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Abstract. The second-order discontinuous Galerkin (DG2)
solver of the two-dimensional shallow water equations in the
raster-based LISFLOOD-FP 8.0 hydrodynamic modelling
framework is mostly suited for predicting small-scale tran-
sients that emerge in rapid, multiscale floods caused by im-
pact events like tsunamis. However, this DG2 solver can only
be used for simulations on a uniform grid where it may yield
inefficient runtimes even when using its graphics process-
ing unit (GPU) parallelised version (GPU-DG2). To boost
efficiency, the new LISFLOOD-FP 8.2 version integrates
GPU parallelised dynamic (in time) grid resolution adap-
tivity of multiwavelets (MW) with the DG2 solver (GPU-
MWDG2). The GPU-MWDG2 solver performs dyadic grid
refinement, starting from a single grid cell, with a maxi-
mum refinement level, L, based on the resolution of the
Digital Elevation Model (DEM). Furthermore, the dynamic
GPU-MWDG2 adaptivity is driven by one error threshold,
ε, against normalised details of all prognostic variables.
Its accuracy and efficiency, as well as the practical valid-
ity of recommended ε choices between 10−4 and 10−3,
are assessed for four laboratory/field-scale benchmarks of
tsunami-induced flooding with different impact event com-
plexities (i.e. single- vs. multi-peaked) and L values. Rigor-
ous accuracy and efficiency metrics consistently show that
GPU-MWDG2 simulations with ε= 10−3 preserve the pre-
dictions of the GPU-DG2 simulation on the uniform DEM
grid, whereas ε= 10−4 may slightly improve velocity-related
predictions. Efficiency-wise, GPU-MWDG2 yields consid-
erable speedups from L≥ 10 – due to its scalability on the
GPU with increasing L – which can be around 2.0-to-4.5-
fold. Generally, the bigger the L≥ 10, the lower the event

complexity over the simulated duration, and the closer the ε
to 10−3, the larger the GPU-MWDG2 speedups over GPU-
DG2. The LISFLOOD-FP 8.2 code is open source, under the
GPL v3.0 licence, as well as the simulated benchmarks’ set-
up files and datasets, with a video tutorial and further docu-
mentation on https://www.seamlesswave.com/Adaptive (last
access: 6 July 2025).

1 Introduction

LISFLOOD-FP is a raster-based hydrodynamic modelling
framework that has been used to support various geosci-
entific modelling applications (Hajihassanpour et al., 2023;
Hunter et al., 2005; Nandi and Reddy, 2022; Zeng et al.,
2022; Ziliani et al., 2020). LISFLOOD-FP has a suite of nu-
merical solvers of the two-dimensional shallow water equa-
tions, for which the prognostic variables are the time-variant
water depth h (m) and unit-width discharges hu and hv

(m2 s−1) and time-invariant topography z (m), all represented
as raster-formatted data on a uniform grid at a Digital Eleva-
tion Model (DEM) resolution. It includes a diffusive wave
solver (Hunter et al., 2005), a local inertial solver (Bates et
al., 2010), a first-order finite volume solver, and a second-
order discontinuous Galerkin (DG2) solver (Shaw et al.,
2021), all already supported with robustness treatments (i.e.
for topographic and friction discretisation with wetting and
drying), ensuring numerical mass conservation to machine
precision. The DG2 solver is the most complex numerically,
requiring three times more modelled data (degrees of free-
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dom) per prognostic variable and at least twelve times more
computations per cell compared to any of the other solvers
in LISFLOOD-FP. This complexity arises from its locally
conservative formulation that pays off with more inherent
mimetic properties (Ayog et al., 2021; Kesserwani et al.,
2018), i.e. numerical momentum conservation and reduced
(spurious) error dissipation, leading to more accurate veloc-
ity fields and long-duration flood simulations (Ayog et al.,
2021; Kesserwani and Sharifian, 2023; Sun et al., 2023).
Thus, even when parallelised on a graphics processing unit
(GPU), the GPU parallelised DG2 solver (GPU-DG2) may
still have prohibitively long runtimes, e.g. when applied to
run simulations at DEM resolutions close to 1 m and/or with
DEM grid sizes beyond 1 km (Kesserwani and Sharifian,
2023; Shaw et al., 2021).

DG2 simulations were shown to accurately reproduce slow
to gradual fluvial/pluvial flooding flows at unusually coarse
DEM resolutions (Ayog et al., 2021; Kesserwani, 2013;
Kesserwani and Wang, 2014), but they primarily excel at
capturing the small-scale rapid flow transients that occur
over a wide range of spatial and temporal scales (Kesser-
wani and Sharifian, 2023; Sharifian et al., 2018; Sun et al.,
2023). Such transients are typical of flooding flows driven
by impact event(s) like tsunami(s) and including zones of
flow recirculation past (un)submerged island(s). Hence, DG2
simulations are likely suited for obtaining accurate mod-
elling of rapid, multiscale flooding, such as for tsunami-
induced inundations. Within this scope, dynamic (in time)
mesh adaptivity has often been deployed with finite vol-
ume based tsunami simulators to reduce simulation runtimes
(Lee, 2016; Popinet, 2012). This paper reports the integra-
tion of dynamic grid resolution adaptivity into the GPU-DG2
solver in a new LISFLOOD-FP 8.2 release to reduce the run-
times of rapid, multiscale flow simulations, which are here
exemplified by tsunami-induced flooding events.

Unlike static grid resolution adaptivity (Kesserwani and
Liang, 2015) – integrated into LISFLOOD-FP 8.1 with the
reduced-complexity finite volume solver (Sharifian et al.,
2023) – this LISFLOOD-FP 8.2 version performs dynamic
grid resolution adaptivity with the DG2 solver every global
simulation timestep 1t to achieve as much local grid res-
olution coarsening as possible. Namely, grid coarsening is
applied to the grid cells covering either regions of smooth
flow or DEM features, thereby reducing the number of com-
putational cells as much as allowed by the complexity of
the DEM and flow solution. The LISFLOOD-FP 8.2 version
is unique in providing a single, mathematically sound hy-
drodynamic modelling framework that implements dynamic
grid resolution adaptivity entirely on the GPU for achiev-
ing raster-grid DG2 simulations that can preserve a simi-
lar level of predictive accuracy and robustness as alterna-
tive GPU-DG2 simulations on a uniform grid. The frame-
work is formulated in Kesserwani and Sharifian (2020), hav-
ing been informed by Caviedes-Voullième and Kesserwani
(2015), Gerhard et al. (2015), Kesserwani et al. (2015) and

Caviedes-Voullième et al. (2020), so as to preserve all the
mimetic properties inherent in the reference DG2 hydrody-
namic solver (Kesserwani et al., 2018; Kesserwani and Shar-
ifian, 2023). Here, it has been computationally optimised and
integrated into LISFLOOD-FP 8.2, in which dynamic grid
resolution adaptivity of multiwavelets (MW) is combined
with the DG2 solver formulation. This combination is here-
after referred to as dynamic GPU-MWDG2 adaptivity or the
GPU-MWDG2 solver.

Existing hydrodynamic modelling frameworks that have
integrated dynamic grid resolution adaptivity with GPU
parallelisation were mostly based on finite volume solvers
(Berger et al., 2011; Ferreira and Bader, 2017; Kevlahan and
Lemarié, 2022; de la Asunción and Castro, 2017; LeVeque et
al., 2011; Liang et al., 2015; Park et al., 2019; Popinet, 2011,
2012; Popinet and Rickard, 2007). Comparatively, fewer are
based on DG solvers that are mostly developed for tsunami
inundation simulation on triangular or curvilinear meshes,
with sparse focusses: either on achieving parallelisation on
central processing units (CPU) with extrinsic forms of dy-
namic resolution adaptivity, or on parallelising non-adaptive
DG solvers on the GPU; while, in any of the focusses, ad-
dressing robustness treatments (Blaise et al., 2013; Blaise
and St-Cyr, 2012; Bonev et al., 2018; Castro et al., 2016; Ha-
jihassanpour et al., 2019; Rannabauer et al., 2018). To men-
tion just a few, Blaise and St-Cyr (2012) and Blaise et al.
(2013) integrated CPU parallelisation into dynamic adaptiv-
ity for curvilinear meshes, calling for better forms of adap-
tivity with improved robustness treatments to achieve reliable
DG based tsunami inundation simulations. Rannabauer et al.
(2018) addressed wetting and drying treatments with a DG
based solver of tsunami inundation that integrated CPU par-
allelised dynamic adaptivity on triangular meshes; further,
the authors identified the benefit of their DG based solver
compared to the finite volume solver counterpart. To track
tsunami propagation on the sphere, Bonev et al. (2018) and
Hajihassanpour et al. (2019) devised DG based solvers with
dynamic adaptivity for curvilinear meshes, highlighting the
need to further exploit GPU parallelisation to achieve real-
istic runtimes. For tsunami inundation simulations, Castro et
al. (2016) found that non-adaptive DG simulations on trian-
gular meshes to be 23-fold faster when parallelised on the
GPU compared to parallelised simulations on the CPU with
24 threads.

Yet, to the best of the authors’ knowledge, there is no exist-
ing DG based hydrodynamic modelling framework that com-
bines raster grid-based dynamic resolution adaptivity with
GPU parallelisation within a mathematically sound frame-
work, i.e. one that preserves the mimetic properties of the
reference robust DG2 solver on the uniform grid (Kesser-
wani et al., 2019; Kesserwani and Sharifian, 2020, 2023)
like the dynamic GPU-MWDG2 adaptivity integrated into
LISFLOOD-FP 8.2. To elaborate, the MWDG2 solver auto-
mates local grid resolution coarsening on an adaptive grid
using the multiresolution analysis (MRA) of MW applied
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to scaled DG2 modelled data (for all the prognostic vari-
ables) that exist in a hierarchy of grids. This hierarchy con-
sists of dyadically coarser grids relative to the finest grid in
the hierarchy (Kesserwani et al., 2019; Kesserwani and Shar-
ifian, 2020; Sharifian et al., 2019), whereby the finest reso-
lution grid is associated with a maximum refinement level,
L, and consists of 2L× 2L cells – with L selected to match
the resolution of a raster-formatted DEM file. Meanwhile,
the coarsest resolution grid consists of 20

× 20
= 1, i.e. a sin-

gle cell. On the hierarchy of grids, the scaled DG2 modelled
data for each prognostic variable are compressed into higher-
resolution MW coefficients, or details, which are added to
the coarsest resolution data. The details of all the prognos-
tic variables are normalised and packed in a dataset of nor-
malised details, which are then compared to an error thresh-
old 0<ε< 1 for retaining the significant details. The re-
tained significant details are added to the coarsest resolu-
tion DG2 modelled data, leading to a multiscale represen-
tation of DG2 modelled data on a non-uniform grid. As the
scaling, analysis, and reconstruction of DG2 modelled data
are inherent to the MRA procedure, the mimetic properties
of the reference GPU-DG2 solver on the finest resolution
grid (2L× 2L) can readily be preserved for ε≤ 10−3, based
on studies considering a range for ε between 10−6 to 10−1

(Kesserwani et al., 2019; Kesserwani and Sharifian, 2020).
Another benefit of the MRA procedure is the sole reliance
on ε to sensibly control the amount of local grid resolution
coarsening for all prognostic variables. Furthermore, it was
also shown that, for the same ε, dynamic MWDG2 adaptiv-
ity avoids unnecessary refinement compared to its first-order
counterpart, and using ε≥ 10−4 leads to simulations that are
faster than first-order finite volume solvers on the finest res-
olution grid (Kesserwani and Sharifian, 2020).

The dynamic MWDG2 adaptivity integrated in
LISFLOOD-FP 8.2 optimises the approach proposed in
Kesserwani and Sharifian (2020), which was initially
designed for realistic, two-dimensional hydrodynamic mod-
elling on a single core CPU and was based on the reference
DG2 hydrodynamic solver in Kesserwani et al. (2018).
Chowdhury et al. (2023) devised a computationally efficient
GPU implementation of wavelet adaptivity integrated with
a first-order finite volume (FV1) solver counterpart. They
reported that the speedup of their GPU implementation
over the uniform FV1 solver run on the finest 2L× 2L

resolution grid scaled up with increasing L, becoming
considerable for L≥ 9. In fact, for L≥ 9, there would be
enough memory and compute workload to bound the GPU,
which the adaptive solver can reduce unlike the uniform
solver. Kesserwani and Sharifian (2023) extended the GPU
implementation of Chowdhury et al. (2023) to produce
the GPU-MWDG2 solver. They analysed its efficiency for
ε= 10−3 in simulating realistic flooding flow scenarios for
adaptive grids involving L≥ 10. Their findings revealed that
the GPU-MWDG2 solver is 3-fold faster than the GPU-DG2
solver on the finest resolution grid for a rapid flood scenario

driven by an impact event, where dynamic GPU-MWDG2
adaptivity did not use more than 85 % of the number of cells
of GPU-DG2. Hence, a dedicated study is needed to further
analyse the usability and practical merit of GPU-MWDG2
simulations over GPU-DG2 simulations for rapid multiscale
flooding scenarios.

Next, in Sect. 2, the GPU-MWDG2 solver in LISFLOOD-
FP 8.2 is described with a focus on its use for running GPU-
MWDG2 simulations from raster-formatted DEM and initial
flow setup files (Sect. 2.1), its associated upper memory lim-
its and scalability (Sect. 2.2), and analysis of efficiency using
newly proposed metrics (Sect. 2.3). In Sect. 3, the efficiency
and accuracy of the GPU-MWDG2 solver are assessed
against the GPU-DG2 solver, with choices of ε= 10−3 and
10−4, for four tsunami-induced flooding benchmarks at both
laboratory- and field-scale. Section 4 draws conclusions and
recommendations as to when the GPU-MWDG2 solver can
best be used over the GPU-DG2 solver. The LISFLOOD-
FP 8.2 code is open-source, under the GPL v3.0 licence
(LISFLOOD-FP developers, 2024), as well as the simulated
benchmarks’ set-up files and datasets (Chowdhury, 2024),
a video tutorial (Chowdhury, 2025) and documentation on
https://www.seamlesswave.com/Adaptive.

2 LISFLOOD-FP 8.2

LISFLOOD-FP 8.2 includes the new capability of running
simulations over a non-uniform grid using dynamic GPU-
MWDG2 adaptivity. The GPU-MWDG2 solver can be used
as an alternative to the uniform-grid GPU-DG2 solver (Shaw
et al., 2021) to potentially reduce simulation runtimes. Un-
like with LISFLOOD-FP 8.1, where the MRA procedure of
MW is only applied once at the beginning of the simula-
tion to generate a static non-uniform grid whose grid reso-
lution is locally coarsened as much as permitted by features
of the time-invariant DEM features (Sharifian et al., 2023),
the GPU-MWDG2 solver deploys the MRA procedure every
global simulation timestep, denoted by 1t , to also automate
grid resolution coarsening based on the features of the time-
varying flow solutions.

The technical description of the GPU-MWDG2 solver has
been reported in previous papers (Kesserwani and Sharifian,
2020, 2023), whose dynamic adaptivity has here been further
computationally optimised to improve memory coalescing
and occupancy in the CUDA kernels (CUDA C++ Program-
ming Guide, 2023). Therefore, the GPU-MWDG2 solver is
briefly overviewed in Appendix A, with a focus on its opera-
tional workflow with reference to Fig. 1. In what follows, the
presentation is focussed on describing the features incorpo-
rated into LISFLOOD-FP 8.2 for running the GPU-MWDG2
solver (Sect. 2.1), on identifying the upper limits of its GPU
memory consumption in relation to the specification of the
GPU card (Sect. 2.2), and on proposing metrics for detailed

https://doi.org/10.5194/gmd-18-9827-2025 Geosci. Model Dev., 18, 9827–9854, 2025

https://www.seamlesswave.com/Adaptive


9830 A. A. Chowdhury and G. Kesserwani: LISFLOOD-FP 8.2

Figure 1. The main operations involved in the GPU-MWDG2 solver (further detailed in Appendix A).

analysis of the efficiency of its dynamic adaptivity from out-
put datasets (Sect. 2.3).

2.1 The GPU-MWDG2 solver

Running a simulation of a test case using any solver in
LISFLOOD-FP requires setting up several test case-specific
input files (https://www.seamlesswave.com/Merewether1,
last access: 30 November 2025). The same is required for
the GPU-MWDG2 solver (https://www.seamlesswave.com/
Adaptive, last access: 30 November 2025). An important in-
put file is the “parameter” file with the extension .par, which
is a text file specifying various solver and simulation param-
eters (https://www.seamlesswave.com/Merewether1-1.html,
last access: 30 November 2025; https://github.com/al0vya/
gpu-mwdg2, last access: 30 November 2025). In the remain-
der of this paper, the usability of the GPU-MWDG2 solver
will be described for the “Monai valley” test case (explored
in Sect. 3.1) without loss of generality. Step-by-step instruc-
tions on how to use the GPU-MWDG2 solver to run a simu-
lation of the “Monai valley” test case have been provided in
Appendix B.

The parameters or keywords that should be typed in the
.par file for running a simulation of the Monai Valley test
case are shown in Fig. 2, including seven keywords related to
running the GPU-MWDG2 solver highlighted in bold. The
cuda keyword should be typed to access the GPU paral-
lelised models in LISFLOOD-FP, e.g. the GPU-DG2 solver
or the GPU-MWDG2 solver. The mwdg2 keyword should
be typed to select the GPU-MWDG2 solver1. The epsilon
keyword should be followed by a numerical value, e.g. 0.001
specifies the error threshold ε= 10−3. The max_ref_lvl
keyword followed by an integer value specifies the maximum
refinement level L, which is specified according to the DEM
size and resolution, as explained next.

The GPU-MWDG2 solver starts a simulation on a square
uniform grid made up of 2L× 2Lcells, which is the finest-
resolution grid accessible to the GPU-MWDG2 solver (Ap-

1The CPU version of the MWDG2 solver was not integrated on
LISFLOOD-FP due to its uncompetitive runtimes.

Figure 2. Listing of parameters in the .par file needed to run a GPU-
MWDG2 simulation for the “Monai Valley” test case (Sect. 3.1),
with the GPU-MWDG2 specific items highlighted in bold.

pendix A). In practice however, the DEM may often involve
a (rectangular) grid with M rows and N columns, for which
the GPU-MWDG2 solver still generates a starting square
uniform grid with 2L× 2Lcells. A suitable choice for L is a
value such that 2L ≥max(N,M). For example, in the Monai
valley test case, N = 784 and M = 486, leading to L= 10.
Figure 3 shows the initial non-uniform grid generated by the
GPU-MWDG2 solver. Since the GPU-MWDG2 solver starts
from a square uniform grid inclusive of the DEM dimen-
sions, two areas emerge in the non-uniform grid: the actual
test case area containing the flow domain, which includes the
DEM data and the initial flow conditions; and, empty areas
where no DEM data are available and where no flow should
occur.

In the actual test case area, GPU-MWDG2 initialises the
data in the cells by using the values specified in .dem and
.start files in raster grid format (see Appendix B). Mean-
while, in the empty areas, it initialises the flow data to zero
and assigns bathymetry data the numerical value that follows
the wall_height keyword. This numerical value must be

Geosci. Model Dev., 18, 9827–9854, 2025 https://doi.org/10.5194/gmd-18-9827-2025

https://www.seamlesswave.com/Merewether1
https://www.seamlesswave.com/Adaptive
https://www.seamlesswave.com/Adaptive
https://www.seamlesswave.com/Merewether1-1.html
https://github.com/al0vya/gpu-mwdg2
https://github.com/al0vya/gpu-mwdg2


A. A. Chowdhury and G. Kesserwani: LISFLOOD-FP 8.2 9831

Figure 3. Initial non-uniform grid generated by the GPU-MWDG2
solver, via the MRA procedure, based on the time-invariant features
the DEM for the “Monai Valley” test case (Sect. 3.1).

sufficiently high such that a high wall is generated between
the test case area and the empty areas (see Fig. 3) to prevents
any water from leaving the test case area (e.g. by choosing a
numerical value that is higher than the largest water surface
elevation). For example, for the Monai valley test case, the
wall_height keyword is specified to 0.5 m to generate a
wall that is high enough to prevent any water from leaving the
flow domain. The refine_wall and ref_thickness
keywords, followed by an integer for the latter, typically be-
tween 16 and 64, should also be typed in the parameter file
to prevent GPU-MWDG2 from excessively coarsening the
non-uniform grid around the walls within the flow domain
(labelled with the curly braces in Fig. 3). This prevents very
coarse cells in the empty areas, covered by user-added arti-
ficial topography, from being next to very fine cells in the
actual areas, covered by actual DEM topography, that could
otherwise cause unphysical predictions. For the Monai val-
ley test case, the refine_wall keyword is specified to trigger
refinement around the wall, and ref_thickness is specified as
16 to trigger 16 cells at the highest refinement level between
the wall and the test case area.

The remaining keywords in Fig. 2 are standard for running
simulations using LISFLOOD-FP and were described pre-
viously. Note that running GPU-MWDG2 on LISFLOOD-
FP 8.2 only requires the user to provide the .dem file and
.start files – unlike the DG2 solvers in LISFLOOD-
FP 8.0 (Shaw et al., 2021) and the static non-uniform grid
generator in LISFLOOD-FP 8.1 (Sharifian et al., 2023),
which require manual pre-processing of .dem1x, .dem1y,
.start1x and .start1y raster files of initial DG2 slope

coefficients. In the GPU-MWDG2 solver these coefficients
are automatically pre-processed from the raw the .dem and
.start files.

Compared to a GPU-DG2 simulation, a GPU-MWDG2
simulation consumes much more memory (Appendix A). As
shown in Sect. 2.2, the large memory costs arise from the
need to store the objects involved in the GPU-MWDG2 al-
gorithm. Practically, the largest allowable choice of L or, in
other words, the largest square uniform grid that can accom-
modate a DEM, is restricted by the memory capacity of the
GPU card on which the GPU-MWDG2 simulation is per-
formed.

2.2 GPU memory cost analysis, limits and scalability

The scope for running a GPU-MWDG2 simulation depends
on the availability of a GPU card that can fit the memory
costs for the specified choice of L. The left panel in Fig. 4
shows the percentage breakdown of the memory consumed
by the objects involved in GPU-MWDG2 simulations: the
GPU-MWDG2 non-uniform grid, the explicitly deep-copied
neighbours of each cell in the grid, and the hierarchy of grids
involved in the dynamic GPU-MWDG2 adaptivity process
(overviewed in Appendix A). It can be seen that 15 % of the
memory is allocated for arrays that store the shape coeffi-
cients of the cells in the hierarchy of uniform grids, while
another 6 % is allocated for other miscellaneous purposes.
Remarkably however, nearly 80 % of the overall GPU mem-
ory costs come from elsewhere: 22 % from arrays storing the
shape coefficients of the cells comprising the non-uniform
grid, and 57 % from arrays storing explicit deep-copies of
the neighbouring shape coefficients of each cell (i.e. north,
east, south, west). This high memory consumption using
deep-copies ensures coalesced memory access when com-
puting the DG2 solver updates (Appendix A). Furthermore,
the GPU-MWDG2 solver is coded to allocate GPU memory
for the worst-case scenario where there is no grid coarsen-
ing at all, thereby negating the need for memory reallocation
after any coarsening to maximise the efficiency of dynamic
GPU-MWDG2 adaptivity, since memory allocation is a rela-
tively slow operation.

The middle panel in Fig. 4 displays the GPU memory al-
located by the GPU-MWDG2 simulations for different L
leading to 2L× 2Lcells on the square uniform grid. The
coloured lines represent the memory limits of four differ-
ent GPU cards. In this figure, the memory limits are consid-
ered for L≥ 9, i.e. for the case where (multi)wavelet-based
adaptive simulations were shown to start offering speedups
over the uniform-grid simulations (Chowdhury et al., 2023;
Kesserwani and Sharifian, 2023). As can be seen, dynamic
GPU-MWDG2 adaptivity can only allocate GPU memory
below the upper memory limit of the GPU card under con-
sideration, leading to a restriction on the value of L that can
be employed. For instance, a GTX 1050 card with a mem-
ory capacity of 2 GB can only accommodate GPU-MWDG2
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Figure 4. GPU memory consumed by dynamic GPU-MWDG2 adaptivity. Left panel shows the percentage breakdown of the GPU memory
consumed by the different objects involved in the GPU-MWDG2 solver. Middle panel shows the amount of GPU memory allocated against
the maximum refinement level L; the numbers on top of the bars show the number of cells for a given value of L. The horizontal lines indicate
the memory limits of four GPU cards. Right panel shows the scalability of the GPU-MWDG2 solver (i.e. an increasing speedup against an
increasing workload) by running GPU-MWDG2 and GPU-DG2 simulations against increasing values of L for the “Monai valley” test case
(Sect. 3.1) and plotting the speedups of the GPU-MWDG2 simulations compared to the GPU-DG2 simulations.

simulations up to L= 10, i.e. starting from a square uni-
form grid made of 1024× 1024 cells; this is because any
value of L > 10 will lead to exceeding this GPU card’s mem-
ory limit. Generally, the larger the value of L, the larger the
2L× 2Lcells on the square uniform grid, thus the larger the
memory requirement for the GPU card. At the time this study
was conducted, GPU-MWDG2 simulations involving L≥
13, i.e. starting from a square uniform grid from 8192× 8192
cells, were not feasible because accommodating such values
of L needed > 80 GB of GPU memory, which was higher
than the memory limit of the latest commercially available
GPU card (i.e. the A100 GPU card, with 80 GB of memory).

The right panel of Fig. 4 shows speedups of GPU-
MWDG2 simulations over GPU-DG2 simulations with re-
spect to L for the “Monai valley” example (Sect. 3.1) to as-
sess the scalability of the GPU-MWDG2 solver in relation
to the simulated problem size (defined by L) for the selected
A100 GPU card. It can be seen that the larger the simulated
problem size, the higher and steeper the speedup. This indi-
cates that the GPU-MWDG2 solver exhibits better scalability
potential with increasing size of the simulated problem, such
as coupled urban and river flooding over a very large area,
requiring L≥ 13.

2.3 Proposed metrics for analysing GPU-MWDG’s
runtime efficiency

Assessing the speedup that could be afforded by GPU-
MWDG2 adaptivity over a GPU-DG2 simulation is essen-
tial. As noted in other works that explored wavelet adaptiv-
ity, the computational effort and speedup of a GPU-MWDG2
simulation should ideally correlate with the number of cells
in the GPU-MWDG2 non-uniform grid. This correlation is
expected since the number of cells dictates the number of

DG2 solver updates to be performed. However, this rarely
occurs in practice as the ideal speedup is diminished by the
additional computational effort spent by GPU-MWDG2 in
generating the non-uniform grid every timestep via the MRA
process (Chowdhury et al., 2023; Kesserwani et al., 2019;
Kesserwani and Sharifian, 2020, 2023). To practically as-
sess the potential speedup of a GPU-MWDG2 simulation,
one must consider the interdependent effects of the number
of cells in the non-uniform grid, the computational effort of
performing the DG2 solver updates, and the computational
effort of performing the MRA process.

To do so, starting from LISFLOOD-FP 8.2, the user can
include the cumulative keyword in the parameter file
to produce a cumu file that contains the time histories of
several quantities for analysing the speedup achieved by
GPU-MWDG2 adaptivity. This file contains time series of
the number of cells in the non-uniform grid, the compu-
tational effort of performing the DG2 solver updates per
timestep, the timestep size, the timestep count, amongst other
items, with the full list of items detailed in the data and
script files in Chowdhury (2024). In this paper, the time
histories of these quantities are postprocessed into several
time-dependent metrics for analysing the speedups of GPU-
MWDG2 simulations compared to GPU-DG2 simulations
(Sect. 3). The metrics are described in Table 1, and their
use for analysing the speedup of a GPU-MWDG2 simula-
tion is explained next based on the Monai Valley example
(Sect. 3.1).

In a GPU-MWDG2 simulation of an impact event, the
computational effort per timestep changes depending on the
change in the number of cells in the GPU-MWDG2 non-
uniform grid. The number of cells changes over time because
finer cells are generated by GPU-MWDG2 adaptivity to track
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Table 1. Time-dependent metrics for evaluating the potential speedup of a GPU-MWDG2 simulation over a GPU-DG2 simulation.

Metric Description

Ncells(t) Number of cells in GPU-MWDG2’s non-uniform grid compared to GPU-DG2’s grid (as a
percentage) against simulation time.

RDG2(t) Computational effort spent by GPU-MWDG2 to perform the DG2 solver updates at a given timestep
(relative to GPU-DG2 as a percentage) against simulation time.

RMRA(t) Computational effort spent by GPU-MWDG2 to perform the MRA process and generate the
non-uniform grid at a given timestep (relative to GPU-DG2 as a percentage) against simulation time.

Sinst(t) Instantaneous speedup achieved by GPU-MWDG2 over GPU-DG2 at a given timestep against
simulation time.

N1t (t) Number of timesteps taken by GPU-MWDG2 to reach a given simulation time.

CDG2(t) Cumulative computational effort spent by GPU-MWDG2 to perform the DG2 solver updates
(quantified in units of wall clock time) up to a given simulation time.

CMRA(t) Cumulative computational effort spent by GPU-MWDG2 to perform the MRA process (quantified
in units of wall clock time) up to a given simulation time.

Ctot(t) Total cumulative computational effort spent by GPU-MWDG2 to complete a simulation (quantified
in units of wall clock time) up to a given simulation time.

Sacc(t) Accumulated speedup of GPU-MWDG2 over GPU-DG2 up to a given simulation time.

Figure 5. GPU-MWDG2 non-uniform grids generated for the “Monai Valley” test case (Sect. 3.1). Left panel shows the grid at the start of
the simulation whereas the right panel shows the grid after the simulation has progressed by 17 s, which tracks flow dynamics.

the flow features produced by the impact event as it enters
and travels through the bathymetric area. The left panel of
Fig. 5 shows the initial non-uniform grid generated by GPU-
MWDG2 at the start of the simulation, while the right panel
shows an intermediate non-uniform grid generated by GPU-
MWDG2 after the simulation has progressed by 17 s, i.e. af-
ter an impact event, here a tsunami, has entered and propa-
gated through the bathymetric area. At the start of the simu-
lation, the initial non-uniform grid is coarsened as much as
allowed, based only on the static features of the bathymetric
area and initial flow conditions, leading to a minimal number
of cells in the grid, which is quantified by Ncell. The num-
ber of cells determines the number of DG2 solver updates to

be performed at a given timestep, leading to a correspond-
ing computational effort per timestep, which is quantified by
RDG2. There is also the computational effort of performing
the MRA process at a given timestep, which is quantified by
RMRA. Based on the combined computational effort of per-
forming both the MRA process and the DG2 solver updates
at a given timestep, the instantaneous speedup in complet-
ing one timestep of a GPU-MWDG2 simulation (relative to
the GPU-DG2 simulation) can be computed, which is quan-
tified by Sinst. In Fig. 5, after the simulation has progressed
by 17 s, the number of cells in the non-uniform grid has in-
creased due to using finer cells to track the tsunami’s wave-
fronts and wave diffractions, which leads to a higher value
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of Ncell and RDG2 (and possibly also to a higher value of
RMRA, as a higher number of cells in the non-uniform grid
means more cells must be processed during the MRA pro-
cess); thus, Sinst is expected to drop. Generally, the higher
the complexity of the impact event, the higher the number of
cells in the GPU-MWDG2 non-uniform grid, and the lower
the potential speedup.

The metricsNcell,RDG2,RMRA and Sinst quantify the com-
putational effort and speedup of a GPU-MWDG2 simulation
per timestep compared to a GPU-DG2 simulation. However,
the overall or cumulative computational effort and speedup
of a GPU-MWDG2 simulation depends on having accumu-
lated the computational effort and speedup per timestep from
all the timesteps taken by GPU-MWDG2 to reach a given
simulation time. The higher the number of timesteps taken
by GPU-MWDG2 to reach a given simulation time (quan-
tified by N1t ), the higher the cumulative computational ef-
fort spent by GPU-MWDG2 to reach that simulation time
(quantified byCtot). TheCtot metric is computed by summing
the cumulative computational effort spent by GPU-MWDG2
to perform the DG2 solver updates and the MRA process,
which is quantified by CDG2 and CMRA, respectively. Using
the cumulative metrics, the overall speedup accumulated by a
GPU-MWDG2 simulation can be computed, which is quan-
tified by Sacc. The metrics in Table 1 are used in the next
section (Sect. 3) to assess the speedup afforded by GPU-
MWDG2 adaptivity over the GPU-DG2 simulation.

3 Evaluation of GPU-MWDG2 adaptivity

The efficiency of the GPU-MWDG2 solver is evaluated rel-
ative to the GPU-DG2 solver – which is always run on the
DEM grid – using the metrics proposed in Table 1. The po-
tential speedup afforded by GPU-MWDG2 adaptivity is hy-
pothesised to depend on the duration and complexity of the
impact event (Sect. 2.3) as well as the available DEM grid
size, which dictates the choice for the L (Sect. 2.1). There-
fore, the evaluation is performed by simulating four realis-
tic test cases of tsunami-induced flooding with various im-
pact event complexity, ranging from a single-wave to wave-
train tsunamis, and DEM sizes, requiringL= 10 or 12 for the
square uniform grid. The properties of the selected test cases
are summarised in Table 2. The simulations were run on the
Stanage high performance computing cluster of the Univer-
sity of Sheffield using an A100 GPU card with 80 GB of
memory to accommodate the memory cost of using L= 12
(see Sect. 2.2).

The GPU-MWDG2 simulations are run with ε= 10−4 and
10−3, which is the range of ε where the predictive accuracy
of the GPU-DG2 simulations can be preserved while achiev-
ing considerable speedups (Kesserwani and Sharifian, 2020,
2023). Here, the practical usability of these ε values is also
validated based on the heuristic rule that ε should be propor-
tional to 1xL multiplied by a scaling factor Cε (Caviedes-

Voullième et al., 2020); where, 1xL is the (finest) resolu-
tion of the DEM grid and Cε represents the ratio between the
smallest and largest length scale that can be captured dur-
ing a simulation. For example, using ε= 10−3 and 10−4 in
the Monai Valley test case with the available grid resolu-
tion 1xL = 0.007 yields C10−3 = 0.14 and C10−4 = 0.014,
respectively, which are the highest length-scale ratios that
can be captured in these simulations. Similarly, C10−3 and
C10−4 were estimated for the other test cases based on the
best available DEM resolutions, and they are listed in Ta-
ble 2.

According to Gerhard et al. (2015) and Gerhard and
Müller (2016), a selected ε is valid if two conditions are met:

i. the “full error” (FE) (the error between the GPU-
MWDG2 predictions and the analytical solution) is in
the same order of magnitude as the “discretisation er-
ror” (DE), i.e. the error between the GPU-DG2 predic-
tions and the analytical solution; and

ii. the “perturbation error” (PE) (the error between the
GPU-MWDG2 and GPU-DG2 predictions) decreases
by one order of magnitude when ε is also reduced by
one order of magnitude for smooth numerical solutions.

In the present work, conditions (i) and (ii) can be approxi-
mately evaluated at observation points where measured data
are available – to confirm the validity of ε= 10−3 and 10−4 –
by quantifying FE, DE and PE, which were calculated using
the root mean squared error (RMSE):
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where Nobs is the number of observation points and P obs
i ,

PDG2
i and PMWDG2

i are the ith observation point, GPU-DG2
prediction and GPU-MWDG2 prediction respectively. The
predictions may be any of the prognostic variables, to include
water surface elevation h+z or the u or v components of the
velocity, or velocity-related variables.

3.1 Monai Valley

This test case has been used to validate many hydrodynamic
solvers (Caviedes-Voullième et al., 2020; Kesserwani and
Liang, 2012; Kesserwani and Sharifian, 2020; Matsuyama
and Tanaka, 2001). It involves a 1 : 400 scaled replica of
the 1993 tsunami that flooded Okushiri Island after a wave
runup of 30 m at the tip of a very narrow gulley in a small
cove at Monai Valley (Liu et al., 2008). The scaled DEM has
784× 486 cells for which its associated initial square uni-
form grid is generated with L= 10.
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Table 2. Information per test case. Size of N ×M DEM grid and Manning coefficient nM , size of square uniform grid to accommodate the
DEM grid and the associated value of L,1xL the resolution of the DEM grid, Cε the ratio between the smallest and largest length scale that
can be captured in a simulation using a given value of ε and the 1xL available, and the tsunami complexity.

Test case DEM grid (nM ) Square uniform 1xL C10−3 C10−4 Tsunami complexity
grid (L) [m]

“Monai Valley” (Sect. 3.1) 784× 486 (0.01) 210
× 210(10) 0.007 0.14 0.014 Single wave

“Seaside Oregon” (Sect. 3.2) 2181× 1091 (0.025) 212
× 212(12) 0.02 0.05 0.005 Single wave

“Tauranga Harbour” (Sect. 3.3) 4096× 2196 (0.025) 212
× 212(12) 10 0.0001 0.00001 Low frequency wave train

“Hilo Harbour” (Sect. 3.4) 702× 692 (0.025) 210
× 210(10) 10 0.0001 0.00001 High frequency wave train

Figure 6. Monai Valley. Top-down view of bathymetry (top left panel), where the red arrows indicate the direction and distance travelled by
the tsunami; time history of the tsunami entering from the left boundary (bottom left panel); initial GPU-MWDG2 non-uniform grids (right
panels) covering the portion of the bathymetric area framed by the white box (top left panel).

In Fig. 6, a top-down view of the bathymetric area is shown
(top left panel), which has a small island in the middle and
a coastal shoreline to the right, including Okushiri Island
and Monai Valley. The coastal shoreline gets flooded by a
tsunami that initially enters the bathymetric area from the
left boundary and then travels to the right by 4.5 m (indi-
cated by the red arrows), interacting with the small island as
it travels through the bathymetric area. This tsunami is sim-
ulated for 22.5 s, during which it travels through the bathy-
metric area in three stages of flow over time: the entry stage
(0 to 7 s), the travelling stage (7 to 17 s) and the flooding
stage (17 to 22 s). During the entry stage, the tsunami does
not enter the bathymetric area, as seen in the hydrograph of
the tsunami’s water surface elevation (bottom left panel of
Fig. 6). During the travelling stage, the tsunami enters from
the left boundary and travels right towards the coastal shore-
line. Lastly, during the flooding stage, the tsunami floods the
coastal shoreline, due to which many flow dynamics such as
wave reflections and diffractions are produced that must be
tracked using finer cells, thus increasing the number of cells
in the GPU-MWDG2 non-uniform grid. In the right panels of

Fig. 6, the initial GPU-MWDG2 grids at ε= 10−3 and 10−4

are depicted for the portion of the bathymetric area framed
by the white box (top left panel of Fig. 6). With ε= 0−3 and
10−4, the initial GPU-MWDG2 grid has 6 % and 12 % of the
number of cells as in the GPU-DG2 uniform grid, respec-
tively.

In Fig. 7, an analysis of the runtimes of the GPU-DG2 and
GPU-MWDG2 simulations using the time-dependent met-
rics of Table 1 is shown. Up to 15 s, i.e. before the flood-
ing stage of flow begins, the time history of Ncell remains
flat, meaning that the number of cells in the GPU-MWDG2
non-uniform grid does not change over time. Once the flood-
ing stage begins however, Ncell increases slightly, particu-
larly at ε= 10−4. With an increased number of cells in the
non-uniform grid, the computational effort of performing the
DG2 solver updates per timestep should increase, as is con-
firmed by the time history of RDG2, which is flat before the
flooding stage of flow, but thereafter increases, particularly at
ε= 10−4. However, unlike RDG2, the time history of RMRA
is similar for both values of ε, and stays flat for most of the
simulation except for an initial decrease at the start, meaning
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Figure 7. Monai Valley. Measuring the computational performance of the GPU-MWDG2 and GPU-DG2 simulations using the metrics of
Table 1 to assess the speedup afforded by GPU-MWDG2 adaptivity:Ncells, the number of cells in the GPU-MWDG2 non-uniform grid,where
the dashed line represents the initial value at the beginning of the simulation; RDG2,the computational effort of performing the DG2 solver
updates at given timestep relative to the GPU-DG2 simulation; RMRA, the relative computational effort of performing the MRA process at a
given timestep; Sinst, the instantaneous speedup achieved by the GPU-MWDG2 simulation over the GPU-DG2 simulation at a given timestep;
1t , the simulation timestep;N1t , the number of timesteps taken to reach a given simulation time; CDG2, the cumulative computational effort
of performing the DG2 solver updates up to a given simulation time; CMRA, the cumulative computational effort of performing the MRA
process; Ctot, the total cumulative computational effort; Sacc, the accumulated speedup of GPU-MWDG2 over GPU-DG2 up to a given
simulation time.

that the computational effort of performing the MRA process
per timestep is similar for both values of ε and remains fixed
throughout the simulation. Thus, the drop in the speedup of
completing a single timestep of the GPU-MWDG2 simula-
tion compared to the GPU-DG2 simulation is mostly due to
the increase in RDG2 at ε= 10−4, with Sinst dropping from
2.0 to 1.8 (which otherwise stays flat at 2.7 for ε= 10−3).

The cumulative computational effort is affected by the
timestep size (1t) and the number of timesteps taken to
reach a given simulation time (N1t ). In this test case, the
time histories of 1t of the GPU-DG2 simulation and the
GPU-MWDG2 simulation using ε= 10−4 are very similar,
but with ε= 10−3, it drops at 7 s, i.e. as soon as the trav-
elling stage of flow begins. This slight drop in 1t is likely
caused by the existence of planar DG2 solutions per cell
with either partially wet portions or thin water layers under
friction effects that locally and temporarily triggers smaller-
scale timesteps. Either of these are more likely to be present
in coarser cells, thereby reducing 1t with ε= 10−3. Due

to the smaller 1t at ε= 10−3, the trend in N1t is steeper
at ε= 10−3 than 10−4, i.e. more timesteps are taken and
thus more computational effort is spent by GPU-MWDG2
to reach a given simulation time at ε= 10−3 than 10−4. Still,
despite the steeper trend in N1t , the cumulative computa-
tional effort of performing the MRA process is similar using
both ε= 10−3 and 10−4, which is expected given that RMRA
is also very similar for values of ε. In contrast, the cumulative
computational effort of performing the DG2 solver updates is
considerably higher at ε= 10−4 than 10−3, likely due to the
higher RDG2 at ε= 10−4, which seems correct since a higher
computational effort to perform the DG2 solver updates per
timestep should lead to a higher cumulative computational
effort (assuming that the time histories of N1t are similar
for the different values of ε, which is the case here). Notably
though, CDG2 is actually smaller than CMRA, meaning that
in this test case, the computational effort is dominated by the
MRA process rather than the DG2 solver updates. Overall,
for both values of ε, the total computational effort of running
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Figure 8. Monai Valley. Time series of the water surface elevation
(h+z) predicted by GPU-DG2 and GPU-MWDG2 at the three sam-
pling points (shown in Fig. 6, top left panel) compared to the exper-
imental results.

the GPU-MWDG2 simulations is always lower than that of
the GPU-DG2 simulation, with Ctot always being lower than
that of GPU-DG2 at both ε= 10−3 and 10−4. The accumu-
lated speedups of the GPU-MWDG2 simulations, Sacc, finish
at around 2.5 and 2.0 using ε= 10−3 and 10−4, respectively.

In Fig. 8, the GPU-MWDG2 predictions at ε= 10−3 and
10−4 and the GPU-DG2 prediction of the water surface ele-
vation h+ z at points 1, 2 and 3 (i.e. the coloured points in
the top left panel of Fig. 7) are shown. All three predictions
are very similar to each other visually, although at point 2,
the wave arrival time is seen to be slightly underpredicted
using ε= 10−3. In Table 3, the FE, DE and PE at the same
points are shown: the FE and DE are of the same order of
magnitude, while the PE decreases by around an order of
magnitude since the simulation does not involve strong dis-
continuities. This shows fulfilment of conditions (i) and (ii),
in turn confirming the validity of the selected ε values in this
test case.

Overall, the GPU-MWDG2 solver closely reproduces the
GPU-DG2 water surface elevation predictions while being
two times faster than the GPU-DG2 solver due to using
L= 10. This is in line with the speedups shown in Fig. 4
in Sect. 2.2, which suggests that L= 10 is the “borderline”
value of L where GPU-MWDG2 adaptivity reliably yields a
speedup. In the next test case, the impact of a larger DEM
size – requiring a larger L value – on the speedup of the
GPU-MWDG2 solver is evaluated. The prediction of more
complex velocity-related quantities is also considered.

3.2 Seaside Oregon

This is another popular benchmark test case that has been
used to validate hydrodynamic solvers for nearshore tsunami
inundation simulations (Gao et al., 2020; Macías et al.,
2020a; Park et al., 2013; Qin et al., 2018; Violeau et al.,
2016). It involves a 1 : 50 scaled replica of an urban town in
Seaside, Oregon that is flooded by a tsunami travelling along
a scaled DEM made up of 2181× 1091 cells, here requiring
a larger L= 12 to generate the initial square uniform grid.

In Fig. 9, the bathymetric area is shown (top left panel),
which is very flat everywhere except to the right where very
complex terrain features of the urban town, such as build-
ings and streets, are located. The urban town is flooded by a
tsunami that enters from the left boundary and travels a dis-
tance of 33 m to the right before flooding the town (as shown
by the red arrows). This tsunami is simulated for 40 s, during
which it travels through the bathymetric area in four stages
of flow over time, much like in the last test case (Sect. 3.1):
the entry stage (0 to 10 s), the travelling stage (10 to 25 s),
the flooding stage (25 to 35 s) and the inundation stage (35
to 40 s). During the entry stage, the tsunami is not yet in
the bathymetric area; during the travelling stage, the tsunami
starts to enter the bathymetric area from the left boundary
and travels right towards the town; during the flooding stage,
the tsunami hits the town, flooding the streets and overtop-
ping some of the buildings, causing vigorous flow dynamics;
finally, during the inundation stage, the tsunami inundates the
town and goes on to interact with the right boundary, caus-
ing wave reflections. The water surface elevation hydrograph
of the tsunami is plotted in the bottom left panel of Fig. 9:
it only has a single peak, therefore leading to low tsunami
complexity. The right panels show the initial GPU-MWDG2
non-uniform grids at ε= 10−3 and 10−4, respectively (again
for the portion of the bathymetric area framed by the white
box in top left panel): at ε= 10−3, greater grid coarsening is
achieved, with the grid including only 2 % of the number of
cells as in the GPU-DG2 uniform grid, whereas at ε= 10−4

it is 5 % since more cells are used due to retention of finer
resolution around and within complex terrain features of the
urban town.

In Fig. 10, an analysis of runtimes of the GPU-MWDG2
and GPU-DG2 simulations are shown. As indicated by the
time history of Ncell, the number of cells in the GPU-
MWDG2 non-uniform grid does not increase significantly
for either value of ε until the flooding stage of flow at 25 s,
whereNcell starts increasing more noticeably. Once the num-
ber of cells starts increasing, there is a corresponding in-
crease in RDG2. On the other hand, the time history of RMRA
is quite flat during the entire simulation, except for a small
decrease during the first 10 s of the simulation, and a small
increasing trend in the final 5 s of the simulation, i.e. during
the inundation stage of flow when the number of cells in-
creases relatively sharply compared to the rest of the simula-
tion. Driven primarily by the increase in RDG2 at the flooding
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Table 3. Monai valley. DE, FE and PE quantified using Eqs. (1) to (3) considering measured and predicted time series of the water surface
elevation at points 1, 2 and 3 in Fig. 7. The errors are computed in order to check for fulfilment of conditions (i) and (ii) and to confirm the
validity of selecting ε= 10−3 and 10−4 in this test case.

DE FE PE

Observation – ε= 10−3 ε= 10−4 ε= 10−3 ε= 10−4

point

Point 1 0.012429 0.012544 0.012414 0.000814 0.000218
Point 2 0.004829 0.005277 0.004818 0.001606 0.000767
Point 3 0.007427 0.007690 0.007323 0.001209 0.000474

Figure 9. Seaside Oregon. Top-down view of bathymetry (top left panel), where the red arrows indicate the direction and distance travelled;
tsunami time history entering the left boundary (bottom left panel); initial GPU-MWDG2 grids (right panels) for the potion in white box (top
left panel).

stage at 25 s, the time history of Sinst is quite stable until 25 s
and thereafter shows a decreasing trend that is particularly
steep at ε= 10−3.

Like the previous test case (Sect. 3.1), the time histories
of 1t in the GPU-DG2 simulation and GPU-MWDG2 sim-
ulation at ε= 10−4 are very similar, but at ε= 10−3, there is
a sharp drop in 1t after 32 s, i.e. when the flooding stage of
flow starts transitioning to the inundation stage. Again, this
sharp drop in 1t is triggered by coarse cells that are either
partially wet or have thin water layers, which are more likely
in the non-uniform grid with ε= 10−3, but not with 10−4.
The first drop in 1t , which occurs at 25 s when the flood-
ing stage starts, leads to a locally steeper trend in the time
history of N1t , as indicated by the kink in the trend at 25 s.
The second drop in 1t , which is seen only for ε= 10−3 af-
ter 32 s, leads to a sustained steepness in the time history of
N1t . This steepness means that GPU-MWDG2 takes more
timesteps and thus accumulates more computational effort to

reach a given simulation time at ε= 10−3 than 10−4, which
is confirmed by the final value of CMRA, which is higher at
the end of the simulation at ε= 10−3 compared to 10−4, even
though it was lower at ε= 10−3 than at ε= 10−4 for the rest
of the simulation. Since RMRA is always lower at ε= 10−3

than 10−4, this observation about CMRA suggests that even
if the computational effort per timestep is lower through-
out the simulation, a high timestep count can sufficiently in-
crease the cumulative computational effort such that it be-
comes higher at ε= 10−3 than 10−4. Nonetheless, the time
history of Ctot in the GPU-MWDG2 simulations always re-
mains well below that of the GPU-DG2 simulation, with Sinst
finishing at 3.5 and 3.0 with ε= 10−3 and 10−4, respectively.

In Fig. 11, the time series predicted by GPU-MWDG2 us-
ing ε= 10−3 and 10−4 and GPU-DG2 of the prognostic vari-
ables h+ z, the u component of the velocity, and the derived
momentum variable Mx = 0.5hu2 at points A1, B6 and D4
are shown. Point A1 is one of the left-most crosses in Fig. 9,
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Figure 10. Seaside Oregon. Measuring the computational performance of the GPU-MWDG2 and GPU-DG2 simulations using the metrics of
Table 1 to assess the speedup afforded by GPU-MWDG2 adaptivity:Ncells,the number of cells in the GPU-MWDG2 non-uniform grid,where
the dashed line represents the initial value at the beginning of the simulation; RDG2, the computational effort of performing the DG2 solver
updates at given timestep relative to the GPU-DG2 simulation; RMRA, the relative computational effort of performing the MRA process at a
given timestep; Sinst, the instantaneous speedup achieved by the GPU-MWDG2 simulation over the GPU-DG2 simulation at a given timestep;
1t , the simulation timestep;N1t , the number of timesteps taken to reach a given simulation time; CDG2, the cumulative computational effort
of performing the DG2 solver updates up to a given simulation time; CMRA, the cumulative computational effort of performing the MRA
process; Ctot, the total cumulative computational effort; Sacc, the accumulated speedup of GPU-MWDG2 over GPU-DG2 up to a given
simulation time.

point B6 is one of the central crosses, and point D4 is one of
the right-most crosses. At all three points, the predictions are
visually similar to each other except at point D4, where, for
ε= 10−3, the impact wave height is slightly overpredicted,
while the velocity and momentum is overpredicted between
33 s and 43 s. Compared to the measured data, the predic-
tions all follow the trailing part of the measurement time se-
ries quite well, but at the peaks, they are underpredicted at
point A1, overpredicted at point B6, and out of phase at point
D4. These differences, which manifest most noticeably at the
peaks, may be due to the incoming bore of the impact wave,
which had invalidated measurements and required repeating
experiments, possibly introducing uncertainty into the mea-
sured data (Park et al., 2013).

Table 4 shows the associated DE, FE and PE at points A1,
B6 and D4. The errors confirm fulfilment of conditions (i)
and (ii) and thus show that selected ε values are valid: the DE
and FE are in the same order of magnitude, while decreasing
ε from 10−3 to 10−4 leads to a reduction in the PE – although

the reduction is less than an order of magnitude compared to
the last test case (Sect. 3.1) due to the strong discontinuities
introduced into the numerical solution by the buildings in the
urban area.

This test case and the previous show that the GPU-
MWDG2 solver can achieve at least a 2-fold speedup over
the GPU-DG2 solver for tsunami simulations involving a
single-wave impact event. Notably though, if the impact
event had been present for a larger fraction of the simula-
tion time, it would have introduced a correspondingly higher
amount of complexity over time, and a higher cumulative
computational effort would have been expected. This type
of event will be explored next in Sect. 3.3 and 3.4.

3.3 Tauranga Harbour

This test case reproduces the 2011 Japan tsunami event
in Tauranga Harbour, New Zealand (Borrero et al., 2015;
Macías et al., 2015, 2020b). The bathymetric area has a DEM
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Table 4. Seaside Oregon. DE, FE and PE quantified using Eqs. (1) to (3) considering measured and predicted time series of the prognostic
variables h+ z, u and Mx at points A1, B6 and D4 (shown in Fig. 9). The errors are considered in order to check for fulfilment of conditions
(i) and (ii) and confirm the validity of selecting ε= 10−3 and 10−4 in this test case.

DE FE PE

Observation Quantity – ε= 10−3 ε= 10−4 ε= 10−3 ε= 10−4

point

A1 h+ z 0.168783 0.168835 0.168764 0.003100 0.001857
u 0.926009 0.928524 0.925210 0.057247 0.026415
Mx 0.316526 0.316487 0.316498 0.002713 0.000809

B6 h+ z 0.065732 0.065925 0.065724 0.004869 0.003087
u 1.597801 1.598185 1.597701 0.060968 0.042121
Mx 0.148552 0.148858 0.148491 0.007611 0.003425

D4 h+ z 0.013469 0.014846 0.012927 0.007300 0.004517
u 0.145877 0.169860 0.160767 0.194791 0.121198
Mx 0.005891 0.007861 0.006407 0.007534 0.003531

Figure 11. Seaside Oregon. Time series of the water surface ele-
vation (h+ z), u velocity component and momentum Mx for the
GPU-DG2 and GPU-MWDG2 predictions at points A1, B6 and D4
(Fig. 9), compared to the experimental data.

made of 4096× 2196 cells, requiring L= 12 to generate the
initial square uniform grid. As shown by the red arrows in
Fig. 12, the tsunami enters from the top boundary and travels
a short distance downwards before quickly hitting the coast
at y= 16 km. As shown by the time history of the water sur-
face elevation (bottom left panel of Fig. 12), the tsunami is a
wave train made up of three wave peaks and troughs that en-
ter that bathymetric area one after the other at 0, 12 and 24 h
during the 40 h tsunami event, with the latter two waves also
exhibiting noise. Vigorous flow dynamics occur within the
bathymetric area from the very beginning of the simulation,
due to complex impact event and the irregular bathymetric

zones that trigger wave reflections and diffractions. The right
panels of Fig. 6 include the GPU-MWDG2 grids generated
at ε= 10−3 and 10−4 for the region bounded by the white
box (top left panel). With ε= 10−3, the number of cells in
the grid is 5 % of the GPU-DG2 uniform grid, whereas with
ε= 10−4, it is 15 %, due to less coarsening in and around the
irregular bathymetric zones.

In Fig. 13, an analysis of the runtimes of the GPU-
MWDG2 and GPU-DG2 simulations is shown. Unlike the
previous test cases (Sect. 3.1 and 3.2), the first wave of the
tsunami wave train enters the bathymetric immediately, caus-
ing Ncell to increase very sharply and immediately from its
initial value for both values of ε, which thereafter fluctuates
due to the periodic tsunami signal. Following the sharp in-
crease and fluctuations in Ncell, RDG2 also sharply increases
and fluctuates. However, RMRA does not and stays stable and
flat throughout the simulation. Thus, driven primarily by the
sharp decrease in RDG2, Sinst decreases sharply from 4.0 to
1.6. The time histories of1t in the GPU-DG2 simulation and
the GPU-MWDG2 simulation using ε= 10−4 follow each
other quite closely up to 16 h, but at ε = 10−3, the time his-
tory of 1t shows two periodic drops after 24 h. These drops
are likely due to periodic wetting and drying processes that
trigger coarse cells with partially wet portions or thin water
layers, which are more common in the non-uniform grid at
ε= 10−3 but not at 10−4. Due to the smaller 1t at ε= 10−3,
the time history of N1t is locally steeper (see the kinks at 25
and 35 h), but this does not lead to significant differences be-
tween the cumulative computational effort at ε= 10−3 versus
10−4. The time history of Ctot in the GPU-MWDG2 simula-
tions remains consistently below that of the GPU-DG2 sim-
ulation for both values of ε, but they are relatively close to
each other compared to the previous test cases (Sect. 3.1 and
3.2). Thus, even though Sacc starts at around 4, like in the
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Figure 12. Tauranga Harbour. Top-down view of bathymetry (top left panel), where the red arrows indicate the direction and distance
travelled; tsunami time history entering the top boundary (bottom left panel); initial GPU-MWDG2 grids (right panels) for the potion in
white box (top left panel).

Figure 13. Tauranga Harbour. Measuring the computational performance of the GPU-MWDG2 and GPU-DG2 simulations using the met-
rics of Table 1 to assess the speedup afforded by GPU-MWDG2 adaptivity: Ncells,the number of cells in the GPU-MWDG2 non-uniform
grid,where the dashed line represents the initial value at the beginning of the simulation; RDG2, the computational effort of performing the
DG2 solver updates at given timestep relative to the GPU-DG2 simulation; RMRA, the relative computational effort of performing the MRA
process at a given timestep; Sinst, the instantaneous speedup achieved by the GPU-MWDG2 simulation over the GPU-DG2 simulation at
a given timestep; 1t , the simulation timestep; N1t , the number of timesteps taken to reach a given simulation time; CDG2, the cumulative
computational effort of performing the DG2 solver updates up to a given simulation time; CMRA, the cumulative computational effort of per-
forming the MRA process; Ctot, the total cumulative computational effort; Sacc, the accumulated speedup of GPU-MWDG2 over GPU-DG2
up to a given simulation time.
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Figure 14. Tauranga Harbour. Time series of the water surface el-
evation (h+ z) produced by GPU-DG2 and GPU-MWDG2 at the
points labelled A Beacon, Tug Harbour, Sulphur Point and Mo-
turiki (labelled in Fig. 12) and for the speed (

√
u2+ v2) at the point

ADCP (also labelled in Fig. 12), compared to the experimental re-
sults.

previous test case with L= 12 (Sect. 3.2), it drops sharply to
1.6 and 1.4 at ε= 10−3 and 10−4, respectively.

In Fig. 14, the top four panels show the time series of the
water surface elevation predicted by GPU-MWDG2 using
ε= 10−3 and 10−4 and by GPU-DG2 at observation points
A Beacon, Tug Harbour, Sulphur Point and Moturiki (top
left panel of Fig. 12). All of the predictions are visually in
agreement with each other as well as the measured data.
Meanwhile, the bottom panel of Fig. 14 shows the speed
(
√
u2+ v2) predicted at observation point ADCP, where the

predictions are still visually in agreement with each other, but
less so with the measured speed, as was also observed for the
velocity-related predictions in the last test case (Sect. 3.2).
Table 5 quantifies the extent of agreement by showing the
associated DE, FE and PE at the observation points. The DE
and FE are in the same order of magnitude, while the PE
is reduced by close to an order of magnitude when ε is de-
creased from 10−3 to 10−4, fulfilling conditions (i) and (ii)
and thereby validating the used ε choices.

Overall, this test case features a more complex tsunami
compared to the previous test cases (Sect. 3.1 and 3.2), which
sharply increases the number of cells in the GPU-MWDG2
non-uniform grid and thus also increases the computational
effort of performing the DG2 solver updates. Hence, de-

spite requiring the same L= 12 as the previous test case
(Sect. 3.2), the final speedups are lower in this test case
due to the more complex tsunami, with Sacc finishing at
1.6- and 1.4-fold with ε= 10−3 and 10−4, respectively. Both
choices of ε= 10−4 and 10−3 are valid for this test case: us-
ing ε= 10−4 would improve the closeness to the GPU-DG2
predicted velocities, while using ε= 10−3 leads to very close
water surface elevation predictions and fairly accurate veloc-
ity predictions, although without a major improvement in the
speedup. In the next test case, another complex tsunami with
higher frequency impact event peaks is considered, but now
with a smaller DEM size requiring L= 10.

3.4 Hilo Harbour

This test case reproduces the 2011 Japan tsunami event at
Hilo Harbour in Hawaii, USA (Arcos and LeVeque, 2014;
Lynett et al., 2017; Macías et al., 2020b; Velioglu Sogut and
Yalciner, 2019). It involves a complex tsunami made up of
a high-frequency wave train that propagates for 6 h into a
bathymetric area that is smaller than the previous test case
(Sect. 3.3): the current bathymetric area has a DEM size
made of 702× 692 cells, requiring a smaller L= 10 to gen-
erate the initial square uniform grid. As shown in Fig. 15,
the tsunami enters from the top boundary and travels south
to flood the coast at y= 4 km. The wave train occurs over
the entire 6 h simulation time, from a reference timestamp
of 7 to 13 h post-earthquake. In Fig. 15, the time history of
the wave train is shown during the 8.5 to 11 h time period
(bottom left panel): from the very beginning and during the
entire simulation, violent flow dynamics occur in the bathy-
metric area. The right panels show the initial GPU-MWDG2
non-uniform grids generated at ε= 10−3 and 10−4 for the re-
gion bounded by the white box (top left panel): the number of
cells in the initial non-uniform grids are at 10.0 % and 22.5 %
of the GPU-DG2 uniform grid at ε= 10−3 and ε= 10−4, re-
spectively.

In Fig. 16, an analysis of runtimes of the GPU-MWDG2
and GPU-DG2 simulations is shown. Like the last test case
(Sect. 3.3), the wave train enters the bathymetric area imme-
diately and Ncell increases sharply and immediately to max-
imum values of 32 % and 40 % at ε= 10−3 and 10−4, re-
spectively. The time history of Ncell stays at this maximum
for the rest of the simulation except for localised drops at
certain simulation times, e.g. at 8 h. Following Ncell, RDG2
also increases sharply and immediately (to maximum values
of 50 % and 55 % at ε= 10−3 and 10−4, respectively), and
shows localised drops at the same times as the drops in Ncell.
In contrast, the time history of RMRA stays very flat through-
out the simulation, except for a small, temporary drop at 8 h,
which is when the largest drop in Ncell occurs. Due to the
generally flat time histories of RDG2 and RMRA, the time his-
tory of Sinst is also flat except for localised peaks that occur at
the same times as the localised drops inRDG2 andRMRA. Un-
like all of the previous test cases (Sect. 3.1–3.3), the time his-
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Table 5. Tauranga Harbour. DE, FE and PE quantified using Eqs. (1) to (3) considering measured and predicted time series of the water
surface elevation h+ z at observation points A Beacon, Tug Harbour, Sulphur Point and Moturiki (top left panel of Fig. 12), and the speed
(
√
u2+ v2) at observation point ADCP. The errors are considered in order to check for fulfilment of conditions (i) and (ii) and confirm the

validity of selecting ε= 10−3 and 10−4 in this test case.

DE FE PE

Observation point Quantity – ε= 10−3 ε= 10−4 ε= 10−3 ε= 10−4

A Beacon h+ z 0.150932 0.153826 0.151580 0.013583 0.002991
Tug Harbour h+ z 0.155685 0.157995 0.157293 0.032124 0.008822
Sulphur Point h+ z 0.154380 0.162152 0.154730 0.040685 0.009663
Moturiki h+ z 0.225445 0.225461 0.225444 0.028375 0.008321
ACDP Speed 0.150932 0.153826 0.151580 0.013583 0.002991

Figure 15. Hilo Harbour test case. Top-down view of bathymetry (top left panel), where the red arrows indicate the direction and distance
travelled; tsunami time history entering the top boundary (bottom left panel); initial GPU-MWDG2 grids (right panels) for the potion in
white box (top left panel).

tory of 1t is very similar between the GPU-DG2 simulation
and the GPU-MWDG2 simulations, regardless of the ε value
as they both yield high numbers of cells compared to the uni-
form GPU-DG2 grid, leading to highly refined non-uniform
grids that are unlikely to have coarse cells compared to the
previous test cases. Thus, the time history of N1t is virtually
identical across all simulations. Given that the time histo-
ries of N1t , RDG2 and RMRA are similar for both ε values,
the time histories of CDG2 and CMRA are also very similar,
but importantly, due to the complex flows leading to highly
refined non-uniform grids, the former dominates the latter
in terms of the total computational effort. Overall, the time
history of Ctot is very close between the GPU-DG2 simula-
tion and the GPU-MWDG2 simulations in this test case (even
more so than in the last case, Sect. 3.3), so Sacc is the low-

est out of all the test cases, finishing at 1.25 and 1.10 using
ε= 10−3 and 10−4, respectively.

Figure 17 shows the time series of the water surface eleva-
tion at observation points labelled “Control point” and “Tide
gauge”, and the time series of the u and v velocity compo-
nents at the points labelled “ADCP HA1125” and “ADCP
HA1126” (top left panel in Fig. 15) predicted by GPU-DG2
using ε= 10−3 and 10−4 and GPU-MWDG2. All the predic-
tions are visually very similar to each other except for the
u prediction, where some differences are seen for ε= 10−3

and 10−4. Compared to the measured data, both agreement
and differences are seen, but it may not be possible to make a
confident judgment due to the sparsity in the measured data
– see the jagged shape of the black line.
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Figure 16. Hilo Harbour. Measuring the computational performance of the GPU-MWDG2 and GPU-DG2 simulations using the metrics of
Table 1 to assess the speedup afforded by GPU-MWDG2 adaptivity:Ncells,the number of cells in the GPU-MWDG2 non-uniform grid,where
the dashed line represents the initial value at the beginning of the simulation; RDG2,the computational effort of performing the DG2 solver
updates at given timestep relative to the GPU-DG2 simulation; RMRA, the relative computational effort of performing the MRA process at a
given timestep; Sinst, the instantaneous speedup achieved by the GPU-MWDG2 simulation over the GPU-DG2 simulation at a given timestep;
1t , the simulation timestep;N1t , the number of timesteps taken to reach a given simulation time; CDG2, the cumulative computational effort
of performing the DG2 solver updates up to a given simulation time; CMRA, the cumulative computational effort of performing the MRA
process; Ctot, the total cumulative computational effort; Sacc, the accumulated speedup of GPU-MWDG2 over GPU-DG2 up to a given
simulation time.

Table 6. Hilo Harbour. DE, FE and PE quantified using Eqs. (1) to (3) and considering measured vs predicted time series of the prognostic
variable h+ z at observation points Tide gauge and Control point, and of the prognostic variables v and u at observation points ADCP 1125
and 1126 respectively. The errors are considered in order to check for fulfilment of conditions (i) and (ii) and confirm the validity of selecting
ε= 10−3 and 10−4 in this test case.

DE FE PE

Observation point Quantity – ε= 10−3 ε= 10−4 ε= 10−3 ε= 10−4

Control point h+ z 0.380857 0.382853 0.381485 0.009817 0.007797
Tide gauge h+ z 0.936661 0.941419 0.931434 0.073245 0.051771
ADCP HA1125 v 0.514478 0.477909 0.50105 0.16383 0.221694
ADCP HA1126 u 0.609671 0.587934 0.598625 0.281472 0.263449

Table 6 shows the associated DE, FE and PE at the ob-
servation points. An outlier is noticeable in this test case for
the FE at the Tide gauge and ADCP HA1125 observation
points, which is actually smaller than the DE: this might be
due missing data between 10 and 11 h (see the gap in the
black line in the Tide gauge panel in Fig. 17). Nonetheless,

generally, the DE and FE in the same order of magnitude,
while the PE reduces when ε is decreased from 10−3 to 10−4,
showing fulfilment of conditions (i) and (ii) and validating
the choice of ε.

Overall, despite simulating a test case with a complex
tsunami impact event and also a DEM size that requires se-
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Table 7. Summary of GPU-MWDG2 runtimes and potential average speedups with respect to GPU-DG2.

GPU-MWDG2 GPU-DG2

Tsunami (impact) event Square uniform Runtime ε Speedup ε Runtime
grid (L)

Test case tend Single-wave tsunami – 10−3 10−4 10−3 10−4 –

Monai Valley 22.5 (9000 s∗) Yes 10 (210
× 210) 16 s 20 s 2.5 2.0 40 s

Seaside Oregon 40 s (33 min∗) Yes 12 (212
× 212) 3.5 min 5.2 min 4.5 3.3 13 min

Tauranga Harbour 40 h No (three peaks) 12 (212
× 212) 7.5 h 8.1 h 1.8 1.4 11.3 h

Hilo Harbour 6 h No (eleven peaks) 10 (210
× 210) 5.3 min 5.8 min 1.3 1.2 6.9 min

∗ By accounting for the physical scaling factor of the replica.

Figure 17. Hilo Harbour. Time series produced by GPU-DG2 and
GPU-MWDG2, for the water surface elevation (h+ z) at “control
point” and “Tide gauge” (labelled in the figure), and for the velocity
components at “ADCP HA1125” and ADCP HA 1126 (labelled in
the figure), compared to the experimental results.

lecting a small L= 10, GPU-MWDG2 still manages to at-
tain speedups over GPU-DG2 in this test case: around 1.25
at ε= 10−3 and 1.10 at ε= 10−4. This seems to suggest
that the GPU-MWDG2 solver can reliably be used to gain
speedups over the GPU-DG2 solver even if simulating com-
plex tsunami impact events, with both ε values being valid,
using ε= 10−3 to boost the speedup, or using ε= 10−4 in-
crease the quality of velocity predictions.

4 Conclusions and recommendations

This work reported the new LISFLOOD-FP 8.2 hydrody-
namic modelling framework, which integrates the GPU par-
allelised grid resolution adaptivity of multiwavelets (MW)
within the second-order discontinuous Galerkin (DG2)
solver of the shallow water equations (GPU-MWDG2) to
run simulations on a non-uniform grid. The GPU-MWDG2

solver enables dynamic (in time) grid resolution adaptivity
based on both the (time-varying) flow solution and the (time-
invariant) Digital Elevation Model (DEM) representations. It
is aimed at reducing the runtime of the existing uniform grid
GPU parallelised DG2 solver (GPU-DG2) for flood simula-
tion driven by rapid, multiscale impact events, which were
exemplified by tsunami-induced flooding.

The usability of the LISFLOOD-FP 8.2 hydrodynamic
modelling framework was presented focusing on: how to run
GPU-MWDG2 simulations from raster-formatted DEM and
initial flow condition setup files from a user-specified max-
imum refinement level L (i.e. ratio of the DEM size to its
resolution) and an error threshold ε (i.e. recommended to
be between 10−4 and 10−3); the effect of increasing L on
GPU memory consumption and speedups; and, proposing
new metrics for quantifying the speedups afforded by GPU-
MWDG2 adaptivity against GPU-DG2 simulations.

The accuracy and efficiency of dynamic GPU-MWDG2
adaptivity was assessed for four laboratory- and field-scale
tsunami-induced flood benchmarks featuring different im-
pact event’s complexity and duration (i.e. incorporating ei-
ther single- or multi-peaked tsunamis and L= 10 or L= 12).
GPU-MWDG2 simulation assessments were performed for
ε= 10−3 and 10−4, which were also validated based on accu-
racy quantification with respect to benchmark-specific mea-
sured data. The accuracy assessment consistently confirms
that an ε between 10−4 and 10−3 is valid: at ε= 10−3 GPU-
MWDG2 simulations yield water level predictions as accu-
rate as the GPU-DG2 predictions but using ε= 10−4 can
slightly improve velocity-related predictions.

Speedup assessments, based on instantaneous and cumula-
tive metrics, suggested considerable gain when the DEM size
and resolution involved L≥ 10 and for simulation durations
that mostly spanned reduced-complexity events (i.e. single-
peak tsunamis): As shown in Table 7, for single-peaked
tsunamis, when the DEM required L= 10, GPU-MWDG2
was more than 2-fold faster than the GPU-DG2 simula-
tions (i.e. “Monai Valley”), whereas with the DEM requiring
L= 12, speedups of 3.3-to-4.5-fold could be achieved (i.e.
“Seaside, Oregon”); in contrast, for multi-peaked tsunamis,
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GPU-MWDG2 speedups reduced to 1.8-fold for a DEM re-
quiring L= 12 (i.e. “Tauranga Harbour”) and to 1.2-fold for
a smaller DEM needing L= 10 (i.e. “Hilo Harbour”).

In summary, the GPU-MWDG2 solver in LISFLOOD-FP
8.2 consistently accelerates GPU-DG2 simulations of rapid
multiscale flooding flows, generally yielding the greatest
speedups for simulations needing L≥ 10 – due to its scal-
ability on the GPU which results in larger speedup with
increasing L – and driven by single-peaked impact events.
Choosing ε closer to 10−3 would maximise speedup while
choosing an ε closer 10−4 may be useful to particularly im-
prove the velocity-related predictions. The LISFLOOD-FP
8.2 code and the simulated benchmarks’ set-up files and
datasets are available under the code and data availability
statement, while a video tutorial is available under the video
supplement statement; further documentation is available at
https://www.seamlesswave.com/Adaptive.

Appendix A: The GPU-MWDG2 algorithm

The GPU-MWDG2 algorithm that is integrated into
LISFLOOD-FP 8.2 solves the two-dimensional shallow wa-
ter equations over a non-uniform grid that locally adapts its
grid resolution to the flow solutions and DEM representation
every simulation timestep, 1t . The conservative form of the
shallow water equations in vectorial format is as follows:

∂tU + ∂xF (U)+ ∂yG(U)= Sb(U)+Sf(U) (A1)

where ∂ represents a partial derivative operator; U =

[h,hu,hv]T is the vector of the flow variables where
T stands for the transpose operator, h(x,y, t) is the
water depth (m) at time t and location (x,y), and
u(x,y, t) and v(x,y, t) are the x- and y-component
of the velocity field (m s−1) in two-dimensional Carte-
sian space; F =

[
hu,(hu)2h−1

+ 0.5gh2,huv
]T and G=[

hv,huv,(hv)2h−1
+ 0.5gh2]T are the components of the

flux vector in which g is the gravitational acceleration
constant (m s−2); Sb =

[
0,−gh∂xz,−gh∂yz

]T is the bed-
slope source term vector incorporating the partial deriva-
tive of the bed elevation function z(x,y); and Sf =[
0,−Cfu

√
u2+ v2,−Cfv

√
u2+ v2

]T
is the friction source

term vector including the friction effects as function of Cf =

gn2
Mh
−1/3 in which nM is Manning’s roughness parameter.

For ease of presentation, the scalar variable s will hereafter
be used to represent any of the physical flow quantities in U

as well as the bed elevation z.
Over each computational cell c, the DG2 modelled data

for any of the any physical flow quantities, s ∈ {h,hu,hv},
follows a piecewise-planar solution, denoted by sc(x,y, t)
(Kesserwani and Sharifian, 2020). The piecewise-planar so-
lution, sc(x,y, t), is expanded onto local basis functions from
the scaled and truncated Legendre basis (Kesserwani et al.,
2018; Kesserwani and Sharifian, 2020) to become spanned

Figure A1. Indexing and storage for the MRA procedure on the
GPU. Panel (a) shows a hierarchy of grids across which cells are
indexed along the Z-order curve. Panel (b) shows how four “chil-
dren” cells at resolution level n+ 1, and their “parent” cell at res-
olution level n, noting that the shape coefficients at the “children”
cells are stored in adjacent GPU memory locations.

by three shape coefficients: sc =
[
s0
c (t), s

1x
c (t), s

1y
c (t)

]T
,

where s0
c (t) is an average coefficient; and s1x

c (t) and s1y
c (t)

are x- and y-directional slope coefficients, respectively (see
Eq. 10 in Kesserwani and Sharifian, 2020). The bed eleva-
tion, s ∈ {z}, is also represented as piecewise-planar, but it is
spanned by time-independent shape coefficients. The shape
coefficients in sc, i.e. s ∈ {h,hu,hvz}, must be initialised
(Eq. 11 in Kesserwani and Sharifian, 2020), while only the
time-dependent ones, i.e. s ∈ {h,hu,hv}, are updated using
“DG2 solver updates” by an explicit two-stage Runge-Rutta
scheme solving three ordinary differential equations:

∂t sc (t)= Lc (A2)

where Lc =
[
L0
c,L

1x
c ,L

1y
c

]T
includes the respective compo-

nents of the local discrete spatial DG2 operators to update

each of the coefficients in sc =
[
s0
c (t), s

1x
c (t), s

1y
c (t)

]T
. The

operators in Lc were already designed to preserve mimetic
properties by incorporating robust treatments of the bed and
friction source terms and of moving wet-dry fronts (Kesser-
wani and Sharifian, 2020; Shaw et al., 2021).

The MWDG2 algorithm involves the MRA procedure to
decompose, analyse and assemble the shape coefficients sc,
s ∈ {h,hu,hvz} into a non-uniform grid over which the DG2
solver updates are applied (Eq. A2). The MWDG2 algorithm
was substantially redesigned to enable efficient parallelisa-
tion on the GPU (Chowdhury et al., 2023; Kesserwani and
Sharifian, 2023): next, an overview of the GPU parallelised
MWDG2 algorithm (GPU-MWDG2) is provided.

In the CUDA programming model for parallelisation the
GPU (NVIDIA Corporation, 2024), instructions are exe-
cuted in parallel by workers called “threads”, and a group
of 32 consecutive threads that operate in lockstep is called a
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Algorithm A1 Optimised CUDA kernel for performing the encoding operation in parallel. Coalesced memory access is ensured
because the Z-order indices computed per thread point to adjacent memory locations in the array that is used to s

(n)
c and d

(n)
c,2.

As seen in line 15, vectorised float4 loads can be used to load the children when computing the parent. Storing the parent is
trivially coalesced due to the self-similar nature of Z-order indexing across refinement levels n and n+ 1.

“warp”. To devise an efficiently parallelised GPU-MWDG2
code, coalesced memory access, occurring when threads in
a warp access contiguous memory locations, should be max-
imised, and warp divergence, occurring when threads within
a single warp perform different instructions, should be min-
imised. To achieve these requirements in the GPU-MWDG2
code, the implementation of the MRA procedure had to be
reformulated so as to ensure the DG2 solver updates are ap-
plicable cell-wise in a coalesced manner just like the GPU-
parallelised DG2 solver (GPU-DG2) that runs on a uniform
grid (Shaw et al., 2021).

A1 MRA procedure

The MRA procedure must start from a square uniform grid
at the finest resolution, in particular at the given DEM res-
olution, which is defined to have a maximum refinement

level, L. This finest grid contains 2L×2L cells, on which the
shape coefficients s

(L)
c are initialised. From the finest grid,

the MRA procedure can be applied to build a hierarchy of
grids of successively coarser resolution at levels n= L− 1,
. . . , 1, 0, comprising 2n× 2n cells each. Using the “encod-
ing” operation, the shape coefficients, s(n)c , and their asso-

ciated “details”, d(n)c,2 =
[
d

0,(n)
c,2 ,d

1x,(n)
c,2 ,d

1y,(n)
c,2

]T
,2= αβγ ,

can be produced on the “parent” cells of the coarser reso-
lution grids, at level n, from the shape coefficients s

(n+1)
[0] ,

s
(n+1)
[1] , s

(n+1)
[2] and s

(n+1)
[3] of the four “children” cells at the

finer resolution grids, at level n+1 (Eq. 30 in Kesserwani and
Sharifian, 2020). With the GPU-MWDG2 solver, s(n)c and
d
(n)
c,2 are stored in arrays in GPU memory that are indexed us-

ing Z-order curves (Chowdhury et al., 2023), as exemplified
in Fig. A1a for a simplistic case with L= 2. Hence, s

(n+1)
[0] ,
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Figure A2. Parallel tree traversal (PTT) and neighbour finding. (a) The tree-like structure obtained after flagging significant details during
the process of encoding; (b) the leaf cells where the tree terminates (highlighted in green and blue); (c) leaf cells are assembly into the
non-uniform grid; (d) possible scenarios of neighbouring cells to leaf cell c; and (e) leaf and neighbour cells storage as arrays in GPU
memory.

s
(n+1)
[1] , s

(n+1)
[2] and s

(n+1)
[3] all reside in adjacent memory loca-

tions when used to produce s
(n)
c and d

(n)
c,2 (see Fig. A1b) and

can be accessed using vectorised float4 instructions (see lines
7 to 22 of Algorithm A1) to ensure coalesced memory access.
The produced s

(n)
c can then be trivially stored in the appro-

priate index of the array (see lines 25 to 27 of Algorithm A1),
again in a coalesced manner due to the self-similar nature of
the Z-order curve between refinement levels n and n+ 1.

While encoding, the magnitude of all the details d
(n)
c,2 is

analysed against ε in order to identify significant details
(Kesserwani and Sharifian, 2020), which results in a tree-like
structure of significant details (Fig. A2a). The MRA proce-
dure then uses this tree to generate the non-uniform grid via
the “decoding” operation. Decoding is applied within the hi-
erarchy of grids, starting from the coarsest resolution grid un-
til reaching a “leaf” cell where significant details reside (i.e.
where a branch of the tree terminates, see Fig. A2a where leaf
cells are coloured). After decoding, the shape vectors s

(n+1)
[0] ,

s
(n+1)
[1] , s

(n+1)
[2] and s

(n+1)
[3] at the leaf cells are stored on the

non-uniform grid (Eq. 31 in Kesserwani and Sharifian, 2020)
to be updated in time.

With the GPU-MWDG2 solver, decoding must be per-
formed using a parallel tree traversal algorithm (PTT) to min-
imise warp divergence (Chowdhury et al., 2023). To do so,
the PTT starts by launching as many threads tn as the number
of cells on the finest resolution grid; for example, 16 threads

t0 to t15 for traversing the tree in Fig. A2a. Each thread in-
dependently traverses the tree starting from the cell on the
coarsest resolution grid until it reaches its leaf cell c, i.e. un-
til it reaches either a detail that is no longer significant (line
14 of Algorithm A2) or the finest refinement level (line 28 of
Algorithm A2). Once a thread reaches a leaf cell, it records
the Z-order index of that leaf cell (Fig. A2b and c).

Figure A2b shows the indices of the leaf cells identified
by each thread once PTT is complete. Since the PTT started
with 16 threads and there are fewer leaf cells than the threads,
many of threads ended up identifying the same index of the
leaf cell (e.g., t0 to t3 identified the leaf cell with index 1 and
t12 to t15 identified the leaf cell with index 4, all having fin-
ished execution at line 17 of Algorithm A2). Threads with
duplicate indices are re-used, alongside the other threads, to
search and record the indices of east, west, north, and south
neighbouring cells of each leaf cell by making each thread
look up, down, left, and right. For example, t0 to t3 of the
leaf cell with index 1 will identify the east neighbour cells
9 and 11 (Fig. A2c). Since the DG2 solver updates on the
leaf cell with index 1 requires the (shape coefficients of the)
east neighbour cells (shaded red, Fig. A2d) to be at the same
resolution level as the coarser leaf cell, the PPT will instead
record the index of coarsened east neighbour cells (yellow
shaded, Fig. A2d). For any other scenario (e.g., west, north,
or south neighbour cells in Fig. A2d), the actual indices and
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Algorithm A2 Optimised CUDA kernel for performing parallel tree traversal (PTT) that minimises warp divergence. Threads
keep traversing the tree of significant details until they reach either an insignificant detail or the finest refinement level. Warp
divergence is reduced because threads that end up reaching nearby leaf cells have similar traversal paths.

shape coefficients are recorded by the PTT. After recording
the indices and shape coefficients, s

(n)
c , which are to unique

each leaf cell c, and its neighbours, s
(n)
north, s

(n)
south, s

(n)
east and

s
(n)
west, they are stored on the non-uniform grid (Fig. A2c). In

particular, shape coefficients for the leaf cells, s(n)c , are stored
in a separate, contiguous arrays in GPU memory, and sepa-
rate, contiguous arrays are also used to do the same for the
shape coefficients of their neighbour cells, s

(n)
north, s

(n)
south, s

(n)
east

and s
(n)
west (see Fig. A2e). With this cell-wise storage of in-

dices and shape coefficients in contiguous arrays, the DG2
solver updates, Eq. (A2), can be applied in a coalesced man-
ner.

A2 DG2 solver update on the non-uniform grid

On the non-uniform grid, the DG2 solver updates, Eq. (A2),
are applied to update the shape coefficients s

(n)
c by half a

timestep over the first Runge-Kutta time stage. After this, an-
other re-encoding step must be applied to the update shape
coefficients s

(n)
c so that the stored shape coefficients of the

four neighbours, s
(n)
north, s

(n)
south, s

(n)
east and s

(n)
west, are also lifted

by half a timestep. Now, the shape coefficients s
(n)
c can be up-

dated by a full timestep by completing the second of Runge-
Kutta time stage.
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Appendix B: Step-by-step instructions for running the
“Monai valley” example

This Appendix shows how to run a simulation of the
“Monai valley” example (Sect. 3.1) using the GPU-
MWDG2 solver step-by-step. To use the GPU-MWDG2
solver, the LISFLOOD-FP source code has to be down-
loaded (LISFLOOD-FP developers, 2024), and then an ex-
ecutable file that can be run has to be built, either on
Windows or Linux. To build the executable file on Win-
dows, (1) the LISFLOOD-FP folder should be opened in
Visual Studio, (2) either the x64-Debug or x64-Release op-
tion should be selected from the dropdown menu near the
toolbar at the top; and, (3) the Build > Rebuild All op-
tion should be clicked. If the x64-Debug option was se-
lected, the executable file, named lisflood.exe and contain-
ing the GPU-MWDG2 solver, should be built and located in
the folder at LISFLOOD-FP\out\build\x64-Debug or sim-
ilar (or LISFLOOD-FP\out\build\x64-Release if the x64-
Release option was selected). To build on Linux, the steps are
(1) navigating to the LISFLOOD-FP directory, (2) running
cmake -S . -B build in the terminal; and, (3) running cmake
–build build. The executable file, named lisflood, should be
built and located in the LISFLOOD-FP/build directory.

After the executable file has been built, it can be run in
order to run simulations of the “Monai valley” example us-
ing the GPU-MWDG2 solver. Before running the simulation,
several input files must be prepared, which are listed in Ta-
ble B1. To prepare the input files, a number of Python scripts
should be used that are available in the monai folder uploaded
alongside the input files made publicly available online for
reproducing the results and simulations reported in this pa-
per (Chowdhury, 2024). The usage of these Python scripts is
as follows.

Figure B1. Input files displayed in File Explorer on Windows 10 as prepared for the “Monai valley” example after running the Python scripts
available in the monai folder.

To prepare the input files for the Monai valley simula-
tion using the Python scripts, (1) the monai folder should
be copied to the same location as the lisflood.exe executable
file, e.g. LISFLOOD-FP\out\build\x64-Release if on Win-
dows or LISFLOOD-FP/build if on Linux, (2) the monai
folder should be navigated to, (3) the monai.stage file should
be generated by typing and running python stage.py in a
command prompt, (4) the monai.dem and monai.start raster
files should be generated by running python raster.py, (5)
the monai.bci and monai.bdy files should be generated by
running python inflow.py, (6) the parameter file monai.par
should be prepared as shown in Fig. 2; and, (7) the sim-
ulation should be run by typing and running ..\lisflood.exe
monai.par in a command prompt. Following steps (1) to (7)
should result in the files shown in Fig. B1. Steps (1) to (7)
can be performed as a fully automated process by running
python run-simulations.py: this Python script will automati-
cally prepare the input files (steps 3 to 6), run several simu-
lations (step 7), and postprocess the results. Note that if run-
simulations.py is run inside the downloaded monai folder be-
fore running any simulations, and with the self.run() function
in the Python file commented out, it will reproduce the results
in Sect. 3.1 (i.e. it will generate Figs. 7 and 8 and the data for
Table 3).
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Table B1. Input files needed to run simulations of the Monai valley example using the GPU-MWDG2 solver.

Input file File name Description

Digital elevation
model

monai.dem ASCII raster file containing the numerical values of the
bathymetric elevation pixel-by-pixel.

Initial flow
conditions

monai.start ASCII raster file containing the numerical values of the initial
water depth and discharge pixel-by-pixel.

Boundary
conditions

monai.bci Text file specifying where boundary conditions are enforced and
what type (fixed versus time-varying).

Time series at
boundaries

monai.bdy Text file containing time series in case time-varying boundary
conditions and/or point sources have been specified in the .bci file.

Stage locations monai.stage Text file containing the locations of virtual stage points where
simulated time histories of the water depth are recorded.

Parameter file monai.par Text file containing parameters to access various solver and
simulation features.

Code and data availability. LISFLOOD-FP 8.2 source code is
available from Zenodo (https://doi.org/10.5281/zenodo.13121102,
LISFLOOD-FP developers, 2024) as well as the simula-
tion results and input files/scripts for reproducing them
(https://doi.org/10.5281/zenodo.13909072, Chowdhury,
2024); the GPU-MWDG2 solver code is also available at
https://github.com/al0vya/gpu-mwdg2 (last access: 30 Novem-
ber 2025).

Video supplement. Step-by-step video tutorial on how to
download, install and run the GPU-MWDG2 code for the
“Monai Valley” example (Sect. 3.1) is available from Zenodo
(https://doi.org/10.5281/zenodo.15851523, Chowdhury, 2025).
The video demo also includes updates on the changes made to the
CMake build process for compatibility with different versions of
the CUDA toolkit.
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