
viscosity through to our MassInvPC Schur complement preconditioner. Energy solver options are also updated relative to635

our base case (lines 72-73), using the dictionary created on lines 42-47.

Our model results can be validated against those of Busse et al. (1994). As with our previous examples, we compute the

Nusselt number and RMS velocity at a range of different mesh resolutions, with results presented in Figure 5. We find that

results converge towards the benchmark solutions, with increasing resolution, as expected. The final steady state temperature

field is illustrated in Figure 2(b).640

5.3.2 2-D Cylindrical Shell Domain

We next examine simulations in a 2-D cylindrical shell domain, defined by the radii of the inner (rmin) and outer (rmax)

boundaries. These are chosen such that the non–dimensional depth of the mantle, z = rmax− rmin = 1, and the ratio of the

inner and outer radii, f = rmin/rmax = 0.55, thus approximating the ratio between the radii of Earth’s surface and core-mantle-

boundary (CMB). Specifically, we set rmin = 1.22 and rmax = 2.22. The initial temperature distribution, chosen to produce 4645

equidistant plumes, is prescribed as:

T (x,y) = (rmax− r) +Acos(4 atan2(y,x))sin(r− rmin)π) (41)

1 # Mesh Generation:
2 rmin, rmax, ncells, nlayers = 1.22, 2.22, 256, 64
3 mesh1d = CircleManifoldMesh(ncells, radius=rmin, degree=2)
4 mesh = ExtrudedMesh(mesh1d, layers=nlayers, extrusion_type="radial")
5
6 ---------------------------------------------------------------------------------------------
7 # Constants, unit vector, initial condition
8 Ra = Constant(1e5)
9 r = sqrt(X[0]**2 + X[1]**2)

10 k = as_vector((X[0], X[1])) / r
11 Told.interpolate(rmax-r + 0.02*cos(4.*atan_2(X[1],X[0]))*sin((r-rmin)*pi))
12
13 ---------------------------------------------------------------------------------------------
14 # UFL for Stokes equations incorporating Nitsche:
15 C_ip = Constant(100.0) # Fudge factor for interior penalty term used in weak imposition of BCs
16 p_ip = 2 # Maximum polynomial degree of the _gradient_ of velocity
17
18 # Stokes equations in UFL form:
19 stress = 2 * mu * sym(grad(u))
20 F_stokes = inner(grad(v), stress) * dx - div(v) * p * dx + dot(n, v) * p * ds_tb - (dot(v, k) * Ra * Ttheta) * dx
21 F_stokes += -w * div(u) * dx + w * dot(n, u) * ds_tb # Continuity equation
22
23 # nitsche free-slip BCs
24 F_stokes += -dot(v, n) * dot(dot(n, stress), n) * ds_tb
25 F_stokes += -dot(u, n) * dot(dot(n, 2 * mu * sym(grad(v))), n) * ds_tb
26 F_stokes += C_ip * mu * (p_ip + 1)**2 * FacetArea(mesh) / CellVolume(mesh) * dot(u, n) * dot(v, n) * ds_tb
27
28 ---------------------------------------------------------------------------------------------
29 # Nullspaces and near-nullspaces:
30 x_rotV = Function(V).interpolate(as_vector((-X[1], X[0])))
31 V_nullspace = VectorSpaceBasis([x_rotV])
32 V_nullspace.orthonormalize()
33 p_nullspace = VectorSpaceBasis(constant=True) # Constant nullspace for pressure n
34 Z_nullspace = MixedVectorSpaceBasis(Z, [V_nullspace, p_nullspace]) # Setting mixed nullspace
35
36 # Generating near_nullspaces for GAMG:
37 nns_x = Function(V).interpolate(Constant([1., 0.]))
38 nns_y = Function(V).interpolate(Constant([0., 1.]))
39 V_near_nullspace = VectorSpaceBasis([nns_x, nns_y, x_rotV])
40 V_near_nullspace.orthonormalize()
41 Z_near_nullspace = MixedVectorSpaceBasis(Z, [V_near_nullspace, Z.sub(1)])
42
43 ---------------------------------------------------------------------------------------------
44 # Updated solve calls:
45 stokes_problem = NonlinearVariationalProblem(F_stokes, z) # velocity BC’s handled through Nitsche
46 stokes_solver = NonlinearVariationalSolver(stokes_problem, solver_parameters=stokes_solver_parameters, appctx={"

mu": mu}, nullspace=Z_nullspace, transpose_nullspace=Z_nullspace, near_nullspace=Z_near_nullspace)

Listing 5. Difference in Firedrake code required to reproduce isoviscous case in a 2-D cylindrical shell domain.
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