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Abstract. The present work aims to extend the param-
eterisation of homogeneous ice nucleation introduced in
Dolaptchiev et al. (2023) by incorporating variable ice mean
mass and generalising the approach under different condi-
tions. The proposed method involves introducing an empir-
ically derived correction to the parameterisation based on a
large data set of parcel model simulations to account for the
mean ice particle mass variations. The method is validated
against ensemble simulations using time-resolved double-
moment ice microphysics, showing a mean relative error of
less than 16 %, with robust performance across a range of
conditions. The uncertainty of the proposed parameterisa-
tion is evaluated for increasing integration time steps. The
method remains computationally efficient and produces suf-
ficiently accurate results, even with larger time steps, making
it suitable for integration into numerical weather prediction
and climate models. It is shown that the generalised approach
not only provides a good representation of individual nucle-
ation events but also effectively captures the statistics across
the ensemble data. The prediction of the ice mixing ratio
is also assessed against the reference double-moment sys-
tem results. It is demonstrated that, following the nucleation
event and re-initialisation of the ice mixing ratio, the system
equilibrates toward the reference solution within a few time
steps. This refined parameterisation offers a more accurate
prediction of ice number concentration and ice mixing ra-
tio, is not limited to perturbations induced by gravity waves
(GWs), and can be supplemented by other relevant dynami-
cal effects, such as large-scale motions or even turbulence.

1 Introduction

Cirrus clouds correspond to up to 30 % of the total cloud
cover; however, they are still not well understood, and their
overall impact on climate in particular on the radiation forc-
ing remains highly uncertain (e.g. Gasparini et al., 2018; Joos
et al., 2014; Boucher et al., 2013). The albedo effect and the
greenhouse effect of these clouds are similar in magnitude,
meaning that the microphysical details, such as the number
and shape of the ice crystals, can significantly influence their
net radiative effect (Kramer et al., 2020; Matus and L’Ecuyer,
2017; Wang et al., 2020; Zhang et al., 1999). Some studies
also indicate the indirect effects of cirrus clouds on future cli-
mate (e.g. Gettelman et al., 2012), which occur mostly due to
increases in ice crystal concentrations due to homogeneous
nucleation from anthropogenic sulfur emissions.

These microphysical characteristics of cirrus are affected
by a complex interaction of the small-scale cloud processes
and the dynamics of the surrounding atmosphere. Observa-
tions suggest that gravity wave (GW) dynamics significantly
impact the properties and life cycle of cirrus clouds (Kéarcher
and Strom, 2003; Atlas and Bretherton, 2023).

Vertical velocity perturbations, associated with gravity
waves, turbulence, or other processes, lead to the homoge-
neous freezing of aqueous solution droplets (Koop et al.,
2000; Baumgartner et al., 2022; Kircher et al., 2024) at low-
temperature conditions in the tropopause region. The effect
of gravity waves and other local dynamical processes on
the nucleation has been widely investigated utilising differ-
ent approaches to describe the updrafts. Those interactions
are studied, for example, in Dinh et al. (2016) and Kaercher
and Podglajen (2019) utilising a stochastic approach, in
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Joos et al. (2008) using a GW linear theory, and in Zhou et al.
(2016) using the large-scale grid-resolved updraft velocity
alongside subgrid-scale turbulence-induced updrafts.

Based on the results from Baumgartner and Spichtinger
(2019) studying the homogeneous nucleation due to constant
updraft velocities, Dolaptchiev et al. (2023) has extended
the asymptotic approach to incorporate GW dynamics. The
present work complements Dolaptchiev et al. (2023) and has
been designed for further usage in connection with GW pa-
rameterisations for a more realistic representation of GW—
cirrus interactions in coarse-grid models. Recently, transient
and lateral propagation effects have been introduced into
GW parameterisations (Kim et al., 2021; Achatz et al., 2023;
Voelker et al., 2024), offering further potential for a more re-
alistic simulation of these interactions.

The mean mass variability in the ice particles has a signifi-
cant effect on the cloud ice number concentration prediction,
which is also observed in numerical parcel model simula-
tions in Dolaptchiev et al. (2023). The influence of a cloud
ice particle size uncertainty in a climate model was assessed
in Wang et al. (2020) and illustrates the sensitivity of the sur-
face precipitation to the change in particle effective radius
due to the larger energy imbalance and due to spatial variabil-
ity in short- and longwave radiation. The effects of variable
mass become more prominent in conditions of a higher num-
ber of pre-existing ice particles. Finally, it was previously
shown (Gierens et al., 2003) that the deposition (or accom-
modation) coefficient, controlling the growth of ice crystals
in the kinetic regime, largely affects the nucleation process,
while at the same time being dependent on the radius or mass
of ice crystals.

The current work focuses on generalising the approach in-
troduced in Dolaptchiev et al. (2023) to include mean mass
variability for a wide range of initial conditions, e.g. dynam-
ical forcing and environmental conditions. The asymptotic
approach is supplemented by an empirical correction that can
be used for various forcing representations. The proposed
method is not restricted to the GW-induced dynamics and
can be used for any kind of air motion, e.g. as large-scale
updrafts or even turbulent fluctuations. This work is also rel-
evant for a further implementation into a global numerical
weather prediction (NWP) model, where it can be coupled to
the dynamical parameterisations (e.g. GW and turbulence).
However, due to the generalised formulation of the approach
and robustness for larger time steps, it can also be applied to
climate models with large time steps.

The article is organised as follows: Sect. 2.1 provides a
brief overview of the approach used and the motivation for
its generalisation. Section 2.2 and 2.3 describe the chosen
approach for constructing the parameterisation and technical
details of the data set used. In Sect. 3, the proposed param-
eterisation with correction is verified against reference cal-
culations, and the range of applicability is tested based on
ensemble calculations. Concluding remarks can be found in
Sect. 4.
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2 Theory and methodology

2.1 Double-moment approach to ice physics
representation coupled to GW

In the present work, cirrus clouds are modelled using
a double-moment bulk microphysics scheme (based on
Spichtinger et al., 2023) that assumes a unimodal ice mass
distribution function, where the zeroth and first moments
of the distribution function are ice number concentration
n;i and ice mixing ratio gj, respectively. Ice crystals are as-
sumed to have a spherical shape, which simplifies the de-
scription of the properties. The assumption mentioned is rea-
sonable for very small, newly nucleated ice particles formed
through homogeneous nucleation. However, as ice particles
grow through deposition, their shape becomes more com-
plex, introducing some uncertainty in the calculations. For
consistency, we maintain the same shape assumption in de-
position calculations, acknowledging that this introduces a
certain error. Although a more sophisticated shape approxi-
mation would be beneficial for studying ice growth dynam-
ics, this does not affect the developed correction and goes
beyond the topic of the current study; former nucleation pa-
rameterisations also assume spherical ice particles at their
early stage of life (see e.g. Kircher and Lohmann, 2002;
Ren and Mackenzie, 2005; Barahona and Nenes, 2008). The
ice physics scheme used here is described in Spichtinger and
Gierens (2009) and Spreitzer et al. (2017) with the addition
of sedimentation sinks. The influence of Lagrangian pressure
and temperature variations, e.g. due to GWs, on homoge-
neous nucleation and on mean mass variability is incorpo-
rated in Dolaptchiev et al. (2023). The resulting system of
equations for nj, gi, and the saturation ratio over ice S reads
as follows:

Dn; 1 d(pnvy,)
4 — Jexp( B(S—Se) ) + — Pl 1
Dr CXP( ( c)>+p 3z (1
Da: . A\ 173
h_ &D<@> (S—1)Tni
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o 0z
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Dt nj Dsi
_SlDl< Li _C£>_ 3)
7 Dt \TR, R

Here the saturation ratio over ice is described as S = %; Dv
is the water vapour pressure; ps is the saturation pressure
over ice; p is the pressure; 7 is the mean mass of newly
nucleated ice particles; J is a homogeneous nucleation rate,
also including the number concentration of solution droplets;
B is anucleation parameter; S, is a critical saturation ratio; D
is a growth coefficient, including the diffusion coefficient and

the Howell factor; vy, and Vg, are sedimentation velocities;
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T is the temperature; p is the density; 7 is the Exner pres-
sure; L denotes the latent heat of sublimation; ¢}, is the spe-
cific heat capacity of air at constant pressure; Ry is the ideal
gas constant for water vapour; and R is the ideal gas con-
stant for dry air. The values of the parameters used are pre-
sented in Table A1. In general formulation, the critical value
of the saturation ratio over ice is temperature-dependent; in
the current work, the value is kept constant, while other stud-
ies (such as Spichtinger et al., 2023) show an insignificant in-
fluence of S; on nucleation processes. Equations (1)—(3) are
written in terms of material derivative D%; i.e. all quantities
are described following the motion of air parcels. The right-
hand parts of the system of equations describe the ice crystal
growth due to the deposition of water vapour, the formation
of new ice crystals through homogeneous nucleation, and the
sedimentation of the ice crystals due to gravity. The latter is
not further included in the consideration because of the much
larger sedimentation timescale (see Dolaptchiev et al., 2023).

In Baumgartner and Spichtinger (2019), detailed air par-
cel simulations are conducted using a box model and a bulk
microphysics scheme (based on Spichtinger and Gierens,
2009), shown for various environmental conditions, assum-
ing a constant mean mass is generally valid over the duration
of the nucleation. However, in case of pre-existing ice parti-
cles just before nucleation, when the saturation ratio exceeds
1, the ice crystals’ mean mass increases, leading to a higher
deposition rate. This increased deposition affects the satura-
tion ratio over ice (as a sink), which in turn influences the
number of nucleated ice crystals, reducing the actual nucle-
ation rate. Given that, it is crucial to include these effects in
the current model, where the mean mass of ice crystals can
be determined from the relation gj/n;. This is achieved by
incorporating the evolution equation for g; and substituting
m(t) = gi/n; in the diffusional growth term.

Timescale separation is employed in Dolaptchiev et al.
(2023) to assess the different processes and link the ice
physics equations with the effects of GWs. The details of the
coupling between the processes’ timescales and assumptions
of the GW theory are presented in Appendix A.

Further study is done considering the ice physics of a sin-
gle air parcel influenced by GW dynamics, adopting a La-
grangian framework. In this case, material derivatives in the
system of equations are replaced by time derivatives % = %.

As shown in Dolaptchiev et al. (2023), considering only
dominant processes, the system of Eqs. (1)—-(3) can be re-
duced to the following form:

dn;

T _ Jexp <B(S - SC)), ()
dr

doe e La\1/3

ﬁ=@D<@> (S=1)Tni, )
dr p ni

ds N3

g —D<@) (S — 1)Tni + SF(t). (6)
dt ni
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A forcing term F(¢) incorporating constant background up-
draft and GWs dynamics is written in the following form:

L; .
F(t) = g—‘2 <w00 + ij cos(w;t + qu)),
cpRyT ;

where g is the acceleration due to gravity; wgo is a con-
stant background updraft; and w j» wj, and ¢; are the ver-
tical wind amplitude, frequency, and phase of GW number
Jj. It is worth mentioning that the application of the full sys-
tem of Eqs. (1)—(3) is not a standard approach, whereas the
reduced system (Egs. 4-6) is close to the reduced model in
Baumgartner and Spichtinger (2019), and variations of it are
commonly used in NWP and climate applications but includ-
ing the ice mass concentration.

Referring to the previous results from Dolaptchiev et al.
(2023), in the case of constant mass, the asymptotic tech-
nique can be applied to obtain the prototype parameterisa-
tion of the homogeneous nucleation process. By employing
asymptotic expansions, the authors systematically decom-
pose the governing equations into different scale regimes cor-
responding to the key microphysical processes: nucleation
and deposition. In the nucleation regime, where supersatu-
ration rapidly increases due to gravity-wave-induced cool-
ing, they derive an analytical solution for the evolution of ice
crystal number concentration. In the growth (or deposition)
regime, where ice crystals grow primarily by vapour depo-
sition, the governing equations are solved separately under
the assumption of gradual saturation adjustment. The solu-
tions from both regimes are then matched using asymptotic
matching techniques. This approach results in a reduced an-
alytical expression for the number of nucleated ice crystals
per nucleation event, explicitly linking it to wave parame-
ters (such as frequency and amplitude) and background at-
mospheric conditions (such as temperature and humidity).
The nucleation event is roughly determined where the sat-
uration ratio reaches the critical value S, and the predicted
value for the ice number concentration is found as follows:

Sc F (t) . Sc F(to)
22— noe, I npe < ;
pmPr(s.—1y P P pmPrise-1n"  (7)

Npost = .
Tpre, otherwise.

Here m. = 10712 kg is the reference mass, npre and npos are
the ice number concentrations before and after the nucleation
event, and 7y is the time of a nucleation event when § = S..
Note that nucleation already occurs for values of S close to
Sc; see asymptotic analysis in Spichtinger et al. (2023).

In Dolaptchiev et al. (2023), the asymptotic approach was
extended to account for the variable mass in the depositional
growth coefficient in Eqgs. (5) and (6) under the regime of
slowly varying the ice mixing ratio g; during the nucleation
event. In such a case, the different processes can be decou-
pled, and only n; undergoes a quick change during the nucle-
ation regime.

Numerical studies of the reduced system (4)—(6) based on
a simplified parcel model showed several possible regimes
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relevant to the nucleation process (see Fig. 1). One regime at
high values of the pre-existing ice crystal number concentra-
tion (shown in Fig. 1 in black) follows the same tendency as a
constant-mass case. The evolution of parameters can be sep-
arated into three phases (see Baumgartner and Spichtinger,
2019), where the nucleation part describes only the phase of
rapid change in ice number concentration. In contrast, the
saturation ratio and ice mixing ratio change slowly during
this short time and can therefore be assumed not to vary
during this phase. However, conditions of low to zero pre-
existing ice (shown in red) lead to a different behaviour due
to the growth coefficient change. Assumptions of the time
separation for the nucleation regime do not hold, since the
ice mixing ratio is changing on the same timescale as the
ice number concentration. The extension to be proposed here
aims to cover the whole range of initial conditions, allowing
the use of the parameterisation accounting for mass variabil-
ity independently from the regime.

2.2 Correction of the growth coefficient for variable
mean mass

In the present study, we utilise the previously obtained result
for the constant-mass case (7). This approach would allow
a clear physical relation between npos, the initial number
concentration nin;;, and the forcing term F (¢p) at the point
to of the nucleation event. It would also account for differ-
ent background conditions for temperature by design. Since
mass variability changes the growth coefficient directly, as
one can see from Eq. (6), the straightforward solution is to
correct the growth coefficient in the constant-mass param-
eterisation to a factor representing the mass at the point of
the nucleation event. The corrected parameterisation has the
following form:

Scll';gt(]) Scl[‘;glﬂ)
D(merr) " T(Se=1) D(mer) "TGSe=1  (8)
Npre, otherwise,

—Npre, i npre <

Mpost =

where (meff) 173 is a growth coefficient correction factor rep-
resenting the effective mean mass of the ice crystals at the
start of the nucleation event.

In order to find the desired growth coefficient, one needs to
define the parameters that can be used for the correction. Fig-
ure 2 shows the evolution of the parameters calculated from
the reduced system (4)—(6) and known pre-nucleation regime
parameters, which can be used for deriving the correction and
parameterisation. Here a pre-nucleation regime is defined as
the solution of the Eqgs. (4)—(6) system in the regime, where
initial ice number concentration stays constant, which leads
to the solution of Egs. (5) and (6) with n = njpj; = const de-
coupled from Eq. (4). Sharp changes in the ice mixing ratio
and mass in the case of a reduced system make it impos-
sible to approximate the necessary quantities g;j(tp) or %
from pre-nucleation regime values alone. Therefore, the in-
troduced effective mass is approximated based on a large data
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set. Variables that can be used in the approximation include
the forcing term at the point of the nucleation event F (%),
the initial number concentration njyi;, and the mass m* pre-
dicted from the pre-nucleation regime, assuming no change
in ice number concentration before the nucleation event.

The exact effective mass meg is determined from the re-
sults of the full system, such that the constant-mass approach
leads to the observed npos. Assuming a known evolution of
the parameters during the nucleation event, Eq. (8), under
the conditions allowing further nucleation, can be solved for
Meff:

28.F (10) )3 ©

Meff =
¢ ((npost + ”pre)DT(Sc -1

where 19, npre, and npost are known from the resolved full
system (1)—(3). A similar approach was used in Baumgartner
and Spichtinger (2019), where the increase in the ice mass
during the nucleation was found to be linear with a slope
proportional to some constant mean mass.

Next, we discuss the construction of the data set
(Kosareva, 2025b) from ensemble simulations based on
Egs. (1)—(3), disregarding the sedimentation process. This
simplification can be justified by the small sizes of ice parti-
cles during and shortly after the nucleation event. The vari-
ability during the nucleation event depends on the initial con-
ditions, such as ice number concentration, ice mixing ra-
tio, or mean mass of ice particles, and on the GW forcing.
Since we want to represent the nucleation process itself, the
initial saturation ratio is set to a value of S(r =0) =1.4,
close to the critical value. Other initial conditions are var-
ied randomly using a uniform distribution in logarithmic
space, i.e. log(niyit) in physically meaningful ranges mo-
tivated by observations (Kriamer et al.,, 2016): we choose
1074 kg™ < ninic(t =0) < 107kg™! and 107 10kg < m(r =
0) < 102 kg. The lower bound for the initial number con-
centration is chosen to represent the conditions of low to no
pre-existing ice, which can occur in applications to the global
NWP models.

Construction of the forcing is done based on the out-
put from the global ICOsahedral Non-hydrostatic (ICON)
model (Zingl et al., 2015) coupled with the GW param-
eterisation Multi-Scale Gravity Wave Model (MS-GWaM)
(Boloni et al., 2021; Kim et al., 2021; Achatz et al., 2023;
Kim et al., 2024; Voelker et al., 2024). This parameterisa-
tion is based on Wentzel-Kramers—Brillouin (WKB) theory
and is implemented using Lagrangian ray volumes, which
are regarded as carriers of the GW fields’ wave action den-
sity (Bo6loni et al., 2021). The current version of MS-GWaM
allows us to account for convectively generated GWs and
GWs generated from processes other than convection or flow
over mountains. The influence of the GWs generated by
the mountains is incorporated by using the original scheme
(Lott and Miller, 1997) included in the ICON model. For
constructing the forcing term, we utilise ICON version 2.6.5-
nwpl, with 120 vertical levels and at horizontal resolution
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Figure 1. Evolution of the ice number concentration n;, ice mixing ratio gj, saturation ratio over ice S, and mean mass of ice particles
m = g;/n; calculated based on system (4)—(6). The two cases of initial conditions are low pre-existing ice njnit = 102 kg_1 and higher values

of pre-existing ice nji; =

event, where S = S¢ is in red for the case njyj = 102 kg_1

100 kgf1 . The blue line corresponds to the critical saturation ratio, and dashed lines mark the time of the nucleation
and in black for the case nj,j; = 100 kg_1

ni, kg™t
109 L X9 10-5 10-1
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— (5), (§), nj=const _| 107° 10121
1074
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Figure 2. Evolution of nj,gj, S, m in the reduced system (4)—(6) case and in the pre-nucleation regime, solving Egs. (5) and (6) with
assumption of nj = nj,j; = const. The blue line corresponds to the critical saturation ratio, and the dashed lines mark the time of the nucleation

event, where S = S..

R2BS5 (~ 80km). The initial conditions are taken for 1 May
2010, and the model is integrated forward for 3 weeks, ac-
counting for 2 weeks of spin-up. Information on subgrid-
scale gravity-wave-related vertical wind perturbations is re-
trieved from MS-GWaM using the ray volume with the max-
imum vertical wind amplitude per cell and the corresponding
frequency. In order to cover the variety of possible forcing-
term configurations, the following cases are included in the
data set construction:

1. Large-scale vertical velocity from ICON run wqg. In
such a case, the forcing term reads F(t) = - ‘;LiTz woo-
pitv

2. A single GW from MS-GWaM with maximum wind
amplitude @ within the cell, the corresponding fre-
quency o, and initial phase ¢ which is picked randomly:

F(t) = g“wz cos(wt + ¢).

3. A superposition of GWs, where the main GW is taken
from the MS-GWaM and other GWs have randomly
varying amplitudes A ;, frequencies w;, and phases ¢;
independent from the main GW and rescaled in a way
that the total momentum flux added is 1mPa, similar
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to approach used in Dolaptchiev et al. (2023): F(t) =

Lgé‘?z cos(a)t+¢)+z ng ’ s cos(wjt +¢j).

4. Asin case 2 in the presence of (large-scale) background
updraft wqy,

_ _8L;
F@)= cpRT?
5. Asin case 3 in the presence of (large-scale) background
updraft wog,

L
F(Z) = Cpivsz

gLiA;
iE Rl 4 cos(wjt —|—¢>J)>

It is worth mentioning that the GW diagnosed from the MS-
GWaM model dominates in cases 3 and 5 due to the larger
amplitudes of the vertical velocity perturbations.
Distributions of the large-scale vertical winds and vertical
winds from the GWs used for constructing the forcing are
presented in Fig. 3a, b. The probabilities for the correspond-
ing frequency w are also presented, along with those for the
calculated GW momentum flux puw for the considered GW
(see Fig. 3c, d). The data are taken from the instantaneous
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output of the global ICON simulation at altitudes from 8 to
14 km, most relevant for cirrus formation. While this range
does not explicitly cover the full tropical tropopause layer
(TTL), including altitudes up to 18 km, we note that the se-
lected range captures the majority of ice formation condi-
tions observed in the upper troposphere/lower stratosphere
(UTLS). Moreover, the vertical velocity distributions in this
range are comparable to those at higher altitudes, and the
proposed parameterisation is additionally tested under con-
ditions representative of stronger forcing (see Appendix C).
These tests suggest that the approach remains robust and
physically consistent even beyond the original range of sam-
pled data.

It is seen in Fig. 3 that the large-scale updraft varies in
range from —0.2 up to 0.4 ms~!, where, in the majority of
the cells, vertical velocity is close to zero. Therefore, we
include cases (2) and (3) without the large-scale updraft
when creating the data set. Vertical wind perturbations w
obtained from the GW parameterisation show stronger ver-
tical velocity, with a rare maximum above 2ms~!. Cor-
responding frequencies w are sampled in a range between
a Coriolis parameter of f =10"*s~! and a buoyancy fre-
quency of N =2 x 107%s~! in the tropopause region, and
the form of the @ spectrum resembles the Desaubies form
(VanZandt, 1982). It is worth noting that the resulting mo-
mentum flux based on the highest-amplitude ray volume is
aligned with the observational statistics obtained from the
balloon measurements (Hertzog et al., 2012) and previously
calculated momentum fluxes from the MS-GWaM parame-
terisation (Kim et al., 2021). Therefore, the total momentum
flux considered lies in the physical range, and the forcing
term applied in the parcel simulations is realistic to some
degree. Further support for the realism of the applied condi-
tions comes from Fig. 3b, where the probability density func-
tion (PDF) of gravity-wave-induced vertical velocity pertur-
bations is w. The spread and frequency of occurrence show
a good agreement with available observations from balloon
measurements (Podglajen et al., 2016; Kohler et al., 2023).

The various vertical velocities used in the construction of
the forcing are sampled from the wide range of conditions,
including the large updrafts up to 10ms~!. Because of the
general model formulation, one can add the vertical veloc-
ity contributions to the forcing term based on other informa-
tion provided by the model, for example, by the turbulence
scheme. However, such an extension of the forcings is not
tested in the current work.

The exact value of the effective mass mest is found using
Eq. (9) based on the ensemble calculations for ~ 2 x 10° nu-
cleation events; the results are shown in Fig. 4. The data set is
created using random initial conditions for n;, g;, and various
GW-forcing configurations as discussed above. The internal
variability in the data is quite high, especially depending on
the forcing term at the point of the nucleation event. How-
ever, by fixing certain parameters (blue and black markers),
one can see a clear dependence of mgr on the chosen param-
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eters. The variability with the forcing term is much larger,
whereas, under the conditions of smaller initial number con-
centrations, megr stays nearly constant. The dependence on
the forcing term is decaying with large variability for smaller
values of the forcing at the point of the nucleation event.
The increase in the mass with an increase in the initial num-
ber concentration is connected to the fact that pre-existing
ice suppresses the nucleation process; hence, the number of
newly nucleated ice crystals is smaller. Because the initial ice
mean mass is quite high, and the new particles are 4 orders
of magnitude lighter, the recalculated mean mass increases if
more pre-existing ice is present. The observed behaviour of
the mass in dependence on the forcing term is the opposite:
it decreases with increasing F(tp). A larger forcing term at
the point of the nucleation is associated with the larger up-
drafts leading to a faster change in the saturation ratio over
ice. The depletion of the water vapour via deposition in such
conditions is ineffective, leading to smaller mass values.

2.3 Mean mass fitting for parameterisation

In the present section, we consider options for approximating
the dependence of m.gr based on the parameters known from
the pre-nucleation regime. Since the evolution of the ice mix-
ing ratio g; is not captured in this regime (due to fixed growth
coefficient and n;), we propose to fit a function depending on
the known parameters, such as initial ice number concentra-
tion njp; and forcing term at the point of the nucleation event
F(1p), to the ensemble simulation results. These parameters
are selected based on the definition of the correction given in
Eq. (9), and their relevance is further supported by the clear
dependence observed in Fig. 4, where only a slight spread is
visible in cases with fixed nini; and F(¢p).

Based on the created data set and the relative behaviour
of megr in dependence on njyi¢ and F(fp), an approximation
to the data is derived. The non-linear least-squares method
is applied to fit an assumed function to the known data from
the ensemble simulations. The method requires us to suggest
a certain functional dependency on the parameters. Given the
data set behaviour, the chosen simplified function is

1/3
megr(F (), ninit) = exp(ar + a2 F () m/it

+ agninic F (1)), (10)

13 4 asn

The mean error for meg during the target data set reproduc-
tion is around 30 %, which translates into a mean error of
~ 10 % in radius, for the set of ~2 x 10° nucleation events
with different GW-forcing representations.

As an extension, a more complex dependency on njyj and
F (tp) and involving one more parameter m™*, defined from
the pre-nucleation regime, is introduced and tested. The re-
sults show an improvement compared to the previously intro-
duced fit (10); see the corresponding figures and discussion
in Appendix B. While the use of an advanced fit improves the
prediction of the effective mass (meff), the ice number con-
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Figure 4. The exact m¢ correction depending on the initial number concentration (a) and on the forcing-term value at the nucleation event
point (b). Blue markers correspond to calculations with constant njyj;, and black markers correspond to calculations made with approximately

constant values of F(1y).

centration after nucleation (rpost), which is the primary target
of the parameterisation, is already well captured by the sim-
ple fit. The more complex approach yields only a marginal
improvement of about 2 % in the mean error. Besides, the ad-
vanced fit adds more complexity to the calculation; requires
the use of an additional parameter; and, because of the addi-
tional terms used, can lead to diverging results in cases out of
sample range with regard to the reference data used for the
parameter optimisation. Therefore, given the efficiency and
robustness of the original simple fit, we recommend its use
and present all further analysis based on this version.

3 Results: evaluation of the model

Further results are based on the parcel model code (Kosareva,
2025a) and are shown for an independent data set consisting
of 490 nucleation events in order to validate the chosen fit.
Initial conditions for n; and m; were created randomly, and
the forcing term based on ICON simulation is different from
the one used for the construction of the fit. In the following,
we will first assess the proposed fit. This will be followed by
stability and accuracy tests, depending on the time step cho-
sen for the integration of Egs. (5)—(6) in the parameterised
case.

https://doi.org/10.5194/gmd-18-6117-2025

We acknowledge that developing a parameterisation based
on a limited data set is inherently challenging and introduces
certain limitations. The considered conditions are represen-
tative of the UTLS region and are specific to the processes as
captured by the ICON model. As a result, extreme or anoma-
lous cases may be underrepresented. Nevertheless, we argue
that the physically grounded formulation of the proposed pa-
rameterisation, along with its robustness to variations in forc-
ing, allows it to provide reasonable predictions even outside
the original fitting range. To support this claim, we validated
the parameterisation on an independent data set and included
results for selected test cases with unusually strong vertical
velocities in Appendix C.

3.1 Extended parameterisation

A comparison of the application of the chosen fit (10) and
the exact effective mass calculated from the nucleation event
simulations is shown in Fig. 5. A direct comparison of pre-
dictions with the exact values for meg shows a good agree-
ment for the major part of the data points. Nonetheless, the fit
is not able to capture the higher possible m.fr values at higher
values of njyi. Figure 6 shows the exact post-nucleation ice
number concentration and the one obtained with the use of
the extended parameterisation (8). The underestimation of
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the megr values at higher values of pre-existing ice number
concentrations leads to an overestimation of the ice number
concentration as shown in Fig. 6.

Referring to Fig. 5, the most frequently occurring cases of
megr in the range between 10713 and 10712 kg and the corre-
sponding final 7,05t in Fig. 6 in the range between 10° and
10° are successfully represented by the chosen fit (10) and
the corrected parameterisation (8). However, the outlying ex-
treme cases are poorly captured due to the simplicity of the
fit.

The overall behaviour of the fit stays similar to the ex-
act data; therefore, with decreasing nipj;, the prediction for
the mefr stays nearly independent from nin;; (see Fig. 5a).
The cases with an increased forcing term correspond to the
smaller values of m.fr, increasing the final prediction for 70
in the exact data, and the same behaviour is captured by the
fit.

To assess how well the chosen approach represents in-
dividual cases, the relative errors of mef, effective ice
particle radius Refr, and nposy with respect to their ex-
act values are calculated. The effective radius is calculated

based on the effective mass as follows: Reff = (Z’;—;ﬁ)3
1

The probability density function (PDF) of the relative er-
rors is presented in Fig. 7. Here the relative errors are cal-
culated as AM = (Mpredicted — Mexact) / Mexact - 100 %, with
M = meft, Reff, npost- The mean errors for mefr and npes; pre-
dictions are 24 % and 16 %, respectively. Despite the sub-
stantial deviation in effective mass, the prediction for the
effective radius shows a good agreement, and the mean er-
ror is only about 10 %. More importantly, 90 % of the error
for the prediction of the ice number concentration lies below
37 %. The majority of the individual cases are represented
sufficiently well, whereas outliers and poorly captured events
with a deviation in nposc above 50 % correspond to less than
10 % of the distribution.

For a better understanding of the prediction deviations,
we also consider the PDF of the exact parameters and the
approximated ones in order to assess the ability of our fit
to capture the statistical properties of the data set. Previous
ensemble simulations using constant-mass parameterisation
by Dolaptchiev et al. (2023) showed that, while individual
events can vary significantly or even be missed, the statisti-
cal properties for the ensemble still align well.

Comparisons of the PDFs for the effective mass meg and
the predicted ice number concentration are shown in Fig. 8.

The PDF of the predicted mass from Fig. 8§ at the point of
the nucleation exhibits a slight underestimation of the mean
value, due to the inability to correctly predict larger m.gr (also
shown in Fig. 5). For the same reason, the tail of the distri-
bution is shorter, and the maximum value has a mismatch
of approximately 1 order of magnitude. The lower values
of megr are represented better, and the minimum values are
in the same range. A comparison of the PDFs of the ice
number concentration shows a good correspondence of ma-
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jor statistical indicators, such as mean, maximum, and min-
imum values. However, the extended parameterisation gives
occasional overestimation of npest values for larger values of
the forcing term and underestimation of the npog in cases of
small forcing (see the right panel in Fig. 6).

Apart from the values of n;, the prediction for the ice mix-
ing ratio g; is made based on the estimated mass m.f and
the ice number concentration ny,, calculated using the cor-
rected parameterisation, via gi, post = Meff Npost- Such an ap-
proach contains some physical inconsistencies because the
approximated ice mean mass m.gr differs from the mean mass
after the nucleation event, which is supposed to be used.
However, the estimation gives a suitable approximation for
the further simulation of g;. Furthermore, the evolution of
the parameters for two isolated cases is presented in Figs. 13
and 14 to show the g; prediction relevance.

3.2 Influence of the time step

The results shown in Sect. 3.1 are conducted using the same
time step for the solution of the full system (1)—(3) and cou-
pled system (5)—(6) employed in the parameterisation. Such
a decision is made to keep the results comparable without
introducing further uncertainties. However, the major goal
of the parameterisation is to increase the numerical perfor-
mance, especially by using larger time steps as in coarse-
resolution models, e.g. NWP and climate models. Therefore,
the following section is devoted to the depiction of the un-
certainties and evaluation of the results under different time
steps.

The investigation of the stability of numerical integration
and applicability of the defined approach is done based on
a data set with six GWs and a constant background updraft
wop. One of the sources of uncertainty is the accuracy of the
detection of the forcing term at the time of the nucleation
where S = S¢. The nucleation event can be misplaced, chang-
ing the defined time of the nucleation event ¢y, depending on
the time step used for the calculation of the saturation ratio
evolution (6). The calculation of the forcing term is sensi-
tive to the changes in 7y, which leads to further errors in the
estimation of the F'(#p) and other parameters.

Furthermore, the relative errors of the predictions from
the exact values AM are calculated as mentioned be-
fore in Sect. 3.1 for the considered parameters M =
F (to), meft, npost. Firstly, in Fig. 9, we compare relative er-
rors in the forcing F (#p) when solving slow-scale processes
for §, g; based on system (5) and (6) with five different time
step choices. In Figs. 9-11, horizontal bars represent per-
centiles of the distribution to illustrate data variability. Note
that, in several cases, the 10th percentile lies near zero and
may not be easily distinguishable in the plots due to scale
limitations. The smallest chosen time step of 1s gives the
exact solution, whereas longer time steps lead to deviations
from the exact prediction. Such deviations may influence the
estimated mg via errors introduced in 7y and F (fg) determi-
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Figure 6. Post-nucleation ice number concentrations defined from the full system and prediction from the constructed parameterisation with

correction (10).

nation; however, this would have a crucial impact on the 7npos
prediction by directly changing F'(#g) in the formula (8).

Maximum differences above 50 % occur rarely and are as-
sociated with outliers, for instance, some cases where the nu-
cleation event is missed with the usage of the larger time step.
One such case is illustrated further in this section in Fig. 13.
The mean relative error in the forcing term corresponding to
the case of 30 s time steps is 2.6 %, and the 90th percentile is
3.5 %. The mean and the 90th percentile of the PDF are dou-
bled when the time step is doubled and rise up to 15 % and
31 % for the largest considered time step of 2 min. Consider-
ing the exact differences instead of relative errors, it is found
that larger time steps mostly lead to an underestimation of
the forcing. Hence, because of the direct relation to the ice
number concentration, one would expect underestimation of
the npost With increasing time step.

Uncertainties from the detection of the forcing term then
lead to a variation in m.fr, considered in Fig. 10. The overall
error we introduce by using the fit is illustrated by the first
PDF when the same time step as that in the full system is
used. The additional deviation introduced by differences in
F (tp) leads to a variation of about 2 %-3 % in the mean er-
ror of megr, which is negligible compared to the overall error
introduced by the fit.
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Comparing the error of the ice number concentration pre-
diction from the exact solution in Fig. 11, one observes
the increase in the errors when going to larger time steps.
The mean and 90th percentile of the distribution stay nearly
the same when the time step is increased from 1 to 60s.
The increase in mean error becomes larger for a time step
dr = 120s, and, at a time step df = 240, it becomes closer
to 50 %. We conclude that one can use a time step of 60s
without a significant error increase. To estimate the quality of
the new parameterisation, one can compare the mean errors
to the relative accuracy of measurements (see e.g. Kriamer
etal., 2016, 2020). The resulting mean error using a time step
of 60 s is of the same order as the accuracy of measurements,
which is about 15 % (cf. Luebke et al., 2016). Therefore, the
proposed approach and chosen time step are well suited for
the representation of the process.

In order to check the dependence of the statistics on the
time step used in integrating Eqgs. (5) and (6), the comparison
of the PDFs of megf and npost is shown in Fig. 12. The overall
shape of the approximated PDF of mass m.¢r agrees with the
exact solution. However, the case with the largest time step
of 2 min shows an underestimated mf minimum for several
orders of magnitude. This leads to poor representation of the
cases with higher n,05 and consequent overestimation of the

Geosci. Model Dev., 18, 6117-6133, 2025
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Figure 9. Probability density function of the relative error of the pa-
rameterised forcing term F (t;) compared to the value detected from
the exact full-system solution in %. Horizontal bars correspond to
the 90th, 50th, and 10th percentiles of the distribution.

Npost Maximum (see Fig. 12 lower panel). Predictions of the
ice number concentrations are not far from the exact full sys-
tem results if one compares the centre of the PDF. The peak
of the predicted npost PDFs stays in the range of 2 % differ-
ence compared to the full system for all the parameterisation
cases. However, the prediction made using the largest time
step substantially overestimates the maximum 705 value. It
is worth mentioning that the ice number concentrations ob-
tained with the parameterisation and full system are in the
range of the observed quantities for the homogeneous nucle-
ation (Kramer et al., 2020).
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the full system using (9) in %. Horizontal bars correspond to the
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Figure 11. Probability density function of the relative error of npost
predicted using fit (10) by (8) compared to the exact mass calculated
from the full system in %. Horizontal bars correspond to the 90th,
50th, and 10th percentiles of the distribution.

Furthermore, we present two nucleation event cases in or-
der to directly compare the evolution and parameterisation
prediction with different time steps (see Figs. 13 and 14). By
means of such comparison, one can draw an additional con-
clusion on the correctness and possibility of use of ¢; as men-
tioned earlier and assess the numerical stability of the method
under different time steps. Initial conditions for the presented
cases are picked from the ensemble calculation with six su-
perposed GWs with the presence of a background updraft.

Neither case shows any difference between the reduced
system (4)—(6) and the full system (1)—(3). The corrected pa-
rameterisation (8) is tested for larger time steps of 30, 120,
and 240 s, omitting the case with the smallest time step. The
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Figure 13. Comparison of the parameter evolution in full system, reduced system, and parameterisation with proposed correction. Initial

conditions: S = 1.4, nj = 50kg71 ,qi =2.6 x 10-13 kgkgfl.

first case in Fig. 13 illustrates that the parameterisation gives
a good agreement with the full system, even with larger time
steps. The evolution of the saturation ratio over ice, ice mix-
ing ratio, and mass is aligned with the full system results
after some time following the nucleation event. The predic-
tion of the ice number concentration is not that exact for
cases with larger time steps, but the difference is still in the
range of 30 %. After the prediction of g; using the meg and
Npost from the parameterisation, one can see that integration
is done without numerical problems. The evolution of the ice
mixing ratio g; shows a jump due to the nucleation process,
followed by a short relaxation period, after which the g; pre-
diction is adjusted and overlaps with the full system result.

https://doi.org/10.5194/gmd-18-6117-2025

The second test case presented in Fig. 14 has been picked
on purpose to show several possible outcomes of using the
parameterisation and the consequences of usage of larger
time steps. The evolution of the slowly varying parameters.
such as S, gi, m. is captured relatively well by the parameteri-
sation with time steps of 30 and 120s. The largest considered
time step, however, leads to smaller variations in the satura-
tion ratio; hence the nucleation event is not captured by the
parameterisation.

The parameterisation using a time step of 30 s gives a suffi-
ciently good agreement with a relative error compared to the
exact solution not larger than 22 %. However, even though
the parameterisation with a 2 min time step predicts the nu-
cleation event, the difference in the final ice number concen-
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Figure 14. Comparison of the parameter evolution in full system, reduced system, and parameterisation with proposed correction. Initial

conditions: § = 1.4, n; = 0.018kg~!, i =6 x 10~ 10 kgkg~!.

tration is increased to 46 %. Other variables and the evolu-
tion of the slowly varying part are described well in cases
where the nucleation is captured as such. Considering differ-
ent cases and referring to the representation of the PDFs, a
time step of 60s can be suggested for parameterisation for
the optimal result. Further increase in time step leads to a de-
crease in accuracy and, in cases of the largest time step of
4 min, even to a wrong representation of the process, where
some events are not captured. Such behaviour is observed
due to the fact that the pre-existing ice grows too fast, de-
pleting the available water vapour and thus preventing the
saturation ratio from increasing to values triggering the nu-
cleation.

4 Conclusions

This study aimed to extend the applicability of the nucleation
parameterisation of Dolaptchiev et al. (2023) to a broader
range of atmospheric conditions. Specifically, it addressed
the regime of low pre-existing ice, where the rapid evolu-
tion of the ice mixing ratio limits the validity of the asymp-
totic approach used in earlier work. To overcome this lim-
itation, a generalisation of the parameterisation derived in
Dolaptchiev et al. (2023), including the effect of variable
ice mean mass, is proposed in the article. Compared to the
constant mean mass assumption, the proposed approach has
the advantage of incorporating a physically grounded correc-
tion to the growth coefficient, reflecting the actual variation
in ice particle growth under different conditions. The consid-
ered method allows the inclusion of the mean mass variation,
which leads to a better representation of the predicted ice
number concentration distribution.

The new approach is validated against ensemble simula-
tions based on the full double-moment scheme, showing a
good agreement with the exact solution. The representation
of individual nucleation events is done with reasonable ac-
curacy, and the mean relative error with respect to the full
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system is less than 16 % for the ice number concentration,
which is similar to the usual accuracy of measurements. A
vast number of cases are represented accurately, but the sub-
stantial differences remain for the extreme cases of the high
forcing-term values. The probability density function of the
occurring n; determined from independent ensemble simula-
tions captures the major statistical characteristics, such as the
mean and the centre of the PDF.

Because of the computational efficiency demand for
NWPs and climate applications, the effect of uncertainties
resulting from large ice microphysics time steps in the pro-
posed extended parameterisation is assessed as well. The
optimal representation of individual nucleation events com-
bined with the sufficiently well captured statistics of 7post
occurrence is achieved with df = 60 s. This recommendation
is comparable to the fast physics time step of about 4 min,
typically used in NWP models. Evaluation of the numeri-
cal effectiveness shows that parameterisation is several times
faster than the solution of the full system with a time step of
Is.

Given the strong agreement of the proposed method with
resolved physics and its robustness and sufficient accuracy,
the approach is now ready for further application in NWP
models, such as ICON. The generalisation of the method al-
lows direct coupling with forcings from dynamical parame-
terisations, thereby enhancing its integration into operational
systems. For instance, the detailed representation of local
subgrid-scale GW dynamical fields impacting cirrus clouds
can be incorporated using the Multi-Scale Gravity Wave
Model (MS-GWaM) parameterisation (Boloni et al., 2021;
Voelker et al., 2024) coupled to the described ice nucleation
parameterisation. Additionally, this coupling approach can
be extended to other relevant dynamical effects, e.g. turbu-
lence.
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Appendix A

Coupling of the ice physics processes to the GW theory

is done under the assumptions of mid-frequency and high-

frequency GWs, where the GW timescale Ty, is tied to the
gdo

Brunt-Viisild frequency N =,/ 5 by the following rela-
tion:
Ty = ! =0,1;6=0.1

w m» /3 =0, 15e=0U.1,

where 8 = 0 characterises the high-frequency GW timescale,
B =1 characterises the mid-frequency GW timescale, and
¢ is an introduced small parameter used for defining the
distinguished limit in the asymptotic analysis. For instance,
the characteristic timescales in the conditions of the tro-
posphere, where N = 1072 s are Tw =100 and Ty, =
1000 s for the high- and mid-frequency waves, respectively.

The diffusional growth timescale is estimated from Tg =
-1

Dmlﬂ& and has a value of about ~340s.

€ Poodv.c
Here, n. is the reference ice number concentration, and m.
is the reference mean mass of ice particles. Given the char-
acteristic timescales and expanding the Exner pressure 7 in
terms of a small parameter ¢, one can write the following
expression for the derivative of 7 (in non-dimensional form;
see Dolaptchiev et al., 2023):

Toonc

Dr 244 DT’ dw

—=¢ +ew—, Al

Dt Dt dzs (Ab
R

where 7 = (ﬁ) . a = 0 corresponds to the strong stratifi-

cation case, « = 1 corresponds to the weak stratification case
(Achatz et al., 2017, 2023), 7 is the Exner pressure of the
hydrostatically balanced reference atmosphere, R is the gas
constant for dry air, and 7" describes the fluctuations due to
the wave field.

Table A1l. Values or ranges for the physical quantities within the
relevant ranges for the UTLS region; see also Baumgartner and
Spichtinger (2019) and Dolaptchiev et al. (2023).

Parameter  Description Value or range

Too Reference background temperature 210K

£00 Reference background density 0.5kg m~3

Pi Ice particle density 920 to 929 kgm’3
P00 Reference background pressure 300 hPa

J Parameter for the nucleation rate 49 x 10* kg’l 51
B Parameter for the nucleation rate 337

Se Critical saturation ratio over ice 1.5

D Growth parameter 43x1078 kg2/3 sIK!
Li Latent heat of sublimation 2.8 x 100 Jkg™!
p Specific heat of dry air 1005 kg~ K~!

R Gas constant for dry air 287 Jkg’l K-!

Ry Gas constant for water vapour 416]1(;;’1 K-!
Psic Reference saturation pressure over ice 1Pa

ne Characteristic ice number concentration 2% 100kg™!

me Characteristic mean ice crystal mass 10~12 kg

m Mean mass of newly nucleated ice particles 10-16 kg
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As shown in Dolaptchiev et al. (2023), applying the scal-
ing analysis, one can neglect the first term on the right-hand
side of Eq. (A1). In the case where the leading-order vertical
velocity is solely due to a single GW, w in the second term
of Eq. (A1) can be written as

w = 0| cos(wt + ¢).

For a superposition of j gravity waves, the following expres-
sion applies:

w= Zlﬁ)j|cos(wjt+¢j).
J

Here w j» wj, and ¢; are the vertical wind amplitude, fre-
quency, and phase of GW number j.

Substituting the following expressions in the Eq. (6) and
also taking into account constant background updraft woo,
the last term can be written in the following form:

L; A
F(t) = g—lz(zijOS(wjt+¢j)+w00)s (A2)
cpRyT 7

where L; is the latent heat of sublimation, g is the acceler-
ation due to gravity, ¢p is the heat capacity, Ry is the gas
constant for dry air, and 7 is the background reference tem-
perature.

Appendix B

The parameter selection and limitations of the proposed fit
are further evaluated using additional results obtained with a
more advanced fit formulation for meg. This version incorpo-
rates a third parameter, m*, and introduces a more complex
functional dependency, expanding the simple fit to a third-
order polynomial and increasing the number of fitting coeffi-
cients to 17. This extension is designed to better capture the
spread observed in the data set shown before in Fig. 4.

The PDFs of the relative errors of the mef (mean radius
of ice particle Ro) and npogs (predicted with the use of the
more complex fit) with respect to the reference are shown in
Fig. B1. As mentioned in Sect. 2.3, the improvement in the
target parameter npost is minor. The PDFs of predicted mefr
and npogt (see Fig. B2) indicate a better representation of the
maximum and right tail of the PDF of ice number concentra-
tion. Despite those improvements, the use of a more compre-
hensive fit is not considered further, due to efficiency reasons
and divergent behaviour of the polynomials in the extreme
cases.

Geosci. Model Dev., 18, 6117-6133, 2025



6130

Figure B1. Probability density functions of the relative errors in the predictions of meff, Reff, and npost made with the advanced fit, with
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Figure C1. The ice number concentration calculated based on the
proposed approach with the conditions of 7 =220K, a time step
of 10's, and the prescribed constant updraft (param.) and single GW
forcing (param. GW forcing) is shown depending on the w or w. For
comparison, the results based on the reference system (1)—(3) with-
out sedimentation are shown for the GW forcing (ref. GW forcing).
As a reference for the constant updraft, the values from detailed
microphysics calculations from Karcher and Lohmann (2002) are
shown, where the upper/middle/lower symbols correspond to an ini-
tialisation of narrower/baseline/broader aerosol size distributions.

In order to further quantify the proposed parameterisation
and test it for the larger vertical velocity perturbations, a
set of additional calculations was performed using the con-
stant updraft and extreme amplitudes of GW-induced verti-
cal velocity. The results are compared to the commonly used
homogeneous nucleation parameterisations, such as Kércher
and Lohmann (2002), and a reference system (1)-(3) with
resolved ice physics. The ice number concentration predic-
tion is presented depending on constant vertical updraft and
w vertical updraft created by the GW (see Fig. C1). The
proposed parameterisation shows a good agreement with
the traditional approaches and captures the larger »; for the
larger vertical updraft, which was also found by Kércher and
Lohmann (2002) using a bin model. Cases where vertical up-
draft was forced by the GWs also show the same behaviour as
the constant updraft; however, the validation is done against
the resolved version. The extended parameterisation overes-
timates n; compared to the resolved physics, but the final pre-
dictions stay in the same order of magnitude and follow the
expected physical trend. Notably, the larger deviations occur
primarily in scenarios with extreme vertical velocity pertur-
bations, up to 15 m s~! which represent rare and highly ener-
getic events in the UTLS region. Despite this, the parameter-
isation successfully captures the qualitative and quantitative
response of the system under such conditions. This demon-
strates both the robustness and the flexibility of the approach,
making it a reliable and efficient choice for representing a

https://doi.org/10.5194/gmd-18-6117-2025

wide range of atmospheric scenarios, including those with
strong dynamic forcing.

Code and data availability. The air parcel model source code and
Python scripts for processing and plotting the data are available
on Zenodo at https://doi.org/10.5281/zenodo.15363805 (Kosareva,
2025a). The data set from the ICON simulation used in the con-
struction of the initial conditions for the parcel model, along
with all output data used for plots, can be found on Zenodo at
https://doi.org/10.5281/zenodo.13819511 (Kosareva, 2025b).
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