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Abstract. Model verification, or the process of ensuring that  During slowly changing conditions, radiation belt particles
the prescribed equations are properly solved, is a necessapndergo three types of periodic motion, each with its own
step in code development. Careful, quantitative verificationcorresponding adiabatic invariant: gyration about field lines,
guides users when selecting grid resolution and time stefpounce along field lines, and drift about the Earth. During
and gives confidence to code developers that existing code iactive times, when conditions change on time scales shorter
properly instituted. This work introduces the RadBelt radia- than the periods of motion, adiabaticity can be broken and
tion belt model, a new, open-source version of the Dynamicparticle motion can no longer be described by a simple sum
Radiation Environment Assimilation Model (DREAM) and of these three. Casting the particle evolution in terms of the
uses the Method of Manufactured Solutions (MMS) to quan-three invariants allows non-adiabatic motion to be modeled
titatively verify it. Order of convergence is investigated for a diffusively via the Fokker-Planck equation, yielding a pow-
plethora of code configurations and source terms. The abilityerful description of belt dynamicsS€hulz and Lanzerotti
to apply many different diffusion coefficients, including time 1974).
constant and time varying, is thoroughly investigated. The The third invariant represents the total magnetic flux en-
model passes all of the tests, demonstrating correct impleelosed within a full particle orbit. It is common to use a nor-
mentation of the numerical solver. The importancelof;, malized form of this,L* (referred to as simply. herein),
and source term dynamics on the selection of time step andescribed byRoedere(1970. It is analogous to radial dis-
grid size is also explored. Finally, an alternative method totance from the center of the Earth (in Earth radii) to the equa-
apply the source term is examined to illustrate additionaltorial crossing point of the bouncing particle, exactly so if the
considerations required when non-linear source terms aréerrestrial magnetic field is adiabatically relaxed to a simple
used. dipole geometry. Diffusion irl. alone (the other invariants
shall be considered conserved) accounts for the capture and
inward radial transport of radiation belt particlézoederer
197Q Falthammay 1965. The long period of a particle or-
1 Introduction bit makes this invariant the most readily broken. For these
reasons, modeling of phase space density space is both

The terrestrial radiation belts are regions of near-Earth outefruitful (a great deal of dynamics are captured) and easily
space where relativistic electrons and ions are electromag@chieved (the long particle orbit time allows for larger time
netically orbiting the planet. The belts naturally organize Steps).

into two tori: a stable inner belt lying withir:2 Rg and a The evolution of the phase space densjtyof a radiation

far more dynamic outer belt located outside~e® Rg (van  Delt population of constant and K (values corresponding
Allen and Frank1959. Since their discovery, the belts have t© the first and second adiabatic invariants, respectively) for a
been the focus of intense research due to the innumerabl@iven diffusionrateD. ., is expressed agyons and Schulz
unknowns concerning their behavior and their damaging ef1989,

fects on spacecraft, both transieBaker, 2000 Feynman of 5 (D of

and Gabrigl 2000 Koons et al. 1999 Pirjola et al, 2005 R (%—) +0 1)
etc.) and accumulated over a satellite’s lifetingupby and ot oL\ L® oL

Evans 2002 Welling, 2010.
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278 D. T. Welling et al.: RadBelt verification

where Q represents combined sources and losses. Solvingerformance and ensure that the results are accurate to typ-
this equation forf has been the focal point of many impor- ical machine limitations. Code exercises are repeated for a
tant radiation belt studie8rautigam and Alber2000 and  plethora of configurations to demonstrate proper implemen-
Miyoshi et al.(2003, using different boundary conditions at tation and convergence. Alternative source functions and nu-
high L and different loss processes, demonstrated the impormerical source applications are applied to test all facets of
tance of radial diffusion in radiation belt dynamicShprits ~ the model.

et al. (2006 showed that radial diffusion and magnetopause

shadowing (particle loss as the magnetopause intersects drift

paths) can account for observations of rapid flux dropouts? Methodology

at the onset of particular storméam et al.(2007) used a
radial diffusion model to explore the importance of plasmas-

pheric hiss driven losses. The results compared favorably tgne ¢ode being investigated here is the RadBelt module of
measurements of the radiation belts arolurd 4. These are o SpacePy software librarprley et al, 2013). This

but a few examples; a more complete review can be foundy,qqe| solves Eq.1) for a singlex and K. The bulk of the
in Shprits et al(2008. Clearly, radial diffusion representa- .qqe is written in Python, making the model unique among
tion of _the belts is a powerful tool for investigation of their ginars in terms of flexibility and capability: the model is
dynamics. _ _ initialized, configured, executed, and visualized all through
Many models and studies have moved beyond simple oney Python interface. Code domain (typically= [1: 10]),
dimensional diffusion. Three-dimensional diffusion models g4\ ;rces and losseBy 1, time step and grid size are all spec-
have arose, which aIIovv_ for not only radial but also pitch an-ifieq in an object-oriented manner, e.g., setting object at-
gle and energy space diffusion. The Salammbo md8elt  yihytes. Required input data, such as Kp indices, are ob-

tier and Bo_sch(_eﬂ995 isan earl_y example of su_ch. More ré- tained automatically by SpacePy from t%n et al.(2007)
cent 3-D diffusion models now include cross-diffusion terms j, ;¢ set housed at the Virtual Radiation Belt Observatory

and have shown that such terms can be important to the evqyjrB0). Results can be quickly visualized through built-in
lution of the radiation belts(jao et al, 201Q Subbotinetal.  gpject methods. The RadBelt module is currently being ex-

2010. The Dynamic Radiation Environment Assimilation panded to include full three-dimensional diffusion and data
Model (DREAM, Reeves et al2009 incorporates data as-  5sgimilation capabilities.

simi!ation to drive radial diffusion results towards more re- Several built-in empirical relationships act as default
alistic values Koller et al, 2007. Other models, such as gqrces and losses in RadBelt. The default electron source
the Radiation Belt Enwronmen't (RBE) modeFFcﬂ<.et al, is an empirical acceleration term given by,

2008, use bounce-averaged kinetic representations of the

belts along with time-accurate magnetic and electric field w

specifications instead of simpler diffusion equations. DespiteS = y (Kp)Ze  -uidtn (2)
these important modeling advances, radial diffusion still re-
mains a core part of radiation belt investigations.

This work introduces a new, open source version of the
DREAM radial diffusion radiation belt code and, as part of
the code’s development, verifies the model. Code verifica
tion is the process of testing for proper implementation of
a code’s numerics and other processésificationasks, “Is
the model solving the prescribed equations correctly?” and i
separate from modefalidation, which asks, “Are the equa-

2.1 Model description

where y is the magnitude of the source (typically
0.1days?), Leenteris the center of the source curve (typi-
cally L =5.6), and Lygih is the width of the source curve
(typically 0.3). This function represents electrons being ac-
celerated into the currept— K slice as a function of mag-
netospheric activity. This simple source model was instituted
éo provide users with a quick, built-in source of phase space
density; more accurate, physics-based source models will be

tions solved representative of the real world?”; examples Oidevellope dd' in the futture.r]Tvyo I(;ssdme.chalnlsms arle curdrentlil
quantitative model validation can be found\\ang et al. employed: magnetospheric shadowing losses (loss due to

(2008 andWelling and Ridley(2010. Verification studies particles diffusing into open drift shells, strongly controlled _
are key steps in code development and guide user decisio the magnetopause location) and loss due to plasmaspheric

in terms of code configuration. Proper verification also ex- Iss. The former is applied by enforcing rapid decay of phase

pedites future development; as additional features and excPace density in regions ogtside of.the last cI.osed.drif_t shel,
panded physics are added to a model, it is critical to ensuré‘max' In RadBelt, the following empirical relationship yields
that the existing features are instituted properly. Becauséhe defaultl max values:

RadBelt is currently being expanded to include diffusion in Limax= 6.07x 10-5Ds2 +0.0436Dst} 9.37 3)
pitch angle and energy space, verification at this early stage
is crucial. This relationship, introduced bifoller and Morley (2010,

This study leverages the Method of Manufactured Solu-is the result of fitting a second order polynomial Aghax
tions, described below, to quantitatively assess the code’sersus Dst values from July 2002 to December 2002 at a
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Fig. 1. Example output from a RadBelt simulation of the well Fig. 2. Comparison of the four formulations d¥, ; used in this
known “Halloween Storms”. The top frame shows phase space denstudy. Because the formulation Bfautigam and Alber2000 is
sity with Lmax location over plotted in white. The bottom frame Kp dependent, it is shown for several different Kp values.
shows the geomagnetic indices used to diyeg;, and the empiri-

cal source and loss functions. ) ) ) )
Table 1. A comparison of the differenb; ; formulations used in

this study in terms of andg.
five minute time resolution.Lmax was calculated using the

Tsyganenko 2001 storm-time empirical magnetic field model Formulation o B

(TsyganenkoZOOZ Tsyganenko et gl2003. This m.agnetic S1997 19x 10-10 117
field m_odel was selected_ to balance accuracy ywth speed of BA2000 1§-506Kp-9.325 100
exe_cutlon, makmg the six-month calculation time feasible EC2006 15% 106 85
while returning reasonable results. The root-mean-squared U2008 77x 108 6.0

error of this relationship is 0.6Rg. Loss due to plasmas-
pheric hiss Killan and Thorne 2007, important for devel-
oping the slot region, 15 included by using a IO§S Ilfet|me Of.within the belts and phase space density values remain ele-
10 days. The radial extent of the plasmapause is obtained via . ;
i . . vated throughout the simulation.
the Kp-dependent relationship defineddarpenter and An- o . e .
X : The driving physics of any radial diffusion model is con-
derson(1992. Though these relationships are the defaults,, _. : L - o .
. . . . tained in the diffusion coefficientD;;. Recognizing this,
RadBelt is flexible and any arbitrary functions can be used. : .
An example of RadBelt outout is shown in Fi hich RadBelt presently includes several differdnt; formula-
xamp outputi wn in Fg.w ',, tions. Adding a new formulation is as simple as defin-
shows the results from a simulation of the well known “Hal-

N . ing a new function and assigning it as a RadBelt object at-
loween Storms oceurring from 20 Octobgr 2003 t.o 5 De- tribute. The currently include®;; models are taken from
cember 2003. The simulation was run using Brautigam

e Selesnick et al(1997, Brautigam and Alber(2000, Fei
and Albert(2000 specification ofD;;, the default source et al. (2009, and Ukhorskiy and Sitnow(2008, denoted

and losses described above, no density at the boundaries, agg S1997 BA2000. FC2006. and U2008 herein for conve-
initially empty radiation belts. The top frame shows elec- nience Er;lch of the's;e has thé generic form

tron phase space density far=2083MeVG ! and K =

0.03V/G Re over theL domain. These values will be used Di;=aLPf 4)

throughout this study. The over-plotted white line shows the

location of the last closed drift shell for this particufaland ~ The values ofx and 8 are summarized in Tabl& each is

K combination. The bottom frame shows the Dst and Kp in-compared in Fig2 over the typical spatial domain of Rad-

dices during the simulated period. These values drive botiBelt.

the Dy ; and the empirical functions described above. RadBelt uses a modified Crank-Nicolson implicit finite
Throughout the simulated period, the last closed drift shelldifference solver which is second-order accurate in space

confines the outer radiation belt as phase space density ouénd time Crank and Nicolsonl947. Equation L) has sev-

side of Limax decays quickly (Figl, top frame). During eral characteristics that make the standard Crank-Nicolson

quieter periodsLmax grows and the belts diffuse outward approach inappropriate, namely a space (and potentially

to fill the newly closed drift shells. The limitations of the time) dependent diffusion coefficient as well as a right hand

simple source model are evident, as there is little variabilityside that contains factors d@f? in both the numerator and
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Analytic Solution

10 ; ; .
. 1
T - o ®
2 o 1 pog. g
af . . . . 1 = ;%a whereA andB are tridiagonal matrices of coefficients that
2L ‘ ‘ ‘ ‘ ‘ 1 B9 include factors of., At, AL, andDy ;. In RadBelt, routines
0 100 200 Tirﬁ‘;‘)(s) 400500 600 to invert A via standard LU tridiagonal matrix decomposi-
Artificial Source for D,,=51997 t!on (Press_et a,l_.2007) to advance_the solution forwaro_l in
10 ‘ ‘ ‘ ‘ ‘ 0.020 time are written in the C programming language to obtain the
8 . . . 2813 fastest possible execution speed. The portions of SpacePy
6 0.005 o . : . ) . . .
o 0:000 written in C are compiled to a shared object library which
4 : . . . . . _. _
' . . . Z§:§i§ Python interfaces using its built-in C-Types module.
0 100 200 300 400 500 600 P ;
Time (s) 2.2 Verification technique
poArtificial Source for D, =BA2000 (K,=9) The prototypical code verification approach begins by ob-
-2 taining an analytical solution to the equation or system of
o 808 2 equations. The known solution is compared to the numeric
=823 solution in a systematic way covering a range of grid spac-
2483 ings and time steps, demonstrating the code’s ability to prop-

0 100 200 300 400 500 600

Time (s) erly converge to the correct solution as expected given the

implemented solver. For complicated systems, however, ob-
Fig. 3. Behavior of the manufactured solution (top fram@\ms taining an analytical solution becomes either prohibitively
when S1997D; ; is employed (center frame), andyus when  difficult or outright impossible.
BA2000 Dy ;. (Kp=9) is used (bottom frame). Following EcB)( One way to overcome this difficulty is to employ the
for a smallerx factor, the source closely resembles the analytic so-Method of Manufactured Solutions (MMSR¢ache 2002).
lution, but scaled and phase-shifted (center frame)aA®comes  This method begins by selecting a solution independent of
stronger, the source becomes more complicated to counteract thge governing equations. The manufactured solution is sub-
strong diffusion at higtiL (bottom frame). stituted into the governing equation to produce a source term
that, when added to the original governing equation, yields a
. " . - . new equation for which the manufactured solution is an exact
denominator. The traditional solver is modified by combin- . : .

solution. The manufactured solution can now be applied to

ing the factor of L=2 with D;; and discretizing the right . C
: : . convergence studies of the code, which, if passes, can be con-
hand side via a second order difference scheme that take$

into account the spatial dependencégf; , outlined inPress er(]j(;aregvg:fle: _l'itecsotrr:(ZCtl?\//Z’r?Iﬁi?gﬁg?é?ﬁgggﬁ;auons
et al.(2007. The possibility of a time-dependef; ; is ac- property app 9 ¢

counted for by computing it at the midpoint betweeand 1998. o N
: o . " This process is illustrated clearly for the situation at hand.
t+ At. This approach maintains unconditional stability of

the scheme as demonstratedTiagjeran(2007). The result- The _arbltrary solgtlon IS selegted with no regard .for Bg. (
. . : : outside of the variables we wish to exercisadL):
ing discretized form of Eq.1) is,

ntl  en f =sin(aL —a)sin(bt) ©)
fj _fj _ Il+% 5
At _Qj ) wherea andb will be set to satisfy prescribed boundary con-

ntdl (o ; nti (o ditions. This “solution” is>2 times differentiable in both

5 D.,~+% <fj+1_fj>_Dj_% (fj - j—1> andL, which is required once substituted into Et).(Sub-
+7 AL2 stituting Eqgs. 7) and @) into Eq. () yields the source term,

Dn+% <f{1+1_f(1+1> _Dn+% <fr_1+l_f{1+1) QMMS - bCOS(bt)SII’l(aL —4) (8)

N 3\ j-3\/J j-1 —aa(B—2)LP1coqaL —a)sin(br)
AL? +aa’LPsinaL — a)sin(br)

where indexes and j represent discretization in time and _For this exeruse,fDlrlchIet bpundary_condltloqs vlwdll be qsedf
space, respectively. The derivation then follows the usualf L (set to zero for convenience using a typical domain o

path of separating”* terms from f" terms, resulting in L =[1:10]) while the initial conditions will be no phase
the familiar arrangement, ' space density. This restricts the choiceaofo %’. The

constan is then chosen to ensure a source that has a short

Geosci. Model Dev., 5, 277287, 2012 www.geosci-model-dev.net/5/277/2012/
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Fig. 4. A demonstration of the code converging towards the analytical solution as the time step is refined. The left column shows the
numerical solution while the right column shows the corresponding error. Because the maximum error, listed in the title of each plot, reduces
as the square of the time step, this figure hints at the expected convergence rate given the numerical scheme used.

period so that the verification simulations can be performed With this manufactured solution and source term, the Rad-

quickly. Given a simulation run to=600s,b is set to%) Belt model was run thousands of times with different com-

such that two full periods are completed in one simulation. binations of A and AL. Each run covered ten minutes of
The behavior of both the manufactured solution and thesimulation time, or _tWO full _periods c_)f the manufacture_d S0

associated source term for the chosen valueg aihd b lution, over the typical radial domain df:_[l: 101 Th's

are shown in Fig3. As desired, the solution shows plenty &S repeated for eadh, . model currently included in the

of variation in just a short time period (Fi§, top frame). code.

For a moderatéd; (S1997, whose behavior is shown as a

black dashed-dotted line in Fig), the first term of Eq. &) 3 Results

dominates and the artificial source is similar to the manufac-

tured solution, but phase-shifted and scaled (Bigcenter 3.1 Time constantDy 1.

frame). However, for a strony, 1., the pattern in the source

term changes drastically (bottom frame). This occurs for theFigure4 illustrates the model converging towards the analyt-

BA2000D;; when Kp is high. Asx increases by several or- ical solution asAz is refined for a constanh L = 0.1 with

ders of magnitude, thé-dependent second and third terms S1997D; ;. The left column displays the solution for five

of Omwms (Eqg.8) become dominant. The strong source term different values ofA¢, decreasing from top to bottom, while

values at highl. overcomes the strond,-dependent storm the right column shows the corresponding error (defined as

time diffusion of electrons and maintains the shape of thethe magnitude of the difference between the analytical so-

manufactured solution and enforces the prescribed boundarytion and the numerical solution) throughout the domain.

conditions. The maximum error for each is listed at the top of each error

www.geosci-model-dev.net/5/277/2012/ Geosci. Model Dev., 5, 28%2012
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Time Convergence (AL =0.1) Results for DLL=S51997
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[T j Fig. 6. Error map for 8000 simulations as a function of time step
5 (vertical axis) and grid size (horizontal axis). White lines denote
- contours of constant error at each order-of-magnitude. These results
107 pro ] were obtained using the S199% ; model. A cut of this map along
3 a line of constani\ L (At) will yield a curve similar to what is seen

10! in the top (bottom) frame of Figh with the slope indicating the
Grid Size (AL) order of convergence. The proper behavior is observed here over a

large range of time steps and grid sizes.
Fig. 5. Top frame (bottom frame): convergencess(AL) is re-

fined. Each star represents the results from an individual simulation. A h h ductionis | h d
The approximate location of the asymptotic regime is delimited by rows in Fig.4 where the error reduction is less than expecte

vertical red dashed lines. The slope of the line indicates the ordeQiV(_""n_the second orQer solver. The center .region of &ig.
of convergence; for each frame the correct, expected behavior i€lelimited by the vertical dashed red lines, is known as the
observed. asymptotic regime. Here, the time step and grid size are both

appropriate for the conditions being simulated and the error
drops off as expected given the selected numerical scheme.
plot. A quick comparison between the time steps used andrhe slope of this region is nearly equal to the order of the
the corresponding maximum error suggests that the code igolver, indicating that the code is correctly solving the sys-
converging at the expected order (second) given the selectiofem as intended. The lower frame of Figshows that the
of solver: when the time step is decreased by a factar,of same is true when the grid resolution is refined.
the error decreases by a factondt Figure6 takes these results one step further. The number
Figure 5 illustrates this clearly and quantitatively. Time of simulations is now increased to 8000, and the error for
steps and associated error values are plotted on a log-logachAz-A L combination is sorted into a two-dimensional
scale for 100 separate simulations (top frame). These resultsolor map. The white contour lines show order-of-magnitude
are naturally sorted into three distinct regimes. On the farboundaries clearly. Figuré not only confirms the results
right is the regime where the time step is too large to prop-from above, but also reveals more about the code’s behavior
erly capture the dynamics. This is illustrated in the top row of for a particularD;; and Qmwms. For Ar > 1, refining the
Fig. 4, whereAr = 300 s misses most of the dynamics of the grid has almost no effect on the overall error. In this region,
analytical solution and the error is greater than the amplitudehe contours are parallel to theL axis. This is because for
of the forcing source term. Because the domain is resolveé moderate value db; ; and a quickly varying source func-
so poorly, the error varies wildly with spurious peaks andtion, it is much more important to have a properly refined
valleys developing. Such oscillations are caused by a varietyime grid as opposed to a firfe grid. Only when the peri-
of factors, such as the time step or grid resolution harmoniz-odic source term is properly resolved does reducing the grid
ing with the spatial and temporal frequencies@fivs, but size improve results. The curve that passes through the in-
are ultimately the result of very poor resolution and shouldtersection of the vertical and horizontal contours (not shown)
be disregarded. On the far left is the regime where the ertraces the most efficient combinations&f and AL. This
ror is dominated by floating point error. Though the time information is important to code users who want to maximize
step is refined throughout this regime, the maximum error iscode performance in terms of controlling error and maintain-
not reduced as it is either of machine origin or requires fur-ing fast run speeds; understanding the balance between the
ther refinement imM\ L. This is observed in the bottom two rate of variation in time and space is key.

Geosci. Model Dev., 5, 277287, 2012 www.geosci-model-dev.net/5/277/2012/
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102 1E ] 9 ‘ ‘ : 1200
8y 41000
7 -
10! M 1800 T,
i 5F 1600 &
at 1400 =
3t S
ol 4200
1 . ; 0
0 100 200 300 400 500 600
Time (seconds)
R Time Convergence - Time Varying D,
Results for DLL=BA2000, Kp=1.0 Results for DLL=BA2000, Kp=3.0 10 j T j j i j
10% F 3 E
10 _
%‘z
g
Results for DLL=BA2000, Kp=6.0 Results for DLL=BA2000, Kp=9.0
10% F 2 F E |
10—6 I 1 I I | I
10! 107 10" 10° 10 10° 10°
Timestep (seconds)
Fig. 8. Results for time verification when using a time-varying
101 i i Dy . AL =0.01for this set. The top frame shows the values of Kp
| (green line) and BA200® ;, (blue line). The bottom frame shows
the expected convergence of the model in the same manner as the

107 10" 10° 107 10" 10° .
AL AL top frame of Fig5.

10% 107 10° 10° 10"“ 10"3 10"2 10"1 10° 10' 10°
Max Error The new test case is summarized in the top frame ofgig.
Fig. 7. Similar to Fig.6, but for otherD; ; models. Kp is allowed to change from 9 to 1 in a smooth, linear fash-
ion over the simulated temporal domain (shown in green with
This process was repeated for all ottizr; models. For the S(_:ale on the Ieft_). This r_esults in an expon_entially de-
BA2000, the simulations were performed for K0: 9] for creasingDy ;. (shownin blue W|t_h the_scale to the right) . Real
a total of fourteen separate verification sets. The results ar&P values vary as a step function with a three-hour window;
summarized in Fig7. Returning to Fig2, it would be ex- it is qften linearly interpolated to c;reate a smoothly varying
pected that the error maps for FC2006, U2008, and BA20odunction when used as a model input. As such, the situa-
for low Kp should appear similar to the error map for S1997 tion se_lecte_d in the to_p frfime of Fig.represents conditions
(Fig. 6) as theD,; models are similar in shape and have found in science applications. .
weak to moderate values. As seen in the top four frames of The bottom frame of FigB illustrates that the code indeed
Fig. 7, this is indeed the case. As Kp increases, howeverconverges properly ass decreases (constamt/ = 0.01)
BA2000 D, ; becomes far stronger than any other values in-When a time-varyingDy ;. is used. Because the maximum
vestigated to this point. This is evident in the bottom two €rror is bounded by what can accumulate witkn. is at its
frames of Fig7, as the region whera L refinement is most Maximum, the curve closely mat_ches what is_observed for a
important (contour lines are dominantly parallel to the ~ constant BA200®.. (Kp =9) (Fig. 7, lower right frame,
axis) grows as Kp increases from 6 (lower left frame) to g values alongAL =0.01). Similar tests for an impulsive Kp
(lower right frame). Again, it is important for code users to thatjumps from 1 to 9 at=300s were performed with sim-
understand the balance between time dynamics and diffusivar, positive results (not shown). These results demonstrate
L dynamics when selecting time step and grid resolution.  that RadBelt properly handles a time-varyibg,; model.

3.2 Time dependentDy 3.3 Alternative source function

Real world applications of RadBelt will involve a time- Though unlikely Roache1998), false positives (results that
varying Kp. When using the BA2000 model, which is Kp indicate the code converges properly even though it is not)
dependentD; ; will vary throughout the simulation time do- may be possible when using the MMS method. To test the
main. Verification of RadBelt’s ability to properly capture veracity of the results to this point, portions of the above ex-
this new complexity must be performed. ercises are repeated using a new manufactured solution. This
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Fig. 9. Similar to Fig.4, but showing results when the second, non-periodic manufactured solution is uséjl (Eq.
is the last step in ensuring proper verification of the RadBeItQﬁ,l”,\ﬂS =bsin(aL —a)e" (12)

model. _ _ B-1/eht _ _
The second solution selected is, ax(p-2)L (eb Deosal —a)
+a?aLP (" —1)sinaL —a)

f=sin(aL —a)(e” —1) (9)

Figures9 and10 summarize the results when using the sec-
ond manufactured solution and S1997; . Figure9, similar
to Fig.4, demonstrates that the code does indeed converge on

no longer periodicity in time. The constamtis again cho- the analvii lution ag; is proaressively refined. The er
sen to accommodate Dirichlet boundary conditions while € analytic solution aar Is progress €ly retined. 1he €
ror values are much lower than before, likely a function of

is set to bind the maximum value of the solution to a reason- 5.4

able value within the time domain of the simulations. These .QMMS (Eq.12) Vary'F‘g far more slowly in t|m§ than the ini-
requirements yield tial Omms (EQ.8). With the overall error drastically reduced,

residual error at higli. (lower right frame) becomes evident.

_2n This occurs in the region whei®, ; is strongest. Because

T 9 the new source term varies more slowly in time compared to
In(2) the old, thesd.-dependent features can be seen at a higher

b= (11) At than before. In other words, the results for this new

source term are more sensitive Ad. refinement thamz.

This feature is illustrated clearly in Fi@0, where the region

of contours that follow constamt 7' values is reduced com-

pared to what was seen in Fi§. The results demonstrate

proper convergence, but emphasize that the source term must

wherea andb are again constants set to agree with bound-
ary conditions. Unlike the original solution (E@), there is

a

ffinal

which binds the absolute maxima of the solutionttb when
tinal IS the total amount of time simulated. When substituted
into Eq. (L), the new source term is,
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Results for DLL=S1997 (2nd Source) Runtime for DLL=BA2000, Kp=9.0
Min= 0.96, Max=277.66
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Fig. 10. Similar to Fig.6 but showing results when the second, AL
non-periodic manufactured solution is used (Eq.

Fig. 11. Run speed benchmark for all 8000 simulations performed
using BA2000D; ;. (Kp =9). The color map shows raw simulation
be taken into consideration when selecting time and Spacgorr?pletio.n time (seconds)_while black contour lines shoyv the r_atio
discretizations. qf simulation time to CPU tlme._For example, for a t_otal simulation
time of 600s and a CPU run time of 6s (near-white on the color
scale), the code simulates the radiation belts 100 times faster than
real time and has a simulation-to-CPU time ratio (black contour
éines) of 100X.

3.4 Code performance

Figure11 benchmarks the code performance using a singl
core on an Intel Xeon 2.6 GHz CPU. The color map shows

the time to complete each of the 8000 simulations for the

BA2000 D ; (Kp =9) set. The black contour lines show the

same results in terms of simulation time (always ten minutes)fx+Az S e A ! (13)
divided by total CPU time. RadBelt runs very quickly on a

modern machine, with most simulations finishing=at00- where f is the phase space densisy% is the operator that
times real time. These results demonstrate that it is possiblgyyances the source subproblem forward in time by one-
to combine the benefits of a modern interpreted programming, 5t time step, and’® is the Crank-Nicolson operator that
language with the light weight, fast number-crunching abili- 5qyances the diffusion subproblem forward in time a full
ties of a compiled language. time step. Such splitting yields a powerful, generalized al-
gorithm for tackling complicated source terms but requires
additional considerations not previously taken into account,

The source term used thus far has been simple enough fg@Mely careful selection of the source term solver.
include in the derivation of the Crank-Nicolson solver. This Figurel12illustrates the impact of the selection of source

leaves nothing to the imagination when the source term is apSCIVer if splitting were applied to the artificial source terms
plied. In real-world, non-verification situations, more com- USed in this work. Source splitting is not necessarydgius

plex source terms may arise that require a more sophisticate@s it IS only a function of andZ, but is applied to illustrate
application, for example, a non-linear source term that de_the complications that arise when it is used. The blue line la-

pends on the phase space density. A popular approach is f3gled “Case 1" shows that employing a simple, second order
split out the source term as one would when applying Strangfccur_ate trapezou_dal integration to solve the source subprob-
splitting (Strang 1968 to a multi-dimensional problem. This €M yields the desired results: a model that converges cleanly

approach splits the differential equation into two parts: a par-With the prescribed accuracy. But what if a higher accuracy
tial differential equation and an ordinary differential equa- duadrature method is used? Case 2 uses the fourth-order ac-
tion. The two subproblems, the first representing the diffu-curate Simpson’s Rule to integrate the source term; the re-
sion of £ and the second representing the sourcg,afan be sults are displayed as the green line in F_ug...The error is
solved in an alternating fashion that is mathematically equiv-"€duced from Case 1, however the code still converges in a
alent to solving the whole systeriidro, 1999. A second second order manner. This is because less error is introduced

order accurate method for this approach can be written as from the integration of the source term but the total error is
still dominated by the Crank-Nicholson solver and converges

3.5 Source term application considerations
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Comparison of Source Applications found that the solver and many code features have been im-
‘ plemented correctly and robustly.

The results here are of special interest to code users. Re-
peatedly, it was demonstrated that code convergence is be-
holden to the choice ob;; and the rate of change of the
source function. While selectiryr andA L, itis easy to find
oneself in a regime where refining one has little impact on
the final error. How the source and diffusion coefficient af-
fect these semi-stagnant convergence regimes is vital knowl-
edge for code users who want to maximize code performance

=
o
N -
T
i

Y anatytic=Ynumericl

107 F — Case 3} while minimizing error.
10! 102 Finally, it must be emphasized that performance in terms
Timestep (seconds) of convergence regimes and overall error is situation specific.

. . . The time and grid discretizations used in this study are far
Fig. 12. Convergence curves for three separate simulations that spligmga|ler than the typical scientific user will require. It is sug-

o_ut the source term from the Crank-Nicolson solv_er. Case 1 uses ested that, when employing new source, loss or diffusion
simple second-order accurate source solver, while Cases 2 and

S oefficient models, the user perform a quick study to ensure
use a fourth order source solver. The variety in the curves demon- roper refinement for the most extreme situation thev choose
strate the importance of properly selecting a solver along with anPoP ! X ituati y

appropriate grid size and time step. to encounter.
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