
Geosci. Model Dev., 19, 4319–4330, 2026
https://doi.org/10.5194/gmd-19-4319-2026
© Author(s) 2026. This work is distributed under
the Creative Commons Attribution 4.0 License.

D
evelopm

entand
technicalpaper

Approximating the universal thermal climate index using
sparse regression with orthogonal polynomials
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Abstract. The Universal Thermal Climate Index (UTCI) is
a measure of thermal comfort that quantifies how humans
experience environmental conditions. Due to its robustness
and versatility as a bioclimatic indicator, it has been exten-
sively employed across a wide range of studies in bioclima-
tology and is increasingly used as an operational measure
of outdoor thermal comfort. At the same time, calculating
the UTCI value from the relevant environmental parameters
is nominally not straightforward, which is why using a 6th-
degree polynomial approximation has become the standard
way to calculate UTCI values. At the same time, although it
is computationally efficient, the error of this polynomial ap-
proximation can be substantial. The goal of this study was
to develop an improved version of the polynomial approx-
imation – one that retains comparable computational effi-
ciency but is more robust in terms of numerical stability and
substantially more accurate, particularly in reducing the fre-
quency of larger errors. This goal was successfully achieved
using sparse orthogonal regression, namely sparse regression
with an orthogonal polynomial basis, which not only sub-
stantially reduces the average errors (i.e., the mean error, the
mean absolute error, and the root mean square error) but also
drastically reduces the frequency of large errors. By leverag-
ing Legendre polynomial bases, approximation models could
be constructed that efficiently populate a Pareto front of ac-
curacy versus complexity and exhibit stable, hierarchical co-
efficient structures across varying model capacities. Training
the new approximation models over only 20 % of the data,
with the testing performed over the remaining 80 %, high-
lights successful generalization, with the results also being
robust under bootstrapping. The decomposition effectively
approximates the UTCI as a Fourier-like expansion in an or-

thogonal basis, yielding results near the theoretical optimum
in the L2 (least squares) sense.

1 Introduction

The Universal Thermal Climate Index (UTCI) is a measure
of thermal comfort that quantifies how humans experience
environmental conditions. It is derived from an advanced
thermo-physiological model (Pappenberger et al., 2015) and
expressed in units of temperature. The index accounts for
multiple factors, including air temperature, humidity, wind
speed, radiation, and clothing insulation (Bröde et al., 2012).
A notable advantage of the UTCI compared to many other
bioclimatic indices is its ability to represent thermal con-
ditions in terms that are applicable to human strain under
a wide range of climatic conditions (e.g., for both hot and
cold conditions, Blazejczyk et al., 2012). Based on the UTCI
value, the environmental conditions can be classified into one
of the ten thermal stress categories (Bröde et al., 2012), rang-
ing from Extreme heat stress (UTCI> 43 °C) to Extreme
cold stress (UTCI<−40 °C).

Owing to its robustness and versatility as a bioclimatic in-
dicator, the UTCI has been extensively employed across a
wide range of studies in bioclimatology and related scien-
tific disciplines. Its applications encompass diverse research
areas, including the assessment of regional and local bio-
climate characteristics, the study of urban bioclimate, recre-
ation, tourism, and sports, epidemiological and health-related
research, as well as the assessment and forecasting of biocli-
matic changes (Błażejczyk and Kuchcik, 2021). The UTCI
has also seen growing adoption across numerous countries as
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a standardized measure of outdoor thermal comfort and is in-
creasingly integrated into routine operational meteorological
forecasts. For example, within Europe, UTCI is used opera-
tionally in the Czech Republic, Italy, Poland, Portugal, and
Slovenia (Di Napoli et al., 2021a; Kuzmanović et al., 2024).

At the same time, calculating the UTCI value from the rel-
evant environmental parameters is nominally not straightfor-
ward. Namely, the UTCI is based on the Fiala multi-node
model of human thermoregulation (Fiala et al., 2012). How-
ever, running the complete Fiala model is computationally
expensive and requires expert knowledge to operate the com-
plex simulation software (Bröde et al., 2012). This is the rea-
son the authors of Bröde et al. (2012) provided two simplified
approximate procedures for calculating the UTCI values that
could be used in operational settings. The first approximation
is based on a 4-dimensional look-up table of 104643 accu-
rate pre-calculated UTCI values that cover a wide range of
relevant combinations of the meteorological parameters. Us-
ing this look-up table, interpolation from nearby data points
can be used to determine approximate UTCI values for in-
termediate values of meteorological parameters. The second
approximation is based on a 6th-degree regression polyno-
mial with 210 coefficients.

Each approximation has its benefits and weaknesses. The
look-up table approach is more accurate, but storing the tab-
ulated values and searching for neighboring datapoints poses
challenges to the implementation of this algorithm, while
also resulting in a longer execution time compared to the
other approach (Bröde, 2021a). In contrast, the polynomial
approximation is less accurate, but computationally faster
and substantially easier to implement in various program-
ming languages and computational environments, as it relies
on only the most common, primitive mathematical operators
and does not require storing the tabulated values. At the same
time, the motivation for improving the polynomial approxi-
mation is not simply a matter of storage, since the size of the
look-up table is modest in modern computational settings.
Rather, an improved polynomial approximation remains at-
tractive for several practical reasons:

i. It is fully self-contained and does not depend on exter-
nal tabulated data, which facilitates reproducibility and
makes redistribution and integration into open-source
software and operational tools more straightforward;

ii. It is computationally more efficient than look-up-table-
based interpolation, which has been reported to be
slower by roughly three orders of magnitude (Bröde et
al., 2012), an important consideration in large-scale ap-
plications such as numerical weather prediction and cli-
mate reanalysis;

iii. It is simpler to implement and port across programming
languages and computational environments, including
constrained, embedded, or legacy systems, because it
requires only basic arithmetic operations and avoids the

additional logic needed for multidimensional interpola-
tion, data handling, and neighborhood search;

iv. It provides a direct, continuous, and analytically de-
fined mapping over the domain of validity, whereas the
look-up table still requires interpolation, and in some
cases extrapolation, for environmental states not explic-
itly represented in the tabulated values;

v. Its predictive behavior on unseen data can be assessed
directly through a train–test evaluation framework; in
the present case, training on 20 % of the dataset and test-
ing on the remaining 80 % still yields very good predic-
tive performance, indicating strong generalization.

For these reasons, the polynomial approximation is best
viewed not as a universal replacement for the look-up-table
approach, but as a complementary alternative that is partic-
ularly useful in applications where speed, portability, repro-
ducibility, and ease of deployment are important.

Due to its simplicity and computational efficiency, the
polynomial approximation has become the standard way of
calculating the UTCI values. It has been incorporated into
various bioclimatic software packages and libraries (e.g.,
the Bioklima software (Błażejczyk, 2025), the Thermofeel
Python library (Brimicombe et al., 2022), and the pyTher-
malComfort Python library (Tartarini and Schiavon, 2020)),
as well as numerical weather prediction and reanalysis sys-
tems (e.g., the ALADIN model (Termonia et al., 2018),
and the ERA5 reanalysis (Di Napoli et al., 2021b)). At the
same time, the error of the polynomial approximation can be
substantial. For example, when evaluated on the aforemen-
tioned look-up table of accurate UTCI values, the root-mean-
square-error is about 1.1 °C while the frequency of absolute
errors larger than 2 °C is about 8 %, and the frequency of er-
rors larger than 3 °C is about 2 %. This is problematic since
an error of a few degrees Celsius can increase the likelihood
of misclassification of the thermal stress category, some of
which span only a 6 °C interval.

The goal of this study is to develop an improved version
of the polynomial approximation – one that has comparable
computational complexity to the existing approximation but
is more robust in terms of numerical stability and substan-
tially more accurate, particularly in reducing the frequency
of larger errors. To achieve this goal, symbolic and sparse
regression techniques are used as tools for interpretable and
efficient function approximation. We fit the UTCI offset us-
ing sparse regression on an orthogonal Legendre polynomial
basis. To emphasize this key feature and distinguish it from
standard sparse regression on monomials, we refer to this ap-
proach as sparse orthogonal regression.

We also note that the aim was not to derive an approxi-
mation that was as accurate as possible. For example, a suf-
ficiently complex neural-network-based model would likely
provide more accurate estimates of the UTCI values. How-
ever, such a model would also require the use of machine-
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learning libraries, as well as suitable Graphics Processing
Units, to function efficiently. This means that its implemen-
tation in various programming languages and computational
environments would be substantially more difficult. On the
other hand, replacing an existing polynomial approximation
with a new one is fairly straightforward, meaning that im-
plementing the new approximation into existing bioclimatic
software packages/libraries and numerical weather predic-
tion systems would be relatively easy.

2 Methods

Formally, the UTCI is defined as (Bröde et al., 2012)

UTCI= Ta+Offset(Ta,va,Tr, rH or pa), (1)

where Ta is the air temperature and the Offset is the phys-
iologically equivalent temperature difference, representing
how other environmental factors modify the effect of the
thermal stress on the human body. The Offset function repre-
sents the deviation of the UTCI from the actual air tempera-
ture and depends on Ta, wind speed at 10 m (va), mean radi-
ant temperature (Tr), which accounts for the effect of all in-
coming radiation, and humidity, which can be represented by
either relative humidity (rH) or water vapour pressure (pa).

The dataset provided by Bröde et al. (2012) contains ac-
curate values of the Offset function covering a wide range
of environmental states. The variables and their ranges are
included in Table 1. The intervals of the environmental vari-
ables also represent the domain where the sixth-degree poly-
nomial regression approximation is considered valid (Bröde
et al., 2012). Using the approximation for conditions out-
side of these intervals can lead to large errors and unrealistic
values of the Offset function and should be avoided (Bröde,
2021a).

In Fig. 1a we see how the UTCI Offset varies along the dif-
ferent environmental variables. Instead of the humidity (rH),
the water vapor pressure (pa) can be used which is a nonlin-
ear function of rH and the air temperature (Ta). However, the
variables have different distribution, see Fig. 1b, which im-
pacts the extent that approximations of UTCI can generalize,
discussed below.

Equation discovery aims to learn interpretable mathe-
matical expressions, either differential or algebraic equa-
tions, from measurements of the variables of a given ob-
served system (Todorovski and Džeroski, 1997). Positioned
at the intersection of symbolic machine learning and sys-
tem identification, it is becoming increasingly relevant in
environmental and climate science, where data-driven yet
transparent models are essential (Steinmann et al., 2025;
Roman, 2025b). Traditional modeling approaches rely on
expert-derived formulations (Roman, 2021, 2023; Roman
and Bertolotti, 2022, 2023; Roman and Palmer, 2019), but
the growing complexity and volume of climate data call
for automated alternatives. Symbolic regression, which iter-

atively combines mathematical operators and variables to fit
data, forms the core of equation discovery (Bridewell et al.,
2005; Todorovski and Džeroski, 2006; Džeroski et al., 2007).
Most methods employ evolutionary or other (e.g., enumera-
tive) search strategies to explore the space of candidate equa-
tions (Tanevski et al., 2016a, 2020; Mežnar et al., 2023).

Recent advances integrate probabilistic grammars to in-
corporate prior knowledge and constrain the search to phys-
ically meaningful expressions (Brence et al., 2020, 2023;
Omejc et al., 2024). This structured approach improves both
model interpretability and search efficiency, especially in do-
mains governed by established scientific principles. Equation
discovery has been applied to various environmental sys-
tems (Atanasova et al., 2006a, 2011, 2008, 2006b), includ-
ing ecosystem dynamics (Jeraj et al., 2006; Čerepnalkoski
et al., 2012; Simidjievski et al., 2015, 2016; Tanevski et
al., 2016b). In these settings, it can match or even surpass
expert-built models while simultaneously revealing new re-
lationships (Todorovski and Džeroski, 2001; Todorovski et
al., 1998). Its ability to generate compact, interpretable, and
physically plausible models makes it especially suitable for
climate applications, where model transparency and adher-
ence to physical principles are vital.

As already mentioned, the errors of the sixth-degree re-
gression polynomial from Bröde et al. (2012) can be sub-
stantial. Figure 2a shows the approximation error at 5 % rel-
ative humidity, while Fig. 2b displays a histogram of the er-
rors, revealing a normal distribution centered at zero, indicat-
ing minimal bias. We aim to improve upon this standard ap-
proximation using equation discovery and sparse regression
methods by utilizing the accurate Offset dataset provided by
Bröde et al. (2012).

Sparse machine learning models aim to construct parsi-
monious predictive functions by enforcing zero-valued coef-
ficients in high-dimensional parameter spaces, thereby per-
forming implicit feature selection (Brunton et al., 2016).
This sparsity promotes interpretability, reduces overfitting,
and improves computational tractability, especially when the
number of candidate predictors is large or when strong corre-
lations exist among inputs. Sparse regression (Brunton et al.,
2016), a key instantiation of this paradigm, extends linear re-
gression with an L1-norm regularization term – most notably
in the Lasso (Least Absolute Shrinkage and Selection Oper-
ator, Reid et al., 2016) – to penalize unnecessary parameters
and induce a compact representation.

In this work, we employ sparse regression to identify com-
pact, interpretable models of the UTCI, emphasizing its suit-
ability for high-dimensional input spaces with redundant or
weakly relevant features. While sparse modeling is well-
established in statistical learning, its application to orthog-
onal polynomial bases-particularly in the context of biocli-
matic indices – remains unexplored. By leveraging the struc-
ture of orthogonal polynomials, we obtain improved numeri-
cal stability and additive expansions that facilitate coefficient
interpretability. To our knowledge, this is the first application
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Table 1. Description of variables used in this study, following Bröde et al. (2012). The normalized ranges map each variable to [−1,1], with
respect to the interval of validity, suitable for use with Legendre polynomial bases. Although water vapor pressure (pa) is not used directly
as an input for the new approximation, it can be computed from air temperature (Ta) and relative humidity (rH), and its effect is therefore
accounted for through the inclusion of rH.

Variable Description Valid range Normalized
name range

Ta Air temperature −50 to +50 °C [−1,1]
va Wind speed at 10 m 0.5 to 30.3 ms−1

[−1,1]
Tr−Ta Mean Radiant–air temperature difference −30 to +70 °C [−1,1]
rH Relative humidity 5 % to 100 % [−1,1]
pa Water vapour pressure 0 to 5 kPa Not used

Figure 1. (a) 3D plot of UTCI Offset (Bröde et al., 2012) at 5 % relative humidity, showing how wind speed (va), air temperature (Ta), and
mean radiant temperature difference (Tr−Ta) combine to influence thermal stress. Color indicates the UTCI Offset magnitude across these
environmental dimensions. (b) The different distributions of the water vapor pressure and relative humidity in the computed Offset dataset
(Bröde et al., 2012). The water vapor pressure is strongly peaked at zero, while the relative humidity is uniform across its range.

of sparse regression using orthogonal bases to approximate
the UTCI, addressing both predictive accuracy and model
parsimony. Our results show that this approach surpasses the
standard sixth-degree polynomial approximation in both ac-
curacy and efficiency.

3 Results and discussion

Table 2 presents a detailed comparison of model performance
across a range of polynomial degrees for both standard (non-
sparse) linear regression and sparse regression techniques,
evaluated in the context of approximating the UTCI. The
standard approximation (Bröde et al., 2012) is a sixth-degree
regression polynomial model with four variables, consist-
ing of 210 terms and achieving a root mean squared loss
of 1.12 °C. This serves as the benchmark to be matched or
improved upon. It is important to note that the standard ap-
proximation does not directly employ the relative humidity

(rH), but the water vapor pressure (pa), which can be derived
from the relative humidity (rH) and air temperature (Ta). As
we noted above, in the dataset, the relative humidity is well
represented across its entire range, see Fig. 1b, while the
water vapor pressure is strongly peaked close to zero. Op-
timization employing the water vapor pressure (pa) as an in-
dependent variable (instead of rH) is thus poorly conditioned
and leads to instability in the regression coefficients, both in
simple and sparse regression. While using the pa (instead of
rH) can achieve better accuracy (lower loss), it comes at the
price of losing parameter consistency across optimizations
with different polynomial degrees. For this reason, we report
our results employing the relative humidity (rH) instead of
the water vapor pressure (pa), see Table 1.

The regression methods are applied to polynomial basis
expansions of increasing degree, evaluated on the basis of
root mean squared test loss and number of active parame-
ters. Unlike many studies in the literature where models are
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Figure 2. The error of the standard polynomial UTCI approximation (Bröde et al., 2012) for relative humidity of 5 %. (a) The difference
between the standard UTCI approximation and the accurate values of the Offset function. (b) Histogram of the differences showing a normal
distribution centered at zero.

Table 2. Root mean squared train loss [°C], test loss [°C] and the number of parameters (shown in parenthesis) in approximating the UTCI
Offset. The baseline reference, labeled as “Standard”, corresponds to the sixth-degree regression polynomial model with four variables
(Bröde et al., 2012). Unless otherwise stated the test loss equals the train loss. Where two loss values are reported (train loss on the top and
test loss below), they indicate a notable train-test discrepancy, typically suggesting overfitting. Training is done with 20 % of the data and
testing is performed with 80 %. Results are robust under bootstrapping. Bold indicates the model selected as the final UTCI approximation.

Method

Standard 1.12
(210)

Polynomial degree

4th 6th 8th 10th 12th 14th 16th

Linear 2.1 1.3 0.92 Train: 0.67 0.54 0.44 0.36
regression (70) (210) (495) Test: 0.71 0.62 0.66 1.74

(1001) (1820) (3060) (4845)

Sparse 2.1 1.38 1.03 0.88 0.69 0.63 0.6
orthogonal (65) (124) (176) (209) (355) (400) (424)
regression

trained on the majority of the data and evaluated on a rel-
atively small test set, our approach inverts this paradigm:
training is conducted on only 20 % of the available data,
while performance is assessed on the remaining 80 %. De-
spite this stringent evaluation setting, the models achieve
comparable performance on both training and test sets, un-
derscoring their strong generalization capabilities. This per-
formance stability is further validated through bootstrapping,
which reveals minimal variance in both loss metrics and se-
lected features across resampled datasets. The reported per-
formance metrics – such as train/test loss and number of pa-
rameters – remain stable when the model training and eval-
uation process is repeated on multiple random re-samplings
(bootstrapped subsets) of the data. This suggests that the re-
sults are not sensitive to specific data splits and that the mod-

els generalize well across different subsets of the dataset, in-
dicating reliability and consistency in the reported findings.
These findings demonstrate the robustness and reliability of
the proposed framework.

To make the fitted model class explicit, let T̃a, ṽa, 1̃Tr, and
r̃H denote the normalized versions of Ta, va, Tr−Ta, and rH,
respectively, each mapped to the interval [−1,1] according to
the ranges in Table 1. In this formulation, relative humidity is
retained as an input variable in order to account for the effect
of water vapor. The approximation of the UTCI offset can
then be written in the general form

Ôffset(Ta,va,Tr− Ta, rH)=
∑

α∈Ap

cα

4∏
j=1

Pαj (xj ), (2)
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where Pn(·) denotes the Legendre polynomial of degree n,
(x1,x2,x3,x4)= (T̃a, ṽa, 1̃Tr, r̃H), α = (α1,α2,α3,α4) is a
multi-index, and

Ap =

{
α ∈ N4

0 : α1+α2+α3+α4 ≤ p
}

(3)

is the set of all basis terms up to total polynomial degree
p. Thus, the model is a linear combination of products of
Legendre polynomials in the four normalized environmen-
tal variables. For a given maximum degree p, the full candi-
date basis contains

(
p+4

4

)
terms, which yields the sequence

70,210,495, . . . reported in Table 2 for degrees 4,6,8, . . ..
Sparse orthogonal regression restricts this expansion by re-
taining only a subset of the candidate terms,

Ôffset(Ta,va,Tr− Ta, rH)=
∑
α∈Sp

cα

4∏
j=1

Pαj (xj ), (4)

where Sp ⊆Ap is selected by the Lasso regularization. The
number of active parameters therefore depends on two fac-
tors: the maximum polynomial degree, which determines the
size of the candidate pool, and the regularization strength,
which determines how many of those candidate terms are re-
tained in the final model. This is the reason why the number
of parameters changes across polynomial degrees and also
along the Pareto fronts shown in Fig. 3. In this sense, the
approximation can be viewed as a Fourier-like decomposi-
tion in an orthogonal polynomial basis, where lower-order
terms capture the dominant structure of the UTCI offset and
higher-order terms provide progressively finer corrections. A
key advantage of the orthogonal basis is that it yields order-
by-order consistency, see Fig. 4: when higher-degree terms
are introduced, the coefficients associated with lower-order
structure remain much more stable than in regressions based
on ordinary monomials.

Linear regression without any sparsity constraints shows
improved performance at higher degrees, with test loss re-
ducing as model capacity increases. However, this comes
with a dramatic increase in the number of parameters; it
reaches over 1800 coefficients by degree 12. Furthermore,
the discrepancy between train and test losses at higher de-
grees (e.g., 0.62 vs. 0.54 °C at degree 12) indicates overfit-
ting, despite the improved predictive accuracy. The result-
ing models are also substantially more complex, raising con-
cerns regarding interpretation and generalization. Sparse re-
gression with standard polynomial bases shows similar per-
formance at low degrees but fails to converge beyond the 6th
degree. This indicates that enforcing sparsity in a poorly con-
ditioned basis becomes increasingly difficult as model com-
plexity grows.

In contrast, sparse regression using an orthogonal Legen-
dre basis (or sparse orthogonal regression) exhibits superior
stability and accuracy across all degrees. It outperforms the
baseline 6th-degree polynomial fit from degree 8th onward,

Figure 3. Loss versus number of parameters for different polyno-
mial degrees. The regularization parameter was varied in the lasso
regression to yield a Pareto front in model accuracy and complexity
for each degree.

achieving a test loss of 0.88 °C at degree 10 with only 209
parameters – almost the same count as the original bench-
mark model, but with improved generalization. As the de-
gree increases to 16, the loss reduces further to 0.60 °C us-
ing 424 parameters – a fraction of those used by the cor-
responding standard regression model. The orthogonality of
the Legendre basis likely contributes to better numerical con-
ditioning, facilitating sparse model discovery even at high
degrees. These results emphasize the importance of basis
selection and regularization strategy in symbolic regression
tasks. Sparse methods, when combined with well-structured
bases like Legendre polynomials, offer a promising path to-
ward accurate, compact, and interpretable models in high-
dimensional settings.

Furthermore, optimization of nonlinear objective func-
tions using gradient-based algorithms can be computation-
ally intensive, especially in high-dimensional spaces where
convergence is slow and local minima may hinder perfor-
mance. In contrast, the regression-based approach proposed
in this article – particularly through sparse regression with
orthogonal polynomials – offers significantly faster compu-
tation. By framing the problem as a structured regression
task rather than a nonlinear optimization, the method avoids
costly iterative procedures and scales efficiently with dimen-
sionality, making it highly suitable for rapid modeling of
complex environmental indices like the UTCI.

Figure 3 illustrates the relationship between model com-
plexity (measured by the number of parameters) and predic-
tion accuracy (log-scaled loss) for sparse regression mod-
els using Legendre polynomial bases of varying degrees.
Each curve corresponds to a fixed polynomial degree, rang-
ing from 4 to 16, with points reflecting models of increasing
complexity obtained through regularization. A clear trend is
observed: for a given polynomial degree, increasing the num-
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Figure 4. Parameters (or polynomial coefficients) and how they change for different polynomial degrees for (a) simple regression and
(b) sparse regression (using Legendre basis). (c) Sorted sparse-regression coefficients (Legendre basis) versus parameter index on a logarith-
mic x axis show a clear, Fourier–like decay with order – approximately 1/n – that is stable across model capacities (degrees 4, 8, 12, 16),
indicating a hierarchical structure where lower–order terms dominate and higher–order terms provide incremental refinement.

ber of parameters generally results in improved model accu-
racy (i.e., lower loss). However, diminishing returns set in,
and the rate of improvement flattens. More notably, the en-
velope formed by the lowest loss at each level of complexity
across all degrees traces an emergent Pareto front (Smits and
Kotanchek, 2005). This front captures the trade-off between
model simplicity and predictive performance.

Higher-degree models (e.g., degrees 12–16) dominate this
frontier at higher parameter counts, offering better loss with
only marginal increases in complexity. In contrast, lower-
degree models saturate quickly, highlighting their limited ex-
pressivity. The Pareto front thus reflects the optimal set of
models that balance accuracy and sparsity, guiding model se-
lection under complexity constraints. The use of Legendre
polynomials ensures numerical stability and encourages ef-
ficient basis representations, which supports the recovery of
compact yet accurate models in this sparse regression setting.

In Fig. 4a and b we visualize the behavior of regression
coefficients obtained from simple regression and sparse re-
gression with orthogonal Legendre polynomials. Both plots
use a logarithmic x axis to indicate the parameter index and
reveal how coefficients evolve as higher-degree polynomial
terms are introduced. In Fig. 4a, each line corresponds to

simple regression solutions using polynomial bases of in-
creasing degree. The x axis denotes the index of polyno-
mial terms (sorted or sequential), while the y axis shows the
corresponding coefficient values. A key observation is that
the coefficients of lower-degree terms (left side of the plot)
are not stable across model orders. As higher-degree terms
are added, previously estimated lower-order coefficients shift
significantly, often changing sign and magnitude.

Figure 4b presents coefficient values for sparse regression
using Legendre polynomials, with colors indicating contribu-
tions from different polynomial degrees. Here, a contrasting
pattern emerges: coefficients associated with lower-degree
terms remain stable as higher-degree terms are added. New
coefficients primarily emerge in the higher-order region of
the x axis, without disturbing the existing ones. This stability
results from the orthogonality of the Legendre basis, which
decorrelates the polynomial terms and enables additive re-
finement without re-tuning existing coefficients.

The contrast between the Fig. 4a and b underscores the
advantage of orthogonal polynomial bases in sparse regres-
sion. Simple regression results in unstable, entangled coef-
ficient estimates that shift with basis expansion, complicat-
ing interpretability and reuse. Sparse regression with ordi-
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nary polynomial bases fails to converge for higher degrees.
In contrast, sparsity and orthogonal polynomials yield stable,
hierarchical models where lower-order structure is preserved
and higher-order terms incrementally enrich the representa-
tion. This behavior is particularly valuable for symbolic re-
gression and interpretable modeling, where each term ideally
reflects a distinct, meaningful contribution to the model out-
put.

In Fourier analysis, the magnitude of coefficients typically
decays as 1/n (where n is the order of the term) for func-
tions of bounded variation (Stein and Shakarchi, 2011) – a
class that includes many naturally occurring signals and is
a reasonable assumption for observational data. This decay
reflects the fact that higher-order (or higher-frequency) com-
ponents contribute less to the overall structure of such func-
tions. A similar trend is observed in sparse regression using
orthogonal polynomial bases, see Fig. 4c. When coefficients
are sorted by magnitude, they exhibit a clear decreasing pat-
tern, analogous to the Fourier case, with lower-order terms
capturing the dominant structure and higher-order terms re-
fining the approximation in a controlled manner.

This suggests that through the use of sparse regression
with an orthogonal polynomial basis, we have achieved a
Fourier-like decomposition of the UTCI Offset in the Leg-
endre basis (instead of the trigonometric one). This has a
number of theoretical advantages: due to the orthogonality
of the basis functions, the decomposition minimizes the L2
distance (least squares) between approximation and func-
tion, guaranteeing the best possible polynomial fit for a given
model complexity (Stein and Shakarchi, 2011). Additionally,
the coefficients are uncorrelated and hierarchically struc-
tured, ensuring that lower-order components remain stable as
higher-order terms are added – enhancing both interpretabil-
ity and numerical robustness.

Based on the analysis results and one of the initial goals
(that the new approximation should have comparable com-
putational complexity to the existing one), we selected the
sparse regression model based on tenth-degree Legendre
polynomials as the most suitable approximation. The final
version of the new polynomial, which has 209 coefficients,
was calculated using the whole dataset of tabulated values.

Figure 5a shows the spatial distribution of the Offset errors
for the new approximation at a fixed relative humidity of 5 %.
The errors are small and smoothly varying, indicating good
agreement across the input space. Figure 5b presents a com-
parison of error histograms for both the standard and new ap-
proximations. The sparse-model-based approximation pro-
duces a narrower, more sharply peaked distribution centered
at zero, highlighting a reduction in error variance and sug-
gesting better generalization. Figure 5c shows the cumulative
distribution of absolute errors for the two approximations.
The curve for the new approximation rises more steeply and
reaches higher cumulative values at lower error thresholds,
indicating that a larger proportion of predictions fall within
smaller error margins.

Table 3 summarizes the most relevant properties of the
two approximations. The results show a clear improvement
in accuracy: the new approximation not only substantially
reduces the average errors (i.e., the mean error, the mean ab-
solute error, and the root mean square error) but also drasti-
cally reduces the frequency of large deviations compared to
the standard approximation. For example, the frequency of
absolute errors larger than 2 °C is halved from 8 % to 4 %,
the frequency of errors larger than 3 °C reduces from 2 %
to 0.5 %, while the frequency of errors larger than 4 °C re-
duces from 0.3 % to 0.01 %. These results clearly show the
added benefits of the new approximation and confirm that the
sparse regression approach can achieve comparable or im-
proved predictive accuracy while maintaining interpretability
and model parsimony.

We also evaluated the new approximation on the inde-
pendent dataset of 1000 accurate UTCI values, which were
not used during the development of the approximation. This
dataset was prepared by the authors of the Bröde et al. (2012)
paper, and is freely available on a Zenodo repository (Bröde,
2021b). Similarly to the evaluation of the new approxima-
tion on the full dataset, evaluation on the independent dataset
shows a substantial reduction of the mean errors and a dras-
tic reduction in the frequency of large errors compared to the
standard approximation (Table 3).

Since the new approximation was determined using the
full dataset of accurate Offset values (Bröde et al., 2012),
it is, same as the standard approximation, only valid for the
intervals of environmental variables available in this dataset
(Table 1). Using the approximation for conditions outside of
these intervals can potentially lead to large errors or unreal-
istic results and should be avoided.

4 Conclusions

The goal of this study was to develop an improved version of
the polynomial approximation – one that would have compa-
rable computational complexity to the existing approxima-
tion but would be more robust in terms of numerical stabil-
ity and substantially more accurate, particularly in reducing
the frequency of larger errors. This goal was successfully
achieved using sparse regression with an orthogonal poly-
nomial basis.

Sparse regression methods, such as LASSO, helped reduce
overfitting and improve interpretability. As we have shown,
the choice of basis functions is crucial: orthogonal polyno-
mials like Legendre polynomials offer better numerical sta-
bility and conditioning than monomials. They enable hierar-
chical models where higher-order terms don’t affect lower-
order estimates, making them especially useful in sparse, in-
terpretable models. Empirical results support these theoreti-
cal advantages.

Using sparse regression with an orthogonal polynomial
basis (or sparse orthogonal regression), we have:
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Figure 5. (a) Spatial distribution of the UTCI Offset error (approximation minus reference) for the new sparse-model-based approximation at
a fixed relative humidity of 5 %, showing small, smoothly varying discrepancies. (b) Comparison of error histograms for the standard UTCI
approximation and the new approximation based on the tenth-degree Legendre polynomials. (c) Cumulative distributions of the absolute
errors of the two approximations.

Table 3. Comparison of properties of the standard (Bröde et al., 2012) and new polynomial approximations of UTCI Offset function. The
values outside of the parentheses reflect the evaluation of the approximations on the full dataset of 104643 accurate Offset values provided by
Bröde et al. (2012). The values shown in the parentheses reflect the evaluation using the independent dataset of 1000 accurate UTCI values
(Bröde, 2021b), which were not used during the development of the new approximation. Both approximations are only valid for the intervals
of environmental variables available in the full dataset (Table 1).

Standard New
approximation approximation

Polynomial degree 6th 10th
Basis functions monomials Legendre
Number of coefficients 210 209
Mean Error 1.7× 10−3 °C (0.35 °C) −2.7× 10−15 °C (0.22 °C)
Mean Absolute Error 0.81 °C (1.33 °C) 0.64 °C (0.71 °C)
Root Mean Square Error 1.17 °C (2.77 °C) 0.88 °C (0.96 °C)
Freq. of abs. errors larger than 2 °C 8.4 % (15.5 %) 4.2 % (5.0 %)
Freq. of abs. errors larger than 3 °C 2.2 % (6.3 %) 0.50 % (0.60 %)
Freq. of abs. errors larger than 4 °C 0.34 % (3.8 %) 0.011 % (0.10 %)
Freq. of abs. errors larger than 5 °C 0.038 % (3.3 %) 0.00096 % (0 %)
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a. Achieved substantially better accuracy – compared to
the standard approximation, the new approximation not
only substantially reduces the average errors (i.e., the
mean error, the mean absolute error, and the root mean
square error) but also drastically reduces the frequency
of large errors.

b. Retained a comparable computational complexity – the
number of coefficients is almost the same for both ap-
proximations, meaning the computational complexity is
comparable.

c. Found a Pareto front for different model complexities –
loss curves reveal that sparse models with orthogonal
bases efficiently populate a Pareto front, balancing com-
plexity and accuracy.

d. Determined coefficients consistent over models with
different capacities – coefficient plots for models built
on orthogonal bases show the progressive inclusion
of higher-order components without disrupting lower-
order structure, in contrast to models using simple re-
gression and ordinary polynomials.

e. Achieved successful generalization – training the model
over only 20 % of the data, while testing was performed
over the other 80 %, highlights successful generaliza-
tion. The results are also robust under bootstrapping.

f. Essentially decomposed the UTCI in a Fourier expan-
sion with a Legendre-polynomial basis, with parameters
scaling as expected. Thus, we are arguably close to the
theoretical optimum results for a robust approximation
in the L2 metric (or least squares).

Sparse orthogonal regression provides an effective frame-
work for constructing accurate and numerically stable poly-
nomial approximations of the UTCI. Our main contribution
is therefore not methodological novelty in sparse regression
itself, but the use of an orthogonal polynomial basis as a
practical approximation strategy with favorable numerical
properties, including order-by-order consistency and stable
low-order truncations. In addition, the results obtained from
random train–test splits, together with their robustness un-
der bootstrapping, show that using only 20 % of the data for
training is not a requirement of the method, but a deliber-
ately stringent test of generalization. The comparable perfor-
mance on the remaining 80 % of the data indicates that the
approach remains accurate, robust, and efficient even under a
severe limitation in the number of training data points, while
remaining well suited for practical applications that require
portability and ease of implementation.

We have also prepared an easy-to-use Python function for
the new approximation (please refer to the Code and data
availability section on how to obtain the code). The code re-
lies only on basic mathematical operations, which makes it

easy to adapt to other programming languages, such as For-
tran or C++. We also implemented a check to see if the en-
vironmental state falls within the domain of validity of the
approximation. If this is not the case, the code produces a
warning that the resulting UTCI values could have large er-
rors or be unrealistic.

Code and data availability. The code used to calculate the
new UTCI approximation, generate the reported model
comparisons, and reproduce the analysis, tables, and
figures presented in this paper is archived on Zenodo
(https://doi.org/10.5281/zenodo.16880382, Roman, 2025a).
The archive includes reproducibility instructions and the required
Python environment specification.

The offset data used for fitting and evaluating the approxima-
tion are the supplementary material of Bröde et al. (2012), avail-
able from the publisher as electronic supplementary material and
downloaded automatically by the reproduction code. The indepen-
dent UTCI test data used for additional validation are publicly avail-
able on Zenodo (https://doi.org/10.5281/zenodo.5503967, Bröde,
2021b). No additional non-public data were used.
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