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weighting k! (N�1�k)! = 2! (4�1�2)!= 2. For those edges with a starting subscript198

with k = 3 subscripts of ‘1’ (i.e. 0111), the weighting k! (N�1�k)! = 3! (4�1�3)!=199

6. Therefore, for N = 4 and i = 1, we have:200

�T1 =
1

24
{6(T1000 � T0000) + 2(T1001 � T0001) + 2(T1010 � T0010) + 2(T1100 � T0100)+

2(T1011 � T0011) + 2(T1101 � T0101) + 2(T1110 � T0110) + 6(T1111 � T0111)} . (9)

3.2 Extension to the Stein and Alpert (1993) factorisation: the shared-201

interactions factorisation202

f̂

As stated in Section 2.3, the Lunt et al. (2012) factorisation for N = 2 can be in-203

terpreted as being identical to the Stein and Alpert (1993) factorisation but with the syn-204

ergy term shared between the two factors. Here we explore what happens when this in-205

terpretation is generalised to N > 2 dimensions. For consistency, we use the same no-206

tation as (Stein & Alpert, 1993). In their notation, f̂1 represents the di↵erence between207

a simulation in which only factor i is modified with a simulation in which no factors are208

modified, and f̂ijk··· represents interaction terms between the di↵erent factors. For ex-209

ample, for our original N = 2 example illustrated in Figure 1 and given in Equation210

3, �T1 ⌘ f̂1, �T2 ⌘ f̂3, and S ⌘ f̂12.211

For our LGM example for N = 3, f̂12 is the interaction term between factors 1212

and 2 (CO2 and ice), f̂13 is the interaction term between factors 1 and 3 (CO2 and veg-213

etation), f̂23 is the interaction term between factors 2 and 3 (ice and vegetation), and214

f̂123 is the interaction term between all three factors. In this case, Stein and Alpert (1993)215

give that216

�T = f̂1 + f̂2 + f̂3 + f̂12 + f̂13 + f̂23 + f̂123

f̂1 = T100 � T000

f̂2 = T010 � T000

f̂3 = T001 � T000

f̂12 = T110 � (T100 + T010) + T000

f̂13 = T101 � (T100 + T001) + T000

f̂23 = T011 � (T010 + T001) + T000

f̂123 = T111 � (T110 + T101 + T011) + (T100 + T010 + T001)� T000. (10)

As discussed in Section 2.2, this factorisation is not symmetric or unique (e.g. we could217

define f̂1 = T011�T111), and it is only complete if we include all the interaction terms,218

which are not attributed to any particular factor. By extending the interpretation of shared219

synergy in 2 dimensions discussed in Section 2.3, we can choose to share the interaction220

terms equally between their contributing factors, an approach applied by Schmidt et al.221

(2010). This results in a factorisation that is complete (because we are just re-partitioning222

the interaction terms). It turns out that it is also symmetric, but this is not immediately223

self-evident. For example for CO2,224

�T1 = f̂1 +
1

2
f̂12 +

1

2
f̂13 +

1

3
f̂123. (11)

Equations 10 and 11 give that, for CO2,225

�T1 =
1

6
(2(T100 � T000) + (T110 � T010) + (T101 � T001) + 2(T111 � T011)). (12)

This is identical to the equivalent term in Equation 6, indicating that the shared-interaction226

and linear-sum interpretations are identical for N = 3, and that therefore for N = 3227

the shared-interaction factorisation is unique, symmetric, and complete.228
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{6(T1000 � T0000) + 2(T1001 � T0001) + 2(T1010 � T0010) + 2(T1100 � T0100)+

2(T1011 � T0011) + 2(T1101 � T0101) + 2(T1110 � T0110) + 6(T1111 � T0111)} . (9)

3.2 Extension to the Stein and Alpert (1993) factorisation: the shared-201

interactions factorisation202

f̂123 f̂234 f̂124 f̂134 f̂1234 f̂4 f̂24 f̂34

As stated in Section 2.3, the Lunt et al. (2012) factorisation for N = 2 can be in-203

terpreted as being identical to the Stein and Alpert (1993) factorisation but with the syn-204

ergy term shared between the two factors. Here we explore what happens when this in-205

terpretation is generalised to N > 2 dimensions. For consistency, we use the same no-206

tation as (Stein & Alpert, 1993). In their notation, f̂1 represents the di↵erence between207

a simulation in which only factor i is modified with a simulation in which no factors are208

modified, and f̂ijk··· represents interaction terms between the di↵erent factors. For ex-209

ample, for our original N = 2 example illustrated in Figure 1 and given in Equation210

3, �T1 ⌘ f̂1, �T2 ⌘ f̂3, and S ⌘ f̂12.211

For our LGM example for N = 3, f̂12 is the interaction term between factors 1212

and 2 (CO2 and ice), f̂13 is the interaction term between factors 1 and 3 (CO2 and veg-213

etation), f̂23 is the interaction term between factors 2 and 3 (ice and vegetation), and214

f̂123 is the interaction term between all three factors. In this case, Stein and Alpert (1993)215

give that216

�T = f̂1 + f̂2 + f̂3 + f̂12 + f̂13 + f̂23 + f̂123

f̂1 = T100 � T000

f̂2 = T010 � T000

f̂3 = T001 � T000

f̂12 = T110 � (T100 + T010) + T000

f̂13 = T101 � (T100 + T001) + T000

f̂23 = T011 � (T010 + T001) + T000

f̂123 = T111 � (T110 + T101 + T011) + (T100 + T010 + T001)� T000. (10)

As discussed in Section 2.2, this factorisation is not symmetric or unique (e.g. we could217

define f̂1 = T011�T111), and it is only complete if we include all the interaction terms,218

which are not attributed to any particular factor. By extending the interpretation of shared219

synergy in 2 dimensions discussed in Section 2.3, we can choose to share the interaction220

terms equally between their contributing factors, an approach applied by Schmidt et al.221

(2010). This results in a factorisation that is complete (because we are just re-partitioning222

the interaction terms). It turns out that it is also symmetric, but this is not immediately223

self-evident. For example for CO2,224

�T1 = f̂1 +
1

2
f̂12 +

1

2
f̂13 +

1

3
f̂123. (11)

Equations 10 and 11 give that, for CO2,225

�T1 =
1

6
(2(T100 � T000) + (T110 � T010) + (T101 � T001) + 2(T111 � T011)). (12)

This is identical to the equivalent term in Equation 6, indicating that the shared-interaction226

and linear-sum interpretations are identical for N = 3, and that therefore for N = 3227

the shared-interaction factorisation is unique, symmetric, and complete.228
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