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Abstract. Data assimilation is used in a number of geophys-
ical applications to optimally integrate information from ob-
servations and models. Providing an estimation of both state
and uncertainty, ensemble algorithms are among the most
successful data assimilation approaches. Since the estimation
quality depends on the ensemble, the sampling method is a
crucial step in ensemble data assimilation. This work intro-
duces a sampling method featuring a higher polynomial order
of approximation, and an ensemble filter, the Gauss-Hermite
High-Order Sampling Hybrid filter (GHOSH), which ex-
ploits the higher order of the novel sampling method. In con-
trast, the order of the most frequently adopted ensemble al-
gorithms in geosciences is usually equal to or lower than 2. In
the directions where the uncertainty is larger, the GHOSH fil-
ter’s sampling method achieves a higher order of approxima-
tion than in other ensemble-based filters, without increasing
the asymptotic computational complexity that is comparable
to that of second-order deterministic filters. To evaluate the
benefits of the higher approximation order, a set of twin ex-
periments of Lorenz96 simulations has been carried out us-
ing the GHOSH filter and a second-order ensemble Kalman
filter (SEIK; singular evolutive interpolated Kalman filter).
The twin-experiment results show that GHOSH outperforms
SEIK in most of the assimilation settings, with up to a 56 %
reduction of the root mean square error on assimilated and
non-assimilated variables when best-tuned forgetting factors
are adopted for each filter.

1 Introduction

Data assimilation (DA) methodologies provide a conceptual
framework to integrate the information content embedded in
observations and numerical models, and play a pivotal role
in deriving accurate estimates of the state of Earth systems
components and reducing the uncertainties of geophysical
systems (among others, see the methods and applications
reviewed in Carrassi et al., 2018; Houtekamer and Zhang,
2016; Lahoz and Schneider, 2014; van Leeuwen et al., 2019;
Martin et al., 2015; Roth et al., 2017; Vetra-Carvalho et al.,
2018).

Thanks to the scalability of parallel implementations, the
use of ensemble algorithms (see e.g., Vetra-Carvalho et al.,
2018; Houtekamer and Zhang, 2016; Bannister, 2017, and
references therein) has been proposed to estimate uncer-
tainty and improve assimilation skills in Kalman filters and
variational methodologies. On the other hand, some of the
strong points of ensemble and variational methods have been
merged in hybrid filters (e.g., Hamill and Snyder, 2000).
Moreover, recent developments of EnKF have been con-
ceived to face increasing nonlinearities and model complex-
ity that are also related to the expanding availability of ob-
servations and computational resources (as discussed in, e.g.,
Vetra-Carvalho et al., 2018).

However, the definition of the strategy for ensemble gen-
eration is not a trivial task (see e.g., Moore et al., 2019).
Straightforward Monte Carlo approaches are not usually a
viable option in geoscience applications, because they would
require too large a number of ensemble members, and con-
sequently, computational effort. The number of ensemble
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members can be reduced by adopting deterministic sampling
methods (as opposed to stochastic EnKF methods, see e.g.
Carrassi et al., 2018; Houtekamer and Zhang, 2016; Nerger
et al., 2005; Lahoz and Schneider, 2014, and the references
therein).

Common examples of deterministic EnKF are SEIK
(Pham, 2001) and ETKF (Bishop et al., 2001). According to
Pham (2001), these are second-order exact methods, where
the term order refers to polynomial exactness (in contrast
with the order convergence in ensemble size in Monte Carlo
stochastic methods or the time-integration order in numeri-
cal methods). We want to extend this concept by introducing
here the notion of polynomial order of approximation of the
filter or of its sampling method or, more concisely, order: a
hth-order ensemble has the property of providing a forecast
mean with no error if a hth-order polynomial model is used
for forecasting. According to this definition, SEIK and ETKF
are second-order methods, while Monte Carlo sampling has
order zero. As proven in Appendix A, Ath-order is achieved
by sampling an ensemble that matches the first £ statistical
moments of the uncertainty probability density function (pdf)
before evolution (also called prior in Bayesian statistics).

Most of the models used in geoscience applications are
based on systems of differential equations that cannot be rep-
resented by a second-order polynomial and in all of these
cases the second-order sampling methods provide a non-
exact estimation of the forecast mean, which is affected by
an error strictly related to the approximation error that would
be made if approximating the model by a second-order poly-
nomial. Furthermore, the second-order approximation of the
forecast mean is more effective the closer the ensemble mem-
bers are to each other (i.e., small uncertainty), thus the higher
the uncertainty the worse will be the approximation error in
the mean computation. Since the state estimation is often af-
fected by a relatively high uncertainty in geosciences data
assimilation applications, this approximation error may not
be negligible.

A potential strategy to reduce this error is the use of a
higher order of approximation. In general, this would require
a larger ensemble with respect to the second-order meth-
ods and consequently larger computational costs. Indeed, a
higher order of approximation implies a larger number of
ensemble members to represent the same uncertainty sub-
spacel. For instance, second-order methods use an ensemble
of r + 1 members to span an r-dimensional uncertainty sub-
space (e.g., Pham, 2001), while 2r ensemble members (see
Appendix C4) are needed to achieve order 3 in the same sub-

n the space of the possible state vectors, the uncertainty sub-
space is the subspace generated by the ensemble members (i.e., the
smallest subspace that contains all the ensemble members). The un-
certainty subspace was originally called error subspace (see Nerger
et al., 2005, 2012, for an introduction to the error subspace con-
cept), but in the context of this work it is more natural to interpret
the ensemble as a proxy of the uncertainty, avoiding unnecessary
confusion with, for instance, the approximation error.
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space (see e.g., Wan and Van Der Merwe, 2000; Ambadan
and Tang, 2009; Luo and Moroz, 2009, for examples of third-
order method with 2r + 1 ensemble members).

Weighted ensembles can achieve higher order while mit-
igating the ensemble size increase with respect to non-
weighted ensembles. In the literature, based on the multi-
dimensional Gauss-Hermite quadrature rule (Mastroianni
and Milovanovic, 2008, chap. 2), the use of a weighted en-
semble has been applied to achieve a higher order of approx-
imation but still at the cost of a larger ensemble size (Ito
and Xiong, 2000) with respect to second-order methods. It
is worth noting that weighted ensembles are also exploited
in particle filter methods (van Leeuwen et al., 2019), where
weights are used to evolve both the ensemble members and
their probability.

In the present work, we propose a novel weighted ensem-
ble method based on a new high-order sampling that identi-
fies subspaces of larger uncertainties and provides ensemble
mean estimates of order higher than 2 in those specific sub-
spaces, without increasing the overall number of ensemble
members, and therefore without major impacts on the com-
putational cost. In this sense, our approach presents the same
computational complexity and number of ensemble members
as existing deterministic ensemble approaches (e.g., SEIK
or ETKF) but exploits the advantage of a higher order only
where the approximation errors are larger.

The proposed high-order filter (as does its sampling
method) exploits a Gauss-Hermite-like quadrature rule,
along with a principal component analysis (PCA), and
we named it Gauss-Hermite high-order sampling hybrid
(GHOSH) filter. Members and related weights are chosen in
such a way as to guarantee accuracy of order higher than 2
for a subset of principal modes, and no less than 2 for the re-
maining ones. The GHOSH filter exploits a hybrid approach
that considers the uncertainty as composed of a constant and
a time-evolving ensemble-based part.

The reliability of the new filter is demonstrated in a large
set of twin experiments based on an idealized model com-
monly used to test DA methodologies (Lorenz, 1996). In a
companion paper (Spada et al., 2026) the new filter is tested
in the much more complex and realistic marine biogeochem-
ical application currently used in the Copernicus Marine
(CMEMS) system (Salon et al., 2019), featuring assimilation
of satellite observations (Spada, 2024).

Section 2 introduces the novel elements of the high-order
sampling and Sect. 3 presents a synthetic description of the
GHOSH algorithm and its localized version. The Lorenz96
numerical experiment is introduced in Sect. 4 and its results
are presented in Sect. 5. The algorithm and the experimental
results are discussed in Sect. 6. Finally, additional mathemat-
ical and algorithmic details along with examples are provided
in appendices.
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Figure 1. Four tetrahedron-shaped ensemble members (yellow
dots) in a 3-dimensional space (top) represent a second-order ap-
proximation of a standard normal distribution (with the spherical
isosurfaces shown in shadow). The same four members form a
square in two dimensions (middle), producing a third-order approx-
imation. By projecting further into one dimension (bottom) and by
assigning proper weights, a fifth-order approximation is obtained.

2 The high-order sampling

In this work we propose a novel method to generate ensem-
bles for data assimilation applications. The preliminary idea
is that the more statistical moments are shared by an uncer-
tainty pdf and an ensemble representing it, the lower the error
made by the ensemble in the forecast mean (Appendix A). In
this sense, an ensemble of order £, that is characterized by the
property of matching the uncertainty pdf up to the moment
of order h, provides a more accurate forecast mean than an
ensemble of order lower than 4. Compared to deterministic
second-order square-root sampling methods, whose ensem-
bles match the first 2 statistical moments of the uncertainty
pdf, the novel strategy achieves an ensemble with a higher
order of approximation (i.e., matching more than 2 statistical
moments) without increasing the ensemble size. The strategy
is based on the choice, among all the second-order ensem-
bles, of those that feature a higher order of approximation
along the principal components of the uncertainty (i.e., those
directions where the ensemble spread is larger and the ap-
proximation is consequently worse).

Figure 1 shows an uncertainty represented by a 3-
dimensional standard normal distribution in an xyz Cartesian
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coordinate system (top of Fig. 1 where spherical uncertainty
isosurfaces are represented by shadowed areas). According
to the second-order-exact sampling (Pham, 2001), four op-
portunely chosen ensemble members are needed to represent
this uncertainty probability density function up to the sec-
ond order. The ensemble members are not uniquely deter-
mined by the second-order exact sampling, which indeed al-
lows for random rotations. In the xyz Cartesian coordinate
system of Fig. 1, four ensemble members that ensure the
second-order exact sampling (yellow points at the vertices
of a regular tetrahedron) are chosen among all the possible
second-order sampling (each corresponding to a rotation of
the tetrahedron). Thanks to their particular orientation, the
four vertices draw (project) a square (a non-skewed shape)
in the xy plane (middle panel of Fig. 1; Appendix C3.1),
achieving a third-order approximation in the xy plane. In-
deed, four square-shaped ensemble members provide a third-
order approximation for a 2-dimensional normal distribution
(Appendix C2.4). Similarly, there are other possible choices
of second-order vertices that project a square (third-order ap-
proximation) in the xy plane, but thanks to this particular
orientation, the four members chosen in Fig. 1 can be further
projected along the x-axis to obtain the special 3-point distri-
bution (shown at the bottom of Fig. 1), where the central pro-
jected point weights as two of the original points. As it is, this
1-dimensional distribution does not achieve an order higher
than 3 (already achieved in the xy plane with the square pro-
jection) along the x axis but three properly weighted ensem-
ble members can reach an approximation order as high as
5 on the x axis (not shown in Fig. 1, see Appendix C1.3).
On the contrary, if proper weights are not assigned, the high-
est approximation order that can be obtained using 4 mem-
bers in the 1-dimensional case is limited to 3. In summary,
Fig. 1 represents an example of an ensemble with approxi-
mation order 2 in the xyz 3-dimensional space, which is op-
portunely oriented to have approximation order 3 in the xy
plane and, by assigning proper weights, can reach approxi-
mation order 5 along the x axis (Appendix C3.2). Generally,
the possibility to increase the approximation order using ap-
propriate rotations and weights opens the way to build an
ensemble with a higher order of approximation along dimen-
sions where uncertainties are higher. For instance, in the case
of a non-standard normal distribution (in contrast with the 3-
dimensional standard distribution of Fig. 1), if the orientation
of the xyz coordinate system was chosen so that the z com-
ponent of the distribution was less relevant than the x and y
components, then the ensemble built with the third-order ap-
proximation would mitigate the approximation error in the x
and y dimensions where the spread is higher. Similarly, if the
coordinate system is oriented so that the variance is larger on
x than y, then the achieved fifth-order approximation reduces
the error more efficiently where the spread is maximum (x
coordinate). As shown later in this work, the high-order sam-
pling mimics this strategy in the ensemble data assimilation
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context, in order to achieve a higher order in the uncertainty
principal components.

The high-order sampling generalizes the idea described
above considering that any probability distribution (under
reasonable hypothesis) can be sampled with high order of
approximation with a weighted ensemble that, in the special
case of the Gaussian distribution, is represented by the nodes
and weights of the Gauss-Hermite quadrature rule (Mas-
troianni and Milovanovic, 2008, chap. 2). Once the approxi-
mation order (4 larger than 2) and the ensemble size (r + 1)
are fixed, the hth-order weighted ensemble is computed for
a relatively small s-dimensional subspace (s lower than r);
then, a new (r 4 1)-sized second-order weighted ensemble is
computed such that its projections along the uncertainty prin-
cipal components coincide with the hth-order ensemble. The
resulting ensemble has a second-order approximation in the
r-dimensional subspace and a hth-order approximation in the
s-dimensional subspace of the principal uncertainty direc-
tions. By comparison, a second-order-exact sampling (e.g.,
SEIK) with r+1 ensemble members would provide a second-
order approximation for the whole r-dimensional subspace.

It is worth noting that this approach is beneficial inde-
pendently of the uncertainty pdf. Even in the Gaussian case,
where the uncertainty pdf is uniquely determined by its mean
and covariance, the ensemble is not uniquely determined in
the same way. Thus, building an ensemble matching also
higher Gaussian moments helps to better represent the un-
certainty pdf, which in turn translates in a smaller error on
the forecast mean.

The two phases of the high-order sampling (initialization
and sampling) are described in the following from an algo-
rithmic point of view. The initialization includes the steps
that must be executed only once, while the sampling presents
the ensemble generation procedure. In the sampling descrip-
tion, the system of equations to compute the ensemble per-
turbations and weights is presented. As the ensemble mo-
ments are used in the sampling phase but are calculated only
once, their calculation is presented in the initialization sec-
tion. Mathematical explanations can be found in Appendix
A.

2.1 Initialization

2.1.1 Initialization of the hyper-parameters

In the high-order sampling, two sets of hyper-parameters
need to be defined.

The first set includes: the higher approximation order A
reached in the principal components of the uncertainty sub-
space; the dimension of the uncertainty subspace r, which
implies an ensemble size of r + 1 members; and s, that rep-
resents the number of principal components that are approx-
imated with the higher order 4 and that must be smaller than
r.
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The second set includes the parameterized statistical mo-
ments of the typical uncertainty, i.e. the centered moments
up to order A of an uncorrelated and normalized pdf in the
subspace of dimension s. The statistical moments of the nor-
malized pdf are preliminary to the sampling algorithm, which
takes mean and covariance as input and rescales all the mo-
ments accordingly (see later Eq. 6).

Noted as uj,,....j.» a generic moment of order & has & in-
dices, each of which runs between 1 and s. A common choice
for the parameterized pdf comes from the standard normal
distribution N (0, I;), which leads to moments

Wi =/Zj1--~z,-5<p(z)dz, (1)
RS

where ¢ is the pdf corresponding to N (0, I;). In the Gaus-
sian case, the moments (&, . je can easily be computed (i.e.,
without solving numerically the integral, see Appendix A,
Eq. A6). Instead, other non-Gaussian probability distribu-
tions can be explored considering their specific moments
My, e

However, since the parameterized pdf is uncorrelated and
normalized, only centered moments of order higher than 2
are actual hyper-parameters (i.e., i, .. ;. with § > 2), while
moments up to order 2 are always already defined.

2.1.2 Initialization of the ensemble weights and of the
sampling matrix

In the initialization phase, the ensemble weights and the sam-
pling matrix 2" are computed by imposing the matching be-
tween the statistical moments up to order % of the ensemble
and the parameterized uncertainty pdf (Eq. 2). The ensem-
ble weights and the sampling matrix are constant elements
that must be prepared only once for a given set of hyper-
parameters.

The real numbers u,, ; and v,,, with j € {1,...,s} andm €
{1,...,r 4+ 1}, represent the entries of Q" and the square roots
of the ensemble weights respectively. The ensemble matrix is
built such that the numbers u,, ;/v, represent the ensemble
anomalies in a s-dimensional space (see Appendix A), thus
they are calculated as a solution of the nonlinear system

r+1

, oy 2=5 .
Z”m,n"'”m,kvm = M @)
m=1

with one equation for each & €{0,...,h} and for each
Jis-wje €{1,..., s}, foratotal of (s"*1 —1) /(s — 1) equa-
tions. The system represents the matching between the statis-
tical moments up to order & of the ensemble and the parame-
terized uncertainty pdf (this condition is necessary to achieve
hth-order, as proven in Appendix A). In fact, the equation of
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system (2) for £ =0, i.e.,

ensures that the weights will sum to 1; the s equations for
E=1,ie.,

r+l1
Z Um,1Um = U1 = 0
m=1

r+l1
Z Um,sUnm = Us = 0,
m=1

ensure that the anomalies have 0-mean; the 52 equations for
&E=2ie.,

r+1
Zum,lum,l =pu1,1=011=1

m=1

r+1
Z’/lm,lum,s =M1, = 31,s =0

m=1

r+1
Z Um,sUm,1 = s, 1 =851 =0

m=1

r+1
E Um,sUm,s = Us,s = 8s,s =1,

m=1

force the ensemble covariance matrix to be equal to the iden-
tity matrix; and the same holds for higher moments up to
h (2 <& < h). The general equation reported in system (2)
represents all the moment-matching equations up to order #,
where pj, je are the prescribed statistical moments of a
s-dimensional probability distribution that approximates the
assumed uncertainty distribution shape.

The system solution is used to define Slh, asthe (r +1) xs
matrix with entries u,,, ;, and the ensemble weight vector w €
RO+ | as the element-wise square of v, i.e.,

w= (vlz,...,vr+12). 3)

Note that, in order to actually have at least one solution of
the system, the number of independent equations cannot be
larger than the number of variables, which implies that given
r (and consequently the ensemble size) a larger approxima-
tion order & implies a smaller s (i.e., a smaller number of
components approximated with order 4).
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2.2 Sampling

Unlike non-varying quantities (as those defined in the initial-
ization phase), i-indexed quantities appearing in this section
are specific of each sampling.

Given an N-dimensional state space, in the sampling
phase a new ensemble is generated based on the ensemble
mean x; € RV and the covariance matrix Ll-Ll.T . Since an ex-
plicit covariance matrix might be intractable for large N, the
N x r matrix L; is adopted as an r-rank factorization of the
covariance matrix and its columns represent the basis of the
uncertainty subspace spanned by the ensemble members.
The key idea of this section is to project the high-order en-
semble encoded in the sampling matrix 2" onto the princi-
pal components of the uncertainty subspace, identified by an
eigenvalue decomposition.

In order to avoid inducing a bias in the available unex-
ploited degrees of freedom of the sampling, the matrix €;
is built from Q" by a procedure that includes random sym-
metries and rotations. These random transformations explore
only degrees of freedom that do not compromise the high-
order approximation on the principal components of the un-
certainty subspace. To achieve this, a random s x s orthog-
onal matrix and is drawn, then the (r +1) x (s 4+ 1) matrix
( v | Qhﬂ?d ) is completed to an (r +1) x (r + 1) or-
thogonal matrix by the (r + 1) x (r — s) matrix Sli{ ie.,

T
h d L
(| o | )
~<v ‘ Q"o ‘ sz,.i)zlm, 4)

where v is the array of the square roots of the weights (as
in Eq. 3) and I, is the identity matrix of rank » +1. A
procedure for randomly building or completing orthogonal
matrices is described in Appendix B.

Now, the (r + 1) x r matrix ;, defined as

sz,-:( Qi qmd ‘ Qt ) (5)
can be used to build the N x (r + 1) ensemble matrix X;:
To.Tw—»

Xi=xilixe+n +LiC" 2" W2, (6)
where 1 is a matrix (of the subscripted size) filled with
ones, W = diag (w) is the (r + 1) x (r 4+ 1) diagonal matrix
of weights and C; is a r x r orthogonal change-of-basis ma-
trix such that

LA 'L =CTE C;. (7

In the last equation, the right-hand side is an eigenvalue de-
composition of the left-hand side, with E; being an r x r di-
agonal matrix of eigenvalues in descending order and A; be-
ing an appropriate N x N matrix. The purpose of A; is to
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weight the product between L; and its transpose; therefore,
A; defines the criterion that decides the relative importance
of different parts of the state vector, affecting the uncertainty
principal components. In relatively simple applications, A;
can be the identity matrix, but in most scenarios, A; needs
to be properly designed. For example, if different variables
represent non-comparable quantities, it is common to stan-
dardize such variables by dividing by their standard devia-
tion before computing the PCA. In the formalism of Eq. (7),
this is equivalent to defining A; as the diagonal matrix of the
uncertainty variance (i.e., the square norm of the rows of L;).
Further discussion on A; can be found in Sect. 6 and Part 2
(Spada et al., 2026).

The orthogonal matrix C; is fundamental for orienting the
ensemble in such a way that the uncertainty principal compo-
nents align with the directions achieving the higher approx-
imation order (which are encoded in the £; matrix). After
computing X;, the ensemble members can be retrieved from
the columns of the matrix, i.e.,

X; = (xl ...,x€r+1>). ®)

i’ i

3 The GHOSH filter

Similar to other data assimilation ensemble schemes, the
GHOSH filter provides an estimate of the state of a sys-
tem at some discrete times ¢; in terms of the state vector
and the covariance matrix representing the estimation uncer-
tainty. Hence, at time ¢;, a forecast is composed of the fore-
cast state vector xlf e RN (N is the dimension of the state
space) and the forecast uncertainty covariance matrix Pf. It
an observation vector y; is available at time ¢;, the informa-
tion is assimilated in the analysis state vector x{ with uncer-
tainty covariance matrix P?.

Being an ensemble-based filter scheme, the GHOSH filter
represents these quantities by an ensemble of state vectors,

e.g.,

X! = (x‘f",...,xf*<’+”) 9)

1

of r + 1 model state realizations. However, unlike other en-
semble filters that uniformly weight the ensemble members,
the GHOSH filter assigns to le a vector of corresponding
weights

w1
w= : . (10)

Wr41

The state estimate is given by the weighted mean

xlf:fo’]w/ =lew, (11)
j=1
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Initialization

GHOSH flow chart
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Figure 2. GHOSH filter flow chart. Subscripts represent the time
steps of the numerical simulation.

while the uncertainty covariance is approximated by the en-
semble covariance matrix

Pl XIWX! T —xfxl” (12)

with W = diag (w) being the diagonal matrix of weights. As
in other ensemble-based filter schemes, the uncertainty co-
variance never needs to be explicitly computed. However,
Eq. (12) and the like (e.g., Egs. 19, 22, 31, 33) are still shown
in this form for convenience.

The GHOSH algorithm consists of 5 phases, i.e., initial-
ization, forecast, forecast high-order sampling, analysis and
analysis high-order sampling (Fig. 2). The initialization is
performed once at the beginning of the filter application, the
forecast and forecast high-order sampling phases are carried
out at each time t;, and analysis and analysis high-order sam-
pling are executed only when observations are available.

The analysis equations are a novel weighted version of the
ensemble Kalman filter equations (Evensen, 1994), while the
forecast phase equations rely on a hybrid approach. In fact,
the forecast uncertainty is obtained by combining the ensem-
ble covariance (weighted by a forgetting factor) and a para-
metric covariance matrix Q;, which is built from the exist-
ing knowledge of the system, as done, for instance, for the
background matrix in many variational schemes (Bannister,
2017, 2008).

The method includes two resampling phases, after anal-
ysis and after forecast (Fig. 2), at which the whole ensem-
ble is rebuilt using the high-order sampling method (Sect.
2). The resampling produces a sample of state vectors that
matches the moments of the uncertainty probability density
function with better precision than in the other commonly
used ensemble DA algorithms, resulting in an order of ap-
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proximation greater than 2 (see Appendix A) in the princi-
pal uncertainty modes. In this way the GHOSH filter takes
advantage of the high approximation order of the sampling
method twice: before applying the model operator and be-
fore applying the observation operator.

Table 1 helps taking track of symbols and notation.

3.1 The global GHOSH filter
3.1.1 Initialization

Based on the same hyper-parameters as the high-order sam-
pling (Sect. 2.1.1), namely r (the dimension of the uncer-
tainty subspace), & (the higher approximation order reached
in the most relevant directions) and s (the number of principal
components that are approximated with order #), GHOSH
initialization computes the sampling matrix Q" and the
weights vector w as in Sect. 2.1.2. Furthermore, a starting
weighted ensemble must be provided, with the entries of w
as weights. Such an ensemble can come from any previous
forecast/assimilation using the GHOSH filter, or it can be
built from scratch with an ensemble generation method (e.g.,
a PCA on historical data followed by the GHOSH sampling
method described in Sect. 2.2). The ensemble members are
stored in the columns of ensemble matrix X(f), i.e.,

Xp=(x6"oxf ), (13)

with the subscripted index 0 representing the first time step.

The mean x(f) can be computed as

x(f) = X(f)w. (14)
3.1.2 Analysis phase

When observations are available at time step i (Fig. 2), y; €
R" represents the observation array and H,; is the observation
operator, which incorporates all operations needed to obtain
the observed quantities from the state vector. This operator is
used on each ensemble member xfﬁk to build the n x (r +1)

matrix Y;, i.e.,

Y, = (y},...,y§’+l)), (15)
with
vE = (x*) (16)

for k € {1,...~,r+ 1}.
The base L of the uncertainty subspace spanned by the
ensemble is computed by

L =XIT, (17

where T is an (r + 1) x r full-rank matrix with zero column
sums. A matrix fulfilling these requirements, that also makes
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the product in Eq. (17) computationally fast, is

T— I —wli (18)

with I, being the identity matrix of size r and 1 being a ma-
trix (of the subscripted size) filled with ones. Equation (18)
implies the use of the ensemble anomalies as basis members,
and it is a common choice in SEIK implementations (e.g.,
Triantafyllou et al., 2003), but other T's can be explored with-
out affecting the main structure of the algorithm (see e.g.,
Nerger et al., 2012).

The analysis uncertainty covariance matrix P? is obtained
by

Pl =LAANLY (19)
where

A =TTWT'T+ 2T R 'Z;, (20)
and

Z;=Y,T, @1

W = diag (w) being the (r + 1) x (r 4 1) diagonal matrix of
weights and R; the n x n covariance matrix representing the
uncertainty in the observation y;.

An opportune change in basis is used to obtain the simpler
decomposition

P = L;.‘L;‘T, (22)
where
L? = LS? (23)

and S¥ is the symmetric square root of A?, i.e.,

SISt = Al (24)
Finally, the analysis state x¥ is estimated by

xP=x! +LISPZTR ! (y; — Yiw). (25)

Equation (25) differs from the usual ensemble Kalman fil-
ter equations in the use of Y;w in the last term instead of
H; (xf). The two are the same if the observation operator #;
is linear. However, in the general case, Y; w, which relies on
the whole ensemble instead of the ensemble mean only, is a
better estimator of the expected value of the observed quan-
tities. Moreover, ensembles generated with GHOSH’s sam-
pling method lead to a further advantage due to the higher
order of approximation.
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Table 1. Notation table of the most relevant symbols.

Symbol Dimensions Meaning

N scalar state space dimension

h scalar higher approximation order

r scalar uncertainty subspace dimension

s scalar dimension of the subspace with higher order

n scalar observation space dimension

w r+1 ensemble weights

w (r+1)x (r+1) diagonal matrix of ensemble weights

Q! r+1)xs high-order sampling matrix

Q;, of, Slla r+1)xr time-dependent sampling matrix

X;, Xf X N x(r+1) ensemble matrix

x{.‘ s xf’k, x?’k N kth ensemble member

X, xf, x? N ensemble mean

P;, Plf, P? N x N uncertainty covariance matrix

L;, Llf, Lf‘ N xr uncertainty subspace basis matrix

A; N xN PCA scaling matrix

G, le, Cf‘ rxr change of basis matrix to match principal components orientation
Yi n observation

Y; nx(r+1) ensemble matrix in observation space

R; nxn observation covariance matrix

T r+1)xr extracts an uncertainty subspace basis from ensemble matrix
Z; nxr uncertainty subspace basis in observation space

Alf, A? rxr uncertainty covariance matrix in uncertainty subspace

Q; NxN covariance matrix of additive forecast parametric uncertainty
P scalar forgetting factor

3.1.3 Analysis high-order sampling

The N x (r + 1) ensemble matrix X¥ = x?’l, - "x?,(ﬂr]) ’

whose columns are the ensemble members, is obtained by
X=X +LICHT 2T WL (26)
The sampling procedure is described in Sect. 2.2; therefore,
C# and 2 are computed as C; and ; used in Eq. (6).

3.1.4 Forecast phase

In this phase, the time step index i is increased by 1 and the
ensemble is evolved through the model operator M; (which
usually represents the numerical integration of a system of
differential equations), i.e., fork € {1,...,r + 1},

Rk g (ak
X" =M, (xl._l),

of _ (=fi1 ~f,(r+1)
Xl-_(xi R o )

1

27
(28)
The forecast state xlf is estimated as the weighted mean of
the ensemble by
xf=XMw. (29)

To track the uncertainty of this estimation, the basis of the
uncertainty subspace is obtained by

L =XIT. (30)
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The covariance matrix Pf is approximated by

~ -1 . ~ ~

PI=Lf(T7W'T) I +Q ~I[AlL]", G1)
where Q; is the N x N covariance matrix of an additive unbi-
ased noise parameterizing some of the sources of uncertainty
in the forecast estimation not already accounted for by the
ensemble, while Af is the r x r matrix approximating the un-
certainty covariance in the reduced basis expressed by I:f Af
can be computed in many ways, depending on the form of Q;
and on the chosen hybridization strategy. Here we consider
the case of Q; being a full rank matrix (e.g., diagonal), thus
we suggest

Al = (,oTTW_lT) g (thQ;‘i,f) g 32)
where p is the forgetting factor, which is added to the equa-
tion to introduce inflation (see e.g., Pham et al., 1998; An-
derson, 2007). The last term in Eq. (32) is one of the novel
elements of the present work. It represents the projection of
the parametric uncertainty matrix Q; on the uncertainty sub-
space defined by the ensemble. While the use of Q; in Eq.
(31) follows Pham (2001), Eq. (32) projects Q; in a novel
non-orthogonal way that is induced by the scalar product de-
fined by Qi_l. This approach can be interpreted as a form of
hybridization that aims at focusing on the effects of the para-
metric uncertainty in the ensemble uncertainty subspace.
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Q; should be built according to some knowledge of the
system, as done, for example, for the background covariance
matrix in variational methods (Bannister, 2017, 2008). Since
Q; can have a very large size, it should be sparse or managed
in a decomposed form.

Finally, Eq. (31) is conveniently rewritten as

P~ (33)

providing a covariance decomposition consistent with the
high-order sampling formulation. Here, Llf is the new basis
of the uncertainty subspace and it is obtained by

LI =Lfs! (34)

1

where Sf is the symmetric square root of Alf, ie.,
fof f
S;S; =A;, (35)

which can be computed by an eigenvalue decomposition of
Al
1

3.1.5 Forecast high-order sampling

f,1 f, 1
\ x_(r+)

R R ] ’

The N x (r + 1) ensemble matrix le = (x
whose columns are the ensemble members, is obtained by

: T T 1
X{ = xiLixg+n+ LGl W2 (36)

The sampling procedure is similar to that of Sect. 3.1.3;
therefore, le and Slf are computed as C; and €; used in Eq.
(6).

Compared to data assimilation schemes with resampling
only after analysis, the GHOSH filter uses this sampling
phase to produce a better representation of the uncertainty.

In fact, it takes into account the effects of Q; and p in Egs.
(31) and (32), which, by augmenting the uncertainty after
the forecast, modify the second-order moments of the un-
certainty pdf. Without this resampling, the forecast ensem-
ble would no longer be either a high-order or a second-order
sampling, since the ensemble does not match the changed co-
variance anymore. However, if Q; is supposed to be not sig-
nificant (i.e., Q; = 0) then the covariance is only modified by
the forgetting factor p and the forecast high-order sampling
phase can be widely simplified: in this specific case, indeed,
the ensemble members can be safely obtained by inflating the
ensemble anomalies, i.e.,

1 B .
xf’k =xf+ ﬁ (xi’k —xf) s (37)
forke{l,...,r+1}.

3.1.6 Asymptotic computational complexity

In order to assess the scaling capability of the proposed al-
gorithm, this section presents the asymptotic computational

https://doi.org/10.5194/gmd-19-8321-2026
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complexity of the GHOSH filter. The estimate does not in-
clude the cost of applying the model operator M; and the
observation operator H;. These operators can dramatically
change the total computational cost, in particular in realistic
applications, where the model operator can be very compu-
tationally expensive.

Further, the initialization cost is not taken into account,
since it is done only once. This includes the computational
cost of solving system (2), which can substantially vary de-
pending on the adopted method. For instance, in the provided
python code (see the Code availability section), an analytical
solution for system (2) is built with a constructive method in
O (r?) steps.

Finally, the covariance matrices Qf] and Rfl and the scal-
ing matrix Al._ I are considered sparse or low rank, such that,
for instance, the computational complexity of ZiTRi_IZ,- is
the same as ZiTZi.

Under these assumptions, the most expensive operations
in the analysis phase are: the computation of A? ~! (which is
O (nr?)) and of its inverse (O (r*)), and the change of basis
of Eq. (23), which is a O (Nr?) operation. Excluding the cost
of the observation operator H;, the analysis computational
complexity sums to O (nr2 +r3 4 Nr2).

During the forecast phase, the computation of Af and the
following change of basis (Eq. 34) lead to O (r®+ Nr?),
without taking into account the cost of the model operator
M;.

Finally, each sampling phase adds O(r3 + N rz) opera-
tions given the eigenvalue decomposition and the matrix
products in Eq. (6).

All together, the asymptotic computational complexity of
the GHOSH filter is O (nr?+r3+ Nr?). This is similar
to SEIK and ETKEF (see, e.g., Nerger et al., 2012; Tippett
et al., 2003), meaning that the filters scale in the same way.
However, even if not changing the asymptotic complexity,
the GHOSH filter’s eigenvalue decomposition and its re-
sampling after forecast are GHOSH-specific operations that
add computational time with respect to other ensemble filters
that do not execute such operations. On the other hand, in the
vast majority of realistic geoscience applications of ensemble
data assimilation, the most demanding computational cost is
represented by the model integration scaled by the ensemble
size (see e.g., Vetra-Carvalho et al., 2018), making the cost
of the other data assimilation operations almost negligible.

3.2 The local GHOSH filter

Localization is a widely used procedure that aims to avoid
spurious correlations induced by an overly small ensemble
while reducing the degrees of freedom of the system (see
e.g., Janjic et al., 2011).

A localized version of the GHOSH algorithm is obtained
by modifying some of the equations in Sect. 3.1.2 and 3.1.4.
Three operators £, E;f and D are used to improve read-
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ability. The localization operator £, takes a global (array or)
matrix with N rows and returns its localized counterpart with
I rows with respect to the domain point p. The simplest and
most common example of localization operator is taking just
the variable values of the cells in a small radius around p.
Ez;[ works in the same way in the observation space, reduc-
ing the number of rows from n to I’. The delocalization op-
erator D takes a set of local matrices (or arrays), ideally one
for each point of the domain, and returns the global counter-
part. Building the global matrix by taking the values at the
central points of each local matrix is a common example of
delocalization operator.

3.2.1 Local forecast

Instead of Egs. (31)—(35), the localized version of the fore-
cast step of the algorithm computes, for each point p of the
domain, the local covariance matrix Al‘? of by

-1
AT = (pTTWIIT) 4

# (o) @) e (1)) o)

where Q{’ is the / x [ covariance matrix at the point p of the
parametric uncertainty non-dependent on the ensemble.

The global basis is built by changing the basis and delo-
calizing, i.e.,

LD <{£,, (L) sg”f}p) , (39)

where S{’ Tis the symmetric square root of A{’ ' Note that

the change in basis induced by Sf’ is continuous (see, e.g.,
Nerger et al., 2012); thus, the delocalization operator does
not need to include averaging or other smoothing procedures
to avoid discontinuities.

3.2.2 Local analysis

The localized version of the analysis step substitutes Egs.
(19) and (20) by calculating, for each point p of the domain,
the local covariance matrix Af 2 e,

AP = TTWOT 4 LMz (R c @z, o)

where R? is the I’ x I’ observation uncertainty covariance ma-

trix at the point p. This matrix can be extracted from Ri_l,
but it is convenient to increase the uncertainty at the points
far from p (as in Nerger and Gregg, 2007). One widely used
option is to rescale by applying the fifth-order piecewise ra-
tional function of Gaspari and Cohn (1999).

Similarly to Eq. (39) for local forecast, Eq. (23) becomes

L?‘=D({ﬁp () Sf’*‘}p>, (1)
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where S”* is the symmetric square root of A"
Finally, the analysis state x{ in Eq. (25) is instead esti-
mated by

(R LH (v, - Yiw) },,) (42)

4 Experimental setup

The GHOSH filter has been tested in a very large set of twin
experiments based on the Lorenz96 model (Lorenz, 1996)
to evaluate the performance of GHOSH compared with a
second-order filter (SEIK). The Lorenz96 model, which has
a chaotic behaviour that is comparable to that of fluid dy-
namics equations at a much lower computational cost, is a
standard choice for testing new data assimilation schemes
(e.g., Brajard et al., 2020; Fertig et al., 2007; Gharamti, 2018;
Grooms and Robinson, 2021; Nerger, 2022).

In each experiment, the truth trajectory is provided by inte-
grating the model for a certain time interval. Then, at regular
time intervals, observations of a subset of the system vari-
ables have been extracted from the truth, adding a random
error to each of them to represent the observation uncertainty.
The same set of observations is then used for two assimila-
tion experiments, one using the SEIK filter (as a second-order
approximation filter Nerger et al., 2005), and one using the
GHOSH filter with fifth-order approximation (i.e., h = 5, see
Sect. 3). The SEIK and GHOSH assimilation experiments are
initialized with the same initial condition, chosen randomly
around the fruth initial condition. After an initial spin-up of
10 time units, the skill of each filter is evaluated by com-
puting, during the whole simulation, the root mean square
error (RMSE) between the filter forecast and the truth be-
fore the assimilation step. Representing both how often and
how far the filters deviate from the truth, RMSE is a com-
mon proxy for filter skill. In the experiments, the RMSEs on
assimilated and non-assimilated variables have been evalu-
ated for each filter. Separately assessing filter skills on non-
assimilated variables provides indications on the capability
of transferring information gathered with observations to the
whole state of the system, exploiting correlations.

In order to produce reliable statistics, the same procedure
has been repeated 90000 times varying the truth trajectory,
the observations, the filters’ initial conditions and some fil-
ters hyper-parameters such as the ensemble size and the for-
getting factor.

4.1 The Lorenz96 model
The Lorenz96 model (Lorenz, 1996) is a dynamical system

commonly used as a testing framework in data assimilation.
The state vector x = (x1,...,XN) € RY is evolved according
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to the system of differential equations given by, for 1 < j <
N,
dx;
E=(xj+1—xj—2)Xj—1—Xj+F, (43)
with periodic conditions, i.e., x_1 =xy—1, Xo =xy and
XN+1 = x1. In our implementation, the size of the state vector
is N = 62 and the forcing term is F' = 8§, which is a common
value used to generate chaotic behaviour.

The equations have been implemented in python and nu-
merically solved using SciPy’s solve_ivp routine with its de-
fault solver method (i.e., RK45).

At time ¢ =0, the state vector has been initialized by
adding a small perturbation (xy = 0.01) to the null solution
x = 0. The model has been integrated for 20 time units as
spin-up, then, the following 1000 time units have been used
as historical data to compute the climatological mean and co-
variance (performing a PCA on 10 000 snapshots taken every
0.1 time units). The model has been further integrated for
other 20 time units of spin-up, followed by 80 time units, di-
vided into 4 blocks of 20 time units. The model trajectory of
each one of these 4 blocks has been taken as reference in a
set of twin experiments and referred to as truth. In the same
way, a longer block of 150 time units has been used as truth
in a set of twin experiments aimed at testing long-run perfor-
mances.

4.2 Observations

Observations are generated for each truth trajectory by
extracting from the state vector the values of the even-
indexed variables (i.e., x2, x4, ..., X¢2) every At time units
and adding to each observed variable a random number sam-
pled from a standard normal distribution (i.e., with vari-
ance equal to 1). Tests have been carried out for Af e
{0.1,0.15,0.2,0.25,0.3}.

4.3 Filters setup

The same settings are used in both SEIK and GHOSH filters.
The ensemble size is chosen among 7, 15, 31 and 63 mem-
bers.

The initial condition of the ensemble mean is chosen ran-
domly around a truth initial condition, adding a random
Gaussian noise with 0-mean and same covariance matrix as
the climatological covariance of the Lorenz96 model (Sect.
4.1). The initial ensemble is sampled with each filter’s own
sampling method (second-order-exact sampling for SEIK,
high-order sampling with 2 =5 for GHOSH), setting the
prior covariance matrix accordingly to the PCA approxima-
tion of the climatological covariance (i.e.,  principal com-
ponents are taken into account if the ensemble size is r + 1).

Both filters use the same forgetting factor (Eq. 32), chosen
among 0.5,0.55,0.6,0.65,0.7,0.75,0.8,0.85,0.9,0.95 and
1 (the last value describes a condition without inflation). The
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GHOSH filter is run without hybridization (Q; = 0) to keep
GHOSH and SEIK as similar as possible, and A; is the iden-
tity matrix.

The order of the GHOSH filter was fixed at h = 5, with s
(i.e., the number of principal components approximated with
order h = 5) as large as possible, depending on the ensem-
ble size. Hence, the values adopted for s are 2,3,4 and 5,
respectively, for 7, 15,31 and 63 ensemble members.

Localization has not been applied, since the number of
variables N is relatively small and comparable with the en-
semble size.

4.4 Experimental design

The twin experiments have been performed in two phases,
the first one for the 20-time-unit-long truth trajectories and
the second one for the 150-time-unit-long trajectory. The rel-
atively short time series in the first experiment phase are mo-
tivated by the aim to focus on comparing DA convergence
after the assimilation and not on long-term convergence. On
the other hand, the 150-time-unit experiments have been car-
ried out to verify the robustness of the filter on longer time
scales.

In the first phase, for each of the 4 20-time-unit-long truth
trajectories, 100 twin experiments have been launched for
each of the 5 observation frequencies, 4 ensemble sizes and
11 forgetting factors (for a total of 88 000 twin experiments).
Each of the 100 twin experiments has its own set of random
observations and initial conditions.

The RMSE score of the first phase experiments has been
used to identify the best forgetting factor for each filter in
each configuration of observation frequency and ensemble
size. Then, in the second phase, the 150-time-unit-long truth
trajectory has been employed in a set of 100 twin experi-
ments for each of the 5 observation frequencies and 4 ensem-
ble sizes (for a total of 2000 longer twin experiments), using
for each filter its best forgetting factor in each configuration.

All the code was written in python and executed on a
Linux computer equipped with an Intel(R) Core(TM) i7-
11800H @2.30GHz.

5 Results
5.1 20-time-unit-long experiments

Figure 3 reports an example of the evolution of the first two
variables (one assimilated and one non-assimilated) of the
Lorenz96 model for the two filters (GHOSH and SEIK). The
selected simulation out of 88000 experiments shows that
GHOSH filter evolution is closer to truth evolution (black
line in Fig. 3) than SEIK. As expected, the uncertainty of
variable 2 (shaded areas) of both filters is lower than in vari-
able 1 because of the assimilation of observations in even
variables.

Geosci. Model Dev., 19, 8321-8347, 2026
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Variable 1

—— Truth

—— Seik(31, forget=0.6)
Seik(31, forget=0.6) std

—— Ghosh(31, forget=0.6, order=5)
Ghosh(31, forget=0.6, order=5) std

154

10 4

yi1]

-5

0.0 25 5.0 75

10.0 125 15.0 17.5 20.0

Time

Variable 2

10 4

y2]

-10

® Observations
—— Seik(31, forget=0.6)
Seik(31, forget=0.6) std
—— Ghosh(31, forget=0.6, order=5)
Ghosh(31, forget=0.6, order=5) std

T T T T
0.0 2.5 5.0 75

T T T T T
10.0 12.5 15.0 17.5 20.0
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Figure 3. Results from one example twin experiment: time between observations (green dots) is 0.15, forgetting factor is 0.6, ensemble size
is 31. Shady areas around blue (SEIK) and orange (GHOSH) lines represent the ensemble standard deviation, zruth is the black line. Top
panel: time evolution of the first variable (non-assimilated); bottom panel: time evolution of the second variable (assimilated).

In order to be statistically reliable, the RMSE of the 88 000
experiments under different conditions has been computed
and reported in aggregated form in Fig. 4. Each small square
reports the RMSE value computed over a set of 400 ex-
periments2, which includes, for each of the four available
truths, 100 experiments with different random observations
and initial conditions. Aggregating 400 experiments together
reduces the outcome variability by a factor 20 (i.e., +/400)
with respect to a single twin experiment, removing stochas-
ticity concerns in the analysis of the twin experiment results.

The first two rows of colour-maps refer to assimilated and
non-assimilated variables for the SEIK filter. In each colour-
map, the time interval between assimilated observations in-
creases from left to right, while the different forgetting fac-
tor values decrease from top to bottom. The first line in
each colour-map, labelled “best”, represents the best result,
in terms of lowest RMSE, obtained among the set of tested
forgetting factors (i.e., the skill of the filters when optimally

2Computing the RMSE over the whole set of 400 experiments
is equivalent to computing the aggregated RMSE with the formula

+/ 4%.02?22 MSE;, where MSE; is the mean square error of the ith

experiment.
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tuned). The color scale is capped to an RMSE of 4, the cli-
matological standard deviation of the model, that represents
the threshold under which the filter performs a successful as-
similation.

The GHOSH experiments are summarized in the same
way in the 3rd and 4th rows of Fig. 4, while the last two
rows show the ratio between GHOSH and SEIK RMSE val-
ues, with red color indicating RMSE reduction of GHOSH
with respect to SEIK.

The column corresponding to the smallest ensemble size
(i.e., 7 members) is not shown, since in this case SEIK and
GHOSH behave very similarly, with very poor performances,
due to lack of capability of describing the system complexity
with an overly small ensemble size.

The yellow 15-member columns also show poor perfor-
mances in all configurations but, looking at the last two rows
of Fig. 4, the GHOSH RMSE is significantly better than
SEIK RMSE (red squares), specially for low values of for-
getting factor. In fact, while the GHOSH filter keeps the
RMSE around the climatological values, the SEIK filter is
more prone to numerical divergence ending up on trajecto-
ries far from the truth (see Fig. 5 for an example of diverging
behaviour).
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Figure 4. Result summary of 20-time-unit-long twin experiments:
each square in the colour-maps represents the aggregated results of
400 twin experiments, changing truth, observations and initial con-
ditions. The results are summarized with colour-maps aggregated
in six different rows, from top to bottom: SEIK RMSE of assimi-
lated variables, SEIK RMSE of non-assimilated variables, GHOSH
RMSE of assimilated variables, GHOSH RMSE of non-assimilated
variables, the ratio of GHOSH RMSE over SEIK RMSE of assim-
ilated variables, the ratio of GHOSH RMSE over SEIK RMSE of
non-assimilated variables (red color implies that GHOSH is better
than SEIK). Each column of colour-maps has different observation
frequency, with the numbers on the top indicating the time elapsed
between each observation/assimilation. Each colour-map shows dif-
ferent forgetting factors (Forget, along the y axis) and ensemble
sizes (EnsSize, along the x axis).

Considering the cases with 31 and 63 ensemble members,
the GHOSH filter produces a successful assimilation (i.e.,
achieving an RMSE smaller than the climatological standard
deviation, which is represented in yellow in Fig. 4) in almost
all configurations (except two yellow squares representing
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experiments without inflation in the case of observation in-
terval smaller than 0.15 time units). The SEIK filter instead
shows a more limited capacity to produce a successful as-
similation, as proved by a larger number of yellow squares
in Fig. 4. Remarkably, the GHOSH filter with 31 ensemble
members improves the state estimation error compared to the
climatological standard deviation of the model for every ob-
servation interval. The same is not true for the SEIK filter,
which achieves convergence (i.e., RMSE lower than the cli-
matological standard deviation, at least in its best forgetting
factor configuration) only for observation intervals shorter
than 0.2 time units.

Looking at the last two rows of Fig. 4, the GHOSH fil-
ter outperforms the SEIK filter in most conditions, up to a
3-times RMSE reduction. Furthermore, GHOSH is always
at least as good as SEIK. In the range of explored forget-
ting factors, the largest improvements (dark red, RMSE ratio
0.30) mainly occur when: (i) inflation is low (forgetting fac-
tor close to 1), (ii) a large amount of information is injected
into the assimilation scheme (i.e., high frequency observa-
tions, left side of Fig. 4), and (iii) the filter can take into ac-
count a high dimensional uncertainty subspace (i.e., the en-
semble size is large).

On the other hand, the comparison of each filter tuned with
its best forgetting factor (the “best” top line in each colour-
map) clearly shows that the GHOSH filter has considerably
better performance than the SEIK filter (up to an RMSE ratio
of 0.44) with a moderate number of ensemble members (31).
In case of maximum ensemble size the improvement is still
significant but less intense (up to 0.90 RMSE ratio).

The first four lines of Fig. 4 make evident that the GHOSH
filter, compared to SEIK, is less dependent on inflation,
reaching its best performance with a forgetting factor closer
to 1.

The skill of both filters is closely related with the observa-
tions frequency: the shorter the time between observations,
the higher the accuracy.

Finally, as expected, for both filters the skill is better on
assimilated variables than non-assimilated ones but, quite in-
terestingly, the RMSE ratio shows that the GHOSH advan-
tage over SEIK is slightly larger in all the non-assimilated
variables compared to the assimilated ones with the same
settings (up to 0.08 RMSE ratio improvement in the best for-
getting factor configuration, from 0.69 for assimilated to 0.61
for non-assimilated variables).

5.2 150-time-unit-long experiments

Similarly to the case of the 20-time-unit-long twin experi-
ments, the results of the 150-time-unit-long tests are summa-
rized in Fig. 6. Each small square reports the RMSE value
computed over a set of 100 experiments with different ran-
dom observations and initial conditions. In the top panel, the
5 colour-maps correspond to different time intervals between
observations, increasing from left to right. Each colour-map
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Variable 1
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Figure 5. Example of a single twin experiment, with SEIK (blue line) showing diverging behaviour: time between observations (green dots)
is 0.15, forgetting factor is 0.6, ensemble size is 31. Values over time of a non-assimilated (top) and an assimilated (bottom) variable.

shows, for assimilated and non-assimilated variables and for
different ensemble sizes, the RMSE of the SEIK filter. The
RMSE of the GHOSH filter is represented in the same way
in the middle panel, while the ratio of the GHOSH RMSE
over SEIK RMSE is shown in the bottom panel.

The longer experiments confirm the result obtained by the
shorter ones, with GHOSH performing better than SEIK in
every configuration. In particular, the improvement is max-
imum (0.51 RMSE ratio) in the case of 31 ensemble mem-
bers. Both filters show poor performance at 15 or fewer en-
semble members, and both of them achieve a good con-
vergence at the maximum ensemble size. In the case of 31
ensemble members, the behaviour of GHOSH and SEIK
differs when the observation interval is 0.25 time units or
longer, with GHOSH achieving a successful assimilation
(blue-green color) while SEIK performs worse than the cli-
matological error (yellow color).

The long-run experiments also confirm that the improve-
ment is slightly larger for non-assimilated variables than for
assimilated ones, scoring a better RMSE ratio (maximum ra-
tio improvement of 0.05) in almost all configurations.

Geosci. Model Dev., 19, 8321-8347, 2026

5.3 Computational cost

From the computational point of view, the whole experi-
ment set required around 9 computational hours. SEIK and
GHOSH schemes used 12% and 16 % of the total time
respectively, while the rest was devoted to model integra-
tion. Unexpectedly, the model integration time (averaged ev-
ery 100 twin experiments) when applying the SEIK filter is
sometimes longer than in the GHOSH filter case, up to twice
as long, depending on some settings and random factors. This
difference in computational time is more evident and occurs
more often when the forgetting factor is lower (i.e., when
the inflation is more pronounced). The reason can be under-
stood by looking at Fig. 5: in this experiment with forgetting
factor equal to 0.6, the SEIK filter presents an unstable and
diverging behaviour. When it happens, the SciPy’s solve_ivp
integrating routine reduces the time step size to ensure the re-
quired accuracy, which comes with longer integration time.
Due to the increase in integration time when the filter is not
converging, the percentage of computational time used by the
filters with respect to the total time greatly varies from case
to case, depending on the particular experiment parameters
and on filter convergence. On average, in our experiments on
the Lorenz96 model, the time to solution is dominated by the
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Figure 6. Result summary of 150-time-unit-long twin experiments:
each square in the colour-maps represents the aggregated results
of 100 twin experiments, changing observations and initial condi-
tions. The results are summarized with colour-maps aggregated in 3
different rows, from top to bottom: SEIK RMSE, GHOSH RMSE,
ratio of GHOSH RMSE over SEIK RMSE (red color implies that
GHOSH is better than SEIK). Each column of colour-maps has dif-
ferent observation frequency, with the numbers on the top indicat-
ing the time elapsed between each observation/assimilation. Each
colour-map shows, for assimilated and non-assimilated variables,
different ensemble sizes (EnsSize, along the x axis).

model integration and the difference between GHOSH and
SEIK only accounts for 4 % of the total time. This differ-
ence between the two filters is explained by the fact that the
GHOSH filter executes more operations than SEIK (mainly
an eigenvalue decomposition) resulting in more computa-
tional time even if the asymptotic computational complexity
of the two methods is the same (Sect. 3.1.6).

6 Discussion

The name “Gauss-Hermite high-order sampling hybrid fil-
ter” was chosen to indicate the two main features of this
novel filter. First, it is a hybrid filter, in the sense that the un-
certainty covariance matrix is obtained by averaging the en-
semble covariance and a parametric covariance matrix non-
depending on the ensemble, as described in, e.g., Carrassi
et al. (2018). Second, it exploits a novel sampling method
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based on a Gauss-Hermite-like quadrature rule to reach an
arbitrarily high (depending on the ensemble size) polynomial
order of approximation.

The latter feature introduces, to the best of our knowledge,
a completely new class of DA algorithms with an order of
approximation higher than 2. The advantage of moving to
a higher order of approximation has previously been doc-
umented in the literature, in particular Nerger et al. (2005)
compares order 1 algorithms (e.g., SEEK Pham et al., 1998)
and order 2 algorithms (e.g., SEIK Pham, 2001). The re-
sults of Sect. 5 confirm the expected benefits of the high-
order sampling adopted in the GHOSH filter. In particular, in
the Lorenz96 idealized and controlled conditions, the novel
method outperforms (up to 56 % lower RMSE) a typical
second-order method like SEIK and features higher stability
and better performance.

Thanks to the large number of settings tested in the
Lorenz96 twin experiment, it is possible to suggest the con-
ditions where the GHOSH filter considerably increases the
assimilation skill and reliability. Concerning the ensemble
size, the larger improvements occur when the dimension of
the uncertainty subspace spanned by the ensemble is large
enough to be representative. If the number of ensemble mem-
bers is too small, the assimilation simply fails independently
of the tested assimilation algorithm, but even in that case, the
GHOSH filter error is less detrimental than the SEIK error.
Moreover, it has been shown that the GHOSH increased ac-
curacy reduces instabilities and numerical divergence in our
Lorenz96 implementation (Fig. 5). This aspect is consistent
with the fact that a higher order of approximation helps to
manage nonlinearities (Nerger et al., 2005). GHOSH filter
showed a lower need for inflation with respect to SEIK, re-
moving one of the instability causes observed in the twin ex-
periment (Sect. 5). Indeed, in the twin experiment, a larger
number of instability cases were observed at lower inflation
values both for SEIK and GHOSH (one example with diverg-
ing SEIK is shown in Fig. 5). The lower need for inflation can
be also seen as a GHOSH’s improved capacity to take into ac-
count nonlinearity. Indeed, nonlinearity typically introduces
errors that are not considered by ensemble filters, which need
inflation to compensate for this uncertainty covariance under-
estimation (see e.g., Raanes et al., 2019; Bocquet et al., 2015;
Rainwater and Hunt, 2013). Finally, the GHOSH filter could
remarkably perform a successful assimilation even when the
SEIK filter is failing due to observation sparsity.

Even if a large number of settings have been tested in the
twin experiments, other Lorenz96 literature applications (see
e.g., Brajard et al., 2020; Fertig et al., 2007; Gharamti, 2018;
Grooms and Robinson, 2021; Grooms, 2022; Kirchgessner
et al., 2014; Lei and Bickel, 2011; Nerger, 2022; Scheffler
et al., 2022) tested ensemble DA methods applying differ-
ent conditions and strategies. In particular, longer time se-
ries, different observation operators or different state vector
dimensions have been considered. The shorter time series
in the first experiment phase in the present work (Sect. 4.4)
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are motivated by the aim to focus on comparing DA conver-
gence in the phase after the assimilation and not on long-term
convergence. Thanks to this approach, our results provide
information for possible realistic applications of GHOSH
in geoscientific operational simulations. In this framework,
the shown initial fast convergence of the GHOSH filter is
strongly beneficial to improve the simulation accuracy on
temporal scales of interest.

In addition to a higher polynomial order, the GHOSH filter
features a resampling taking place twice per step. Ensemble
Kalman-like filters usually adopt an interpolation strategy by
applying the observation operator directly to the Xf ensemble
of the states after the model evolution (see Eq. 28). However,
this strategy might lead to inaccurate estimations because the
covariance matrix Q; of Eq. (31) is not taken into account in
the interpolation. For this reason, if Q; is not zero, GHOSH
applies the observation operator to a new ensemble, resam-
pled between the forecast and analysis phases (Fig. 2). In this
way, Q; is taken into account and, especially in the case of
a nonlinear observation operator, the high order of the sam-
pling method is exploited to improve the accuracy of the pro-
jection into the observation space (as in Part 2, Spada et al.,
2026).

The statistical moments pu in Eq. (2) are key hyper-
parameters that describe the uncertainty pdf moments for
orders higher than 2. In our experiments we used the mo-
ments of a Gaussian distribution, but it is worth noting that
the GHOSH algorithm does not enforce this choice and other
pdfs could be used. However, Kalman filter analysis equa-
tions somehow prescribe a Gaussian approximation, thus
the GHOSH filter keeps a link to Gaussianity, even if the
GHOSH sampling does not. Interestingly, other filters, like
Hodyss (2011), try to overcome this limitation and could rep-
resent good candidates to study the effects of a non-Gaussian
GHOSH sampling.

The scaling matrix A; used in the sampling procedure
plays an important role in the filter, since A; defines how
variables are compared to each other in the computation of
the most relevant components of the state uncertainty (Eq.
7). In the Lorenz96 case, it is straightforward to set A; equal
to the identity matrix, since each variable is equivalent to any
other. In more complex applications, A; should be carefully
designed to focus on the variables relevant for the processes
of interest (see also Spada et al., 2026, for a non-identity A;
and further discussion).

In the present implementation, the GHOSH filter derives
the uncertainty subspace basis (Eq. 17) using a T matrix (Eq.
18) inherited from the SEIK filter. This is an advantage from
the computational point of view, but ensemble members af-
ter the resampling may be very different from the original en-
semble. For this reason, in some applications issues can arise,
for instance, in the case of the physical balance constraints.
As a solution, Nerger et al. (2012) propose a filter (the er-
ror subspace transform Kalman filter, ESTKF) that, during
the analysis step, minimizes the unnecessary changes to the
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forecast ensemble, and such approach can also be applied to
the GHOSH filter algorithm by choosing an appropriately de-
signed T matrix. However, differently from the ESTKF case,
the T matrix should change at every forecast to take into ac-
count GHOSH projections onto the principal components of
the uncertainty subspace, introducing an additional complex-
ity layer to the newly presented GHOSH filter. Thus, given
the additional complexity of the ESTKF approach and con-
sidering that: (i) its effects are less important if the state vec-
tor does not strongly need to preserve specific nonlinear con-
strains; (ii) Nerger et al. (2012) showed that, in Lorenz96,
SEIK with random rotation (adopted also in GHOSH) is as
good as ESTKEF; in the present work we limited to adopting
a GHOSH filter that relies on a SEIK-like approach.

Compared to other ensemble filters, the key feature of the
GHOSH filter is the higher polynomial order of its sampling
method. The advantage of a higher order is not limited to a
better estimation of the mean state (Appendix A) but it ex-
tends to the covariance matrix of the uncertainty probability
distribution. In fact, the polynomial order in the estimation
of the covariance matrix is half the order of the mean (not
shown). Since the covariance matrix is involved in the state
estimation, the more accurate GHOSH results shown in Sect.
5 can be partly related to an improvement in the approxima-
tion error affecting the uncertainty covariance matrix. More-
over, it is worth noting that a higher order of the sampling
positively impacts the approximation of the nonlinearity of
the model independently of its Gaussianity. The examples in
Appendix C show how moments of order higher than two
can affect a sampling of a Gaussian pdf. In fact, even if its
first two moments completely characterize the distribution,
the sampling needs to also match the higher moments to pro-
duce an ensemble capable of achieving an order of approxi-
mation higher than two.

Similarly to other ensemble filters, a weighted ensemble is
used in the GHOSH filter. However, the GHOSH filter dif-
fers substantially from the particle filter (e.g., van Leeuwen
et al., 2019) and from other types of weighted ensemble fil-
ters, e.g., Hoteit et al. (2008) and Stordal et al. (2011). In the
listed filters, weights (representing likelihood) change over
time, while particles remain the same (and strategies are ap-
plied to resample the particles when weights “collapse”, e.g.,
van Leeuwen et al., 2019). In the case of GHOSH, the ensem-
ble is used to estimate specific moments and then resampled
to keep the weights constant in time, because those weights
have specific desired properties that help reduce the error of
the mean estimation. In this, GHOSH has similarities with
the nonlinear ensemble transform filter (Todter and Ahrens,
2015), which does a resampling to keep the weights constant
but, differently from GHOSH, with uniform weights and a
second-order sampling procedure.

Finally, the asymptotic computational complexity of the
GHOSH filter (Sect. 3.1.6) is comparable to second-order
deterministic filters (e.g., SEIK, ETKF). In our experiments
(Sect. 5.3), GHOSH showed an increased computational time
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with respect to SEIK (on average, 4 % of the total computa-
tional time), mainly due to the GHOSH filter’s eigenvalue
decomposition. However, it is worth noting that the cost re-
lated to the eigenvalue decomposition only depends on the
number of ensemble members, affecting the O (r3) part of
the full GHOSH complexity O (r3 + (N +n) rz). As such,
the eigenvalue decomposition is an important term if N +n
(i.e., the sum of the dimensions of model and observations)
is small (in our experiments on the Lorenz96 model it is
smaller than 100), but becomes orders of magnitude less rel-
evant in a realistic geoscience application, where degrees of
freedom can be of the order of the millions and above. More-
over, while the model integration time and the filter compu-
tational time are still comparable in our experiments (12 %
and 16 % for SEIK and GHOSH respectively), in a realistic
application this will not be the case. Indeed, the filters com-
putational complexity shows that filter computational time
grows linearly with model dimension and the same holds for
the Lorenz96 model that, however, is orders of magnitude
less complex and computationally expensive than a realistic
geoscience model. This is consistent with results obtained in
a companion paper (Spada et al., 2026), where the GHOSH
filter computational time in a realistic application accounts
for less than 1 % of the total computational cost.

In summary, the benefits of the higher order offered by the
GHOSH filter rely on a mathematical advantage with limited
impacts on computational effort. In fact, GHOSH allows the
exploitation of the degrees of freedom in the randomness of
the sampling process, choosing ensembles that have a better
consistency with the uncertainty distribution.

7 Conclusions

This work introduces two novel ensemble strategies: a sam-
pling method (the high-order sampling) and an ensemble hy-
brid DA filter (GHOSH). Exploiting the high-order sampling,
the GHOSH filter features a higher order of approximation
compared to other ensemble filters, which resulted in better
data assimilation performance.

Based on the results of the present work, the order of an
ensemble method can be one of the proxies for filter skill,
as shown by comparing SEIK (order 2) with GHOSH (order
higher than 2).

While increasing the order usually involves increasing the
number of ensemble members (and consequently the com-
putational cost), the GHOSH approach keeps the same com-
putational complexity and number of ensemble members as
SEIK or ETKF and exploits the advantage of a higher order
only where the approximation errors are larger.

In this work the validation and implementation of the
GHOSH filter is limited to the Lorenz96 idealized setting,
while the feasibility in a realistic geophysical application has
been assessed in a companion paper (Spada et al., 2026)
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by testing a 3D parallel implementation of a Mediterranean
physical-biogeochemical model.

The improvements of the GHOSH filter (in its non-hybrid
version) with respect to the SEIK filter are demonstrated in
an extensive set of twin experiments based on the Lorenz96
model. The GHOSH filter showed an improved capacity to
take into account nonlinearities through a lower need for in-
flation with respect to SEIK, along with the capability of
performing a successful assimilation even when observation
sparsity was causing SEIK to fail. In every configuration,
the GHOSH filter proved to be as good as SEIK or better.
Considering each filter tuned with its optimal forgetting fac-
tor, the GHOSH filter significantly improved the assimilation
skill with respect to SEIK, achieving its best RMSE reduc-
tion (56 %) in the setting with moderate ensemble size (31
members).

Appendix A: High-order sampling

Sampling a limited number of ensemble members that effec-
tively represent the uncertainty of the state estimation is a
crucial part of any ensemble algorithm. The GHOSH filter
uses multi-dimensional Gauss-Hermite-like quadrature rules
to choose the ensemble members, achieving a high polyno-
mial order of convergence.

The core idea behind the GHOSH sampling can be proved
by taking two independent random variables with the same
moments up to a certain order /. Thus, they have the same
mean after applying any polynomial function of degree at
most 4. In fact, given a probability density function (pdf) p :
RS — R, if 7 :R®* — R is a polynomial function such that

h s . .
Jloes
F@=foty > (AD)
E=1j1,....jg=1
where s is the space dimension, féjl """ % are the polynomial
coefficients and x1, ..., x; are the entries of x, then the mean
‘T’

?:/f(x)p(x)dx:
R(‘

h s K X X
=f0+22...Zfé“""’k/le~~~xj$p(x)dx, (A2)
Jje=1

g=1ji=1 Re

depends only on the first # moments of the pdf p, which are
represented by the last integral in Eq. (A2).

This proves that the mean of an operator can be computed
exactly up to a certain order & by substituting the sampled
probability distribution with any discrete finite probability
distribution (such as a weighted ensemble) as long as their
moments match (up to order /).

In order to build an ensemble with this property, the
moment-matching equations are summarized by the nonlin-
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ear system
r+1
D Ejm e X = Wy e (A3)
m=1

with one equation for each & €{0,...,h} and for each

Ji,enje€e{l, ., s)

In the system (A3), x; ,, is the jth entry of the mth en-
semble member, r + 1 is the ensemble size, w,, > 0 are the
weights and pj, . ;. are the statistical moments of p, i.e.,

,,,,,

Mji,.nje = /le"'xjsp(x) dx. (A4)
RS

The system is solved considering x; ,, and w,, as the un-
knowns, while p can be taken uncorrelated, normalized and
with 0 mean without loss of generality. In fact, the ensem-
ble matrix X = (x i m) (which contains in its columns the en-
semble members with 0 mean and covariance matrix equal to
the identity matrix I;) can be transformed into the ensemble
matrix X with arbitrary mean ¥ and covariance matrix LL”
through the projection

X =¥11x(+1) +LX, (A5)

where 1,41y is a matrix (of the subscripted size) filled
with ones.

As an example, in the special case of the standard normal
distribution, i.e., p(x) = ¢ (x) is the pdf corresponding to
N (0,1y), the moments 1 j, je are given by

.....

f xif kg () di =

RS
kq! . k! if all exponents k;
] ’ are even numbers;
— \/Ekl (%") ﬁlﬂ (%") (A6)
0, otherwise.

Furthermore, the solutions x; ,, and wy,, are the nodes and
weights of the Gauss-Hermite quadrature rule, which in-
spired the name of the filter. However, it is worth not-
ing that the following is independent of the chosen pdf
(as long as it is rotational invariant after normalization and
de-correlation, which is later required to avoid solving the
moment-matching system at every resampling).
In general, by applying to system (A3) the substitution

2
Wm = VUm
Um,j (A7)
Xjm = """,
Um
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the weights are naturally forced to be positive, and the system
can be conveniently rewritten as

= e (A8)

which, in the case of order 4 = 2, can be expressed in matrix
form as

T
(v ‘ Slh><v ‘ Slh>=1s, (A9)
where v € R"H! is the column vector with entries v,, and Q"
isan (r + 1) x s matrix with entries uy, ;.

Note that Eq. (A9) can be solved for any unit vector v
and for any value of s <r. If constant weights are chosen
and s = r, then this method is equivalent to the second-order
exact sampling of the SEIK filter (Pham, 2001), which leads
to, in the formalism of Eq. (AY),

— [/ A—"
X=X11x¢+1) + L2 W2, (A10)
where W = diag (w) is the (r + 1) x (r 4+ 1) diagonal matrix
of weights.

In general, if 2 > 2, s must be lower than r to obtain a
solution to system (A8). The obtained s-dimensional ensem-
ble can be extended to an r-dimensional one: its projection
on the s-dimensional subspace defined by the first s entries
will retain order /4, while the remaining components are sam-
pled with order 2. This is achieved by starting from v and
Q" given by a particular solution of system (A8). Then, ex-
ploiting symmetry and rotational invariance, randomness is
added to avoid biases by multiplying 2" by any random s x s

orthogonal matrix ™. Finally, the (r + 1) x (r — s) matrix
Q@1 is chosen to fulfil

T
<v ‘ Q' gmd ‘ QL).

~<v ‘ Q" qmd ‘ szi)zlm. (A11)

A procedure for randomly building or completing orthogonal
matrices is described in Appendix B.
The sampling matrix €2 is defined as

sz:( Q" qmd ‘ Q-+ ) (A12)

Now the columns of QTW_% represent an r-dimensional en-
semble of order / in the first s dimensions and order 2 in the
last » — s dimensions. Equation (A10) needs to be modified
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to properly project the higher order subspace onto the prin-
cipal components of the covariance matrix LL” . Such com-
ponents, ordered by relevance, are the columns of the matrix
LCT, where C is a r x r orthogonal change-of-basis matrix
such that
L"A~'L=CTEC. (A13)
In the last equation, the right-hand side is an eigenvalue de-
composition of the left-hand side, with E being an r x r diag-
onal matrix of eigenvalues in descending order and A being
an appropriate N x N matrix. The purpose of A has already
been discussed in Sect. 2.2.

The eigenvalue decomposition is performed to produce a
PCA of the uncertainty represented by the ensemble. In fact,
the C matrix induces a change of basis such that the principal
components are on the left side of the matrix product LC” .

This is compliant with the ensemble stored in QTW_% , and
the sampling is finally obtained by

X =¥, p1) +LCTR W2, (Al4)

Appendix B: Orthogonal matrices

The GHOSH sampling algorithm requires the random gen-
eration of orthogonal matrices, as in the case of Slmd, or to
complete a set of orthonormal vectors to form an orthogonal
matrix, as in the case of 1 (Egs. 4 and A11). Algorithms to
sample such matrices have been discussed in literature (e.g.,
Pham, 2001; Nerger et al., 2012). Here we propose the al-
gorithm that we have implemented in the provided python
code.

Given a m x (m —s) matrix 7, the columns of which
are a set of (m —s) orthonormal vectors in R”, we want to
randomly sample a m x s matrix %, such that the m x m
matrix 2 defined as

sz::( Q= ‘ szL> (B1)

is an orthogonal matrix.

To do so we proceed in an iterative way, building 2 col-
umn by column. Thus, the problem reduces to producing
a random vector w € R™ orthonormal to the columns of a
given 7. This can be done through the following steps:

1. extract a random unitary vector u € R, i.e..

a. generate a column vector v € R” by extracting m
random numbers from a standard normal distribu-
tion (i.e., 0-mean and unitary variance), one for
each entry of v;

. v
b. normalize v to get u =

vTy
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2. decompose u = u=+u", with the first term lying in the
subspace generated by the columns of 2~ and the last
term in its orthogonal subspace, i.e.:

u= == () u,
ut=u— u—;

uL

()" ut
The vector w has unitary norm and it is orthogonal to 27
as u'. The next columns of &+ are computed in the same
manner, after adding w as a new column of 7.

This algorithm also covers how to generate a random or-
thogonal matrix from scratch. In fact, if s = m, then @ = Ql

and the first computed column of -+ is w = ut = u.

3. normalize u' to obtain w =

Appendix C: Examples

The aim of this appendix is to help the reader understand the
concept of hth-order of approximation by presenting some
simple examples of ensembles with a certain order of ap-
proximation 4. The examples are organized by the space di-
mension r. In all the examples the ensemble members, noted
as Py, P», ..., are points of R", and the target pdf, the mo-
ments of which are matched up to order £, is the standard
normal distribution.

C1 Dimensionl1 (r=1)

The target pdf is the one-dimensional standard normal distri-
bution NV (x; 0, 1). According to Eq. (A6), the moments char-
acterizing the pdf are:

the first moment (mean): p, = 0,

the second moment (variance): u,> =1,

the third moment (skewness): u,3 =0,

the fourth moment (kurtosis): u 4 = 3,

the fifth moment: p,s =0, ...

C1.1 Second-order ensemble (2 = 2) with 2 members

Pi: x1=1;

Py: xp=-1. (€D
The ensemble first moment (mean) is:

1 1
5(}61 ~I—xz)=5(1+(—1))=0- (€2)
The ensemble second moment (variance) is:
§<x1 +x2)_§(1+1)—1. (C3)

Thus, the ensemble P, P, matches the moments of the tar-
get pdf up to order 2.
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C1.2 Third-order ensemble (2 = 3) with 2 members

The present example uses ensemble (C1) of the previous ex-
ample.

In one dimension, the ensemble of order 2 is also an en-
semble of order 3. The same does not happen for higher di-
mensions.

The ensemble third moment (skewness) is:

1 1
§(x13+x23) =S+ (=1)=0. (C4)

Thus, the ensemble P, P, matches the moments of the tar-
get pdf up to order 3.

C1.3 Fifth-order weighted ensemble (2 = 5) with 3

members
Pi: x1=4/3, w1=%;
Pr: x= —«/g, wy = %; (C5)
P3: X3=0, w3=§.

The ensemble first moment (mean) is:

1 1 2
w1x]+woxo+w3x3z = 6\/§+g . (—\/§> +§ -0=0. (C6)
The ensemble second moment (variance) is:
wix1” + warx2” + wix3 26-3—}-6-34—5-0:1. (ChH
The ensemble third moment (skewness) is:

w1x13 + w2x23 + w3x33 =
1 3 1 32
-3 +_.(_¢§) +Z.0=0. (C8)
6 6 3
The ensemble fourth moment (kurtosis) is:

wixX] +woxy + wixz 26-9—}-6-94—5-0:3. (C9)

The ensemble fifth moment is:

wix1® + wxo® + waxy® =

=é.«/§5+é~(—«/§)5+g-0=0-

3 (C10)

Thus, the ensemble P, P,, P3 matches the moments of the
target pdf up to order 5.

C2 Dimension 2 (r =2)

The target pdf is the two-dimensional standard normal dis-
tribution NV (x; 0,1). According to Eq. (A6), the moments
characterizing the pdf are:

— the first moments associated to x (i.e., the mean along
x) iy =0and to y (i.e., the mean along y) uy =0,

Geosci. Model Dev., 19, 8321-8347, 2026

— the second moments associated to x?2 (i.e., the vari-
ance along x) u,2 =1, to y? (i.e., the variance along
y) M2 = 1, and to xy (i.e., the covariance between x
and y) Mxy = 0,

— the third moments associated to x3 ne3 =0, to x2y
My2y =0, to xy? Myy2 =0, and to y3 pys =0,

— the fourth moments associated to x* M =3, to X3y
My3y =0, to x2y? My2y2 =1, to xy3 Myys =0, and to

¥ e =3,

— the fifth moments associated to x> Hes =0, to xty
Myty =0, t0 x3y? Hy3y2 =0, to x2y3 Hy2y3 =0, to xy?
Myys =0, and to y? Mys =0, ...

C2.1 Second-order ensemble (h = 2) with 3 members

Py (xi,y)= @—4)
Py (x2,y2) = —\/5,—4);

P3: (x3,y3)= (0, ~/§>

This ensemble has the shape of an equilateral triangle. It is
one of the most common second-order ensembles sampled by
deterministic sampling methods like SEIK’s second-order-
exact sampling (Pham, 2001).

The ensemble first moment associated to x (i.e., the mean
along x) is:

: ! 3 \/g 0)=0 CI2
@At =s(y5+| /5] +0)=0. (CI2)

The ensemble first moment associated to y (i.e., the mean
along y) is:

(C11)

1
§(y1 +y+ty)=

:l(_‘/—§+( ﬁ)+~/§)=0. (C13)

3\ 2 "\ 2

The ensemble second moment associated to x? (i.e., the vari-
ance along x) is:

1 5 ) 2) 1/3 3
3<X1 +x27+x3 G (C14)
The ensemble second moment associated to y2 (i.e., the vari-
ance along y) is:

1 1/1 1
—<Y12+y22+y32>=—(—+—+2> =1.

C15
3 3\2 2 (€15
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The ensemble second moment associated to xy (i.e., the co-
variance between x and y) is:

1
3 (x1y1 +x2y2 +x3y3) =

LB C9)

+0- ﬁ) —0. (C16)
Thus, the ensemble P, P,, P3 matches the moments of the
target pdf up to order 2.

Observe that any symmetry or rotation applied to this en-
semble (i.e., applying an orthogonal transformation to the
members) preserves its order.

C2.2 High-order sampling ensemble with 3 members,
h = 3 along the first dimension

The present example uses ensemble (C11) of the previous
example.

This particular second-order ensemble has order 3 along
the x-axis. In general, this is no longer true if you apply any
rotation (or symmetry) to the ensemble.

The ensemble third moment associated to x3 is:

1
—(x13+x23+x33) _

3
3 3

_l > + > +0] =0

3 2 2 -

Thus, the ensemble P, P,, P3 matches the moments of the
target pdf up to order 3 along the x-axis, and up to order 2
elsewhere.

(C17)

C2.3 High-order sampling ensemble with 3 weighted
members, 2 = 5 along the first dimension

P (X1,)’1)=(«/_,—x/§),
Ps: (X2,y2)=<—x/_,—\/§), w2
P3: (x37y3)=<0, 4)

Compared to the previous example, this ensemble uses
weighted members to achieve a higher order of approxima-
tion (5 instead of 3) along the x-axis. In fact, looking at the x-
coordinate of the ensemble members (i.e., projecting on the
x-axis), it results in the same ensemble as Eq. (C5). Thus,
it only remains to verify the moments involving also the y
direction.

The ensemble first moment associated to y (i.e., the mean
along y) is:

£
[

WIN A= =

; (C18)

(S
(98]
I

wiyr +way2 +w3ys =

:é.(—ﬁ)+é.(_\/§>+§.\/§=0.

- (C19)
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The ensemble second moment associated to y2 (i.e., the vari-
ance along y) is:

=1. (C20)

N =
N =

w1y +wayr® + wiys® =

The ensemble second moment associated to xy (i.e., the co-
variance between x and y) is:

WX1Y1 + waXx2y2 + w3x3y3 =
“§ () () ()
=0. (C21)

Thus, the ensemble P, P;, P3 matches the moments of the
target pdf up to order 5 along the x-axis, and up to order 2
elsewhere.

C2.4 Third-order ensemble (2 = 3) with 4 members

P: (xl,yl)z(ﬁ,0>;
Py: (x2.y0) = (-2 O);
P3: (x3,y3) = 0,«/§>;
Py: (x4,y4) =10, —«/5).

(C22)

This square-shaped ensemble uses 2r members to achieve the
third-order.

The ensemble first moment associated to x (i.e., the mean
along x) is:

‘1—‘()61 +x2+x3+x4) =
:%(ﬁ+<—\/§)+o+o)=o. (C23)

The ensemble first moment associated to y (i.e., the mean
along y) is:

1
Z(y1+yz+y3+y4)=

=%(0+0+\/§+<—\/§))=0- (C24)

The ensemble second moment associated to x2 (i.e., the vari-
ance along x) is:

Lo o, 2, 2, 2_1 _
2 X17+x2"+x3" 4+ x4 —4(2+2+0+0)—1. (C25)

The ensemble second moment associated to y2 (i.e., the vari-
ance along y) is:

1 1
Z(y12+y22+y32+y42) =, 0+0+242) =1 (C26)

Geosci. Model Dev., 19, 8321-8347, 2026



8342

The ensemble second moment associated to xy (i.e., the co-
variance between x and y) is:

1
1 (x1y1 +x2y2 + X33 +x4y4) =

= (V2o (-v2) 0t

+0-V2+0- (-v2)) =0. (€27)
The ensemble third moment associated to x3 is:
1 3 3 3 3\ _
1 (xl +x27 +x37 + x4 ) =
1 3 3
=2 ((ﬁ) +(-v2) +0+0> =0. (C28)
The ensemble third moment associated to x2y is:
l (x 2 2 2 2. _
At YIi+x2"y2+x37y3+x4"ys ) =
1
=Z(2-0+2.0+0-J§+0.(—ﬁ))=0. (C29)
The ensemble third moment associated to x y? is:
1 2 2 2 2\ _
I (xlyl +x2y2” +x3y3° +x4y4 ) =
1
= (V2:0+(=v2)-0+0240-2)=0.  (C30)
4
The ensemble third moment associated to y? is:
1 3 3 3 3\ _
Z(}’l + Y27+ 37+ y4 )—
1 3 3
:Z<o+0+<«/§) +(—f2) ):0. (C31)

Thus, the ensemble P, P,, P3, P4 matches the moments of
the target pdf up to order 3.

C2.5 Third-order weighted ensemble with 4 members,
fifth-order along the first dimension

Pi: Gryn=(v30),  w=k
Py: (x2,y) = —\/5,0), wy =&
P3: (x3,y3) = <0\/§) w3 = % (C32)
Py: (X4,y4)=(0,— %) ws= 1%

This ensemble extends ensemble (C5) to two dimensions. In
fact, looking at the x-coordinates, it results in the same en-
semble as Eq. (C5) after summing the weights of P3 and
P, collapsing in the same point on the x-axis. Differently
from ensemble (C18), which also extends ensemble (C5), it
achieves order 3 by using 4 members instead of 3. This is not

Geosci. Model Dev., 19, 8321-8347, 2026
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considered a high-order sampling ensemble, since high-order
sampling produces ensembles with » 4+ 1 members, as in the
case of ensemble (C18).

Since the moments along the x-axis are already checked
for ensemble (C5), it only remains to verify the moments in-
volving the y direction.

The ensemble first moment associated to y (i.e., the mean
along y) is:

w1yl + w2y2 + w3y3 + ways =

—10+10+1\/§+1 =0 (©»
6 6 3 V2 '3 2]

The ensemble second moment associated to y2 (i.e., the vari-
ance along y) is:

wiy1? + waya? + ways? + ways® =

1 1 1 3 13
=5t 0337327
The ensemble second moment associated to xy (i.e., the co-
variance between x and y) is:

1. (C34)

wix1y1 + w2x2y2 + wW3X3y3 + Waxq4ys =

=é-ﬁ-o+é~(—¢§)-o+

+10 3+10 > =0 (C35)
3 23 2] 7
The ensemble third moment associated to x2y is:
wix 1y + waxa?ys + wsxays + waxg’ys =
_1 3-0+ ! 3.0+
6 6
+10\/§+10 > =0 (C36)
3 23 2)
The ensemble third moment associated to x y? is:
wix1y1” + waxays” + w3xzys® + waxgys® =
1 1
== V304 (=3) -0+
6 6
+1O3+103—0 (C37)
323 2 7
The ensemble third moment associated to y? is:
wlyl3 + wzyz3 + w3y33 + w4y43 =
1 1 1 3 ’ 1 3 :
=—.04—--04—- b |-/ ) =
soreons (i) 5 (45)
=0. (C38)

Thus, the ensemble P, P,, P3, P4 matches the moments of
the target pdf up to order 5 along the x-axis, and up to order
3 elsewhere.
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C2.6 Fifth-order weighted ensemble (2 = 5) with 7
members

Pl: (xlvyl):(\/gyl), wlzé’
P2: (x27y2):<\/§»_1), u}2:1—12;
P3: (x37y3)= _\/g, 1), w3=é;
1 (C39)
P4: (X4v}’4): _\/g,_l>, w4:ﬁ’
Ps: (xs.y5)=(0.2), Szﬁ
Ps:  (x6,y6) = (0,-2), 62%_2-
P7: (x77)’7)=(0,0), w7 = 3.

This hexagon-shaped ensemble uses its 7 weighted members
to achieve the fifth-order. Looking at the x-coordinate of the
ensemble members (i.e., projecting on the x-axis), it results
in the same ensemble as Eq. (C5) by summing the weights of
points with the same projection.

The ensemble first moment associated to x (i.e., the mean
along x) is:

w1x1+w2xz+ A wrxy =
= — f+— f+— (- )

+i (—«/§)+— 04— .042.0=0.

(C40)
12 12 12 2

The ensemble first moment associated to y (i.e., the mean
along y) is:

wiyr+w2y2 +...+wryr =

—11+1(1)+11+1(1)+
12 12

+L +1(2)+ 0=0.
277712

(C41)
The ensemble second moment associated to x2 (i.e., the vari-
ance along x) is:

2 2 2
wix1” F w2+ ... Fwix7” =

! 3~|—1 3+1 3+1 3+1 -0+
12 12 12 12 12

—O —0—1
+12 +

(C42)
The ensemble second moment associated to y2 (i.e., the vari-
ance along y) is:

w1y12 +w2y22 +.--+w7y72 =

1 1

LI P PN LIS
p ittt
1 1 1

+— 4+ —44-.0=1.

C43
12 12 2 (C43)
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The ensemble second moment associated to xy (i.e., the co-
variance between x and y) is:

wix1yr +wexay2 + ... Fwyx7y7 =

1f1+—f(1)+

1
1 1
+ 55 (-v3) 14 55 (-v3) -+
I I I
— 024 -—0-(=2)+-0-0=0. Cc44
t5 02+ 50 (=2 +7 (Ca4)

Given the comparably high number of moments to be
matched, it could be useful here to introduce a result that
relieves from checking some moments. In fact, if a zero-
mean ensemble is symmetric (i.e., if P is a non-zero ensem-
ble member then also — P is an ensemble member with the
same weight), then all the odd moments are zero. It can be
easily shown by noting that any couple of symmetric mem-
bers adds zero to the moment calculation, since both of the
members produce the same quantity but with opposite sign.

The ensemble (C39) is symmetric, then it remains only to
prove that fourth-order moments match the moments of the
pdf.

The ensemble fourth moment associated to x* is:
w1x14 + waz4 +...+ 1,()7)674 =

1 1 1 1
=—94+—-9+—-94+—-9
12 +12 +12 +12 +

+l 0+l 0+10 3.
12 12 2

The ensemble fourth moment associated to x3y is:

(C45)

3 3 3
WiX1"yr +wax2"y2 + ... wyxyTyr =

() g () e

+11—2 (—ﬁ)3 -1+$-(—«/§)3-(—1)+

1 1
— 024 —-0-(=2)+--0-0=0. 4
+120 +120( )+20 0 (C46)

The ensemble fourth moment associated to x2y? is:

2.2 2.2 2.2
WIX1“y1” Fwex2" 2" . wrxyTyrT =

——31 —31 —31
12 +12 +12 +
+131+104+104+1OO—1
12 12 12 2 '

The ensemble fourth moment associated to xy? is:

(C47)

w1X1y13+w2xzy23 +...+w7x7y73 =
1 1
=E-ﬁ-1+—-ﬁ~(—1)+

i () 1 () b
+i08+i0(8)+100 0.

C48
12 12 (C48)
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The ensemble fourth moment associated to y* is:

w1y14 + wzyz4 +...+ w7y74 =
1

1 1 1 1
=— lt— 1t —l4+—1+—-16
ottt it ot

1 1
— 16+ --0=3.
+ +5

2 (C49)

Thus, the ensemble P, P,, P3, P4 matches the moments of
the target pdf up to order 5.

C3 Dimension 3 (r =3)

The target pdf is the three-dimensional standard normal dis-
tribution A/ (x; 0, I3). According to Eq. (A6) and similarly to
previous cases, the moments characterizing the pdf are:

— the first moments: pu, =0, ny=0,and u, =0,

— the second moments w2 =1, w2 =1, w2 =1, pyy =
0, tx; =0,and uy, =0, ...

C3.1 High-order sampling ensemble with 4 members,
h = 3 along the x y-plane

Py (xi,y1,21) = «/5,0,—%);
Py: (x2,y2,22) = —ﬁ,o,—%);
P3: (x3,y3.23) = (0.V2, %)
Py (x4,y4,24) = (0,—\/5,%),

This tetrahedron-shaped ensemble is a second-order ensem-
ble. It is one of the many possible outcomes of the SEIK’s
sampling (Pham, 2001) but, differently from other second-
order ensembles, the specific orientation of this ensemble
produces a square-shaped projection of its members in the
xy-plane. In fact, this ensemble is an extension to three di-
mensions of the third-order ensemble (C22), which has mem-
bers with the same x and y coordinates.

The moments in the xy-plane are already checked for en-
semble (C22). Here it remains to check moments involving
z.

The ensemble first moment associated to z (i.e., the mean
along z) is:

(C50)

1
Z(ZI+Z2+Z3+Z4):

SN

The ensemble second moment associated to z2 (i.e., the vari-
ance along z) is:

(C51)

1
Z<Z12+122+Z32+Z42)=
1 1+1+1+1 _
T4\4 4 4 4) T
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The ensemble second moment associated to xz (i.e., the co-
variance between x and z) is:

1
1 (X121 + X222 + X323 + Xa24) =

:i(ﬁ. <_%)+(—ﬁ).(_%)+

1 1
0-—+0-=]=0. C53
0.1+ 2) (C53)

The ensemble second moment associated to yz (i.e., the co-
variance between y and z) is:

1
1 121+ y2z2 + y323 + yaz4) =
1 1 1 1
——{o- (== 0-( == -
(0 (53) o () e e
1
() )=
2
Thus, the ensemble P, P,, P3, P4 matches the moments of
the target pdf up to order 3 in the xy-plane, and up to order 2
elsewhere.

The present ensemble is represented in the first two panels
of Fig. 2.

(C54)

C3.2 High-order sampling ensemble with 4 weighted
members, 2 = 5 along the x dimension and 2 =3
along the x y-plane

Py: (X1,y1,21)=(ﬁ,0,—ﬁ), W1=é;
P2 (22 =(—v3.0.-v2), wr={:

C55
P3: (x3,y3,23) = |0, %4) wsy = 1; (C55)
P Gaonao = (0-/38) we

This ensemble extends ensemble (C32) to three dimensions.
In this way, it keeps the third-order in the xy-plane and the
fifth-order along the x-axis. It only remains to prove the
matching of moments involving z.

The ensemble first moment associated to z (i.e., the mean
along z) is:

w1Z1 + w22 + w3z3 + w4az4 =

7
)
%-‘/;:0. (C56)

The ensemble second moment associated to z2 (i.e., the vari-
ance along 7) is:

w1212 + szz2 + w3Z32 + w4z42 =

1 1 111
=— 24— 2+ c+=--=1

o= Cs7
6 "6 "3 2732 (©57)
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The ensemble second moment associated to xz (i.e., the co-
variance between x and z) is:

W1X12] + WaX222 + W3X323 + W4X424 =
1 1
=g~¢§-(—ﬁ)+g~(—ﬁ)-(—ﬁ)+
1 V2o V2
.04 _.0-~Z==0.
+3 2 +3 2

The ensemble second moment associated to yz (i.e., the co-
variance between y and z) is:

(C58)

W1Y121 + W2y222 + W3Yy323 + W4 Y424 =
1 1
S0 (V0 (VD)

1 3 V2 1(_ 3>_¢_§_0
- =0.

3V2 273

5 (C59)

Thus, the ensemble P, P,, P3, P4 matches the moments of
the target pdf up to order 5 along the x-axis, up to order 3 in
the xy-plane, and up to order 2 elsewhere.

The present ensemble is represented (not in scale) in Fig.
2.

C4 Arbitrary number r of dimensions: third-order
ensemble (2 = 3) with 2r members

Pi: (x11,%20,.00 Xn1) = (J7.,0,0,...,0);

P_i: (x1-1.%2-1,..0 X—1) = (=4/r,0,0,...,0);

Py (x1,2 ,xzrz,...,xryz) = (0,ﬁ,0,...,0);

Py (x1,-2.,%2,-2,...%,—2) = (0,—/7,0,...,0); (C60)
Po: (X1 X2 Xrr) = (0,0,...,0, /7);

P_,: (xl’,, S X2y enes Xpi—p = (0,0,...,0, —ﬁ)

This symmetric ensemble has 2r members. Thanks to the
result presented in Sect. C2.6, the odd moments are zero.
Also the covariances between different variables must be
zero, since every ensemble member has only one non-zero
entry. Finally, it only remains to prove that variances are
equal to 1.

The ensemble second moment associated to the ith dimen-
sion (i.e., the variance along x;) is:

1

5 ( i,12 +x,',—12 —i-x,',z2 +x,~,_22 4.+

it xS +Xi,—r2) =

1
=5 O+r+r+0)=1. (C61)

Thus, the ensemble P{,P_{,P,P_5,....P,,P_,
matches the moments of the target pdf (i.e., the r-
dimensional standard normal distribution A (x;0,1,)) up to
order 3.

Code and data availability. A GHOSH python implementation is
available from the GitHub page: https://github.com/Sword-Code/
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PythonDA (last access: 11 August 2026) under the licence GNU
GPLv3. The exact version used to produce the twin experiment re-
sults and the related plots (Sect. 5) is archived on Zenodo (Spada,
2026, https://doi.org/10.5281/zenodo.18931130).
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