicit shallow-water
doi:10.1175/1520-0493(1993)121<0621:AQCVOT>2.0.CO;2 model (CSLAM-SW) with conservative and consistent transport,
1993. Mon. Weather Rev., 141, 2545-2560, d6i:1175/MWR-D-12-

Ritchie, H. and Tanguay, M.: A comparison of spatially av- 00275.12013
eraged Eulerian and semi-Lagrangian treatments of mounZerroukat, M. and Allen, T.: A three-dimensional monotone and
tains, Mon. Weather Rev., 124, 167-181, #6i1175/1520- conservative semi-Lagrangian scheme (SLICE-3D) for trans-
0493(1996)124<0167:ACOSAE>2.0.CQ1D96. port problems, Q. J. Roy. Meteor. Soc., 138, 1640-1651,

Rochas, M.: ARPEGE Documentation, Part 2, Chapter 6, Météo- doi:10.1002/qj.19022012.

France, Toulouse, France, 1990.

www.geosci-model-dev.net/7/407/2014/ Geosci. Model Dev., 7, 40772014


http://dx.doi.org/10.5065/D6765C86
http://www-personal.umich.edu/~cjablono/NCAR_ASP_2008_idealized_testcases_29May08.pdf
http://www-personal.umich.edu/~cjablono/NCAR_ASP_2008_idealized_testcases_29May08.pdf
http://dx.doi.org/10.1016/j.jcp.2009.10.036
http://dx.doi.org/10.1175/1520-0493(2002)130%3C0319:TOGIHG%3E2.0.CO;2
http://dx.doi.org/10.1175/1520-0493(2002)130%3C0319:TOGIHG%3E2.0.CO;2
http://arxiv.org/abs/1307.2036v1
http://dx.doi.org/10.1175/1520-0493(2002)130%3C2059:ECGTSF%3E2.0.CO;2
http://dx.doi.org/10.1175/1520-0493(1993)121%3C0621:AQCVOT%3E2.0.CO;2
http://dx.doi.org/10.1175/1520-0493(1996)124%3C0167:ACOSAE%3E2.0.CO;2
http://dx.doi.org/10.1175/1520-0493(1996)124%3C0167:ACOSAE%3E2.0.CO;2
http://dx.doi.org/10.1002/qj.49712757107
http://dx.doi.org/10.1006/jcph.2002.7050
http://nwplab.inm.ras.ru/SLAV_Book_abs.pdf
http://nwplab.inm.ras.ru/SLAV_Book_abs.pdf
http://dx.doi.org/10.1016/j.jcp.2012.02.016
http://dx.doi.org/10.5194/gmd-6-735-2013
http://dx.doi.org/10.1016/j.jcp.2011.05.008
http://dx.doi.org/10.1175/MWR-D-12-00275.1
http://dx.doi.org/10.1175/MWR-D-12-00275.1
http://dx.doi.org/10.1002/qj.1902

