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Abstract. We measure the potential of an observational dataoutput variable (ice volume, ice surface area and maximum
set to constrain a set of inputs to a complex and computationice thickness) offer different potential constraints on individ-
ally expensive computer model. We use each member in turmial input parameters. We show that combining the observa-
of an ensemble of output from a computationally expensivetional data gives increased power to constrain the model. We
model, corresponding to an observable part of a modellednvestigate the impact of uncertainty in observations or in
system, as a proxy for an observational data set. We argumodel biases on our measures, showing that even a modest
that, given some assumptions, our ability to constrain unceruncertainty can seriously degrade the potential of the obser-
tain parameter inputs to a model using its own output as datavational data to constrain the model.
provides a maximum bound for our ability to constrain the
model inputs using observations of the real system.

The ensemble provides a set of known parameter input and
model output pairs, which we use to build a computation-1  Introduction
ally efficient statistical proxy for the full computer model,
termed an emulator. We use the emulator to find and rul€computer models (referred to hereon as computer simula-
out “implausible” values for the inputs of held-out ensemble tors) are used in a wide variety of computer experiments,
members, given the computer model output. As we know thdor the understanding and prediction of real-world systems
true values of the inputs for the ensemble, we can comparése€e e.gSantner et al.2003 for examples). Such simula-
our constraint of the model inputs with the true value of the t0rs contain uncertain parameters that may represent real but
input for any ensemble member. Measures of the quality ofinknown physical constants, or be artefacts of the simplifi-
constraint have the potential to inform strategy for data col-cation (and therefore parameterization) of complex physical
lection campaigns, before any real-world data is collected, aprocesses. Itis important to choose an appropriate set of pa-
well as acting as an effective sensitivity analysis. rameters with which to run the simulator, in order that simu-

We use an ensemble of the ice sheet model Glimmer tdations match the behaviour of the true system as closely as
demonstrate our measures of quality of constraint. The enPossible.
semble has 250 model runs with 5 uncertain input parame- This raises questions: What observational data might we
ters, and an output variable representing the pattern of th&ollect in order to effectively match the simulator to the sys-
thickness of ice over Greenland. We have an observatioiem under study? And how valuable might they be in con-
of historical ice sheet thickness that directly matches thestraining our input parameters? We imagine a situation where
output variable, and offers an opportunity to constrain the@ New observational campaign of the system under study

ated with making new observations of the system. We might
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1716 D. J. McNeall et al.: Potential constraint of an expensive model

extend this to cases where there are observations, but widere, we extend the methods for calculating these kinds of
could reduce their uncertainty. Finally, we might have a lim- metrics to computationally expensive simulators.

ited budget, which we can choose to spend on reducing ob- Calibration of a computationally expensive simulator can
servational uncertainty, or on improving the simulator — in be efficiently achieved using an emulator: a fast and compu-
effect, reducing the simulator discrepancy, or its associatedationally cheap statistical proxy for the full simulator. Use
uncertainty. To guide the observational campaign, we wouldof an emulator for calibration in a Bayesian setting was pi-
like to know the potential of an observation, with a particular oneered byKennedy and O’Haga(2001), with Wilkinson
uncertainty, to constrain our simulatbeforewe make the (2011 offering a review of recent developments. An alterna-
observation. tive approach, also using emulation techniques, is the history

The comparison of simulators with observations from the matching ofCraig et al.(1996 1997, 2007). History match-
appropriate real-world system, in order to choose a set of aping places more emphasis on ruling out parameter sets where
propriate parameters, is known as calibration. This paper inthe simulator performs poorly, whereas probabilistic calibra-
troduces a method for estimating the potential of a data setion tends to down-weight poorly performing parameter sets.
for calibrating a simulator, when that simulator is computa- While these approaches differ in their interpretations of the
tionally too expensive for brute force methods of calibration meaning of the simulator, both share a notion of distance
or tuning to be effective. We use an ensemble of the simu-of simulator output from observations of the real system, as
lator output as a synthetic data set, treating output from ara measure of simulator quality.
ensemble member as if it were an observation of the real sys- Our metrics can also be viewed as a form of global sensi-
tem under study. We propose that our ability to calibrate thetivity analysis Saltelli et al, 2000. Sensitivity analysis (SA)
simulator when we know the true set of parameters (as in oum this context is concerned with quantifying the strength of
ensemble), gives us a theoretical upper limit on our ability tothe relationship between the inputs and outputs of a simula-
calibrate the simulator in the real system. tor. This relationship is often couched in terms of the induced

In this synthetic test bed, we can examine the impact onchange in simulator output, for a given change in simulator
the calibration of adding observational uncertainty, or simu-input. We are interested in inverting this measure, and finding
lator discrepancy uncertainty. We advise caution, as the tru¢he implied uncertainty of a simulator input, given an output.
simulator discrepancy remains unknown, and might be dif-Trivially, if the output of a simulator is not sensitive to an in-
ferent from anything that we can reasonably simulate. How-put, then the data corresponding to the output will not have
ever, we believe that our metrics give a good guide to thethe power to constrain the input parameters. In addition, even
maximum constraint possible, given a particular simulator,where there may be a unique forward mapping from inputs
statistical framework, and data set. to outputs of a simulator, this is not necessarily true of the in-

Once a simulator is calibrated, it can be run to predict theverse mapping. A single output may have many correspond-

behaviour of the system under untested circumstances. Fang inputs. An approach to probabilistic SA for expensive
example, climate simulators calibrated to historical data carcomputer simulators is introduced Bakley and O’Hagan
be used to project and constrain the behaviour of the Eartt§2004). Our approach draws on those techniques, particularly
system in the future under various greenhouse gas emission the use of a Gaussian process emulator as a proxy for the
scenarios $exton et al.2012 Sexton and Murphy2012 computer simulator.
Rougier 2007 Tebaldi and Knutti2007). Such simulators We first briefly introduce history matching as a method of
are often computationally expensive to run, such that theresolving inverse problems in the context of computer simula-
are usually only a small set of runs of the code with which tors in Sect2.1 We then introduce some empirical metrics
to estimate a potentially large number of these uncertain bufor the ability of an observation to constrain the simulator
tuneable parameters within the simulator. input parameters in Se@.2 In Sect.2.3, we introduce em-

A probabilistic calibration allows for uncertainty in obser- ulators, and explain how they might be used in calculating
vational data, and for the fact that the simulator does not perthe metrics introduced in the previous section. We apply our
fectly represent the true system. Such probabilistic calibraimethods of constraint to an ensemble of a computationally
tion allows a range for each of the input parameters, assignexpensive ice sheet simulator, and show that they work in
ing a probability that each of the input parameters in a setSect.3. We introduce the results in Se&.2, and discuss
might best match the simulator to the true system. In thisthem and their implications for future research directions in
case, a probabilistic prediction can be made by weighting theSect.4. Finally, we offer some conclusions in Sebt.
prediction of the simulator according to the probability of the
corresponding set of input parameters being correct.

Metrics for the potential of data to constrain input parame-
ters have been proposed when working with computationally
cheap simulators and probabilistic calibration methods; for
example to simulate atmospheric aeros®arfridge et al.

2012, or terrestrial ecosystem modelBi¢hn et al, 2012.
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2 Methods bestinput. In addition, we assume that there are places within
_ _ X where it is possible to run the simulator, that nevertheless
2.1 Solving the inverse problem we judge as not well representing the true system being mod-

, . . elled. We would like to exclude these regions from our analy-
We would like a metric for the strgngth c_)f an observation of ¢ 55 simplausible”, in effect setting their probability to zero.
a system to callprate (to constrain, or find good yalues for)Constraining)i to a smaller representative region by compar-
a set of uncertain parameters in our computer simulator o it with observations therefore implies a constraint o,
that system. This equates to asking “*how well can we solve rig constraint might be achieved through a fully prob-
the inverse problem, of estimating the parameters of a siMypjitic calibration, simultaneously estimating probability
ulator, given some data?”. There are at least two approach€§istributions forx*, and for simulator discrepandy as in

to solving the inverse problem: probabilistic calibration, and Kennedy and O’Hagaf2001). We use an alternative history-
h|stow-match|_n_g '_[echn_lque_s- o ) matching approach, based on the concept of implausibility,
Ina _probab|I|st|c_ calibration, a probablllty is assigned t0 ;troduced byCraig et al.(199§. A full description of the
a candidate set of inputs, depending on how well the correpgnefits of history matching for expensive simulations can be
sponding output of the simulator matches observations, ang, n invernon et al(2010. Briefly, the aim is to rule out as
the prior probability (before any data is seen) of the candidat§ |4 ysible, sets of parameters space where the simulator is
point being “correct” in some manner. _ a very poor fit to observations of the real system. Any set that
Following Rougier(2007), we represent a particular set of g «not ryled out yet” is passed to further analysis. The im-
d input parameters as vector=xy...xq, Set within €) @ 5j5ysibility measure must take into account (a) the fact that
parameter” or “input” spaceY, judged to be plausible by e gpservations are uncertain, (b) that we have uncertainty
the modeller, before the simulator is run. We assume thaky,, t ways in which the simulator might be wrong (the dis-
thls p'laus'lble space corresponds to a “prior probablllty d,'s'crepancy), and (c) that we do not fully know the simulator
tribution, if we were to carry out a fully Bayesian analysis. pepayiour, due to our limited ability to run the simulator.

Similarly, we represent the simulator outputas Y, repre- We use an implausibility measurethat takes all of these
senting the state of some physical aspect of the system. Wg,artainties into account writing

represent the simulator as a deterministic functa@n, so
that when run at a particular input parameterasét always ) |E [g(x)] —z?

returns the same value of The simulator is complex enough  /* = Var[g(x) + 60 +e] (3)

that we cannot trivially predict the outpytat a givenx be-

fore the simulator is run. We can represent outplds an An input is more implausible, the further the correspond-

uncertain function of input thus: ing output lies from observations of the true system. How-
ever, if the observations, the simulator output at that input,

y=80x). (1) or the simulator discrepancy are more uncertain, that same

The relationship between the simulator outpuand an input would be less implausible.

observatiorg of the real system is represented by the equa- We regard any pomt“ Whe_re |mp_lau§|blllty IS beI(_)w
tion a threshold value of 3 as “not implausible”, and accept it as

a candidate for the best input. This threshold comes from the
3o rule of Pukelshein{1994), which states that for unimodal
distributions, ifx = x*, thenl < 3, with a probability greater
wheree represents measurement errors in the observationghan 0.95. This holds true even for highly skewed, or heavy-
ands is the simulator discrepancy; the difference between theailed distributions.
real system, and the simulator when run at its “best” input, In this framework, comparing the simulator with more
x*. This best input is therefore defined as the point whichthan one type of observation is simple. In the case where dif-
minimises the difference between the observations and théerent types of observation imply different implausibility, we
simulator output, given any known systematic errors (biasesjake the maximum implausibility at the candidate input point
in simulator discrepancy or in observations. x. This allows for progressive ruling out of parameter space,
In calibrating the simulator, we compare a set of observa-as more observations become available. A multivariate alter-
tions of the true system, with the corresponding represen- native to the maximum implausibility measure is introduced
tative output of the simulatoy, and through the mapping in by Vernon et al (2010, along with modifications that make
Eq. (1) we find a set of input parameters that is, by some meathe maximum implausibility measure less sensitive to inac-
sure (but not necessarily all measures), good. In general, weuracies in an individual emulator. The high accuracy of the
assume that parameter sets which represent the real systegmulator used in this study means that we can use the sim-
well produce a smaller difference between simulator outputsplest method.
y and observationg, than do poor choices of inputs, and
have a corresponding higher probability of representing the

2=g(x*) +8(x") +e, (2)
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2.2 Metrics of constraint We therefore cannot run the simulator enough times to com-
prehensively explore the mapping &fto )). We could, for

We would like to assign a score or metric for the ability of example, run a collection of simulations in an optimisation

a particular observation of the real system to constrain our routine to findx*. This is unlikely to be a practical solu-

choice of a good set of input parameters wittih There  tion, given the possibly complex naturegfthe difficulty of

are a number of ways that we might measure this, limitedsearching high dimensional spaces which can have many lo-

by some practical considerations. We propose two primarycal minima, and conflicting demands on expensive simulator

metrics: (1) the marginal range of plausible space in eactputput.

input dimension, relative to the initial estimate and (2) the A more flexible solution is to run the simulator at a care-

volume of “notimplausible” input space, relative to the initial fully designed collection of points iX € X', with associated

estimate. outputY, called an ensemble, and use this to build a statis-
) L I tical model to predict the outpyt, at untested points within
2.2.1 Marginal range of “not implausible” input space X. This statistical model, termed an emulator, is computa-

The marainal rana of an individual inout is the largest tionally cheap and fast to run, and therefore can replace our
9l 9 individuat Input 1 9 simulator in any analysis of the ensemble. The emulator re-

range for each input pgrameter that we can find Wliiete3.. tprns an estimated probability distribution for simulator out-
This is measured relative to the marginal ranges con:mderegg"ut given an input

plausible before the simulator was run. While this measur It is important to design the ensemble well, in order to

can be u_seful as a simple sensitivity ana_lysis_, it should beouild a good emulator. The simulator should provide good
tr;aggguzlvc')tth.I:]atljgosn.’bﬁ;dswscgeﬁ]aég.'Ct ‘ZS L?;Zréornt?hw:?\e ¢ coverage of the input parameter space, in order that interac-
u tion Thl E uml rp ol thl ’nudlim nl ional rx tions between parameters might be well estimated. It should
;ec;i On ) fthaa“ng(?[ imealsu ?EIO,, i%/ f one- TE Stro ar pno- also span enough parameter space that the emulator is not
Jection otthe "not iImplausible™ input space. 1he UE range ., 0 4 4, extrapolate far beyond the design points, or param-

(c)(f)frg 'ng'r\]/:quall mr:]%r:;be ;/fe rly r_rf1uceh sg::ltlgr quntfr:)?nznaetjtgg eter values where the emulator has been validated. A good
sponaing’y useful), if we w gaini ' option is the Latin hypercube designitKay et al.(1979,

about another input parameter, for example. and its space-filling variants.

The emulator, denoteql(.), provides us with a complete
mapping ofX to ), with some uncertainty. If this uncertainty
We can define a volum& of “not implausible” input pa- is tolerably small, we can use the emulated best estimate of
rameter space, or alternatively that input space “not ruled ouimulated output in any analysis where we would normally
yet” — as the region wherg < 3. We can estimate the rela- USe the simulator directly. We denote the best estimatg for
tive volume of this space, with a Monte Carlo sample from &t any givenx asy = n(x).
the initially plausible space’. Using an indicator function ) _

I(I < 3), whereZ =1 if true, and 0 if not, we take sam- 24 Using an ensemble to find an upper bound of
ples fromX, and estimate the volume as potential constraint

2.2.2 Volume of “not implausible input” space

1 With an ensemble of a priori plausible simulator evaluations,
V=" ZZ(I <3). (4)  we let the simulator output take the place of a theoretical
i=1 observational data setin our analysis. We estimate “not im-

We must be careful to take enough samples to ensur@lausible” candidates far* for a given ensemble member,
that this estimate is accurate, as well as taking into accoun@!Ven its outputy. The candidates will span a region within
the sometimes counter-intuitive nature of high dimensionalthe original input parameter space. We can calculate the met-
space. For example, an observation that constrains the plaudics of constraint for that region, introduced in St and
ble volume to half the range of each input in a 5-dimensional@!SC check that the true value of falls within the “not im-
input space would have reduced the spaced®® 3% ofits ~ Plausible” region. o
original volume. However, such a reduction in volume can be  FOr computational efficiency, we let the emulager) take

achieved by constraining a single input to 3% of its original tN€ place of our simulatog(.). Simulator discrepancy(.)
range, with no constraint on any other input. and observational errer (along with their respective uncer-

tainties) are both zero in this setting, as we know the obser-
2.3 An emulator for computationally expensive vational data perfectly and we are using the same simulator
simulators across the ensemble. We can easily add in a simulator dis-
crepancy or observational error of our choice, in order to test
We are concerned with the case where the simulator is comtheir impact on our ability to constraiti*.
putationally expensive, and complex enough that we cannot We use a leave-one-out cross-validation (LOOCYV) style
trivially predict the output of the simulator before we run it. test on the ensemble, to find metrics of constraint at a sample
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across input space. For each ensemble member ini tern Height
1...n we treat the outpug; from an ensemble member as an Greenland Ice Sheet (metres)
observation of the true system. We build an emulator, con-
ditioned on the entire ensemble, except inpuand output
y;. By finding the “not implausible” region, where our im-
plausibility measurd < 3 for each output in the ensemble
y1...yn, We can obtain a sample of possible constraints that
an observation would give, if it were found to e

We take a large Monte Carlo sample from the prior dis-
tribution at a large number of points withiki, and use the
emulator to predicy; at each candidate point. We then find
the implausibility/ at each emulated input, given the uncer-
tainty about the true value of the simulator at that point, pro-
vided by the emulator. We calculate the metrics of plausible
marginal input parameter randg and plausible input space
volumeV, using the emulated implausibility for each point.

Repeating this process across the ensemble, we obtain
a sample of: of each of the constraint metridg ... V,, and
R1...R,, where we hava ensemble members. Each sample
represents what the constraint might be if the true observation
were to fall aty;, so we see that there is some uncertainty in
the ability of the data to constrain the inputs, depending upon
where in the ensemble the true data might fall.

Itis important that the ensemble output spans a range widgjg 1. opservations of ice sheet thickness over the Glimmer do-
enough to encompass any reasonable combination of obsefain, fromBamber et al(2002).
vation, simulator discrepancy and observational uncertainty.
This is to avoid the situation where (for example) the obser-

vation falls well outside the range of simulated output, andinterpretation of the data. We can summarise the output vari-
all of the input space is effectively ruled out immediately. In aple ice thickness, into a univariate output, in three ways.
this situation, the analysis would be iterated, with new judge-First, we can find ice volume (denoted ICEVOL), by sum-
ments about the uncertainty of simulator discrepancy. ming the ice thickness over the entire simulator domain. Sec-
ond, we can take the surface area (ICESA) of the ice sheet.
Third, we can examine the maximum thickness (MAXTHK)
3 Anexample using an ice sheet simulator of the ice sheet. It is important to simulate all of these vari-
ables correctly, in order to have confidence that our ice sheet
We investigate the utility of an emulator/observational datasimulator is capturing the relevant dynamics of the GrIS. In
set combination, for the calibration of the ice sheet simulatorrig. 2, we plot the marginal relationships between each pair
Glimmer (version 1.04)Rutt et al, 2009 Payne1999. We  of inputs and outputs. We see that, even though the summary
have access to an ensemble of 250 simulator runs, with 5 unputputs are from the same field variable, the output sum-
certain inputs, and an output variable, ice thickness, at eackaries are affected by input dimensions in different ways.

point in a 76x 141 grid covering the Greenland Ice Sheet Again, simulator outputs are normalized to a zero-one scale.
(GrlS). This ensemble was generated and examin&tdne

etal.(2010; details of the inputs and outputs are summarised3.1 Building and checking the emulator
in Tablel. The simulator is sufficiently computationally ex-
pensive to serve as a test bed for our methods, while beind\ first task is to build an emulator that we are confident accu-
relatively straightforward to run in an ensemble of severalrately represents the forward mapping between input and out-
hundred members. put space. We use a Gaussian process emulator, implemented
The ensemble input points are sampled from independeninh the package BACCOHankin 2005, using the statistical
uniform distributions of simulator inputs, using a Latin hy- software R R Core Team2012. The emulator is composed
percube sampling strategy. We normalize all inputs to a zeroof a basic linear statistical model, along with a more flexi-
one scale, based on the expert-elicited limits of the ensembléle part known as a Gaussian process, conditional on a set of
design. roughness parameters. There is one roughness parameter for
The simulator output domain matches real-world observa-each simulator input-output relationship. The roughness pa-
tions of ice sheet thicknes8&mber et al.200]) interpo-  rameters represent the length scales in each input dimension
lated to the simulator grid (Fidl), and shown here to aid at which a simulator output becomes uninformative about
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Table 1. Expert-elicited ranges for input parameters of Glimmer, and the corresponding ranges of the output parameters.

Units Abbrev. Min Max
Input Parameter
Positive degree day factor for snow mmiPC~1 PDDFS 3 5
Positive degree day factor for ice mmt°C~1  PDDFI 8 20
Near-surface lapse rate °oCckm1 NSLR -8.2 -4
Flow enhancement factor - FEF 1 5
Geothermal heat flux mW e GHF 61 -38
Output Parameter
Ice volume n ICEVOL  31x10° 43x10°
Ice surface area fn ICESA 20x 108 2.4x10°
Maximum ice thickness m MAXTHK ®x10® 3.7x10°

MAXTHK

Fig. 2. Summary pairs plot of relationships between simulator inputs and outputs. All inputs and outputs are normalised to a zero-one scale,
relative to the limits of the ensemble.

a nearby simulator output. If the simulator is very rough ensemble. It would be possible to estimate the roughness pa-
in a dimension, a simulator run will contain little informa- rameters for each leave-one-out subset of data, but we find
tion about a nearby run, and uncertainty will increase rapidlythat in practice this makes very little difference to the results
beyond any known simulator run. We use a single set ofat markedly increased computational cost. The parameters
roughness parameters, estimated empirically from the entire

Geosci. Model Dev., 6, 1718728 2013 www.geosci-model-dev.net/6/1715/2013/
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3.2 Results

107, cesa y )‘/‘/
" ICEVOL ‘ To demonstrate our methods, we first show an example of
constraining input parameter space of the (arbitrarily cho-

MAXTHK ‘ f
0s - risi _ _ h _
ﬁ%l} sen) first ensemble member, with no additional observational

or simulator discrepancy uncertainty. We show two ways of

visualising the constraint of input space in Figand5. Af-

ter sampling uniformly from the entire input space, we plot

two-dimensional projections of those emulated input points

‘ assigned “not implausible” by our method, when we use
4 4 all three data summaries to constrain the inputs (&jglt

W

0.6

0.4

emulator prediction

0.2 ; } ! is clear that the true value of the inputs (green point) lies
) Qiﬂ within the region defined by the two dimensional projections.

g,,m}%’" A similar result is obtained looking at the parallel coordinates

plot (Fig.5), showing the full location of the “not implausi-

00 02 04 06 08 10 ble” emulated ensemble members (red), along with the tar-

get ensemble member (blue). Again, those points calculated

as “implausible” are excluded from the plot. It is possible to

Fig. 3. Leave-one-out cross-validation for a Gaussian process emugle_arly see how well the input para.meter' FEFis Consm_imed'
lator, showing good performance in prediction. We exclude a mem-Using the ensemble data. As each input is plotted over its en-
ber from the ensemble, and predict the output, given the set of inputir€ range, it is easy to see the “notimplausible” range of each
parameters. We repeat this process across the ensemble, for thrp@rameter in Fig5, as the difference between the uppermost
summary simulator outputs. Vertical lines represebtstandard de-  and lowermost points on each axis.

viation. Once we have established that the emulator is accurate
to an acceptable degree, its flexibility allows us to conduct
many useful analyses that are too expensive to conduct with
the original simulator. For example, we can begin to study

Th lator fits a “best estimate” of the simulat ¢ tthe behaviour of the simulator, in terms of its individual in-
€ emulator Tits a "best estimate™ ot the simuator outpu puts. We conduct a “two-at-a-time” sensitivity analysis, and

at a particular input, smoothly through each of the available lot the results in Fig6. Again, we use the first ensemble

?hutputs. I: th?n etsktlmates .thelupcertamty(;:lt gacrt] point, W'tj)nember as an example. Each subplot shows the estimated
€ uncertainty atknown simufator runs reducing to zero, an mplausibility measurd/, when the named inputs are var-

9rowmgt1"vt\/|th d|sta:jnce {Lom eac;htknpwn polnt.' Tr:jetre fISt tnho ied across a regular grid, and the remaining three inputs are
nugget” term, and so the emuiator 1S constrain€d 10 Tt ey, o 4 ot their true values. The contributions to the final “max-

points where the simulator has beef? run exactly. We bL“Idimum implausibility” measure from each observation type
a separate emulator for each output, individually. Mathemat-

ical details of the GP emulator can be found in, &ennedy are shown in the inset (top right), and the true values of the
and O'Hagar(2003), or Oakley and O'Haga(2004). ensemble member are plotted as a green point. In this kind

We check th ‘ fth lator b formi of analysis, it quickly becomes clear that “not implausible”
€ check the performance of the emulator by per O.rm'r,]gregions of input space often form hyperplanes within high
both a forward, and an inverse leave-one-out cross-validatio

, . } Yimensional input space.
analysis. Each ensemble member is excluded in turn, and the We use our emulated implausibility method outlined in

ﬁmlilator bu'llt c(;n the rtlan:amln? rr:embc;ers oé.tT?tensemgeSect.ZA in order to invert the emulator, and provide a set
Irst, we exciude simulator output, and predict it using e ¢ i for the ensemble members in a leave-one-out fash-

”.‘OS‘ likely valu'e of the emulat.or'uncertainty distribution, ion. We assume that we have no prior information on the pre-
given the set of Inputs. The prediction plots for the three OUt(ise location of any ensemble member within the input space,
put summaries given in Fig. show that the gmulator works and so we use a uniform distribution across the ensemble as
well, with small error and no detectable biases, across t.h prior distribution. We take a large Monte Carlo sample of
ensgmble, a_ln.d_ for each of the three ogtputs. Second, we f'nl puts and corresponding outputs (order thousands) from the
the implausibility/ of the true held-out input, given the sim- emulator over the entire domain, and find their implausibil-

ulator output. We find this to be below the threshold of 3 in . : . . o
ity I, according to Eq.3). Using the emulated implausibility,
all but 3, 1 and 2 ensemble members, for ICEVOL, ICESA we calculate and R for each ensemble member.

?r}d '\l/lAXTT)K'I resé;l)ectwely. In these members, the value of We report results here for two situations. First, we neglect
IS always below 4. any observational or discrepancy uncertainty, and find the

maximum possible constraint for a given data set/emulator
pair. Second, we include a representative observational

0.0 —

simulator output

are estimated via the posterior mode, as set ouDbakley
(1999.
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Fig. 4. Two-dimensional projections of emulated “not implausiblé”{ 3) ensemble members, when the true inputs are those of the (ar-
bitrarily chosen) first ensemble member. Implausibility is calculated as the maximum of that from all three summaries of the output data —
ICEVOL, ICESA and MAXTHK. Emulated implausible members (not shown) are spread evenly through the input space. The true value of

the inputs (the target) is shown as a green point.

—— "Not Implausible" inputs
— Target

[
PDDFS PDDFI NSLR

Fig. 5. Parallel coordinates plot of emulated “not implausible™(

uncertainty, in order to test the sensitivity of our metrics to
a real-world situation. We fix the standard deviation of the
representative observational error as 10 % of the maximum
simulated value for each of the outputs in the ensemble. This
uncertainty might also represent a discrepancy uncertainty,
as observational and discrepancy uncertainty are added in
the denominator in Eq.3}J. We test each of our simulator
outputs in turn, to find which might provide the most use-
ful constraint overall, or for any of the particular simulator
inputs.

In Fig. 7, we see the distribution across the ensemble of
the constraini® — the range of inputs for each input param-
eter that are not implausible. The constraint for each param-
eter is represented by the block of colour, reaching a height
on they axis. An ensemble member filling the full height
is marginally unconstrained by the data; a member reaching
halfway up they axis is constrained to 50 % of the range

3) ensemble members (red), when the true inputs are those of thgf the original en_semble' The ensemble members are_ plot-
(arbitrarily chosen) first ensemble member (blue). Lines join pointst€d along thex axis, ordered from the strongest constrained
on they axis, normalised to the ensemble maxima and minima, withmember to the weakest, independently for each parameter.
each line representing a point in parameter space. Implausibility is Columns of individual plots show the results when sum-
calculated as the maximum of all three summaries of the output datanarising the simulator outputs in the three different ways,
—ICEVOL, ICESA and MAXTHK. Emulated implausible members  with the final column representing constraint combining all
(not shown) are spread evenly through the input space, and woulghree ways of summarising the data. The top row, (marked a),

cover the entire range if shown.

Geosci. Model Dev., 6, 1715728 2013

represents the upper bound of constraint possible — that with
no observational or simulator discrepancy uncertainty. The

www.geosci-model-dev.net/6/1715/2013/



1723

D. J. McNeall et al.: Potential constraint of an expensive model

_ $0058000004800008880800 0800004
B st asenes
e Ta IR eI TR

TP rerteteresTrterer it rreey
Sessssssssssssttssssatnsstsnes

WA
MAXTHK
FEF

ICESA
Pl
e Vi

Al

WD

|
1

ICEVOL

Fereaatiiililiiiiiliiiiiiliil
S009900000000000000 00000000000
ettt st atata:

NSLR

2/
VIR RG]
0|

3.0
25
20
1.5
1.0

Maximum Implausibility

bt dersddiiailiiisiiiiill
esiitebesibiibetebett

Tertttrterrrirtesed et
IEIIrerbasabedes

nnhhsannRaanns
FEPEIII LSt et bi ittt bret
S808550008250000000 000000000804

TEEIIIEIEE bt r et et s
ssesssssstessisttassesass

PDDFS

I4ddd

d71SN 434

sensitivity analysis of the (arbitrarily chosen) first ensemble member. Each subplot (main figure) shows the emulated

Fig. 6. A “two-at-a-time”

implausibility measurd, when the named inputs are varied across a regular grid, and the remaining three inputs are held at their true values.

Contributions to the final “maximum implausibility”
values of the ensemble member are plotted as a green point.

measure from each observation type are shown in the inset (top right), and the true

lower row (marked b) shows the constraint with a simulated The histograms in Fig8 represent the sample of the vol-

10 % observational uncertainty.

umeV of input space retained as “not implausible” across the

ensemble. First, we focus on the upper bound constraint, with

These plots are summarised in TaBJexpressed as a per-
centage of the range of each input, which is on average ruledo additional observational uncertainty. Overall, we see that

out as implausible when using a particular output for con-maximum ice thickness (MAXTHK)

, provides the strongest

straint. While this summary table is useful, it does not ad-potential constraint of any individual data set, with all of the
equately describe the detail across the ensemble. For exanensemble members being constrained to a volume of input

ple, there is a large range of possible constraints if using icespace 13 % of the original volume. This is followed by ice
surface area as a calibrating data set, even when we do neblume, ICEVOL with all below 17 %, and then ice surface

Combining the data, and

with all below 27 %.

include observational or simulator discrepancy uncertaintyarea ICESA

(Fig. 9a). The input PDDFI might be constrained by up to rejecting an input with an implausibility > 3 in any of the

65 %, by this data set, or not at all, depending on where indata, leads to a much stronger constraint, with all inputs pa-
input space the true input lies. In contrast, using maximumrameters constrained to smaller than 4 % of the original vol-

ice thickness (MAXTHK) as a calibrating data set will only ume of input space.

have a significant constraining effect on input FEF. However,
the smallest constraint observed is around 60 %, and largestf 10 % of the ensemble maximum is considerable. We see

The impact of adding a representative observational error

in Fig. 8 that the overall ability of the data to constrain the

is near 100 %.

Geosci. Model Dev., 6, 111728 2013
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Fig. 7. The “not implausible” range of each inpw, (a) assuming no observational or simulator discrepancy uncertaintgbamgdth 10 %

of maximum observational uncertainty (1 standard deviation). The “not implausible” raageoss the ensemble is measured onythgis

of each plot, where different colours represent the input parameteraries according to ensemble member, with the ensemble members
sorted from lowest to highe®t, separately for each parameter. Individual plots represent the constraint using a single data summary, with
the final plot in each row representing the constraint using the maximum implausibility of all three data summaries combined. Plot colours

are ordered by the mean constraint of each parameter.

Table 2. The typical range of each marginal input range (%) ruled out as “implausible”, when using a particular simulator output. The number
is the mean of the implausible range, taken across the ensemble. “COMBINED” indicates the constraint when the maximum implausibility

from all data streams is used.

PDDFS PDDFI NSLR FEF GHF
No observational error
ICEVOL 0 1 0 21 0
ICESA 1 14 3 0 0
MAXTHK 0 0 0 76 0
COMBINED 4 21 8 84 2
10 % observational error
ICEVOL 0 0 0 3 0
ICESA 0 2 0 0 0
MAXTHK 0 0 0 34 0
COMBINED 0 2 0 36 0

Geosci. Model Dev., 6, 1715728 2013
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4 Discussion

o lce Volume
0 No observation error
80 With 10% observation error “ . . » .
60 - In a set of “perfect simulator/observation” experiments
401 across an ensemble of the simulator, we find that the true
20 . . . . .
location of the input within the input parameter space does

impact on our ability to constrain the simulator given its out-

100 @ Surface Area put. If the entire ensemble input space is initially plausible,
.2 any one of the ensemble members might be a candidate for
§ o a future observation of the system. The location of the best
g 20 input in input space will have a powerful impact on how well
g o we might constrain the simulator. We therefore find some
‘;f Maximum Ice Thickness considerable uncertainty as to the potential constraint of the
5 ] input parameters.

c‘é 60 - Any systematic observational or simulator discrepancy un-
z ‘2‘2 certainty will have the effect of shifting the estimate of best
0 inputx* in input parameter space, compared to the “no un-

certainty” case of our example. It is therefore crucial that ob-
servational or simulator discrepancy uncertainty is included
in the assessment of potential observations, in order to avoid

Combined Data
200
150 -

100 - overestimation of the value of data. Our example shows how
50 1 observational uncertainty can seriously degrade our ability

S - - - - e to use observations to constrain the inputs of a simulator, and
Proportion of "Not Implausible” input space (%) also highlights the importance of simulating observational er-

ror in any “observation system simulation” experiment. As
Fig. 8. Histograms ofV/, the estimated volume of “notimplausible”  the observational and discrepancy uncertainties are equiva-
(I < 3) input space, for each of the 250 members of the ensemMient in the implausibility calculation (EQ), any study of the
ble. The case with no observational error (grey bars) shows a mucly,ye of observational data must also take into account the
stronger potential constraint than when a representative Observaﬁotential value of reducing the simulator discrepancy — in ef-
tional uncertainty of 10 % of the maximum value of the ensemble isfect of improving the simulator
included (red bars). T . ' . .
( ) Finding information about a particular input from other
sources might also give us useful information with which to

inputs is degraded, with a much wider range of constraintsconstrain other inputs. For instance, in our example learning
and even the combined data only able to constrain the vol2Pout one particular input, FEF, would offer a stronger con-
ume of the plausible space to 60% of its original size. In Straint for other parameters. The flexible nature of the emu-
individual inputs, the ability to constrain is also greatly re- lator allows us to simulate learning about any subset of pa-
duced, with some data unable to constrain inputs at all. Onlyameters, and to visualise the impact of that information on
maximum ice thickness now offers a genuine chance to sigthe plausibility of the input space. This could be a powerful

nificantly constrain a single input: FEF. technique in the process of simulator development.

The extent to which an input parameter can be constrained Our method is perhaps most useful when we are quite un-
when we observe an output depends upon (a) the output typ&€rtain about a good set of inputs. This is because the metric
and (b) the location of the output (and hence input) within i defined relative to our prior knowledge about what consti-
the ensemble. This is because the relationship between irflites a good parameter space. The larger this prior parameter
puts and outputs changes across the ensemble. We measifRace, the easier it is for data to be useful in constraining
the extent to which constraint of inputs is possible, in Big. it- It is important therefore that we carefully elicit prior dis-
Here, for each way of summarising the data, the raRge  tributions for the parameters, in order not to overinflate the
inputs found to be not implausible is plotted on thaxes,  relative utility of a data set in constraining a parameter. The
against each input on theaxes. We see that the true position Prior distributions should accurately represent the prior un-
of the ensemble member in input space has little systemati€ertainty of the modeller.
impact, except in a few cases. Most apparent is the effect of Our method could be useful in informing the design of ob-
FEF parameter: it is easier to constrain FEF, PDFFI, and toservational strategies in situations where observing the true
some extent NSLR and PDDFS if the value of FEF is eitherSysteém is expensive or time consuming. Our approach could
high or low. If the true value of FEF is low, it is possible to P€ used to prioritise observations in order to maximally con-
constrain it to a very small region of input space. strain simulators, or in order to model how collecting data of

previously unobserved phenomena might benefit simulator
development. As a standard analysis technique, our example

www.geosci-model-dev.net/6/1715/2013/ Geosci. Model Dev., 6, 1721728 2013
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Fig. 9. The extent to which an input can be marginally constrained when we observe an output depends upon (a) the output type, and (b) the
location of the output (and hence input) within the ensemble. Here we plot the extent to which an input can be constrained (height on the

y axes), against its position in the input space of the ensemkdgds), for the three different output summaries. We see that, for example,
input parameter FEF can be very strongly constrained if the true value of FEF is low.

could be extended to show which observational data wouldsimulated observation. A poorly specified discrepancy could
maximally constrain future projections made by the simula-also lead to less input space being ruled out than suggested
tor. In addition, the technique could be used to show howby using the ensembile itself as pseudo-observations.
best to summarise data, in order to better constrain inputs. Any method of summarising a set of volumes (e.g. “not
Our metric also offers a useful measure of sensitivity of sim-implausible” regions) in high dimensional space, will be in-
ulator outputs to inputs, which may be useful in a simulatoradequate when projected onto a two dimensional surface for
development process. visualisation on the printed page. We welcome further devel-
Care must be taken to ensure that the simulator discrepepments in visualisation techniques.
ancy term realistically incorporates all plausible differences
between the simulator and reality, and that the ensemble is
drawn from a wide enough distribution in input space to ac-g
commodate any plausible combination of simulator output

and model discrepancy. If the simulator discrepancy is poortye have introduced a method for quantifying the upper

modelled (i.e. there was an “unknown unknown”), the esti-,, 4 of the potential of an observational data set to con-
mated ability of data to constrain the simulator could be in strain the input of a computationally expensive simulator.

error. It might rule out all of the input parameter space, for nemanstrating the method on an ice sheet simulator, we find
example if a real-world observation were to lie far from any 4t we can identify a subset of simulator inputs which can

Conclusions

Geosci. Model Dev., 6, 1718728 2013 www.geosci-model-dev.net/6/1715/2013/
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be constrained by summaries of our observed field variable. R., McCulloch, R., Rossi, P., and Singpurwalla, N., vol. 3, 36-93,
The extent of that constraint varies between ensemble mem- Springer-Verlag, New York, USA, 1997.
bers. We find that if there were no observational or simulatorCraig, P., Goldstein, M., Rougier, J., and Seheult, A.: Bayesian fore-
discrepancy uncertainty and the true observations lay within €asting for complex systems using computer simulators, J. Am.
that simulated by our model, we could rule out as implausible  Stat: Assoc., 96, 717-729, 2001. _
at least around 95 % of the input space covered by the initia"'a;ski'snbii)'rzggtdelicc'ggeBoAligﬁ' fnslfaffggf?\?ve f&r Eia;;suggoasnal-
ggigmg:i'lHS?gfg::aVézsg sgs)pgiﬁghar:gigE/Soec:;/?gfr::;;q{ennedy, M. and O’Hagan, A.: Bgyesian cali_br_ation of computer
) - . models, J. Roy. Stat. Soc.: Series B (Statistical Methodology),
imum ensemble value is assumed, we find that we are able g3 425 464, 2001.
to rule out at |eaSt around 40 % Of the |n|t|a| V0|ume Of input McKay’ M_’ Beckrnar\l R_, and Conover, W.: A Comparison of three
space. methods for selecting values of input variables in the analysis
We find that different ways of summarising our observa- of output from a computer code, Technometrics, 21, 239-245,
tional data might offer different, and potentially strong con-  1979.
straints for different input parameters. This means that a sinOakley, J.: Bayesian uncertainty analysis for complex computer
gle observational data set might have more potential to cal- C€odes, Ph.D. thesis, University of Sheffield, Sheffield, UK, 1999.
ibrate a simulator than apparent at first glance. However, if2akley, J. and O’'Hagan, A.: Probabilistic sensitivity analysis of
general, the data (especially when observational error is con- go(rg?;‘;zt:z;fﬁ;hig;g??negp%ia%; : 2%%2 Stat. Soc.: Series
S|dered),.do.e§ not Qﬁer as strong a constraint on the margmegartridgel D. G. Vrugt, J. A "I'unved, P Ekman, A. M. L.,
range _Of |nd|V|QuaI Inputs as Was,expeCt_ed by the. authors be- Struthers, H., and Sorooshian, A.: Inverse modelling of cloud-
fore this experiment was run. This highlights the importance  4erosol interactions — Part 2: Sensitivity tests on liquid phase
of a priori knowledge about the input parameters as animpor-  clouds using a Markov chain Monte Carlo based simulation ap-
tant constraint when using simulators to make predictions. proach, Atmos. Chem. Phys., 12, 2823-2847, db5194/acp-
There is some optimism however, that stronger constraints 12-2823-20122012.
are possible when using multiple data sets for constraint, sugPayne, A.: A thermomechanical model of ice flow in West Antarc-
gesting the importance of using multiple and varied data sets, tica, Clim. Dynam., 15, 115-125, 1999.
with which to calibrate the simulator. This data might not cor- Pukelsheim, F.: The three sigma rule, American Statistician, 48, 88—
respond to the main output of interest, but nevertheless could 91, 1994.

contribute considerably to the constraint of the simulator. R Core Team: R: ALanguage and Environment for Statistical Com-
puting, R Foundation for Statistical Computing, Vienna, Austria,

http://www.R-project.orgISBN 3-900051-07-0, 2012.
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