
combination with Q2 velocities, is not LBB stable, whereas the Q2P1DG pair is (Thieulot and Bangerth, 2022). For temperature,

the degree specified on line 10 is changed from 2 to 1. Results using a discontinuous linear pressure, at Ra= 1× 105, are465

presented in Figure 1(c,d), showing a similar trend to those of the Q2Q1 element pair, albeit with RMS velocities converging

towards benchmark values from above rather than below. Results using a Q1 discretisation for temperature, at Ra= 1× 106,

are presented in Figure 1(e,f), converging towards benchmark values with increasing resolution. We find that, as expected, a

Q2 temperature discretisation leads to more accurate results, although results converge towards the benchmark solutions from

different directions. For the remainder of the examples considered herein, we use a Q2Q1 discretisation for the Stokes system470

and a Q2 discretisation for temperature.

5.2 Extension: more realistic physics

We next highlight the ease at which simulations can be updated to incorporate more realistic physical approximations. We

first account for compressibility, under the Anelastic Liquid Approximation (e.g. Schubert et al., 2001), simulating a well-

established benchmark case from King et al. (2010) (Section 5.2.1). We subsequently focus on a case with a more Earth-like475

approximation of the rheology (Section 5.2.2), simulating another well-established benchmark case from Tosi et al. (2015).

All cases are set up in an enclosed 2-D Cartesian box with free-slip boundary conditions, with the required changes discussed

relative to the base case presented in Section 5.1.

5.2.1 Compressibility

The governing equations applicable for compressible mantle convection, under the Anelastic Liquid Approximation (ALA),480

are presented in Appendix A (based on, for example, Schubert et al., 2001). Their weak forms are derived by multiplying these

1 # Additional constants and definition of compressible reference state:
2 Ra = Constant(1e5) # Rayleigh number
3 Di = Constant(0.5) # Dissipation number
4 T0 = Constant(0.091) # Non-dimensional surface temperature
5 tcond = Constant(1.0) # Thermal conductivity
6 rho_0, alpha, cpr, cvr, gruneisen = 1.0, 1.0, 1.0, 1.0, 1.0
7 rhobar = Function(Q, name="CompRefDensity").interpolate(rho_0 * exp(((1.0 - X[1]) * Di) / alpha))
8 Tbar = Function(Q, name="CompRefTemperature").interpolate(T0 * exp((1.0 - X[1]) * Di) - T0)
9 alphabar = Function(Q, name="IsobaricThermalExpansivity").assign(1.0)

10 cpbar = Function(Q, name="IsobaricSpecificHeatCapacity").assign(1.0)
11 chibar = Function(Q, name="IsothermalBulkModulus").assign(1.0)
12 FullT = Function(Q, name="FullTemperature").assign(Tnew+Tbar)
13
14 ---------------------------------------------------------------------------------------------
15 # Equations in UFL:
16 I = Identity(2)
17 stress = 2 * mu * sym(grad(u)) - 2./3.*I*mu*div(u)
18 F_stokes = inner(grad(v), stress) * dx - div(v) * p * dx - (dot(v, k) * (Ra * Ttheta * rhobar * alphabar - (Di/

gruneisen) * (cpr/cvr)*rhobar*chibar*p) * dx)
19 F_stokes += -w * div(rhobar*u) * dx # Mass conservation
20 F_energy = q * rhobar * cpbar * ((Tnew - Told) / delta_t) * dx + q * rhobar * cpbar * dot(u, grad(Ttheta)) * dx +

dot(grad(q), tcond * grad(Tbar + Ttheta)) * dx + q * (alphabar * rhobar * Di * u[1] * Ttheta) * dx - q * (
(Di/Ra) * inner(stress, grad(u)) ) * dx

21
22 ---------------------------------------------------------------------------------------------
23 # Temperature boundary conditions:
24 bctb, bctt = DirichletBC(Q, 1.0 - (T0*exp(Di) - T0), bottom), DirichletBC(Q, 0.0, top)
25
26 ---------------------------------------------------------------------------------------------
27 # Pressure nullspace:
28 stokes_solver = NonlinearVariationalSolver(stokes_problem, solver_parameters=solver_parameters,

transpose_nullspace=p_nullspace)

Listing 2. Difference in Firedrake code required to reproduce compressible ALA cases from King et al. (2010) relative to our base case.
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