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Basic Linearized Anelastic Equations

1. Momentum equations

Linearized anelastic equations of Lipps and Hemler (1982).

Zonal component of the momentum:

! ! ∂u
∂t

= − ∂P
∂x

+ fυ ! (1.1)

where P ≡ cpθ ′π  .

Meridional component of the momentum:

! ! ∂υ
∂t

= − ∂P
∂y

− fu ! (1.2)

Vertical momentum equation:

! ! ∂w
∂t

= − ∂P
∂z

+ B ! (1.3)

where

! ! B ≡ g ′θ
θ0
! (1.4)

Buoyancy (thermodynamic) equation:

! ! ∂B
∂t

= −N 2w ! (1.4)

where

! ! N 2 ≡ g
θ0

∂θ0
∂z

! (1.5)

Mass continuity equation:
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! ! ∂
∂x

ρ0u( ) + ∂
∂y

ρ0υ( ) + ∂
∂z

ρ0w( ) = 0 ! (1.5)

The vorticity:

! ! ω z ≡
∂υ
∂x

− ∂u
∂y
! (1.6)

The divergence:

! ! D ≡ ∂u
∂x

+ ∂υ
∂y

! (1.7)

From ∂ ∂x (1.2) - ∂ ∂y  (1.1):

! ! ∂ω z

∂t
= − fD ! (1.8)

From ∂ ∂x (1.1) + ∂ ∂y  (1.2):

! ! ∂D
∂t

= fω z −
∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
P ! (1.9)

Vertical momentum equation:

! ! ∂w
∂t

= − ∂P
∂z

+ B ! (1.10)

Buoyancy (thermodynamic) equation:

! ! ∂B
∂t

= −N 2w ! (1.11)

Mass continuity equation:

! ! D + ∂
∂z

+ 1
ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
w = 0 ! (1.12)

Multiplying equations by ρ01 2 z( ) :
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! !
∂ ρ0

1 2ω z( )
∂t

= − f ρ0
1 2D( ) ! (1.13)

! !
∂ ρ0

1 2D( )
∂t

= f ρ0
1 2ω z( )− ∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
ρ0
1 2P( ) ! (1.14)

! !
∂ ρ0

1 2w( )
∂t

= − ∂
∂z

− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
ρ0
1 2P( ) + ρ0

1 2B( ) ! (1.15)

! !
∂ ρ0

1 2B( )
∂t

= −N 2 ρ0
1 2w( ) ! (1.16)

! ! ρ0
1 2D( ) + ∂

∂z
+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
ρ0
1 2w( ) = 0 ! (1.17)

By replacing ρ01 2ω z  by ω z  and replacing others likewise.

The linearized anelastic equations used in the paper: 

! ! ∂ω z

∂t
= − fD ! (1.18)

! ! ∂D
∂t

= fω z −
∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
P ! (1.19)

! ! ∂w
∂t

= − ∂
∂z

− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
P + B ! (1.20)

! ! ∂B
∂t

= −N 2w ! (1.21)

! ! D + ∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
w = 0 ! (1.22)

Baroclinic equations governing Rossby modes:
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Quasi-geostrophic anelastic equations with the quasi-static assumption on a midlatitude beta-
plane:

Time change of divergence and vertical momentum are ignored.

! ! ∂ω z

∂t
= − f0D − β

f0
∂P
∂x

! (1.23)

! ! 0 = f0ω z −
∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
P ! (1.24)

! ! 0 = − ∂
∂z

− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
P + B ! (1.25)

! ! ∂B
∂t

= −N 2w ! (1.26)

! ! D + ∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
w = 0 ! (1.27)

Barotropic equations governing Rossby modes:

Divergence and vertical momentum is ignored.

! ! ∂ω z

∂t
= − β

f0
∂P
∂x

! (1.28)

! ! 0 = f0ω z −
∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
P ! (1.29)

! ! 0 = − ∂
∂z

− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
P ! (1.30)

Eq. (1.30) indicates that P is vertically uniform.
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Z-grid

1. Inertia-gravity modes

Vorticity equation from (M.12):

! !
∂ ω z( )i , j

∂t
= − fDi, j ! (1)

Divergence equation from (M.8):

! ! ∂
∂t
Di, j = − 1

d 2
Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( ) + f ω z( )i, j ! (2)

! !

Vertical momentum equation:

Z grid
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! !
∂wi, j

∂t
= − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥Pi, j + Bi, j ! (4)

Thermodynamic equation:

! !
∂Bi, j
∂t

= −N 2wi, j ! (5)

Mass continuity equation:

! ! Di, j +
∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥wi, j = 0 ! (6)

From (4)–(6):

! ! ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
Di, j −

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (7)

Define:

 
φi, j z,t( ) ≡ Re Φ̂e!i kdi+ℓdj+mz−νt( ){ }      and     

 
φi+1 2, j+1 2 z,t( ) ≡ Re Φ̂e!i kd i+1 2( )+ℓd j+1 2( )+mz−νt⎡⎣ ⎤⎦{ } ! (8)

Using (8) in (1):

! ! −iνω̂ z = − fD̂ ! (9)

Using (8) in (2):

! !
 
−
!
iν D̂ = fω̂ z −

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

⎛
⎝⎜

⎞
⎠⎟
P̂ ! (10)

Using (8) in (7):
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! ! −ν 2 + N 2( ) D̂ − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iνPi, j = 0 ! (11)

In (10):

! !

 

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

=
2cos kd( ) + 2cos ℓd( )− 4

d 2

=
−sin2 1

2 kd( )
1
2 kd( )2

k2 + −sin2 1
2 ℓd( )

1
2 ℓd( )2

ℓ2
⎛

⎝
⎜

⎞

⎠
⎟

! (13)

Rewrite (13):

! !
 

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

= −ξ 2k2 −η2ℓ2 ! (14a)

where

! !
 
ξ ≡

sin 1
2 kd( )

1
2 kd

and η ≡
sin 1

2 ℓd( )
1
2 ℓd

! (14b)

Using (12) and (14a) in (9)–(11):

! ! −iνω̂ z = − fD̂ ! (20)

! !
 
−iν D̂ = ξ 2k2 +η2ℓ2( ) P̂ + fω̂ z ! (21)

! ! −ν 2 + N 2( ) D̂ + ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iν P̂ = 0 ! (22)

From (20) and (21):

! !
 
ν 2 − µ2 f 2( ) D̂ = ξ 2k2 +η2ℓ2( )iν P̂ ! (23)

From (22) and (23):
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! !

 

ν 2 =
N 2 ξ 2k2 +η2ℓ2( ) + f 2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

ξ 2k2 +η2ℓ2( ) + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

! (24)

2. Rossby modes

Baroclinic modes:

Adding the beta effect to the vorticity equation (1):

! !
∂ ω z( )i , j

∂t
= − f0Di, j −

β
f0

Pi+1, j − Pi−1, j
2d

! (30)

Dropping ∂D ∂t  in (2): 

! ! 0 = − 1
d 2

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( ) + f ω z( )i, j ! (31)

Dropping ∂2D ∂t 2  in (7):

! ! N 2Di, j −
∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (32)

From (30)–(32):

! !
 
−
!
iνω̂ z = − f0D̂ − β

f0
e!ikd − e− !ikd

2d
P̂ ! (40)

! !
 
0 = ξ 2k2 +η2ℓ2( ) P̂ + f0ω̂ z ! (41)

! !
 

N 2D̂ − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ !
iν P̂ = 0 ! (42)

Rewrite (40):
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! !
 
−
!
iνω̂ z = − f0D̂ −

!
i β
f0

2sin kd( )
2d

P̂ ! (43)

Rewrite (43):

! !
 
−
!
iνω̂ z = − f0D̂ −

!
i β
f0
!ξkP̂ ! (44)

where

! !
 
!ξ ≡
sin kd( )
kd

! (45)

From (41), (42) and (44):

! !
 

νN 2 ξ 2k2 +η2ℓ2( ) P̂ = − f0
2 m2 + 1

2ρ0
∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ν P̂ − N 2β "ξkP̂ ! (46)

Using  1
ρ0

∂ρ0
∂z

= − 1
H

 in (46) and for nontrivial solutions ( P̂ ≠ 0 ):

! !

 

ν = −β !ξk

ξ 2k2 +η2ℓ2( ) + f0
2

N 2 m2 + 1
4H

⎛
⎝⎜

⎞
⎠⎟
! (47)

Barotropic modes:

Assuming D = 0  in (30)

! !
∂ ω z( )i , j

∂t
= − β

f0

Pi+1, j − Pi−1, j
2d

! (50)

Writing (31) again:

! ! 0 = − 1
d 2

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( ) + f ω z( )i, j ! (51)
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Assuming D = 0  in (32)

! ! − ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (52)

(P is vertically constant).

From (50) and (51):

! !
 
0 =ν ξ 2k2 +η2ℓ2( ) P̂ + β "ξkP̂ ! (53)

From (53) and for nontrivial solutions ( P̂ ≠ 0 ):

! !
 
ν = −β !ξk

ξ 2k2 +η2ℓ2
! (54)
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C-grid

1. Inertia-gravity modes

Horizontal momentum equation:

∂ui+1 2, j
∂t

= −
Pi+1, j − Pi, j

d
+ fυi+1 2, j ! ! (M.1)

∂υi, j+1 2

∂t
= −

Pi, j+1 − Pi, j
d

− fui, j+1 2 ! ! (M.2)

where

υi+1 2, j ≡
1
4
υi, j−1 2 +υi+1, j−1 2 +υi, j+1 2 +υi+1, j+1 2( ) ! ! (M.3.a)

ui, j+1 2 ≡
1
4
ui+1 2, j + ui−1 2, j + ui+1 2, j+1 + ui−1 2, j+1( ) ! ! (M.3.b)

C grid
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To derive divergence equation for center points ( i, j ):

∂
∂t

ui+1 2, j − ui−1 2, j
d

⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1, j − 2Pi, j + Pi−1, j
d 2

+ f
υi+1 2, j −υi−1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
! (M.4.a)

∂
∂t

υi, j+1 2 −υi, j−1 2

d
⎛
⎝⎜

⎞
⎠⎟
= −

Pi, j+1 − 2Pi, j + Pi, j−1
d 2

− f
ui, j+1 2 − ui, j−1 2

d
⎛
⎝⎜

⎞
⎠⎟
! (M.4.b)

Define:

! ! Di, j ≡
1
d
ui+1 2, j − ui−1 2, j +υi, j+1 2 −υi, j−1 2( ) ! (M.5)

Divergence equation (1):

! ∂
∂t
Di, j = −

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j
d 2

+ f
υi+1 2, j −υi−1 2, j

d
−
ui, j+1 2 − ui, j−1 2

d
⎛
⎝⎜

⎞
⎠⎟
! (M.6)

Define:

! ! ω z( )i+1 2, j+1 2 ≡
1
d

υi+1 2, j+1 −υi+1 2, j − ui+1 2, j+1 + ui+1 2, j( ) ! (M.7)

Divergence equation (2):

Consider (M.6) and (M.7):

!
∂
∂t
Di, j = −

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j
d 2

+ f 1
4

ω z( )i+1 2, j+1 2 + ω z( )i−1 2, j+1 2 + ω z( )i+1 2, j−1 2 + ω z( )i−1 2, j−1 2⎡
⎣

⎤
⎦

! ! ! (M.8)

To derive vorticity equation for center point ( i +1 2, j +1 2 ):
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∂
∂t

υi+1, j+1 2 −υi, j+1 2

d
⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1, j+1 − Pi+1, j − Pi, j+1 + Pi, j
d 2

− f
ui+1, j+1 2 − ui, j+1 2

d
⎛
⎝⎜

⎞
⎠⎟
! (M.9)

∂
∂t

−ui+1 2, j+1 + ui+1 2, j
d

⎛
⎝⎜

⎞
⎠⎟
= −

−Pi+1, j+1 + Pi, j+1 + Pi+1, j − Pi, j
d 2

− f
υi+1 2, j+1 −υi+1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
! (M.10)

The vorticity equation (1):

∂
∂t

υi+1, j+1 2 −υi, j+1 2 − ui+1 2, j+1 + ui+1 2, j
d

⎛
⎝⎜

⎞
⎠⎟
= − f

ui+1, j+1 2 − ui, j+1 2 +υi+1 2, j+1 −υi+1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
! (M.11)

The vorticity equation (2):

Using (M.7) and (M.5) in (M.11):

! ! ∂
∂t

ω z( )i+1 2, j+1 2 = − f 1
4
Di+1, j+1 + Di+1, j + Di, j+1 + Di, j( ) ! (M.12)

Vorticity equation from (M.12):

! ! ∂
∂t

ω z( )i+1 2, j+1 2 = − f 1
4
Di+1, j+1 + Di+1, j + Di, j+1 + Di, j( ) ! (1)

Divergence equation from (M.8):

!
∂
∂t
Di, j = −

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j
d 2

+ f 1
4

ω z( )i+1 2, j+1 2 + ω z( )i−1 2, j+1 2 + ω z( )i+1 2, j−1 2 + ω z( )i−1 2, j−1 2⎡
⎣

⎤
⎦

! ! ! (2)

! !

Vertical momentum equation:

! !
∂wi, j

∂t
= − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥Pi, j + Bi, j ! (4)

Thermodynamic equation:
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! !
∂Bi, j
∂t

= −N 2wi, j ! (5)

Mass continuity equation:

! ! Di, j +
∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥wi, j = 0 ! (6)

From (4)–(6):

! ! ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
Di, j −

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (7)

Define:

 
φi, j z,t( ) ≡ Re Φ̂e!i kdi+ℓdj+mz−νt( ){ }      and     

 
φi+1 2, j+1 2 z,t( ) ≡ Re Φ̂e!i kd i+1 2( )+ℓd j+1 2( )+mz−νt⎡⎣ ⎤⎦{ } ! (8)

Using (8) in (1):

! !
 
−iνω̂ z = − f 1

4
e
−
!
ik d
2e

−
!
iℓd
2 + e!

ik d
2e

−
!
iℓd
2 + e

−
!
ik d
2e!

iℓd
2 + e!

ik d
2e!

iℓd
2⎛

⎝⎜
⎞
⎠⎟
D̂ ! (9)

Using (8) in (2):

!
 
−
!
iν D̂ = f 1

4
e!
ik d
2e!

iℓd
2 + e

−
!
ik d
2e!

iℓd
2 + e!

ik d
2e

−
!
iℓd
2 + e

−
!
ik d
2e

−
!
iℓd
2⎛

⎝⎜
⎞
⎠⎟
ω̂ z −

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

⎛
⎝⎜

⎞
⎠⎟
P̂ ! (10)

Using (8) in (7):

! ! −ν 2 + N 2( ) D̂ − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iνPi, j = 0 ! (11)
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In (9)–(10):

! !

 

µ ≡ 1
4

e
−
!
ik d
2e

−
!
iℓd
2 + e!

ik d
2e

−
!
iℓd
2 + e

−
!
ik d
2e!

iℓd
2 + e!

ik d
2e!

iℓd
2⎛

⎝⎜
⎞
⎠⎟

= 1
4

e
−
!
ik d
2 + e!

ik d
2⎛

⎝⎜
⎞
⎠⎟
e
−
!
iℓd
2 + e!

iℓd
2⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = cos k d

2
⎛
⎝⎜

⎞
⎠⎟ cos ℓ

d
2

⎛
⎝⎜

⎞
⎠⎟

! (12)

In (10):

! !

 

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

=
2cos kd( ) + 2cos ℓd( )− 4

d 2

=
−sin2 1

2 kd( )
1
2 kd( )2

k2 + −sin2 1
2 ℓd( )

1
2 ℓd( )2

ℓ2
⎛

⎝
⎜

⎞

⎠
⎟

! (13)

Rewrite (13):

! !
 

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

= −ξ 2k2 −η2ℓ2 ! (14a)

where

! !
 
ξ ≡

sin 1
2 kd( )

1
2 kd

and η ≡
sin 1

2 ℓd( )
1
2 ℓd

! (14b)

Using (12) and (14a) in (9)–(10) and writing (11) again:

! ! −iνω̂ z = −µ fD̂ ! (20)

! !
 
−iν D̂ = ξ 2k2 +η2ℓ2( ) P̂ + µ fω̂ z ! (21)

! ! −ν 2 + N 2( ) D̂ + ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iν P̂ = 0 ! (22)

From (20) and (21):

! !
 
ν 2 − µ2 f 2( ) D̂ = ξ 2k2 +η2ℓ2( )iν P̂ ! (23)
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From (22) and (23):

! !

 

ν 2 =
N 2 ξ 2k2 +η2ℓ2( ) + µ2 f 2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

ξ 2k2 +η2ℓ2( ) + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

! (24)

2. Rossby modes

Baroclinic modes:

Adding the beta effect to the vorticity equation (1):

! !
∂ ω z( )i+1 2, j+1 2

∂t
= − f0

1
4
Di+1, j+1 + Di+1, j + Di, j+1 + Di, j( )− β

f0

Pi+3 2, j+1 2 − Pi−1 2, j+1 2
2d

! (30)

Dropping ∂D ∂t  in (2): 

!
!

0 = −
Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j

d 2
+ f0

1
4

ω z( )i+1 2, j+1 2 + ω z( )i−1 2, j+1 2 + ω z( )i+1 2, j−1 2 + ω z( )i−1 2, j−1 2⎡
⎣

⎤
⎦ !(31)

Dropping ∂2D ∂t 2  in (7):

! ! N 2Di, j −
∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (32)

From (30)–(32):

! !
 
−
!
iνω̂ z = −µ f0D̂ − µ β

f0
e!ikd − e− !ikd

2d
P̂ ! (40)

! !
 
0 = ξ 2k2 +η2ℓ2( ) P̂ + µ f0ω̂ z ! (41)
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! !
 

µD̂N 2 − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ !
iν P̂ = 0 ! (42)

Rewrite (40):

! !
 
−
!
iνω̂ z = −µ f0D̂ −

!
iµ β

f0

2sin kd( )
2d

P̂ ! (43)

Rewrite (43):

! !
 
−
!
iνω̂ z = −µ f0D̂ −

!
iµ β

f0
!ξkP̂ ! (44)

where

! !
 
!ξ ≡
sin kd( )
kd

! (45)

From (41), (42) and (44):

! !
 

νN 2 ξ 2k2 +η2ℓ2( ) P̂ = − f0
2 m2 + 1

2ρ0
∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ν P̂ −

"
iµ2N 2β "ξkP̂ ! (46)

Using  1
ρ0

∂ρ0
∂z

= − 1
H

 in (46) and for nontrivial solutions ( P̂ ≠ 0 ):

! !

 

ν = −µ2β !ξk

ξ 2k2 +η2ℓ2( ) + f0
2

N 2 m2 + 1
4H

⎛
⎝⎜

⎞
⎠⎟
! (47)

Barotropic modes:

Assuming D = 0  in (30)

! !
∂ ω z( )i+1 2, j+1 2

∂t
= − β

f0

Pi+3 2, j+1 2 − Pi−1 2, j+1 2
2d

! (50)

Writing (31) again:
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!
!

0 = −
Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j

d 2
+ f0

1
4

ω z( )i+1 2, j+1 2 + ω z( )i−1 2, j+1 2 + ω z( )i+1 2, j−1 2 + ω z( )i−1 2, j−1 2⎡
⎣

⎤
⎦ !(51)

Assuming D = 0  in (32)

! ! − ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (52)

(P is vertically constant).

From (50) and (51):

! !
 
0 =ν ξ 2k2 +η2ℓ2( ) P̂ + µ2β "ξkP̂ ! (53)

From (53) and for nontrivial solutions ( P̂ ≠ 0 ):

! !
 
ν = −µ2β !ξk

ξ 2k2 +η2ℓ2
! (54)
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D-grid

1. Inertia-gravity modes

Horizontal momentum equation:

∂ui, j+1 2
∂t

= −
Pi+1 2, j+1 2 − Pi−1 2, j+1 2

d
+ fυi, j+1 2 ! ! (M.1)

∂υi+1 2, j

∂t
= −

Pi+1 2, j+1 2 − Pi+1 2, j−1 2
d

− fui+1 2, j ! ! (M.2)

where

Pi+1 2, j+1 2 ≡
1
4
Pi+1, j+1 + Pi+1, j−1 + Pi−1, j+1 + Pi−1, j−1( ) ! ! (M.3.a)

υi, j+1 2 ≡
1
4
υi−1 2, j +υi+1 2, j +υi−1 2, j+1 +υi+1 2, j+1( ) ! ! (M.3.b)

D grid
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ui+1 2, j ≡
1
4
ui, j+1 2 + ui, j−1 2 + ui+1, j+1 2 + ui+1, j−1 2( ) ! ! (M.3.c)

To derive divergence equation for corner points ( i +1 2, j +1 2 ):

∂
∂t

ui+1, j+1 2 − ui, j+1 2
d

⎛
⎝⎜

⎞
⎠⎟
= −

Pi+3 2, j+1 2 − 2Pi+1 2, j+1 2 + Pi−1 2, j+1 2
d 2

+ f
υi+1, j+1 2 −υi, j+1 2

d
⎛
⎝⎜

⎞
⎠⎟
! (M.4.a)

∂
∂t

υi+1 2, j+1 −υi+1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1 2, j+3 2 − 2Pi+1 2, j+1 2 + Pi+1 2, j−1 2
d 2

− f
ui+1 2, j+1 − ui+1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
! (M.4.b)

Define:

! ! Di+1 2, j+1 2 ≡
1
d
ui+1, j+1 2 − ui, j+1 2 +υi+1 2, j+1 −υi+1 2, j( ) ! (M.5)

Divergence equation (1):

!

∂
∂t
Di+1 2, j+1 2 = −

Pi+3 2, j+1 2 + Pi−1 2, j+1 2 − 4Pi+1 2, j+1 2 + Pi+1 2, j+3 2 + Pi+1 2, j−1 2
d 2

+ f
υi+1, j+1 2 −υi, j+1 2

d
−
ui+1 2, j+1 − ui+1 2, j

d
⎛
⎝⎜

⎞
⎠⎟

! (M.6)

Define:

! ! ω z( )i, j ≡
1
d

υi+1 2, j −υi−1 2, j − ui, j+1 2 + ui, j−1 2( ) ! (M.7)

Divergence equation (2):

Consider (M.6) and (M.7):
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!

∂
∂t
Di+1 2, j+1 2 = −

Pi+3 2, j+1 2 + Pi−1 2, j+1 2 + Pi+1 2, j+3 2 + Pi+1 2, j−1 2 − 4Pi+1 2, j+1 2
d 2

+ f 1
4

ω z( )i+1, j+1 + ω z( )i−1, j+1 + ω z( )i+1, j−1 + ω z( )i, j⎡
⎣

⎤
⎦

! (M.8)

To derive vorticity equation for center point ( i, j ):

∂
∂t

υi+1 2, j −υi−1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1 2, j+1 2 − Pi+1 2, j−1 2 − Pi−1 2, j+1 2 + Pi−1 2, j−1 2
d 2

− f
ui+1 2, j − ui−1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
! (M.9)

∂
∂t

−ui, j+1 2 + ui, j−1 2
d

⎛
⎝⎜

⎞
⎠⎟
=
Pi+1 2, j+1 2 − Pi−1 2, j+1 2 − Pi+1 2, j−1 2 + Pi−1 2, j−1 2

d 2
− f

υi, j+1 2 −υi, j−1 2

d
⎛
⎝⎜

⎞
⎠⎟
! (M.10)

The vorticity equation (1):

∂
∂t

υi+1 2, j −υi−1 2, j − ui, j+1 2 + ui, j−1 2
d

⎛
⎝⎜

⎞
⎠⎟
= − f

ui+1 2, j − ui−1 2, j
d

+
υi, j+1 2 −υi, j−1 2

d
⎛
⎝⎜

⎞
⎠⎟
! (M.11)

The vorticity equation (2):

Using (M.7) and (M.5) in (M.11):

! ! ∂
∂t

ω z( )i, j = − f 1
4
Di+1 2, j+1 2 + Di−1 2, j+1 2 + Di+1 2, j−1 2 + Di−1 2, j−1 2( ) ! (M.12)

Vorticity equation from (M.12):

! !
∂ ω z( )i , j

∂t
= − f 1

4
Di−1 2, j−1 2 + Di+1 2, j−1 2 + Di−1 2, j+1 2 + Di+1 2, j+1 2( ) ! (1)

Divergence equation from (M.8):

! !

∂
∂t
Di+1 2, j+1 2 = f 1

4
ω z( )i+1, j+1 + ω z( )i, j+1 + ω z( )i+1, j + ω z( )i, j⎡

⎣
⎤
⎦

−
Pi+3 2, j+1 2 − 2Pi+1 2, j+1 2 + Pi−1 2, j+1 2

d 2
−
Pi+1 2, j+3 2 − 2Pi+1 2, j+1 2 + Pi+1 2, j−1 2

d 2

! (2)
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where

! ! Pi+1 2, j+1 2 ≡
1
4
Pi+1, j+1 + Pi+1, j−1 + Pi−1, j+1 + Pi−1, j−1( ) ! (3)

! !

Vertical momentum equation:

! !
∂wi, j

∂t
= − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥Pi, j + Bi, j ! (4)

Thermodynamic equation:

! !
∂Bi, j
∂t

= −N 2wi, j ! (5)

Mass continuity equation:

! 1
4
Di−1 2, j−1 2 + Di+1 2, j−1 2 + Di−1 2, j+1 2 + Di+1 2, j+1 2( ) + ∂

∂z
+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥wi, j = 0 ! (6)

From (4)–(6):

∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
1
4
Di−1 2, j−1 2 + Di+1 2, j−1 2 + Di−1 2, j+1 2 + Di+1 2, j+1 2( )⎡

⎣⎢
⎤
⎦⎥
− ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (7)

Define:

 
φi, j z,t( ) ≡ Re Φ̂e!i kdi+ℓdj+mz−νt( ){ }      and     

 
φi+1 2, j+1 2 z,t( ) ≡ Re Φ̂e!i kd i+1 2( )+ℓd j+1 2( )+mz−νt⎡⎣ ⎤⎦{ } ! (8)

Using (8) in (1):
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! !
 
−iνω̂ z = − f 1

4
e
−
!
ik d
2e

−
!
iℓd
2 + e!

ik d
2e

−
!
iℓd
2 + e

−
!
ik d
2e!

iℓd
2 + e!

ik d
2e!

iℓd
2⎛

⎝⎜
⎞
⎠⎟
D̂ ! (9)

Using (8) in (2):

!

 

−
!
iν D̂ = f 1

4
e!
ik d
2e!

iℓd
2 + e

−
!
ik d
2e!

iℓd
2 + e!

ik d
2e

−
!
iℓd
2 + e

−
!
ik d
2e

−
!
iℓd
2⎛

⎝⎜
⎞
⎠⎟
ω̂ z

− 1
4

e
−
!
ik d
2e

−
!
iℓd
2 + e!

ik d
2e

−
!
iℓd
2 + e

−
!
ik d
2e!

iℓd
2 + e!

ik d
2e!

iℓd
2⎛

⎝⎜
⎞
⎠⎟
e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4

d 2
⎛
⎝⎜

⎞
⎠⎟
P̂
! (10)

Using (8) in (7):

!
 

−ν 2 + N 2( ) 14 e!
ik d
2e!

iℓd
2 + e

−
!
ik d
2e!

iℓd
2 + e!

ik d
2e

−
!
iℓd
2 + e

−
!
ik d
2e

−
!
iℓd
2⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ D̂ − m2 + 1

2ρ0
∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iνPi, j = 0 ! (11)

In (9)–(11):

! !

 

µ ≡ 1
4

e
−
!
ik d
2e

−
!
iℓd
2 + e!

ik d
2e

−
!
iℓd
2 + e

−
!
ik d
2e!

iℓd
2 + e!

ik d
2e!

iℓd
2⎛

⎝⎜
⎞
⎠⎟

= 1
4

e
−
!
ik d
2 + e!

ik d
2⎛

⎝⎜
⎞
⎠⎟
e
−
!
iℓd
2 + e!

iℓd
2⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = cos k d

2
⎛
⎝⎜

⎞
⎠⎟ cos ℓ

d
2

⎛
⎝⎜

⎞
⎠⎟

! (12)

In (10):

! !

 

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

=
2cos kd( ) + 2cos ℓd( )− 4

d 2

=
−sin2 1

2 kd( )
1
2 kd( )2

k2 + −sin2 1
2 ℓd( )

1
2 ℓd( )2

ℓ2
⎛

⎝
⎜

⎞

⎠
⎟

! (13)

Rewrite (13):

! !
 

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

= −ξ 2k2 −η2ℓ2 ! (14a)

where

! !
 
ξ ≡

sin 1
2 kd( )

1
2 kd

and η ≡
sin 1

2 ℓd( )
1
2 ℓd

! (14b)
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Using (12) and (14a) in (9)–(11):

! ! −iνω̂ z = −µ fD̂ ! (20)

! !
 
−iν D̂ = µ ξ 2k2 +η2ℓ2( ) P̂ + µ fω̂ z ! (21)

! ! µ −ν 2 + N 2( ) D̂ + ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iν P̂ = 0 ! (22)

From (20) and (21):

! !
 
ν 2 − µ2 f 2( ) D̂ = µ ξ 2k2 +η2ℓ2( )iν P̂ ! (23)

From (22) and (23):

! !

 

ν 2 =
µ2N 2 ξ 2k2 +η2ℓ2( ) + µ2 f 2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

µ2 ξ 2k2 +η2ℓ2( ) + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

! (24)

2. Rossby modes

Baroclinic modes:

Adding the beta effect to the vorticity equation (1):

! !
∂ ω z( )i , j

∂t
= − f0

1
4
Di−1 2, j−1 2 + Di+1 2, j−1 2 + Di−1 2, j+1 2 + Di+1 2, j+1 2( )− β

f0

Pi+1, j − Pi−1, j
2d

! (30)

Dropping ∂D ∂t  in (2): 
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! !
0 = −

Pi+3 2, j+1 2 + Pi−1 2, j+1 2 + Pi+1 2, j+3 2 + Pi+1 2, j−1 2 − 4Pi+1 2, j+1 2
d 2

+ f0
1
4

ω z( )i+1, j+1 + ω z( )i, j+1 + ω z( )i+1, j + ω z( )i, j⎡
⎣

⎤
⎦

! (31)

Dropping ∂2D ∂t 2  in (7):

! !N 2 1
4
Di−1 2, j−1 2 + Di+1 2, j−1 2 + Di−1 2, j+1 2 + Di+1 2, j+1 2( )⎡

⎣⎢
⎤
⎦⎥
− ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (32)

From (30)–(32):

! !
 
−
!
iνω̂ z = −µ f0D̂ − β

f0
e!ikd − e− !ikd

2d
P̂ ! (40)

! !
 
0 = µ ξ 2k2 +η2ℓ2( ) P̂ + µ f0ω̂ z ! (41)

! !
 

µD̂N 2 − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ !
iν P̂ = 0 ! (42)

Rewrite (40):

! !
 
−
!
iνω̂ z = −µ f0D̂ −

!
i β
f0

2sin kd( )
2d

P̂ ! (43)

Rewrite (43):
! !

 
−
!
iνω̂ z = −µ f0D̂ −

!
i β
f0
!ξkP̂ ! (44)

where

! !
 
!ξ ≡
sin kd( )
kd

! (45)

From (41), (42) and (44):
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! !
 

νN 2 ξ 2k2 +η2ℓ2( ) P̂ = − f0
2 m2 + 1

2ρ0
∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ν P̂ − N 2β "ξkP̂ ! (46)

Using  1
ρ0

∂ρ0
∂z

= − 1
H

 in (46) and for nontrivial solutions ( P̂ ≠ 0 ):

! !

 

ν = −β !ξk

ξ 2k2 +η2ℓ2( ) + f0
2

N 2 m2 + 1
4H

⎛
⎝⎜

⎞
⎠⎟
! (47)

Barotropic modes:

Assuming D = 0  in (30)

! !
∂ ω z( )i , j

∂t
= − β

f0

Pi+1, j − Pi−1, j
2d

! (50)

Writing (31) again:

! !
0 = −

Pi+3 2, j+1 2 + Pi−1 2, j+1 2 + Pi+1 2, j+3 2 + Pi+1 2, j−1 2 − 4Pi+1 2, j+1 2
d 2

+ f0
1
4

ω z( )i+1, j+1 + ω z( )i, j+1 + ω z( )i+1, j + ω z( )i, j⎡
⎣

⎤
⎦

! (51)

Assuming D = 0  in (32)

! ! − ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (52)

(P is vertically constant).

From (50) and (51):

! !
 
0 =ν ξ 2k2 +η2ℓ2( ) P̂ + β "ξkP̂ ! (53)

From (53) and for nontrivial solutions ( P̂ ≠ 0 ):
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! !
 
ν = −β !ξk

ξ 2k2 +η2ℓ2
! (54)
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D-grid (with w at corner points)

1. Inertia-gravity modes

Horizontal momentum equation:

∂ui, j+1 2
∂t

= −
Pi+1 2, j+1 2 − Pi−1 2, j+1 2

d
+ fυi, j+1 2 ! ! (M.1)

∂υi+1 2, j

∂t
= −

Pi+1 2, j+1 2 − Pi+1 2, j−1 2
d

− fui+1 2, j ! ! (M.2)

where

Pi+1 2, j+1 2 ≡
1
4
Pi+1, j+1 + Pi+1, j−1 + Pi−1, j+1 + Pi−1, j−1( ) ! ! (M.3.a)

υi, j+1 2 ≡
1
4
υi−1 2, j +υi+1 2, j +υi−1 2, j+1 +υi+1 2, j+1( ) ! ! (M.3.b)

D grid (w at corners)
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ui+1 2, j ≡
1
4
ui, j+1 2 + ui, j−1 2 + ui+1, j+1 2 + ui+1, j−1 2( ) ! ! (M.3.c)

To derive divergence equation for corner points ( i +1 2, j +1 2 ):

∂
∂t

ui+1, j+1 2 − ui, j+1 2
d

⎛
⎝⎜

⎞
⎠⎟
= −

Pi+3 2, j+1 2 − 2Pi+1 2, j+1 2 + Pi−1 2, j+1 2
d 2

+ f
υi+1, j+1 2 −υi, j+1 2

d
⎛
⎝⎜

⎞
⎠⎟
! (M.4.a)

∂
∂t

υi+1 2, j+1 −υi+1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1 2, j+3 2 − 2Pi+1 2, j+1 2 + Pi+1 2, j−1 2
d 2

− f
ui+1 2, j+1 − ui+1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
! (M.4.b)

Define:

! ! Di+1 2, j+1 2 ≡
1
d
ui+1, j+1 2 − ui, j+1 2 +υi+1 2, j+1 −υi+1 2, j( ) ! (M.5)

Divergence equation (1):

!

∂
∂t
Di+1 2, j+1 2 = −

Pi+3 2, j+1 2 + Pi−1 2, j+1 2 − 4Pi+1 2, j+1 2 + Pi+1 2, j+3 2 + Pi+1 2, j−1 2
d 2

+ f
υi+1, j+1 2 −υi, j+1 2

d
−
ui+1 2, j+1 − ui+1 2, j

d
⎛
⎝⎜

⎞
⎠⎟

! (M.6)

Define:

! ! ω z( )i, j ≡
1
d

υi+1 2, j −υi−1 2, j − ui, j+1 2 + ui, j−1 2( ) ! (M.7)

Divergence equation (2):

Consider (M.6) and (M.7):
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!

∂
∂t
Di+1 2, j+1 2 = −

Pi+3 2, j+1 2 + Pi−1 2, j+1 2 + Pi+1 2, j+3 2 + Pi+1 2, j−1 2 − 4Pi+1 2, j+1 2
d 2

+ f 1
4

ω z( )i+1, j+1 + ω z( )i−1, j+1 + ω z( )i+1, j−1 + ω z( )i, j⎡
⎣

⎤
⎦

! (M.8)

To derive vorticity equation for center point ( i, j ):

∂
∂t

υi+1 2, j −υi−1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1 2, j+1 2 − Pi+1 2, j−1 2 − Pi−1 2, j+1 2 + Pi−1 2, j−1 2
d 2

− f
ui+1 2, j − ui−1 2, j

d
⎛
⎝⎜

⎞
⎠⎟
! (M.9)

∂
∂t

−ui, j+1 2 + ui, j−1 2
d

⎛
⎝⎜

⎞
⎠⎟
=
Pi+1 2, j+1 2 − Pi−1 2, j+1 2 − Pi+1 2, j−1 2 + Pi−1 2, j−1 2

d 2
− f

υi, j+1 2 −υi, j−1 2

d
⎛
⎝⎜

⎞
⎠⎟
! (M.10)

The vorticity equation (1):

∂
∂t

υi+1 2, j −υi−1 2, j − ui, j+1 2 + ui, j−1 2
d

⎛
⎝⎜

⎞
⎠⎟
= − f

ui+1 2, j − ui−1 2, j
d

+
υi, j+1 2 −υi, j−1 2

d
⎛
⎝⎜

⎞
⎠⎟
! (M.11)

The vorticity equation (2):

Using (M.7) and (M.5) in (M.11):

! ! ∂
∂t

ω z( )i, j = − f 1
4
Di+1 2, j+1 2 + Di−1 2, j+1 2 + Di+1 2, j−1 2 + Di−1 2, j−1 2( ) ! (M.12)

Vorticity equation from (M.12):

! !
∂ ω z( )i , j

∂t
= − f 1

4
Di−1 2, j−1 2 + Di+1 2, j−1 2 + Di−1 2, j+1 2 + Di+1 2, j+1 2( ) ! (1)

Divergence equation from (M.8):

! !

∂
∂t
Di+1 2, j+1 2 = f 1

4
ω z( )i+1, j+1 + ω z( )i, j+1 + ω z( )i+1, j + ω z( )i, j⎡

⎣
⎤
⎦

−
Pi+3 2, j+1 2 − 2Pi+1 2, j+1 2 + Pi−1 2, j+1 2

d 2
−
Pi+1 2, j+3 2 − 2Pi+1 2, j+1 2 + Pi+1 2, j−1 2

d 2

! (2)
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where

! ! Pi+1 2, j+1 2 ≡
1
4
Pi+1, j+1 + Pi+1, j−1 + Pi−1, j+1 + Pi−1, j−1( ) ! (3)

! !

Vertical momentum equation:

! !

∂wi+1 2, j+1 2

∂t
= − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥
1
4
Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1 + Pi, j( )

+ 1
4
Bi+1, j+1 + Bi−1, j+1 + Bi+1, j−1 + Bi, j( )

! (4)

Thermodynamic equation:

! !
∂Bi, j
∂t

= −N 2 1
4
wi+1 2, j+1 2 +wi−1 2, j+1 2 +wi+1 2, j−1 2 +wi−1 2, j−1 2( ) ! (5)

Mass continuity equation:

! ! Di+1 2, j+1 2 +
∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥wi+1 2, j+1 2 = 0 ! (6)

From (4)–(6):

−
∂Di+1 2, j+1 2

∂t
= − ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

1
4
Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1 + Pi, j( )

+ 1
4

∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ Bi+1, j+1 + Bi−1, j+1 + Bi+1, j−1 + Bi, j( )

∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥
∂Bi, j
∂t

= N 2 1
4
Di+1 2, j+1 2 + Di−1 2, j+1 2 + Di+1 2, j−1 2 + Di−1 2, j−1 2( )

! (7)
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Using (12) and (14a) in (9)–(11):

! ! −iνω̂ z = −µ fD̂ ! (20)

! !
 
−iν D̂ = µ ξ 2k2 +η2ℓ2( ) P̂ + µ fω̂ z ! (21)

! !
 

ν 2 − µ2N 2( ) D̂ = µ ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ !
iν P̂ ! (22)

From (20) and (21):

! !
 
ν 2 − µ2 f 2( ) D̂ = µ ξ 2k2 +η2ℓ2( )iν P̂ ! (23)

From (22) and (23):

! !

 

ν 2 =
µ2N 2 ξ 2k2 +η2ℓ2( ) + µ2 f 2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

ξ 2k2 +η2ℓ2( ) + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

! (24)

2. Rossby modes

Baroclinic modes:

Adding the beta effect to the vorticity equation (1):

! !
∂ ω z( )i , j

∂t
= − f0

1
4
Di−1 2, j−1 2 + Di+1 2, j−1 2 + Di−1 2, j+1 2 + Di+1 2, j+1 2( )− β

f0

Pi+1, j − Pi−1, j
2d

! (30)

Dropping ∂D ∂t  in (2): 
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! !
0 = −

Pi+3 2, j+1 2 + Pi−1 2, j+1 2 + Pi+1 2, j+3 2 + Pi+1 2, j−1 2 − 4Pi+1 2, j+1 2
d 2

+ f0
1
4

ω z( )i+1, j+1 + ω z( )i, j+1 + ω z( )i+1, j + ω z( )i, j⎡
⎣

⎤
⎦

! (31)

Dropping ∂2D ∂t 2  in (7):

! !

0 = − ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

1
4
Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1 + Pi, j( )

+ 1
4

∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ Bi+1, j+1 + Bi−1, j+1 + Bi+1, j−1 + Bi, j( )

∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥
∂Bi, j
∂t

= N 2 1
4
Di+1 2, j+1 2 + Di−1 2, j+1 2 + Di+1 2, j−1 2 + Di−1 2, j−1 2( )

! (32)

From (30)–(32):

! !
 
−
!
iνω̂ z = −µ f0D̂ − β

f0
e!ikd − e− !ikd

2d
P̂ ! (40)

! !
 
0 = µ ξ 2k2 +η2ℓ2( ) P̂ + µ f0ω̂ z ! (41)

! !
 

µD̂N 2 − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ !
iν P̂ = 0 ! (42)

Rewrite (40):

! !
 
−
!
iνω̂ z = −µ f0D̂ −

!
i β
f0

2sin kd( )
2d

P̂ ! (43)

Rewrite (43):
! !

 
−
!
iνω̂ z = −µ f0D̂ −

!
i β
f0
!ξkP̂ ! (44)

where
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! !
 
!ξ ≡
sin kd( )
kd

! (45)

From (41), (42) and (44):

! !
 

νN 2 ξ 2k2 +η2ℓ2( ) P̂ = − f0
2 m2 + 1

2ρ0
∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ν P̂ − N 2β "ξkP̂ ! (46)

Using  1
ρ0

∂ρ0
∂z

= − 1
H

 in (46) and for nontrivial solutions ( P̂ ≠ 0 ):

! !

 

ν = −β !ξk

ξ 2k2 +η2ℓ2( ) + f0
2

N 2 m2 + 1
4H

⎛
⎝⎜

⎞
⎠⎟
! (47)

Barotropic modes:

Assuming D = 0  in (30)

! !
∂ ω z( )i , j

∂t
= − β

f0

Pi+1, j − Pi−1, j
2d

! (50)

Writing (31) again:

! !
0 = −

Pi+3 2, j+1 2 + Pi−1 2, j+1 2 + Pi+1 2, j+3 2 + Pi+1 2, j−1 2 − 4Pi+1 2, j+1 2
d 2

+ f0
1
4

ω z( )i+1, j+1 + ω z( )i, j+1 + ω z( )i+1, j + ω z( )i, j⎡
⎣

⎤
⎦

! (51)

Assuming D = 0  in (32)

! ! − ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (52)

(P is vertically constant).

From (50) and (51):
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! !
 
0 =ν ξ 2k2 +η2ℓ2( ) P̂ + β "ξkP̂ ! (53)

From (53) and for nontrivial solutions ( P̂ ≠ 0 ):

! !
 
ν = −β !ξk

ξ 2k2 +η2ℓ2
! (54)
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CD-grid

1. Inertia-gravity modes

Derivation of equations: Predictor step on C grid / Corrector step on D grid:

Vorticity equation from:

! ! ∂
∂t

ω z( )i+1 2, j+1 2 = − f 1
4
Di+1, j+1 + Di+1, j + Di, j+1 + Di, j( ) ! (M.1)

Divergence equation from (M.8):

!
∂
∂t
Di, j = −

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j
d 2

+ f 1
4

ω z( )i+1 2, j+1 2 + ω z( )i−1 2, j+1 2 + ω z( )i+1 2, j−1 2 + ω z( )i−1 2, j−1 2⎡
⎣

⎤
⎦

! ! ! (M.2)

! !

CD grid
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Vertical momentum equation:

! !
∂wi, j

∂t
= − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥Pi, j + Bi, j ! (M.4)

Thermodynamic equation:

! !
∂Bi, j
∂t

= −N 2wi, j ! (M.5)

Mass continuity equation:

! ! Di, j +
∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥wi, j = 0 ! (M.6)

From (4)–(6):

! ! ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
Di, j −

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (M.7)

Define:

 
φi, j z,t( ) ≡ Re φ̂ t( )e!i kdi+ℓdj+mz( ){ }      and     

 
φi+1 2, j+1 2 z,t( ) ≡ Re φ̂ t( )e!i kd i+1 2( )+ℓd j+1 2( )+mz⎡⎣ ⎤⎦{ } ! (M.8)

Using (8) in (1):

In (9)–(10):
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! !

 

µ ≡ 1
4

e
−
!
ik d
2e

−
!
iℓd
2 + e!

ik d
2e

−
!
iℓd
2 + e

−
!
ik d
2e!

iℓd
2 + e!

ik d
2e!

iℓd
2⎛

⎝⎜
⎞
⎠⎟

= 1
4

e
−
!
ik d
2 + e!

ik d
2⎛

⎝⎜
⎞
⎠⎟
e
−
!
iℓd
2 + e!

iℓd
2⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = cos k d

2
⎛
⎝⎜

⎞
⎠⎟ cos ℓ

d
2

⎛
⎝⎜

⎞
⎠⎟

! (M.9)

In (10):

! !

 

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

=
2cos kd( ) + 2cos ℓd( )− 4

d 2

=
−sin2 1

2 kd( )
1
2 kd( )2

k2 + −sin2 1
2 ℓd( )

1
2 ℓd( )2

ℓ2
⎛

⎝
⎜

⎞

⎠
⎟

! (M.10)

Rewrite (13):

! !
 

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

= −ξ 2k2 −η2ℓ2 ! (M.11a)

where

! !
 
ξ ≡

sin 1
2 kd( )

1
2 kd

and η ≡
sin 1

2 ℓd( )
1
2 ℓd

! (M.12b)

C-grid equations:

! ! ∂
∂t
ω̂ z = −µ fD̂ ! (C.1)

! !
 

∂
∂t
D̂ = ξ 2k2 +η2ℓ2( ) P̂ + µ fω̂ z ! (C.2)

! ! ∂
∂t
ŵ = − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ P̂ + B̂ ! (C.3)

! ! ∂
∂t
B̂ = −N 2ŵ ! (C.4)

! ! D̂ + ∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ ŵ = 0 ! (C.5)
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! !

D-grid equations:

! ! ∂
∂t
ω̂ z = −µ fD̂ ! (D.1)

! !
 

∂
∂t
D̂ = µ ξ 2k2 +η2ℓ2( ) P̂ + µ fω̂ z ! (D.2)

 
µ ξ 2k2 +η2ℓ2( ) P̂  is multiplied by µ  because P is defined at the cell centers while Eq. (D.2) is 

applied to the cell corners, thus P is averaged. 

! ! ∂
∂t
ŵ = − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ P̂ + B̂ ! (D.3)

! ! ∂
∂t
B̂ = −N 2ŵ ! (D.4)

! ! µD̂ + ∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ ŵ = 0 ! (D.5)

µ  is multiplied by D because D is defined at the corners while Wq. (D.5) is applied to the cell 
centers, thus D is averaged.

Predictor step on the C grid:

C.1 is temporally discretized and modified in the CD grid as follows: Variables with n( )  and  
n +1( )  are defined at the D grid. Variables with ∗( )  are defined at the C grid. 

! ! ω̂ z
∗( ) = µω̂ z

n( ) − 1
2 τ fD̂

n( ) ! (CD.1*)

ω̂ z
∗( )  is defined at the C grid (thus, corners of the CD grid), ω̂ z

n( )  is defined at the centers of the 

CD grid, thus it is averaged, i.e. multiplied by µ .  D̂ n( )  is defined at the corners, thus it is not 
averaged. τ  is the time step. At the predictor step, the time is advanced half-a-timestep.
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! !
 
D̂ ∗( ) = µD̂ n( ) + 1

2 τ ξ 2k2 +η2ℓ2( ) P̂C + fω̂ z
n( )⎡⎣ ⎤⎦ ! (CD.2*)

D̂ ∗( )  is defined at the centers.  D̂ n( )  is defined at the corners, thus it is averaged to center 
(multiplied by µ ) . P̂C  is defined at the centers and it is a diagnostic variables, thus no time 
stamp. ω̂ z

n( )  is defined at the centers of the CD grid, thus it is not averaged.

! ! ŵ ∗( ) = ŵ n( ) + 1
2 τ − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ P̂C + B̂

n( )⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
! (CD.3*)

! ! B̂ ∗( ) = B̂ n( ) − 1
2 τN

2ŵ n( ) ! (CD.4*)

! ! D̂ ∗( ) + ∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ ŵ

∗( ) = 0 ! (CD.5*)

Corrector step on the D grid:

D.1 is temporally discretized and modified in the CD grid as follows: Variables with n( )  and  
n +1( )  are defined at the D grid. Variables with ∗( )  are defined at the C grid.

! ! ω̂ z
n+1( ) = ω̂ z

n( ) −τ fD̂ ∗( ) ! (CD.1n+1)

D̂ ∗( )  is defined at the corners, thus no averaging is needed in (CD.1n+1).

D.2 is temporally discretized and modified in the CD grid as follows: 

! !
 
D̂ n+1( ) = D̂ n( ) +τ µ ξ 2k2 +η2ℓ2( ) P̂D + fω̂ z

∗( )⎡⎣ ⎤⎦ ! (CD.2n+1)

P̂D  needs to be averaged to the corners, thus multiplied by µ . No averaging is needed for ω̂ z
∗( )   

in (CD.2n+1).

! ! ŵ n+1( ) = ŵ n( ) +τ − ∂
∂z

− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ P̂D + B̂

∗( )⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
! (CD.3n+1)
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! ! B̂ n+1( ) = B̂ n( ) −τN 2ŵ ∗( ) ! (CD.4n+1)

! µD̂ n( ) + ∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ ŵ

n( ) = 0   and  µD̂ n+1( ) + ∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ ŵ

n+1( ) = 0 ! (CD.5n+1)

D̂ n( )  is multiplied by µ  because D̂ n( )  needs to be averaged to the centers.
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Scheme I:

Using 
 

∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
=
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟  and  

 

∂
∂z

− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
=
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟  in the equations:

Predictor step on the C grid:

ω̂ z
∗( ) = µω̂ z

n( ) − 1
2 τ fD̂

n( ) ! ! (1)

 
D̂ ∗( ) = µD̂ n( ) + 1

2 τ ξ 2k2 +η2ℓ2( ) P̂C + fω̂ z
n( )⎡⎣ ⎤⎦ ! ! (2)

 
ŵ ∗( ) = ŵ n( ) + 1

2 τ −
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂C + B̂

n( )⎡
⎣⎢

⎤
⎦⎥
! ! (3)

B̂ ∗( ) = B̂ n( ) − 1
2 τN

2ŵ n( ) ! ! (4)

 
D̂ ∗( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

∗( ) = 0 ! ! (5)

Corrector step on the D grid:

ω̂ z
n+1( ) = ω̂ z

n( ) −τ fD̂ ∗( ) ! ! (6)

 
D̂ n+1( ) = D̂ n( ) +τ µ ξ 2k2 +η2ℓ2( ) P̂D + fω̂ z

∗( )⎡⎣ ⎤⎦ ! ! (7)

 
ŵ n+1( ) = ŵ n( ) +τ −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂D + B̂

∗( )⎧
⎨
⎩

⎫
⎬
⎭
! ! (8)

B̂ n+1( ) = B̂ n( ) −τN 2ŵ ∗( ) ! ! (9)

 
µD̂ n( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n( ) = 0   and  
 
µD̂ n+1( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n+1( ) = 0 ! (10)

Assume P̂ = P̂C = P̂D  in scheme I.

Using (2) in (6), and:

! !  L
2 ≡ ξ 2k2 +η2ℓ2 ! (11)

! ! ω̂ z
n+1( ) = 1− 1

2 τ
2 f 2( )ω̂ z

n( ) − µτ fD̂ n( ) − 1
2 τ

2 fL2P̂ ! (12)
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Using (1) in (7):

! ! D̂ n+1( ) = 1− 1
2 τ

2 f 2( ) D̂ n( ) + µτ fω̂ z
n( ) + µτL2P̂ ! (13)

! !
 
ŵ n+1( ) = 1− 1

2 τ
2N 2( )ŵ n( ) +τ B̂ n( ) −τ

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ ! (14)

! !
 
B̂ n+1( ) = 1− 1

2 τ
2N 2( ) B̂ n( ) −τN 2ŵ n( ) + 1

2 τ
2N 2

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ ! (15)

! !
 
µD̂ n( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n( ) = 0    and   
 
µD̂ n+1( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n+1( ) = 0 ! (16)

Repeat (13 and (14):

! ! D̂ n+1( ) = 1− 1
2 τ

2 f 2( ) D̂ n( ) + µτ fω̂ z
n( ) + µτL2P̂ ! (17)

! !
 
ŵ n+1( ) = 1− 1

2 τ
2N 2( )ŵ n( ) +τ B̂ n( ) −τ

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ ! (18)

Using (16) in (14):

! !
 
−µD̂ n+1( ) = − 1− 1

2 τ
2N 2( )µD̂ n( ) +τ

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) +τ m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂ ! (19)

Using (16) in (15):
!

!
 !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n+1( ) = 1− 1
2 τ

2N 2( )
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) + µτN 2D̂ n( ) − 1
2 τ

2N 2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂ ! (20)

Balanced state solution:

D=0, ∂ ∂t = 0  in (13), (19) and (20):

! ! 0 = fω̂ z
n( ) + L2P̂ ! (21)

! !
 
0 =

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂ ! (22)
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! !
 
0 =

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂ ! (23)

Using (22) in (21):

! !
 
0 = f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + L2B̂ n( ) ! (24)

 Geostrophic balance:  0 = fω̂ z
n( ) + L2P̂  and  

 
0 = f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + L2B̂ n( ) ! (25)

Quasi-static approximation: 
 
0 = B̂ n( ) −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ ! (26)

Eqs. (12), (13), (19) and (20) form the system of equations (Scheme I):

ω̂ z
n+1( ) = 1− 1

2 τ
2 f 2( )ω̂ z

n( ) − µτ fD̂ n( ) − 1
2 τ

2 fL2P̂ ! ! (27)

D̂ n+1( ) = 1− 1
2 τ

2 f 2( ) D̂ n( ) + µτ fω̂ z
n( ) + µτL2P̂ ! ! (28)

 
−µD̂ n+1( ) = − 1− 1

2 τ
2N 2( )µD̂ n( ) +τ

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) +τ m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂ ! (29)

 !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n+1( ) = 1− 1
2 τ

2N 2( )
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) + µτN 2D̂ n( ) − 1
2 τ

2N 2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂ ! (30)

Definitions:

! !  Φ̂ n+1( ) = e− !iντ Φ̂ n( ) ! (31)

! ! σ f ≡ 1− 1
2 τ

2 f 2 , σ N ≡ 1− 1
2 τ

2N 2  and  σ m
2 ≡ m2 + 1

4H 2 ! (32)

Using (31) and (32) in (27), (28), (29) and (30):

! !
 
e− !iντ −σ f( )ω̂ z = −µτ fD̂ − 1

2 τ
2 fL2P̂ ! (33)

! !
 
e− !iντ −σ f( ) D̂ = µτ fω̂ z + µτL2P̂ ! (34)

! !
 
µ e− !iντ −σ N( ) D̂ = −τ

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ −τσ m

2 P̂ ! (35)
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! !
 
e− !iντ −σ N( )

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ = µτN 2D̂ − 1

2 τ
2N 2σ m

2 P̂ ! (36)

Eliminate ω̂ z  between (33) and (34):

! !
 
e− !iντ −σ f( )2 + µ2τ 2 f 2⎡

⎣
⎤
⎦ D̂ = µτ e− !iντ −1( )L2P̂ ! (37)

Eliminate B̂  between (35) and (36):

! !
 
−µ e− !iντ −σ N( )2 +τ 2N 2⎡

⎣
⎤
⎦ D̂ = τ e− !iντ −1( )σ m

2 P̂ ! (38)

Eliminate D̂  between (37) and (38):

!
 
0 = µ2 e− !iντ −1( ) e− !iντ −σ N( )2 +τ 2N 2⎡

⎣
⎤
⎦L

2P̂ + e− !iντ −1( ) e− !iντ −σ f( )2 + µ2τ 2 f 2⎡
⎣

⎤
⎦σ m

2 P̂ ! (39)

Nontrivial solutions:

!
 
0 = µ2 e− !iντ −1( ) e− !iντ −σ N( )2 +τ 2N 2⎡

⎣
⎤
⎦L

2 + e− !iντ −1( ) e− !iντ −σ f( )2 + µ2τ 2 f 2⎡
⎣

⎤
⎦σ m

2 ! (40)

Solution 1:   

! !  e− !iντ −1= 0 ! (41a)

Solution 2:

! !
 
0 = µ2 e− !iντ −σ N( )2 +τ 2N 2⎡

⎣
⎤
⎦L

2 + e− !iντ −σ f( )2 + µ2τ 2 f 2⎡
⎣

⎤
⎦σ m

2 ! (41b)

Definition:

! !  ν ≡ν r + !
iν i ! (42)

Using (42) in (41a) and (41b):

Solution 1:  

  ! !  e
νiτ cos ν rτ( )−

!
isin ν rτ( )⎡⎣ ⎤⎦ −1= 0 ! (43)
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! ! eνiτcos ν rτ( )−1= 0 ! (44a)   
and   

! ! eνiτsin ν rτ( ) = 0 ! (44b)

Solution 2:

e2νiτ µ2L2 +σ m
2( )cos 2ν rτ( )− 2eνiτ µ2σ NL

2 +σ fσ m
2( )cos ν rτ( ) + σ N

2 +τ 2N 2( )µ2L2 + σ f
2 +τ 2µ2 f 2( )σ m

2 = 0

! ! ! (45a)
and

! ! eνiτ =
2 µ2σ NL

2 +σ fσ m
2( )

µ2L2 +σ m
2( )

sin ν rτ( )
sin 2ν rτ( ) ! (45b)

Newton Raphson:

F ν r( ) = e2νiτ µ2L2 +σ m
2( )cos 2ν rτ( )− 2eνiτ µ2σ NL

2 +σ fσ m
2( )cos ν rτ( )

+ σ N
2 +τ 2N 2( )µ2L2 + σ f

2 +τ 2µ2 f 2( )σ m
2

∂F
∂ν r

= ∂
∂ν r

e2νiτ( ) µ2L2 +σ m
2( )cos 2ν rτ( )− e2νiτ µ2L2 +σ m

2( )2τ sin 2ν rτ( )

− 2 ∂
∂ν r

eνiτ( ) µ2σ NL
2 +σ fσ m

2( )cos ν rτ( ) + 2eνiτ µ2σ NL
2 +σ fσ m

2( )τ sin ν rτ( )

∂
∂ν r

eνiτ( ) = 2 µ2σ NL
2 +σ fσ m

2( )
µ2L2 +σ m

2( )
τ cos ν rτ( )sin 2ν rτ( )− 2τ cos 2ν rτ( )sin ν rτ( )

sin2 2ν rτ( )

ν r( )1 = ν r( )0 −
F ν r( )0⎡⎣ ⎤⎦
∂F
∂ν r

⎛
⎝⎜

⎞
⎠⎟ νr( )0

Balance solution:
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Using ω̂ z
n+1( ) −ω̂ z

n( ) = 0 , D̂ = 0  (therefore, w=0) and B̂ n+1( ) − B̂ n( ) = 0 in (27)–(30):

0 = − fω̂ z
n( ) − L2P̂ ! ! (46)

0 = fω̂ z
n( ) + L2P̂ ! ! (47)

 
0 =

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂    or   

 
0 = B̂ n( ) −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ ! (48)

 
0 = −

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) − m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂    or   

 
0 = B̂ n( ) −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ ! (49)

Using (48) and (49) in (46) and (47):

! !
 
0 = L2B̂ n( ) + f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) ! (50)

There is a unique balance with scheme I.
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Scheme II:

Prediction-step on C grid:! ! Corrector-step on D grid:

ω̂ z
∗( ) = µω̂ z

n( ) − τ
2
f D̂ n( ) ! (60)! ! ω̂ z

n+1( ) = ω̂ z
n( ) −τ f D̂ ∗( ) ! (65)

D̂ ∗( ) = µD̂ n( ) + τ
2
fω̂ z

n( ) + L2P̂C( ) ! (61)! ! D̂ n+1( ) = D̂ n( ) +τ f ω̂ z
∗( ) + µL2P̂D( ) ! (66)

 
ŵ ∗( ) = ŵ n( ) + τ

2
−
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂C + B̂

n( )⎡
⎣⎢

⎤
⎦⎥
! (62)! !

 
ŵ n+1( ) = ŵ n( ) +τ −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂D + B̂

∗( )⎡
⎣⎢

⎤
⎦⎥
! (67)

B̂ ∗( ) = B̂ n( ) − τ
2
N 2ŵ n( ) ! (63)! ! B̂ n+1( ) = B̂ n( ) −τN 2ŵ ∗( ) ! (68)

 
D̂ ∗( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

∗( ) = 0 ! (64)! !
 
µD̂ n+1( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n+1( ) = 0 ! (69)

Prediction-step equations:

Eliminating P̂C  between (61) and (62)

Eq. (61) becomes

− L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

∗( ) = −µ m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( )

! !
 
−τ
2
f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + L2
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n( ) + τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) ! (71)

Eq. (62) becomes

 
L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

∗( ) = −µ m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( )

! !
 
−τ
2
f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + L2
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n( ) + τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) ! (72)

Corrector-step equations:

Using (71) in (65):
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L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n+1( ) = L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ −

τ 2 f 2

2
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ω̂ z

n( )

! !
 
−τ f µ L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ D̂

n( ) +τ f τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) ! (73)

Using (60) and (63) in (66) and eliminating P̂D  and w n+1( )  (and w n( ) ) between (66), (67) and (69) 

[ 
 
µD̂ n( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n( ) = 0  ]:

µ2L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n+1( ) = 1− τ 2 f 2

2
⎛
⎝⎜

⎞
⎠⎟
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ + µ2 1− τ 2N 2

2
⎛
⎝⎜

⎞
⎠⎟
L2

⎡

⎣
⎢

⎤

⎦
⎥ D̂

n( )

! !
 
+τ f µ m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) − µτ
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) ! (74)

Using (62) and (69) in (68):

 
L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n+1( ) = L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ −

τ 2N 2

2
L2⎡

⎣
⎢

⎤

⎦
⎥ !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( )

! ! +µτN 2 L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( ) + τ
2
fτN 2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) ! (75)

Eqs. (73)–(75) are the equations of the system. Rewriting (73)–(75):

 
L2 +σ m

2( )ω̂ z
n+1( ) = L2 +σ fσ m

2( )ω̂ z
n( ) −τ f µ L2 +σ m

2( ) D̂ n( ) + f τ
2

2
L2
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) ! (76)

 
µ2L2 +σ m

2( ) D̂ n+1( ) = µ2σ NL
2 +σ fσ m

2( ) D̂ n( ) +τµ fσ m
2ω̂ z

n( ) −τµL2
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) ! (77)

 
L2 +σ m

2( )
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n+1( ) = σ NL
2 +σ m

2( )
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) + µτN 2 L2 +σ m
2( ) D̂ n( ) + τ

2
fτN 2σ m

2ω̂ z
n( ) ! (78)

where
! ! σ f ≡ 1− 1

2 τ
2 f 2 , σ N ≡ 1− 1

2 τ
2N 2  and  σ m

2 ≡ m2 + 1
4H 2  ! (79)

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (77)–(79):
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L2 +σ m

2( )e− !iντω̂ z = L2 +σ fσ m
2( )ω̂ z −τ f µ L2 +σ m

2( ) D̂ + f τ
2

2
L2
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ ! (80)

 
µ2L2 +σ m

2( )e− !iντ D̂ = µ2σ NL
2 +σ fσ m

2( ) D̂ +τµ fσ m
2ω̂ z −τµL

2

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ ! (81)

 
L2 +σ m

2( )
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ e

−
!
iντ B̂ = σ NL

2 +σ m
2( )
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ + µτN 2 L2 +σ m

2( ) D̂ + τ
2
fτN 2σ m

2ω̂ z ! (82)

Eliminating B between (80) and (81):

 
µ L2 +σ m

2( ) e− !iντ −1( )ω̂ z = τ f − 1
2 µ2L2 +σ m

2( )e− !iντ − µ2 L2 +σ m
2( ) + 1

2 µ2σ NL
2 +σ fσ m

2( )⎡⎣ ⎤⎦ D̂ ! (83)

Eliminating B between (81) and (82):

 
L2 +σ m

2( )e− !iντ − σ NL
2 +σ m

2( )⎡⎣ ⎤⎦ µ2L2 +σ m
2( )e− !iντ − µ2σ NL

2 +σ fσ m
2( )⎡⎣ ⎤⎦ + µ2τ 2N 2L2 L2 +σ m

2( ){ } D̂ =

! !
 
L2 +σ m

2( ) e− !iντ −1( )τµ fσ m
2ω̂ z ! (84)

Eliminating D̂  between in (83) and (84):

  

L2 +σ m
2( ) e− !iντ −1( )Bω̂ z = L2 +σ m

2( ) e− !iντ −1( )Aτ fσ m
2ω̂ z

A = τ f − 1
2 µ2L2 +σ m

2( )e− !iντ − µ2 L2 +σ m
2( ) + 1

2 µ2σ NL
2 +σ fσ m

2( )⎡⎣ ⎤⎦

B = L2 +σ m
2( )e− !iντ − σ NL

2 +σ m
2( )⎡⎣ ⎤⎦ µ2L2 +σ m

2( )e− !iντ − µ2σ NL
2 +σ fσ m

2( )⎡⎣ ⎤⎦ + µ2τ 2N 2L2 L2 +σ m
2( )

! (85)

From (85). Nontrivial solutions:

Solution 1:

 e− !iντ −1= 0 ! ! (86a)

Solution 2:

 

L2 +σ m
2( )e− !iντ − σ NL

2 +σ m
2( )⎡⎣ ⎤⎦ µ2L2 +σ m

2( )e− !iντ − µ2σ NL
2 +σ fσ m

2( )⎡⎣ ⎤⎦ + µ2τ 2N 2L2 L2 +σ m
2( ) =

− 1
2 τ

2 f 2σ m
2 µ2L2 +σ m

2( )e− !iντ − τ 2 f 2σ m
2µ2 L2 +σ m

2( ) + 1
2 τ

2 f 2σ m
2 µ2σ NL

2 +σ fσ m
2( )
! (86b)
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Arranging the terms (86b):

 

L2 +σ m
2( )e− !iντ − σ NL

2 +σ m
2( )⎡⎣ ⎤⎦ µ2L2 +σ m

2( )e− !iντ − µ2σ NL
2 +σ fσ m

2( )⎡⎣ ⎤⎦ +
1
2 τ

2 f 2σ m
2 µ2L2 +σ m

2( )e− !iντ =
− µ2τ 2 N 2L2 + f 2σ m

2( ) L2 +σ m
2( ) + 1

2 τ
2 f 2σ m

2 µ2σ NL
2 +σ fσ m

2( )
! ! ! (87)

Arranging the terms:

 

L2 +σ m
2( ) µ2L2 +σ m

2( )e−2 !iντ − L2 +σ m
2( ) µ2σ NL

2 +σ fσ m
2( ) + µ2L2 +σ m

2( ) σ NL
2 +σ fσ m

2( )⎡⎣ ⎤⎦e
−
!
iντ

+ σ NL
2 +σ fσ m

2( ) µ2σ NL
2 +σ fσ m

2( ) + µ2τ 2 N 2L2 + f 2σ m
2( ) L2 +σ m

2( ) = 0
! ! ! (88)

Rearranging the terms:

 

e−2 !iντ −
µ2σ NL

2 +σ fσ m
2

µ2L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
+

σ NL
2 +σ fσ m

2

L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
e− !iντ

+
σ NL

2 +σ fσ m
2

L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
µ2σ NL

2 +σ fσ m
2

µ2L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
+ µ2τ 2 N 2L2 + f 2σ m

2

µ2L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟
= 0

! (89)

From (89):

Solution 1:

eνiτ cos ν rτ( )−1= 0   and  eνiτ sin ν rτ( ) = 0 ! ! (90a)

ν r = 0 and eνiτ = 1 ! ! (90b)

Solution 2:

e2νiτ cos 2ν rτ( )− µ2σ NL
2 +σ fσ m

2

µ2L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
+

σ NL
2 +σ fσ m

2

L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
eνiτ cos ν rτ( )

+
σ NL

2 +σ fσ m
2

L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
µ2σ NL

2 +σ fσ m
2

µ2L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
+ µ2τ 2 N 2L2 + f 2σ m

2

µ2L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟
= 0

! (91a)
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eνiτ =
µ2σ NL

2 +σ fσ m
2

µ2L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
+

σ NL
2 +σ fσ m

2

L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

sin ν rτ( )
sin 2ν rτ( ) ! ! (91b)

Balance solution:

Using ω̂ z
n+1( ) −ω̂ z

n( ) = 0  and D̂ = 0 in (76)

 
0 = − fσ m

2ω̂ z
n( ) + L2

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( )    or   
 
0 = f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + L2B̂ n( ) ! (92)

Using D̂ = 0  in (77):

 
0 = fσ m

2ω̂ z
n( ) − L2

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( )    or    
 
0 = f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + L2B̂ n( ) ! (93)

Using B̂ n+1( ) − B̂ n( ) = 0  and D̂ = 0  in (78):

 
0 = −L2

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) + fσ m
2ω̂ z

n( )    or   
 
0 = L2B̂ n( ) + f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) ! (94)

Eqs. (92)–(94) yield a unique solution.

Approximating (67) with w=0 (because D=0) and using (63):

! !
 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂D + B̂

n( ) ! (95)

Approximating(66) and (60) with w=0 and D=0:

! ! 0 = ω̂ z
n( ) + L2P̂D ! (96)

Using (95) in (92)–(94) yields (96). There is a unique balance solution with Scheme II.
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  Figure. Scheme II.  (runs_CD_grid_time_discrete_scheme_2)
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Scheme III:

Predictor-step on C grid:! ! ! Corrector-step on D grid:

ω̂ z
∗( ) = µω̂ z

n( ) − τ
2
f D̂ n( ) ! (120)! ! ω̂ z

n+1( ) = ω̂ z
n( ) −τ f D̂ ∗( ) ! (125)

D̂ ∗( ) = µD̂ n( ) + τ
2
fω̂ z

n( ) + L2P̂C( ) ! (121)! ! D̂ n+1( ) = D̂ n( ) +τ f µω̂ z
n+1( ) + µL2P̂D( ) ! (126)

 
ŵ ∗( ) = ŵ n( ) + τ

2
−
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂C + B̂

n( )⎡
⎣⎢

⎤
⎦⎥
! (122)! !

 
ŵ n+1( ) = ŵ n( ) +τ −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂D + B̂

n+1( )⎡
⎣⎢

⎤
⎦⎥
! (127)

B̂ ∗( ) = B̂ n( ) − τ
2
N 2ŵ n( ) ! (123)! ! B̂ n+1( ) = B̂ n( ) −τN 2ŵ ∗( ) ! (128)

 
D̂ ∗( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

∗( ) = 0 ! (124)! !
 
µD̂ n+1( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n+1( ) = 0 ! (129)

Predictor-step equations:

Predictor-step is identical to scheme II. Rewriting (71) and (72):

! − L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

∗( ) = −µ m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( )

! !
 
−τ
2
f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + L2
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n( ) + τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) ! (130)

and

!
 
L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

∗( ) = −µ m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( )

! !
 
−τ
2
f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + L2
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n( ) + τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) ! (131)

Using (129) [ and 
 
µD̂ n( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n( ) = 0  ] in (130) and (131):

 
L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ D̂

∗( ) = µ L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( ) + τ
2
f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) − τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) ! (132)

and
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L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

∗( ) =

− µ L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( ) − τ
2
f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( )
! (133)

Corrector-step equations:

Using (132) in (125):

!

 

L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n+1( ) −ω̂ z
n( )( ) + τ 2 f 2

2
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) =

− µτ f L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( ) + τ 2

2
f
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( )
! (134)

Eliminating P̂D  in (126) and (127):

 !
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ D̂

n+1( ) + µL2ŵ n+1( ) =
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ D̂

n( ) + µL2ŵ n( ) + µτ f
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ω̂ z

n+1( ) + µL2τ B̂ n+1( ) ! (135)

Using (129) in (135):

!
 
µ2L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ D̂ n+1( ) − D̂ n( )( ) = µτ f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ω̂ z

n+1( ) − µL2τ
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n+1( ) ! (136)

Using (133) in (128):

 

L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ n+1( ) − B̂ n( )( ) + τ 2N 2

2 !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) =

µτN 2 L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( ) + τ 2N 2

2
f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( )
! (137)

Eqs. (134), (136) and (137) are the equations of the system.

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (134), (136) and (137):

 
L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e− !iντ −1( ) + τ 2 f 2

2
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ω̂ z = −µτ f L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ D̂ + τ 2

2
f
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂

! ! ! (138)
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!
 
µ2L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e− !iντ −1( ) D̂ = µτ f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e

−
!
iντω̂ z − µL2τ

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ e

−
!
iντ B̂ ! (139)

!

 

L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ e− !iντ −1( ) + τ 2N 2

2
L2⎡

⎣
⎢

⎤

⎦
⎥ !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ =

µτN 2 L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂ + τ 2N 2

2
f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

! (140)

Eliminating D between (138) and (140):

! !
 
e− !iντ −1( ) L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ N 2ω̂ z + f

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

⎡
⎣⎢

⎤
⎦⎥
= 0 ! (141)

Requiring 

! !
 
e− !iντ −1( ) L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ≠ 0 ! (142)

Then rewriting (141):

! !
 
N 2ω̂ z + f

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ = 0 ! (143)

Eliminating D between (138) and (139) and σ m
2 ≡ m2 + 1

4H 2 :

! !

 

µ2L2 +σ m
2( ) e− !iντ −1( ) L2 +σ m

2( ) e− !iντ −1( ) + τ 2 f 2

2
σ m
2⎡

⎣
⎢

⎤

⎦
⎥ + µ2τ 2 f 2 L2 +σ m

2( )σ m
2 e− !iντ

⎧
⎨
⎩

⎫
⎬
⎭
ω̂ z =

τ 2 f µ2 L2 +σ m
2( )e− !iντ + 12 µ2L2 +σ m

2( ) e− !iντ −1( )⎡
⎣⎢

⎤
⎦⎥ !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂
! (144)

Eliminating B between (144) and (143):

!

 

µ2L2 +σ m
2( ) e− !iντ −1( ) L2 +σ m

2( ) e− !iντ −1( ) + τ 2 f 2

2
σ m
2⎡

⎣
⎢

⎤

⎦
⎥ + µ2τ 2 f 2 L2 +σ m

2( )σ m
2 e− !iντ

⎧
⎨
⎩

⎫
⎬
⎭
ω̂ z =

−τ 2 µ2 L2 +σ m
2( )e− !iντ + 12 µ2L2 +σ m

2( ) e− !iντ −1( )⎡
⎣⎢

⎤
⎦⎥
N 2L2ω̂ z

! (145)
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Nontrivial solutions of (145):

 
µ2L2 +σ m

2( ) e− !iντ −1( ) L2 +σ m
2( ) e− !iντ −1( ) + τ 2 f 2

2
σ m
2 + τ 2N 2

2
L2⎡

⎣
⎢

⎤

⎦
⎥ + µ2τ 2 L2 +σ m

2( ) N 2L2 + f 2σ m
2( )e− !iντ = 0

! ! ! (146)

Arranging the terms in (146) and using σ f ≡ 1− 1
2 τ

2 f 2  and σ N ≡ 1− 1
2 τ

2N 2 :

!

 

L2 +σ m
2( ) µ2L2 +σ m

2( )e−2 !iντ
+ µ2τ 2 L2 +σ m

2( ) N 2L2 + f 2σ m
2( )− µ2L2 +σ m

2( ) L2 +σ m
2( ) + σ NL

2 +σ fσ m
2( )⎡⎣ ⎤⎦{ }e− !iντ

+ µ2L2 +σ m
2( ) σ NL

2 +σ fσ m
2( ) = 0

! (147)

Using  ν ≡ν r + !
iν i  in (147) and splitting real and imaginary parts:

L2 +σ m
2( ) µ2L2 +σ m

2( )e2νiτ cos 2ν rτ( )
+ µ2τ 2 L2 +σ m

2( ) N 2L2 + f 2σ m
2( )− µ2L2 +σ m

2( ) L2 +σ m
2( ) + σ NL

2 +σ fσ m
2( )⎡⎣ ⎤⎦{ }eνiτ cos ν rτ( )

+ µ2L2 +σ m
2( ) σ NL

2 +σ fσ m
2( ) = 0

! (148)

and

eνiτ =
− µ2τ 2 L2 +σ m

2( ) N 2L2 + f 2σ m
2( )− µ2L2 +σ m

2( ) L2 +σ m
2( ) + σ NL

2 +σ fσ m
2( )⎡⎣ ⎤⎦{ }

L2 +σ m
2( ) µ2L2 +σ m

2( )
sin ν rτ( )
sin 2ν rτ( ) ! (149)

Balance solution:

Writing (134), (136) and (137) with ω̂ z
n+1( ) −ω̂ z

n( ) = 0 , D n+1( ) = D n( ) = 0  (w=0) and B̂ n+1( ) − B̂ n( ) = 0 :

! !
 
− f
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) = L2B̂ n( ) ! (150)

! !
 
0 = − f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n+1( ) − L2B̂ n+1( ) ! (151)

! !
 !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) = − f
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) ! (152)
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From (127):

! !
 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂D + B̂

n+1( ) ! (153)

From (126):

! ! f ω̂ z
n+1( ) + L2P̂D = 0 ! (154)

Eqs. (153) with (154) satisfies (150)-(152). There is a unique balance solution with scheme III.
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Figure. Scheme III. (runs_CD_grid_time_discrete_scheme_3)
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Scheme IV:

Predictor-step on the C grid:! ! Corrector-step on the D grid:

ω̂ z
∗( ) = µω̂ z

n( ) − τ
2
f D̂ n( ) 	 (170) 	 	 ω̂ z

n+1( ) = ω̂ z
n( ) −τ f D̂ ∗( ) 	(175)

D̂ ∗( ) = µD̂ n( ) + τ
2
fω̂ z

n( ) + L2P̂C( ) 	 (171) 	 	 D̂ n+1( ) = D̂ n( ) +τ f ω̂ z
∗( ) + µL2P̂D( ) 	(176)

 
ŵ ∗( ) = ŵ n( ) + τ

2
−
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂C + B̂

∗( )⎡
⎣⎢

⎤
⎦⎥
	 (172) 	 	

 
ŵ n+1( ) = ŵ n( ) +τ −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂D + B̂

n+1( )⎡
⎣⎢

⎤
⎦⎥
	(177)

B̂ ∗( ) = B̂ n( ) − τ
2
N 2ŵ ∗( ) 	 (173) 	 	 B̂ n+1( ) = B̂ n( ) −τN 2ŵ n+1( ) 	(178)

 
D̂ ∗( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

∗( ) = 0 	 (174) 	 	
 
µD̂ n+1( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n+1( ) = 0 	(179)

Predictor-step equations:

Eliminating P̂C  between (171) and (172) and using (173), (174) and 
 
µD̂ n( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n( ) = 0 :

 
1+ τ 2N 2

4
⎛
⎝⎜

⎞
⎠⎟
L2 +m2 + 1

4H 2

⎡

⎣
⎢

⎤

⎦
⎥ D̂

∗( ) = µ L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( ) + τ
2
f m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) − τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( )

! ! ! (180)

Corrector-step equations:

Using (180) in (175):

 

1+ τ 2N 2

4
⎛
⎝⎜

⎞
⎠⎟
L2 +m2 + 1

4H 2

⎡

⎣
⎢

⎤

⎦
⎥ ω̂ z

n+1( ) −ω̂ z
n( )( ) + τ 2 f 2

2
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) =

−τ f µ L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

n( ) + τ 2

2
f
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( )

! (181)

Eliminating P̂D  between (176) and (177) and using (170), (178) and (179):
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µ2 1+τ 2N 2( )L2 + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
D̂ n+1( ) = µ2L2 + 1− τ 2 f 2

2
⎛
⎝⎜

⎞
⎠⎟
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ D̂

n( )

+ µτ f m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) − µτ
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( )
! (182)

Using (179) in (178):

 !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ n+1( ) − B̂ n( )( ) = µτN 2D̂ n+1( ) ! ! (183)

Eqs. (181), (182) and (183) are the equations of the system.

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (181):

 

1+ τ 2N 2

4
⎛
⎝⎜

⎞
⎠⎟
L2 +m2 + 1

4H 2

⎡

⎣
⎢

⎤

⎦
⎥ e

−
!
iντ −1( )ω̂ z +

τ 2 f 2

2
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z =

−τ f µ L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂ + τ 2

2
f
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂

! (184)

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (182):

 

µ2 1+τ 2N 2( )L2 + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
e− !iντ D̂ = µ2L2 + 1− τ 2 f 2

2
⎛
⎝⎜

⎞
⎠⎟
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ D̂

+ µτ f m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ ω̂ z − µτ

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂
! (185)

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (183):

 
e− !iντ −1( )

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ = µτN 2e− !iντ D̂ ! ! (186)

Eliminating B between (184) and (186):

 

e− !iντ −1( ) 1+ τ 2N 2

4
⎛
⎝⎜

⎞
⎠⎟
L2 +m2 + 1

4H 2

⎡

⎣
⎢

⎤

⎦
⎥ e

−
!
iντ −1( ) + τ 2 f 2

2
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
ω̂ z =

−τ f µ e− !iντ −1( ) L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ −

τ 2N 2

2
L2e− !iντ⎡

⎣
⎢

⎤

⎦
⎥ D̂

! (187)

Eliminating B between (184) and (187):
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µ2 1+τ 2N 2( )L2 + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
e− !iντ −1( )e− !iντ D̂ = µ2L2 + 1− τ 2 f 2

2
⎛
⎝⎜

⎞
⎠⎟
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ e

−
!
iντ −1( ) D̂

− µ2τ 2N 2L2e− !iντ D̂ + µτ f e− !iντ −1( ) m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ ω̂ z

!(188)

Rewriting (187) and (188) using σ N
+4( ) ≡ 1+ τ 2N 2

4
 and σ N

+1( ) ≡ 1+τ 2N 2  and definitions:

a1 ≡σ N
+4( )L2 +σ m

2 ; a2 ≡σ N L
2 +σ m

2 ; a3 ≡ L
2 +σ m

2 ; a4 ≡ µ2σ N
+1( )L2 +σ m

2 ; a5 ≡ µ2L2 +σ fσ m
2

 
a1 e

−
!
iντ −1( ) + 1−σ f( )σ m

2⎡⎣ ⎤⎦ e
−
!
iντ −1( )ω̂ z =−τ f µ a2e

−
!
iντ − a3( ) D̂ ! (189)

and

 
a4e

−
!
iντ − a5( ) e− !iντ −1( ) + µ2τ 2N 2L2e− !iντ⎡⎣ ⎤⎦ D̂ =µτ f e− !iντ −1( )σ m

2ω̂ z ! (190)

Eliminating ω̂ z between (189) and (190):

 

a1 e
−
!
iντ −1( ) + 1−σ f( )σ m

2⎡⎣ ⎤⎦ a4e
−
!
iντ − a5( ) e− !iντ −1( ) + µ2τ 2N 2L2e− !iντ⎡⎣ ⎤⎦ D̂ =

−µ2τ 2 f 2 a2e
−
!
iντ − a3( )σ m

2 D̂
! (191)

Arranging the terms:

 

a1 e
−
!
iντ −1( ) a4e

−
!
iντ − a5( ) e− !iντ −1( ) + µ2τ 2N 2L2e− !iντ⎡⎣ ⎤⎦

+ 1−σ f( )σ m
2 a4e

−
!
iντ − a5( ) e− !iντ −1( ) + µ2τ 2N 2L2e− !iντ⎡⎣ ⎤⎦ =

−µ2τ 2 f 2a2e
−
!
iντσ m

2 +µ2τ 2 f 2a3σ m
2

! (192)

Rearranging the terms:

 

a1 a4e
−
!
iντ − a5( ) e− !iντ −1( )2 + a1 µ2τ 2N 2L2 e− !iντ −1( )e− !iντ
+ 1−σ f( )σ m

2 a4e
−
!
iντ − a5( ) e− !iντ −1( ) + 1−σ f( )σ m

2µ2τ 2N 2L2e− !iντ =

−µ2τ 2 f 2a2e
−
!
iντσ m

2 +µ2τ 2 f 2a3σ m
2

! (193)

Rearranging the terms:
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a1a4e
−
!
iντ e− !iντ −1( )2 − a1a5 e− !iντ −1( )2 + a1 µ2τ 2N 2L2e−2 !iντ − a1 µ

2τ 2N 2L2e− !iντ

+ 1−σ f( )σ m
2 a4e

−
!
iντ − a5( )e− !iντ − 1−σ f( )σ m

2 a4e
−
!
iντ − a5( ) + 1−σ f( )σ m

2µ2τ 2N 2L2e− !iντ =

−µ2τ 2 f 2a2e
−
!
iντσ m

2 +µ2τ 2 f 2a3σ m
2

! (194)

Rearranging the terms:

 

a1a4e
−
!
iντ e− !iντ −1( )2 − a1a5 e− !iντ −1( )2 + a1 µ2τ 2N 2L2e−2 !iντ − a1 µ

2τ 2N 2L2e− !iντ

+ 1−σ f( )σ m
2 a4e

−
!
iντ − a5( )e− !iντ − a4 1−σ f( )σ m

2e− !iντ + 1−σ f( )σ m
2µ2τ 2N 2L2e− !iντ =

−µ2τ 2 f 2a2e
−
!
iντσ m

2 +µ2τ 2 f 2a3σ m
2 − a5 1−σ f( )σ m

2

! (195)

Rearranging the terms:

 

a1a4e
−
!
iντ e− !iντ −1( )2 − a1a5 e− !iντ −1( )2 + a1 µ2τ 2N 2L2e−2 !iντ − a1 µ

2τ 2N 2L2e− !iντ

+ a4 1−σ f( )σ m
2e−2 !iντ − a5 1−σ f( )σ m

2e− !iντ − a4 1−σ f( )σ m
2e− !iντ + 1−σ f( )σ m

2µ2τ 2N 2L2e− !iντ =

−µ2τ 2 f 2a2e
−
!
iντσ m

2 +µ2τ 2 f 2a3σ m
2 − a5 1−σ f( )σ m

2

! (196)

Rearranging the terms:

 

a1a4e
−
!
iντ e− !iντ −1( )2 − a1a5 e− !iντ −1( )2 + a1 µ2τ 2N 2L2e−2 !iντ + a4 1−σ f( )σ m

2e−2 !iντ

− a1 µ
2τ 2N 2L2e− !iντ − a5 1−σ f( )σ m

2e− !iντ − a4 1−σ f( )σ m
2e− !iντ

+ 1−σ f( )σ m
2µ2τ 2N 2L2e− !iντ + µ2τ 2 f 2a2σ m

2e− !iντ =µ2τ 2 f 2a3σ m
2 − a5 1−σ f( )σ m

2

! (197)

Rearranging the terms:

 

a1a4e
−
!
iντ e−2 !iντ − 2e− !iντ +1( )− a1a5 e−2 !iντ − 2e− !iντ +1( ) + a1 µ2τ 2N 2L2e−2 !iντ + a4 1−σ f( )σ m

2e−2 !iντ

− a1 µ
2τ 2N 2L2e− !iντ − a5 1−σ f( )σ m

2e− !iντ − a4 1−σ f( )σ m
2e− !iντ

+ 1−σ f( )σ m
2µ2τ 2N 2L2e− !iντ + µ2τ 2 f 2a2σ m

2e− !iντ =µ2τ 2 f 2a3σ m
2 − a5 1−σ f( )σ m

2

! (198)

Rearranging the terms:
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a1a4e
−3
!
iντ + a1 µ

2τ 2N 2L2 − 2a1a4 − a1a5 + a4 1−σ f( )σ m
2⎡⎣ ⎤⎦e

−2
!
iντ

+2a1a5e
−
!
iντ + a1a4e

−
!
iντ

− a1 µ
2τ 2N 2L2e− !iντ − a5 1−σ f( )σ m

2e− !iντ − a4 1−σ f( )σ m
2e− !iντ

+ 1−σ f( )σ m
2µ2τ 2N 2L2e− !iντ + µ2τ 2 f 2a2σ m

2e− !iντ =µ2τ 2 f 2a3σ m
2 − a5 1−σ f( )σ m

2 + a1a5

! (199)

Rearranging the terms:

 

a1a4e
−3
!
iντ + a1 µ

2τ 2N 2L2 − 2a1a4 − a1a5 + a4 1−σ f( )σ m
2⎡⎣ ⎤⎦e

−2
!
iντ

+2a1a5e
−
!
iντ + a1a4e

−
!
iντ

− a1 µ
2τ 2N 2L2e− !iντ − a4 + a5( ) 1−σ f( )σ m

2e− !iντ

+ 1−σ f( )σ m
2µ2τ 2N 2L2e− !iντ + µ2τ 2 f 2a2σ m

2e− !iντ =µ2τ 2 f 2a3σ m
2 − a5 1−σ f( )σ m

2 + a1a5

! (200)

Rearranging the terms:

 

a1a4e
−3
!
iντ + µ2τ 2N 2L2 + a5( )a1 + 1−σ f( )σ m

2 − 2a1⎡⎣ ⎤⎦a4{ }e−2 !iντ
+ µ2τ 2 1−σ f( )σ m

2 − a1⎡⎣ ⎤⎦N
2L2 + f 2µ2τ 2a2σ m

2 − a4 + a5( ) 1−σ f( )σ m
2 + a4 − 2a5( )a1{ }e− !iντ

=µ2τ 2 f 2a3σ m
2 − 1−σ f( )σ m

2 + a1⎡⎣ ⎤⎦a5

! (201)

Then:

  

Ae−3!iντ +Be−2 !iντ + Ce− !iντ +D = 0

A ≡ a1a4
B ≡ µ2τ 2N 2L2 + a5( )a1 + 1−σ f( )σ m

2 − 2a1⎡⎣ ⎤⎦a4

C ≡ µ2τ 2 1−σ f( )σ m
2 − a1⎡⎣ ⎤⎦N

2L2 + f 2µ2τ 2a2σ m
2 − a4 + a5( ) 1−σ f( )σ m

2 + a4 − 2a5( )a1
D ≡ −µ2τ 2 f 2a3σ m

2 + 1−σ f( )σ m
2 + a1⎡⎣ ⎤⎦a5

a1 ≡σ N
+4( )L2 +σ m

2 ; a2 ≡σ N L
2 +σ m

2 ; a3 ≡ L
2 +σ m

2 ; a4 ≡ µ2σ N
+1( )L2 +σ m

2 ; a5 ≡ µ2L2 +σ fσ m
2

! (202)

Then:
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Ae3νiτ cos 3ν rτ( ) +Be2νiτ cos 2ν rτ( ) + Ceνiτ cos ν rτ( ) +D = 0

Asin 3ν rτ( )e2νiτ −B sin 2ν rτ( )eνiτ + C sin ν rτ( ) = 0

eνiτ =
−B sin 2ν rτ( )∓ B2 sin2 2ν rτ( )− 4AC sin 3ν rτ( )sin ν rτ( )

2Asin 3ν rτ( )

! (203)

 
eνiτ =

−B sin 2ν rτ( )− B2 sin2 2ν rτ( )− 4AC sin 3ν rτ( )sin ν rτ( )
2Asin 3ν rτ( )      (solution)! (204)

 
eνiτ =

−B sin 2ν rτ( ) + B2 sin2 2ν rτ( )− 4AC sin 3ν rτ( )sin ν rτ( )
2Asin 3ν rτ( )      (no solution)! (205)

Balance solution:

Eqs. (181), (182) and (183):

! !
 
− f
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) = L2B̂ n( ) ! (206)

! !
 
0 = − f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) − L2B̂ n( ) ! (207)

! ! 0 = 0 ! (208)

Eqs. (176) and (177) with balance approximation:

! ! 0 = f ω̂ z
n( ) + L2P̂D   and  

 
0 =

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂D + B̂

n+1( )  ! (209)

From (209):

! !
 
0 = − f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + L2B̂ n+1( ) ! (210)

There is a balance within one time step difference.
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Figure  Scheme IV. (runs_CD_grid_time_discrete_scheme_7)
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Scheme V:

ω̂ z
∗( ) = µω̂ z

n( ) − τ
2
f D̂ n( ) 	 (300) 	 	 ω̂ z

n+1( ) = ω̂ z
n( ) −τ f D̂ ∗( ) 	(305)

D̂ ∗( ) = µD̂ n( ) + τ
2
f µω̂ z

∗( ) + L2P̂C( ) 	 (301) 	 	 D̂ n+1( ) = D̂ n( ) +τ f µω̂ z
n+1( ) + µL2P̂D( )	(306)

 
ŵ ∗( ) = ŵ n( ) + τ

2
−
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂C + B̂

n( )⎡
⎣⎢

⎤
⎦⎥
	 (302) 	 	

 
ŵ n+1( ) = ŵ n( ) +τ −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂D + B̂

n+1( )⎡
⎣⎢

⎤
⎦⎥
	(307)

B̂ ∗( ) = B̂ n( ) − τ
2
N 2ŵ n( ) 	 (303) 	 	 B̂ n+1( ) = B̂ n( ) −τN 2ŵ ∗( ) 	(308)

 
D̂ ∗( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

∗( ) = 0 	 (304) 	 	
 
µD̂ n+1( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n+1( ) = 0 	(309)

Predictor-step equations:

Eliminating P̂C  between (301) and (302) using (300), (304) and (309):

 

L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ D̂

∗( ) = µ L2 + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ 1− τ 2 f 2

4
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ D̂

n( ) + τ
2
f µ2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( )

− τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( )
! (310)

Using (304) in (3.10):

 

−
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ŵ

∗( ) = µ L2 + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ 1− τ 2 f 2

4
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ D̂

n( )

+ τ
2
f µ2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) − τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( )
! (311)

Corrector-step equations:

Using (310) in (305):

 

L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n+1( ) −ω̂ z
n( )( ) = −µ2 τ 2 f 2

2
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( )

−τ f µ L2 + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ 1− τ 2 f 2

4
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ D̂

n( ) +τ f τ
2 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( )
! (312)

Eliminating P̂D  between (306) and (307) using (305), (308) and (309):
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µ2L2 +m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ D̂ n+1( ) − D̂ n( )( ) = τ f µ m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n+1( ) −τµL2
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n+1( ) ! (313)

Using (311) in (308):

 

L2 +m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ n+1( ) − B̂ n( )( ) + τ 2N 2

2
L2
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) =

τN 2µ L2 + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ 1− τ 2 f 2

4
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ D̂

n( ) + f µ2 τ 2N 2

2
m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( )
! (314)

Eqs. (312)–(314) are the equations of the system.

Defining σ f
−4( ) ≡ 1− τ 2 f 2

4
 and using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (312)–(314):

 
L2 +σ m

2( ) e− !iντ −1( )ω̂ z = −µ2 1−σ f( )σ m
2ω̂ z −τ f µ L2 +σ f

−4( )σ m
2( ) D̂+τ f τ

2 !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ ! (315)

 
µ2L2 +σ m

2( ) e− !iντ −1( ) D̂ = τ f µσ m
2e− !iντω̂ z −τµe

−
!
iντ

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ ! (316)

 

L2 +σ m
2( ) e− !iντ −1( )

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ + 1−σ N( )

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ =

τN 2µ L2 +σ f
−4( )σ m

2( ) D̂ + f µ2 1−σ N( )σ m
2ω̂ z

! (317)

Eliminating D between (315) and (317):

! !
 
N 2ω̂ z + f

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ = 0 ! (318)

Using (318) in (316):

! !
 
f µ2L2 +σ m

2( ) e− !iντ −1( ) D̂ = τ µ N 2L2 + f 2σ m
2( )e− !iντω̂ z ! (319)

Using (318) in (317):

!
 
L2 +σ m

2( ) e− !iντ −1( )N 2 + 1−σ N( ) L2N 2 + f 2µ2σ m
2( )⎡⎣ ⎤⎦ω̂ z = −τ fN 2µ L2 +σ f

−4( )σ m
2( ) D̂ ! (320)

Eliminating ω̂ z  (319) in (320):
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!
 

L2 +σ m
2( ) e− !iντ −1( )N 2 + 1−σ N( ) L2N 2 + f 2µ2σ m

2( )⎡⎣ ⎤⎦ µ2L2 +σ m
2( ) e− !iντ −1( ) D̂ =

−τ 2µ 2N 2 N 2L2 + f 2σ m
2( ) L2 +σ f

−4( )σ m
2( )e− !iντ D̂

! (321)

Nontrivial solutions:

 

L2 +σ m
2( ) µ2L2 +σ m

2( ) e− !iντ −1( )2 + τ 2

2
µ2L2 +σ m

2( ) N 2L2 + f 2µ2σ m
2( ) e− !iντ −1( ) =

−τ 2µ 2 N 2L2 + f 2σ m
2( ) L2 +σ f

−4( )σ m
2( )e− !iντ

! (322)

Arranging the terms:

 

L2 +σ m
2( ) µ2L2 +σ m

2( ) e−2 !iντ − 2e− !iντ +1( )
+ τ 2

2
µ2L2 +σ m

2( ) N 2L2 + f 2µ2σ m
2( )e− !iντ +τ 2µ 2 N 2L2 + f 2σ m

2( ) L2 +σ f
−4( )σ m

2( )e− !iντ

− τ 2

2
µ2L2 +σ m

2( ) N 2L2 + f 2µ2σ m
2( ) = 0

! (323)

Rearranging the terms:

 

L2 +σ m
2( ) µ2L2 +σ m

2( )e−2 !iντ

+ − µ2L2 +σ m
2( ) 2 L2 +σ m

2( )− τ 2

2
N 2L2 + f 2µ2σ m

2( )⎡

⎣
⎢

⎤

⎦
⎥ +τ

2µ 2 N 2L2 + f 2σ m
2( ) L2 +σ f

−4( )σ m
2( )⎧

⎨
⎩

⎫
⎬
⎭
e− !iντ

+ µ2L2 +σ m
2( ) L2 +σ m

2( )− τ 2

2
N 2L2 + f 2µ2σ m

2( )⎡

⎣
⎢

⎤

⎦
⎥ = 0

!(324)

Using σ f
µ( ) ≡ 1− µ2 τ 2 f 2

2
 in (324) and arranging the terms:

 

L2 +σ m
2( ) µ2L2 +σ m

2( )e−2 !iντ
+ τ 2µ 2 N 2L2 + f 2σ m

2( ) L2 +σ f
−4( )σ m

2( )− µ2L2 +σ m
2( ) L2 +σ m

2 +σ NL
2 +σ f

µ( )σ m
2( )⎡

⎣
⎤
⎦e

−
!
iντ

+ µ2L2 +σ m
2( ) σ NL

2 +σ f
µ( )σ m

2( ) = 0
! (325)

Then
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L2 +σ m
2( )e−2 !iντ + τ 2µ 2 N 2L2 + f 2σ m

2

µ2L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟
L2 +σ f

−4( )σ m
2( )− L2 +σ m

2 +σ NL
2 +σ f

µ( )σ m
2( )⎡

⎣
⎢

⎤

⎦
⎥e− !iντ

+ σ NL
2 +σ f

µ( )σ m
2( ) = 0

! (326)

Then:

!

L2 +σ m
2( )e2νiτ cos 2ν rτ( )

+ τ 2µ 2 N 2L2 + f 2σ m
2

µ2L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟
L2 +σ f

−4( )σ m
2( )− L2 +σ m

2 +σ NL
2 +σ f

µ( )σ m
2( )⎡

⎣
⎢

⎤

⎦
⎥eνiτ cos ν rτ( )

+ σ NL
2 +σ f

µ( )σ m
2( ) = 0

! (327)

and

! ! eνiτ = − τ 2µ 2 N 2L2 + f 2σ m
2

µ2L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟

L2 +σ f
−4( )σ m

2

L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
− 1+

σ NL
2 +σ f

µ( )σ m
2

L2 +σ m
2

⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

sin ν rτ( )
sin 2ν rτ( ) ! (328)

Balance solution:

Eqs. (312)–(314) with balance assumption:

! !
 
0 = µ2 f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + L2B̂ n( ) ! (329)

! !
 
0 = − f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n+1( ) − L2B̂ n+1( ) ! (330)

! !
 
L2B̂ n( ) = −µ2 f

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) ! (331)

There is no unique balance solution.
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Figure. Scheme V: (runs_CD_grid_time_discrete_scheme_5)
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Rossby modes

Scheme R1:

Baroclinic modes:

C-grid equations:

Assumptions υ = 1
f0
∂P
∂x

 , ∂D
∂t

= 0  and  ∂w
∂t

= 0 .

Thus, D is a diagnostic variable. It is assumed that D is defined on the CD-grid’s corners.
P is defined at the centers. Thus, it is averaged to corners.

! ! ∂
∂t

ω z( )i+1 2, j+1 2 = − f0Di+1 2, j+1 2 −
β
f0

Pi+3 2, j+1 2 − Pi−1 2, j+1 2
2d

! (RC.1)

where

! ! Pi+1 2, j+1 2 ≡
1
4
Pi+1, j+1 + Pi+1, j−1 + Pi−1, j+1 + Pi−1, j−1( ) ! (RC.2)

Divergence equation from (M.8):

!

0 = −
Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j

d 2
+ f 1

4
ω z( )i+1 2, j+1 2 + ω z( )i−1 2, j+1 2 + ω z( )i+1 2, j−1 2 + ω z( )i−1 2, j−1 2⎡

⎣
⎤
⎦

! ! ! (RC.3)

! !

Vertical momentum equation:

! ! 0 = − ∂
∂z

− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥Pi, j + Bi, j ! (RC.4)

Thermodynamic equation:
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! !
∂Bi, j
∂t

= −N 2wi, j ! (RC.5)

Mass continuity equation:

! ! 1
4
Di+1 2, j+1 2 + Di−1 2, j+1 2 + Di+1 2, j−1 2 + Di−1 2, j−1 2( ) + ∂

∂z
+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥wi, j = 0 ! (RC.6)

D-grid equations:

Assumptions υ = 1
f0
∂P
∂x

 , ∂D
∂t

= 0  and  ∂w
∂t

= 0 .

Thus, D is a diagnostic variable. It is assumed that D is defined on the CD-grid’s corners.

! ! ∂
∂t

ω z( )i, j = − f0
1
4
Di+1 2, j+1 2 + Di−1 2, j+1 2 + Di+1 2, j−1 2 + Di−1 2, j−1 2( )− β

f0

Pi+1, j − Pi−1, j
2d

! (RD.1)

Divergence equation from (M.8):

! ! 0 = −
Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j

d 2
+ f0 ω z( )i, j ! (RD.2)

! !

Vertical momentum equation:

! ! 0 = − ∂
∂z

− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥Pi, j + Bi, j ! (RD.3)

Thermodynamic equation:

! !
∂Bi, j
∂t

= −N 2wi, j ! (RD.4)
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Mass continuity equation:

! ! 1
4
Di+1 2, j+1 2 + Di−1 2, j+1 2 + Di+1 2, j−1 2 + Di−1 2, j−1 2( ) + ∂

∂z
+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥wi, j = 0 ! (RD.5)

C-grid equations:

! !
 

∂
∂t
ω̂ z = − fD̂ −

!
iµ β

f0
!ξkP̂ ! (RC.7)

! !
 
0 = ξ 2k2 +η2ℓ2( ) P̂ + µ f0ω̂ z ! (RC.8)

! ! 0 = − ∂
∂z

− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ P̂ + B̂ ! (RC.9)

! ! ∂
∂t
B̂ = −N 2ŵ ! (RC.10)

! ! µD̂ + ∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ ŵ = 0 ! (RC.11)

D-grid equations:

! !
 

∂
∂t
ω̂ z = −µ f0D̂ − β

f0
!ξkP̂ ! (RD.6)

D is defined at the corners, thus averaged in this equation

  
 
0 = ξ 2k2 +η2ℓ2( ) P̂ + f0ω̂ z  (RD.7)

  0 = − ∂
∂z

− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ P̂ + B̂  (RD.8)
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  ∂
∂t
B̂ = −N 2ŵ  (RD.9)

  µD̂ + ∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ ŵ = 0  (RD.10)

Predictor-step equations on the C-grid:

! !
 
ω̂ z

∗( ) = µω̂ z
n( ) − 1

2 τ f0 D̂ −
!
i 12 τµ

β
f0
!ξkP̂ ! (RC.12)

ω̂ z
∗( )  is defined at the corners of the CD grid. ω̂ z

n( )  and P̂   are defined at the centers, thus they 

are averaged (multiplied by µ ).

! ! 0 = L2P̂ + f0ω̂ z
n( ) ! (RC.13)

ω̂ z
n( )  is defined at the corners, thus it is not averaged.

! !
 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ + B̂ n( ) ! (RC.14)

! ! B̂ ∗( ) = B̂ n( ) − 1
2 τN

2ŵ ! (RC.15)

! !
 
µD̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ = 0 ! (RC.16)

! !
 
ω̂ z

n+1( ) = ω̂ z
n( ) −τ f0µD̂ −

!
iτ β
f0
!ξkP̂ ! (RC.17)
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Corrector-step equations on the D-grid:

! !
 
ω̂ z

n+1( ) = ω̂ z
n( ) −τ f0µD̂ −

!
iτ β
f0
!ξkP̂ ! (RD.13)

D is defined at the corners, thus it is averaged to the centers.

! ! 0 = f0ω̂ z
∗( ) + µL2P̂ ! (RD.14)

(RD.14) is applied to the corners. ω̂ z
∗( )  is defined at the corners. P̂  is defined at the centers, 

thus it is averaged to the corners.

! !
 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ + B̂ ∗( ) ! (RD.15)

! ! B̂ n+1( ) = B̂ n( ) −τN 2ŵ ! (RD.16)

! !
 
µD̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ = 0 ! (RD.17)

Rewriting equations in a table:

Celal Konor! Supplementary Material                                              Saturday, March 4, 2017

CD-grid   page 41



Predictor step on the C-grid:

 
ω̂ z

∗( ) = µω̂ z
n( ) − 1

2 τ f0 D̂ −
!
i 12 τµ

β
f0
!ξkP̂    (RC.13)

0 = f0ω̂ z
n( ) + L2P̂                                (RC.14)

 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ + B̂ n( )                     (RC.15)

B̂ ∗( ) = B̂ n( ) − 1
2 τN

2ŵ                              (RC.16)

 
µD̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ = 0                        (RC.17)

Corrector step on the D-grid:

 
ω̂ z

n+1( ) = ω̂ z
n( ) −τ f0µD̂ −

!
iτ β
f0
!ξkP̂           (RD.13)

0 = f0ω̂ z
∗( ) + µL2P̂                                  (RD.14)

 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ + B̂ ∗( )                              (RD.15)

B̂ n+1( ) = B̂ n( ) −τN 2ŵ                                 (RD.16)

 
µD̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ = 0                            (RD.17)

Using (RC.13) in (RD.14):

! !
 
0 = µL2P̂ + f0 µω̂ z

n( ) − 1
2 τ f0D̂

n( ) − i 12 τµ
β
f0
!ξkP̂

⎛
⎝⎜

⎞
⎠⎟
! (Ro.1)

Using (RC.16) in (RD.15):

! ! 0 = − im + 1
2H

⎛
⎝⎜

⎞
⎠⎟ P̂ + B̂ n( ) − 1

2 τN
2ŵ ! (Ro.2)

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (RD.13) and dropping the time stamp (n):

! !
 
e− iντ −1( )ω̂ z = −τ f0µD̂ − iτ β

f0
!ξkP̂ ! (Ro.3)

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (Ro.1) and dropping the time stamp (n):

! !  0 = µL2P̂ + f0µω̂ z − 1
2 τ f0

2D̂ − i 12 τµβ !ξkP̂ ! (Ro.4)

Using (RD.17) in (Ro.2) with  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  and dropping the time stamp (n): 

! !
 
0 = −

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ + 1

2 τN
2µD̂ ! (Ro.5)

Rewriting (Ro.5):
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! !
 
0 = m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ P̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ + 1

2 τN
2µD̂ ! (Ro.6)

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (RD.16) and dropping the time stamp (n): 

! ! e− iντ −1( ) B̂ = −τN 2ŵ ! (Ro.7)

Using (RD.17) in (Ro.7):

! !
 
e− iντ −1( )

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ = τN 2µD̂ ! (Ro.8)

Using (Ro.8) in (Ro.6):

! ! 0 = e− iντ −1( ) m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂ + 1

2 τN
2µ e− iντ +1( ) D̂ ! (Ro.9)

Eqs. (Ro.3), (Ro.4) and (Ro.9) are the equations of the system.

Eliminating ω̂  between (Ro.3) and (Ro.4)

! !
 
0 = e− iντ −1( )µL2P̂ − i 12 τµβ !ξk e− iντ +1( ) P̂ −τ f0

2 µ2 + 1
2 e

− iντ −1( )⎡⎣ ⎤⎦ D̂ ! (Ro.10)

Eliminating D̂  between (Ro.9) and (Ro.10):

! !
 
0 = N 2µ e−2iντ −1( )µL2P̂ − i 12 N

2µ e− iντ +1( )2 τµβ !ξkP̂
! ! + f0

2 2µ2 e− iντ −1( ) + e− iντ −1( )2⎡
⎣

⎤
⎦ m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ P̂ ! (Ro.11)

Nontrivial solutions:

! !
 
0 = N 2µ e−2 !iντ −1( )µL2 −

!
i 12 N

2µ e−2 !iντ + 2e− !iντ +1( )τµβ !ξk !
! !

 
+ f0

2 2µ2 e− !iντ −1( ) + e− !iντ −1( )2⎡
⎣

⎤
⎦ m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ! (Ro.12)

Arranging the terms of (Ro.12):
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! ! 0 = N
2µ2L2e−2 !iντ −

!
i 12 τN

2µ2β !ξke−2 !iντ −
!
iτN 2µ2β !ξke− !iντ −

!
i 12 τN

2µ2β !ξk − N 2µ2L2

! !
 
+ f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ e

−2
!
iντ + 2 µ2 −1( ) f02 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e

−
!
iντ + 1− 2µ2( ) f02 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ ! (Ro.13)

Rearranging the terms in (Ro.13):

!
 
0 = N 2µ2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
e−2 !iντ −

!
i 12 τN

2µ2β !ξke−2 !iντ

! !
 
−
!
iτN 2µ2β !ξke− !iντ + 2 µ2 −1( ) f02 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e

−
!
iντ

! !
 
−
!
i 12 τN

2µ2β !ξk + 1− 2µ2( ) f02 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ − N

2µ2L2 ! (Ro.14)

Defining:

! !  e
−
!
iντ = eνiτ cos ν rτ( )−

!
i sin ν rτ( )⎡⎣ ⎤⎦ ! (Ro.15)

Using (Ro.15) in (Ro.14):

 
0 = N 2µ2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
e2νiτ cos 2ν rτ( )−

!
i sin 2ν rτ( )⎡⎣ ⎤⎦ − !

i 12 τN
2µ2β !ξke2νiτ cos 2ν rτ( )−

!
i sin 2ν rτ( )⎡⎣ ⎤⎦

! !
 
−
!
iτN 2µ2β !ξkeνiτ cos ν rτ( )−

!
i sin ν rτ( )⎡⎣ ⎤⎦+ 2 µ2 −1( ) f02 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e

νiτ cos ν rτ( )−
!
i sin ν rτ( )⎡⎣ ⎤⎦

! !
 
−
!
i 12 τN

2µ2β !ξk + 1− 2µ2( ) f02 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ − N

2µ2L2 ! (Ro.16)

Arranging terms:

 
0 = N 2µ2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
e2νiτ cos 2ν rτ( )−

!
i 12 τN

2µ2β !ξke2νiτ cos 2ν rτ( )

! !
 
−
!
iτN 2µ2β !ξkeνiτ cos ν rτ( ) + 2 µ2 −1( ) f02 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e

νiτ cos ν rτ( )

! !
 
−
!
i 12 τN

2µ2β !ξk + 1− 2µ2( ) f02 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ − N

2µ2L2
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! !
 
−
!
i N 2µ2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
e2νiτ sin 2ν rτ( )− 1

2 τN
2µ2β !ξke2νiτ sin 2ν rτ( )

! !
 
−τN 2µ2β !ξkeνiτ sin ν rτ( )−

!
i2 µ2 −1( ) f02 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e

νiτ sin ν rτ( ) !(Ro.17)

Rearranging terms:

0 = N 2µ2L2 + f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
e2νiτ cos 2ν rτ( ) + 2 µ2 −1( ) f02 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e

νiτ cos ν rτ( )

! !  −
1
2 τN

2µ2β !ξke2νiτ sin 2ν rτ( )−τN 2µ2β !ξkeνiτ sin ν rτ( )

! ! + 1− 2µ2( ) f02 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ − N

2µ2L2

! !  −!
iτN 2µ2β !ξkeνiτ cos ν rτ( )−

!
i 12 τN

2µ2β !ξke2νiτ cos 2ν rτ( )−
!
i 12 τN

2µ2β !ξk

! !
 
−
!
i N 2µ2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
e2νiτ sin 2ν rτ( )−

!
i2 µ2 −1( ) f02 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e

νiτ sin ν rτ( ) ! (Ro.18)

Then, two equations are obtained:

N 2µ2L2 + f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
e2νiτ cos 2ν rτ( ) + 2 µ2 −1( ) f02 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e

νiτ cos ν rτ( )

 
− 1
2 τN

2µ2β !ξke2νiτ sin 2ν rτ( )−τN 2µ2β !ξkeνiτ sin ν rτ( ) + 1− 2µ2( ) f02 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ − N

2µ2L2 = 0 !(Ro.19a)

and

!  τN
2µ2β !ξkeνiτ cos ν rτ( ) + 1

2 τN
2µ2β !ξke2νiτ cos 2ν rτ( ) + 1

2 τN
2µ2β !ξk

! + N 2µ2L2 + f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
e2νiτ sin 2ν rτ( )+ 2 µ2 −1( ) f02 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ e

νiτ sin ν rτ( ) = 0 ! (Ro.19b)

Using σ m
2 ≡ m2 + 1

4H 2  in (Ro.19a) and (Ro.19b):

µ2N 2L2 + f0
2σ m

2( )e2νiτ cos 2ν rτ( ) + 2 µ2 −1( ) f02σ m
2eνiτ cos ν rτ( )

 
− 1
2 τN

2µ2β !ξke2νiτ sin 2ν rτ( )−τN 2µ2β !ξkeνiτ sin ν rτ( ) + 1− 2µ2( ) f02σ m
2 − N 2µ2L2 = 0 ! (Ro.20a)

and
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!  τN
2µ2β !ξkeνiτ cos ν rτ( ) + 1

2 τN
2µ2β !ξke2νiτ cos 2ν rτ( ) + 1

2 τN
2µ2β !ξk

! ! + µ2N 2L2 + f0
2σ m

2( )e2νiτ sin 2ν rτ( )+ 2 µ2 −1( ) f02σ m
2eνiτ sin ν rτ( ) = 0 ! (Ro.20b)

Rewriting (Ro.20a):

! !

 

ae2νiτ + beνiτ + c = 0

a ≡ N 2µ2L2 + f0
2σ m

2( )cos 2ν rτ( )− 1
2 τN

2µ2β !ξk sin 2ν rτ( )
b ≡ 2 µ2 −1( ) f02σ m

2 cos ν rτ( )−τN 2µ2β !ξk sin ν rτ( )
c ≡ 1− 2µ2( ) f02σ m

2 − N 2µ2L2

! (Ro.21.a)

Roots of (Ro.21.a)

! eνiτ = −b + b2 − 4ac
2a

   (Positive root is selected because τ → 0 , eνiτ →1 )! (Ro.21.a.a)
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FINAL SOLUTION (Newton-Raphson method):

 

eνiτ = −b + b2 − 4ac
2a

a ≡ µ2N 2 cos 2ν rτ( )L2 − 1
2 µ

2N 2 sin 2ν rτ( )τβ !ξk + f0
2 cos 2ν rτ( )σ m

2

b ≡ 2 f0
2 µ2 −1( )cos ν rτ( )σ m

2 − µ2N 2 sin ν rτ( )τβ !ξk
c ≡ f0

2 1− 2µ2( )σ m
2 − µ2N 2L2

 

∂a
∂ν r

≡ −2τµ2N 2 sin 2ν rτ( )L2 − µ2N 2τ 2 cos 2ν rτ( )β !ξk − 2τ f02 sin 2ν rτ( )σ m
2

∂b
∂ν r

≡ −2τ f0
2 µ2 −1( )sin ν rτ( )σ m

2 − µ2N 2τ 2 cos ν rτ( )β !ξk

∂eνiτ

∂ν r

=
a − ∂b

∂ν r

+ 1
2
b2 − 4ac( )−1 2 2b ∂b

∂ν r

− 4c ∂a
∂ν r

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ −

∂a
∂ν r

−b + b2 − 4ac( )1 2⎡
⎣

⎤
⎦

2a2

 

F ν r( ) ≡ µ2N 2 sin 2ν rτ( )L2 + 1
2 µ

2N 2 cos 2ν rτ( )τβ !ξk + f0
2 sin 2ν rτ( )σ m

2⎡⎣ ⎤⎦e
2νiτ

+ µ2N 2 cos ν rτ( )τβ !ξk + 2 f02 µ2 −1( )sin ν rτ( )σ m
2⎡⎣ ⎤⎦e

νiτ + 1
2 µ

2N 2τβ !ξk

 

∂F
∂ν r

= 2τµ2N 2L2 cos 2ν rτ( )− µ2N 2τ 2β !ξk sin 2ν rτ( ) + 2τ f02σ m
2 cos 2ν rτ( )⎡⎣ ⎤⎦e

2νiτ

+ 2 µ2N 2L2 sin 2ν rτ( ) + 1
2 µ

2N 2τβ !ξk cos 2ν rτ( ) + f0
2σ m

2 sin 2ν rτ( )⎡⎣ ⎤⎦e
νiτ ∂e

νiτ

∂ν r

+ −µ2N 2τ 2 sin ν rτ( )β !ξk + 2τ f02 µ2 −1( )σ m
2 cos ν rτ( )⎡⎣ ⎤⎦e

νiτ

+ µ2N 2 cos ν rτ( )τβ !ξk + 2 f02 µ2 −1( )sin ν rτ( )σ m
2⎡⎣ ⎤⎦

∂eνiτ

∂ν r

ν r( )1 = ν r( )0 −
F ν r( )0⎡⎣ ⎤⎦
∂F
∂ν r

⎛
⎝⎜

⎞
⎠⎟ 0
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Barotropic mode:

Rewriting equations (RC.13)–(RD.17) with D=0 (w=0):

Predictor step on the C-grid:

 
ω̂ z

∗( ) = µω̂ z
n( ) −
!
i 12 τµ

β
f0
!ξkP̂             (RBtpcC.1)

Corrector step on the D-grid:

 
ω̂ z

n+1( ) = ω̂ z
n( ) −
!
iτ β
f0
!ξkP̂                   (RBtpcD.1)

0 = f0ω̂ z
∗( ) + µL2P̂                            (RBtpcD.2)

Writing (RBtpcD.1) without changing:

! !
 
ω̂ z

n+1( ) = ω̂ z
n( ) −
!
iτ β
f0
!ξkP̂ ! (RBtpcCD.1)

Using (RBtpcC.1) in (RBtpcD.2):

! !
 
0 = µ f0ω̂ z

n( ) + µ L2 −
!
i 12 τβ !ξk( ) P̂ ! (RBtpcCD.2)

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (RBtpcCD.1) and (RBtpcCD.2), and dropping the time stamp (n):

! !
 
e!iντ −1( )ω̂ z = −

!
iτ β
f0
!ξkP̂ ! (RBtpcCD.3)

and
! !

 
0 = µ f0ω̂ z + µ L2 −

!
i 12 τβ !ξk( ) P̂ ! (RBtpcCD.4)

Using (RBtpcCD.3) in (RBtpcCD.4):

! !
 
e!iντ −1( ) L2 −

!
i 12 τβ !ξk( ) P̂ =

!
iτβ !ξkP̂ ! (RBtpcCD.5)

Using  e
−
!
iντ = eνiτ cos ν rτ( )−

!
i sin ν rτ( )⎡⎣ ⎤⎦  in (RBtpcCD.5), and seeking non trivial solutions:

! !
 
eνiτ cos ν rτ( )−1−

!
ieνiτ sin ν rτ( )⎡⎣ ⎤⎦ L

2 −
!
i 12 τβ !ξk( ) = !iτβ !ξk ! (RBtpcCD.6)
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Arranging the terms of (RBtpcCD.6):

 e
νiτ cos ν rτ( )−1⎡⎣ ⎤⎦L

2 − eνiτ sin ν rτ( ) 12 τβ !ξk − !i e
νiτ cos ν rτ( )−1⎡⎣ ⎤⎦

1
2 τβ !ξk − !

ieνiτ sin ν rτ( )L2 −
!
iτβ !ξk = 0

! ! ! (RBtpcCD.7)

Rearranging the terms of (RBtpcCD.7):

 
eνiτ cos ν rτ( )−1⎡⎣ ⎤⎦L

2 − eνiτ sin ν rτ( ) 12 τβ !ξk + !i − eνiτ cos ν rτ( ) +1⎡⎣ ⎤⎦
1
2 τβ !ξk − e

νiτ sin ν rτ( )L2{ } = 0
! ! ! (RBtpcCD.7)

Splitting the real and imaginary parts of (RBtpcCD.7):

! !  e
νiτ cos ν rτ( )−1⎡⎣ ⎤⎦L

2 − eνiτ sin ν rτ( ) 12 τβ !ξk = 0 ! (RBtpcCD.8a)

and

! !  − eνiτ cos ν rτ( ) +1⎡⎣ ⎤⎦
1
2 τβ !ξk − e

νiτ sin ν rτ( )L2 = 0 ! (RBtpcCD.8b)

Rewriting (RBtpcCD.8a):

! !
 
eνiτ = L2

L2 cos ν rτ( )− sin ν rτ( ) 12 τβ !ξk
! (RBtpcCD.9a)

Rewriting (RBtpcCD.8b):

! !  
1
2 τβ !ξke

νiτ cos ν rτ( ) + 1
2 τβ !ξk + e

νiτ sin ν rτ( )L2 = 0 ! (RBtpcCD.9b)

Using (RBtpcCD.9a) in (RBtpcCD.9b):

! !
 
τβ !ξkL2 cos ν rτ( ) + L2( )2 − 1

2 τβ !ξk( )2⎡
⎣⎢

⎤
⎦⎥
sin ν rτ( ) = 0 ! (RBtpcCD.10)

Rewriting (RBtpcCD.10):

! !

 

sin ν rτ( )
cos ν rτ( ) =

−τβ !ξkL2

L2( )2 − 1
2 τβ !ξk( )2

! (RBtpcCD.11)

Rewriting (RBtpcCD.11):
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! !

 

ν r =
1
τ
Arctan −τβ !ξkL2

L2( )2 − 1
2 τβ !ξk( )2

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
!  (RBtpcCD.12):

Figure  (runs_CD_grid_time_discrete_beta_NEW)
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Scheme R2

Baroclinic modes:

Predictor-step on the C grid:

D is diagnostic and local to C grid.

 
ω̂ z

∗( ) = µω̂ z
n( ) − τ

2
µ f0 D̂ −

!
i τ
2
µ β
f0
!ξkP̂ ! ! (RS1P.1)

0 = f0ω̂ z
∗( ) + L2P̂ ! ! (RS1P.2)

 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ + B̂ ∗( ) ! ! (RS1P.3)

B̂ ∗( ) = B̂ n( ) − τ
2
N 2ŵ ! ! (RS1P.4)

 
D̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ = 0 ! ! (RS1P.5)

Eliminate the diagnostic variables D (w) and P between the predictor-step equations.

Using (RS1P.2) in (RS1P.1):

! !
 
L2 −
!
i τ
2
µ β
f0
!ξkf0

⎛
⎝⎜

⎞
⎠⎟
ω̂ z

∗( ) = µL2ω̂ z
n( ) − τ

2
µ f0 L

2D̂ ! (RS1P.6)

Using (RS1P.3) in (RS1P.2):

! !
 
0 = f0 !

im + 1
2H

⎛
⎝⎜

⎞
⎠⎟ ω̂ z

∗( ) + L2B̂ ∗( ) ! (RS1P.7)

Using (RS1P.5) in (RS1P.4):

! !
 !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

∗( ) =
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) + τ
2
N 2D̂ ! (RS1P.8)
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Eliminating D between (RS1P.6) and (RS1P.8):

 
N 2 L2 −

!
i τ
2
µ β
f0
!ξkf0

⎛
⎝⎜

⎞
⎠⎟
ω̂ z

∗( ) + µ f0 !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ ∗( ) = µN 2L2ω̂ z
n( ) + µ f0 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) ! (RS1P.9)

Eliminating B̂ ∗( )  between (RS1P.9) and (RS1P.7):

 
N 2 L2 −

!
i τ
2
µ β
f0
!ξkf0

⎛
⎝⎜

⎞
⎠⎟
+ µ f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ω̂ z

∗( ) = µN 2L2ω̂ z
n( ) + µ f0 !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) ! (RS1P.10)

Eliminating ω̂ z
∗( )  between (RS1P.9) and (RS1P.7):

 
N 2 L2 −

!
i τ
2
µ β
f0
!ξkf0

⎛
⎝⎜

⎞
⎠⎟
+ µ f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ B̂

∗( ) = −µ f0N
2

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + µ f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ B̂

n( )

! ! ! (RS1P.11)

Corrector-step on the D grid   (1):

 
ω̂ z

n+1( ) = ω̂ z
n( ) −τµ f0 D̂ −

!
iτ β
f0
!ξkP̂ ! ! (RS1C.1.1)

0 = f0ω̂ z
∗( ) + µL2P̂ ! ! (RS1C.1.2)

 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ + B̂ ∗( ) ! ! (RS1C.1.3)

B̂ n+1( ) = B̂ n( ) −τN 2ŵ ! ! (RS1C.1.4)

 
µD̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ = 0 ! ! (RS1C.1.5)

(RS1P.10) and (RS1C.1.2):

 
− N 2 L2 −

!
i τ
2
µ β
f0
!ξkf0

⎛
⎝⎜

⎞
⎠⎟
+ µ f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥µP̂ = µN 2 f0ω̂ z

n( ) + µ f0
2

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) ! (RS1C.1.6)

(RS1P.11) and (RS1C.1.3):
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N 2 L2 −

!
i τ
2
µ β
f0
!ξkf0

⎛
⎝⎜

⎞
⎠⎟
+ µ f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ !
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ = −µ f0N

2

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) + µ f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ B̂

n( )

! ! ! (RS1C.1.7)

Multiplying (RS1C.1.6) by 
 !
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ :

 
− N 2 L2 −

!
i τ
2
µ β
f0
!ξkf0

⎛
⎝⎜

⎞
⎠⎟
+ µ f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥µ !

im + 1
2H

⎛
⎝⎜

⎞
⎠⎟ P̂ = µN 2 f0 !

im + 1
2H

⎛
⎝⎜

⎞
⎠⎟ ω̂ z

n( ) − µ f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ B̂

n( )

! ! ! (RS1C.1.8)

(RS1C.1.7) and (RS1C.1.8) do not match to each other. No solution for the corrector (1) case.

Corrector-step on the D grid   (2):

 
ω̂ z

n+1( ) = ω̂ z
n( ) −τµ f0 D̂ −

!
iτ β
f0
!ξkP̂ ! ! (RS1C.2.1)

0 = µ f0ω̂ z
n+1( ) + µL2P̂ ! ! (RS1C.2.2)

 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ + B̂ n+1( ) ! ! (RS1C.2.2)

B̂ n+1( ) = B̂ n( ) −τN 2ŵ ! ! (RS1C.2.3)

 
µD̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ = 0 ! ! (RS1C.2.4)

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (RS1C.2.1)–(RS1C.2.4):

! !
 
e− !iντ −1( )ω̂ z = −τµ f0 D̂ −

!
iτ β
f0
!ξkP̂ ! (RS1C.2.5)

! !  0 = µ f0e
−
!
iντω̂ z + µL2P̂ ! (RS1C.2.6)
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! !
 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ + e− !iντ B̂ ! (RS1C.2.7)

! !
 
e− !iντ −1( ) B̂ = −τN 2ŵ ! (RS1C.2.8)

! !
 
µD̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ = 0 ! (RS1C.2.9)

Eliminating ω̂ z  between (RS1C.2.5) and (RS1C.2.6):

! !
 
e− !iντ −1( )L2 −

!
iτβ !ξke− !iντ⎡⎣ ⎤⎦ P̂ = τµ f0

2e− !iντ D̂ ! (RS1C.2.10)

Eliminating w between (RS1C.2.9) and (RS1C.2.8):

! !
 
e− !iντ −1( )

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ = τN 2µD̂ ! (RS1C.2.11)

Eliminating B between (RS1C.2.7) and (RS1C.2.11):

! !
 
0 = e− !iντ −1( ) m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ P̂ + e− !iνττN 2µD̂ ! (RS1C.2.12)

Eliminating D between (RS1C.2.10) and (RS1C.2.12):

 
N 2 e− !iντ −1( )L2 −

!
iτβ !ξke− !iντ⎡⎣ ⎤⎦ P̂ = − f0

2 e− !iντ −1( ) m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂ ! (RS1C.2.13)

Nontrivial solutions and arrange (RS1C.2.13):

 
e− !iντ −1( )N 2L2 −

!
iτN 2β !ξke− !iντ = − f0

2 e− !iντ −1( ) m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ ! (RS1C.2.14)

Rearranging the terms in (RS1C.2.14):

 
N 2L2e− !iντ + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ e

−
!
iντ −
!
iτN 2β !ξke− !iντ = N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ ! (RS1C.2.15)

Rearranging the terms in (RS1C.2.15):
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N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ − !

iτN 2β !ξk⎡
⎣⎢

⎤
⎦⎥
e− !iντ = N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ ! (RS1C.2.16)

Using  e!
iντ ≡ eνiτ cos ν rτ( )−

!
i sin ν rτ( )⎡⎣ ⎤⎦  in (RS1C.2.16):

 
N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ − !

iτN 2β !ξk⎡
⎣⎢

⎤
⎦⎥
eνiτ cos ν rτ( )−

!
i sin ν rτ( )⎡⎣ ⎤⎦ = N

2L2 + f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

! ! ! (RS1C.2.17)

Rearrange the terms in (RS1C.2.17):

 

N 2L2 + f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ − !

iτN 2β !ξk⎡
⎣⎢

⎤
⎦⎥
eνiτ cos ν rτ( )

− N 2L2 + f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ − !

iτN 2β !ξk⎡
⎣⎢

⎤
⎦⎥ !
ieνiτ sin ν rτ( ) = N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

 ! (RS1C.2.18)

Then,

 

N 2L2 + f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
eνiτ cos ν rτ( )−

!
iτN 2β !ξkeνiτ cos ν rτ( )

−
!
i N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
eνiτ sin ν rτ( )−τN 2β !ξkeνiτ sin ν rτ( ) = N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

! ! ! (RS1C.2.19)

Then,

 

N 2L2 + f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
eνiτ cos ν rτ( )

−
!
iτN 2β !ξkeνiτ cos ν rτ( )−

!
i N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
eνiτ sin ν rτ( )

−τN 2β !ξkeνiτ sin ν rτ( ) = N 2L2 + f0
2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

! (RS1C.2.20)

Separating the real and imaginary parts:

 
N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
eνiτ cos ν rτ( )−τN 2β !ξkeνiτ sin ν rτ( ) = N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

! ! ! (RS1C.2.21a)
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and

 
−
!
iτN 2β !ξkeνiτ cos ν rτ( )−

!
i N 2L2 + f0

2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
eνiτ sin ν rτ( ) = 0 ! (RS1C.2.21b)

The dispersion relation:

! !

 

sin ν rτ( )
cos ν rτ( ) =

−τβ !ξk

L2 + f0
2

N 2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟
! (RS1C.2.22a)

and

! !

 

eνiτ =
L2 + f0

2

N 2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

L2 + f0
2

N 2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
cos ν rτ( )−τβ !ξk sin ν rτ( )

! (RS1C.2.22b)

Rewriting (RS1C.2.22a)

! !

 

ν r =
1
τ
Arctan −τβ !ξk

L2 + f0
2

N 2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

! (RS1C.2.23a)

                                                                                        dispersion_run2_CD_grid_discrete_beta_2_NEW_Scheme_2_2.f90

FINAL SOLUTION (Newton-Raphson method):

 

F ν r( ) = sin ν rτ( )
cos ν rτ( ) +

τβ !ξk

N 2L2 + f0
2

N 2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

∂F
∂ν r

=
τ cos2 ν rτ( ) +τ sin2 ν rτ( )

cos2 ν rτ( ) = τ
cos2 ν rτ( )

ν r( )1 = ν r( )0 −
F ν r( )0⎡⎣ ⎤⎦
∂F
∂ν r

⎛
⎝⎜

⎞
⎠⎟ 0
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Barotropic modes:

From (RS1C.2.1) and (RS1C.2.2) without divergence:

 
ω̂ z

n+1( ) = ω̂ z
n( ) −
!
iτ β
f0
!ξkP̂ ! ! (RS1C.2.24)

and

0 = µ f0ω̂ z
n+1( ) + µL2P̂ ! ! (RS1C.2.25)

Using  Φ̂ n+1( ) = e− !iντ Φ̂ n( )  in (RS1C.2.24)–(RS1C.2.25):

! !
 
e− !iντ −1( )ω̂ z = −

!
iτ β
f0
!ξkP̂ ! (RS1C.2.26)

and

! !  0 = µ f0e
−
!
iντω̂ z + µL2P̂ ! (RS1C.2.27)

Using (RS1C.2.26) in (RS1C.2.27):

! !
 
e− !iντ −1( )L2P̂ =

!
iτ f0

β
f0
!ξke− !iντ P̂ ! (RS1C.2.28)

Nontrivial solutions:

! !
 
e− !iντL2 −

!
iτ f0

β
f0
!ξke− !iντ − L2= 0 ! (RS1C.2.29)

Using  e
−
!
iντ = eνiτ cos ν rτ( )−

!
i sin ν rτ( )⎡⎣ ⎤⎦  in (RS1C.2.29):

 L
2eνiτ cos ν rτ( )−τβ !ξkeνiτ sin ν rτ( )− L2−

!
iL2eνiτ sin ν rτ( )−

!
iτβ !ξkeνiτ cos ν rτ( ) = 0 ! (RS1C.2.30)

Splitting the real and imaginary parts:

! !  L
2eνiτ cos ν rτ( )−τβ !ξkeνiτ sin ν rτ( )− L2 = 0 ! (RS1C.2.31a)

and

! !
 

sin ν rτ( )
cos ν rτ( ) =

−τβ !ξk
L2

! (RS1C.2.31b)
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Rewrite (RS1C.2.31a):

! !
 
eνiτ = L2

L2eνiτ cos ν rτ( )−τβ !ξkeνiτ sin ν rτ( ) ! (RS1C.2.32a)

Rewrite (RS1C.2.31b):

! !
 
ν r =

1
τ
Arctan −τβ !ξk

L2
⎛

⎝⎜
⎞

⎠⎟
! (RS1C.2.32b)

dispersion_run2_CD_grid_discrete_beta_2_NEW_Scheme_2_2_barotropic.f90

Figure beta scheme II. (runs_CD_grid_time_discrete_beta_NEW_Scheme_2)
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A-grid

1. Inertia-gravity modes

Horizontal momentum equation:

A grid

Celal Konor! Supplementary Material                                              Friday, August 25, 2017
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csk
Typewritten Text
(Document page 97)



∂ui, j
∂t

= −
Pi+1, j − Pi−1, j

2d
+ fυi, j ! ! (M.1)

∂υi, j

∂t
= −

Pi, j+1 − Pi, j−1
2d

− fui, j ! ! (M.2)

To derive divergence equation for center points ( i, j ):

! ! ∂
∂t

ui+1, j − ui−1, j
2d

⎛
⎝⎜

⎞
⎠⎟
= −

Pi+2, j + 2Pi, j − Pi−2, j
4d 2

+ f
υi+1, j −υi−1, j

2d
⎛
⎝⎜

⎞
⎠⎟
! (M.4.a)

! ! ∂
∂t

υi, j+1 −υi, j−1

2d
⎛
⎝⎜

⎞
⎠⎟
= −

Pi, j+2 + 2Pi, j − Pi, j−2
4d 2

− f
ui, j+1 − ui, j−1

2d
⎛
⎝⎜

⎞
⎠⎟
! (M.4.b)

Define:

! ! Di, j ≡
1
2d

ui+1, j − ui−1, j +υi, j+1 −υi, j−1( ) ! (M.5)

Divergence equation (1):

!
∂
∂t

ui+1, j − ui−1, j
2d

+
υi, j+1 −υi, j−1

2d
⎛
⎝⎜

⎞
⎠⎟
= −

Pi+2, j + Pi−2, j + Pi, j+2 + Pi, j−2 − 4Pi, j
4d 2

+ f −
ui, j+1 − ui, j−1

2d
+
υi+1, j −υi−1, j

2d
⎛
⎝⎜

⎞
⎠⎟

! ! ! (M.6)

Define:

! ! ω z( )i, j ≡
1
2d

υi+1, j −υi−1, j − ui, j+1 + ui, j−1( ) ! (M.7)

Divergence equation (2):

Consider (M.6) and (M.7):

! ! ∂
∂t
Di, j = −

Pi+2, j + Pi−2, j + Pi, j+2 + Pi, j−2 − 4Pi, j
4d 2

+ f ω z( )i, j ! (M.8)
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To derive vorticity equation for center point ( i, j ):

! ! ∂
∂t

υi+1, j −υi−1, j

2d
⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1, j+1 + Pi−1, j+1 − Pi+1, j−1 − Pi−1, j−1
2d 2

− f
ui+1, j − ui−1, j

2d
⎛
⎝⎜

⎞
⎠⎟
! (M.9)

! ! ∂
∂t

−ui, j+1 + ui, j−1
2d

⎛
⎝⎜

⎞
⎠⎟
=
Pi+1, j+1 − Pi−1, j+1 − Pi+1, j−1 + Pi−1, j−1

2d 2
− f

υi, j+1 −υi, j−1

2d
⎛
⎝⎜

⎞
⎠⎟
! (M.10)

The vorticity equation (1):

! ! ∂
∂t

υi+1, j −υi−1, j

2d
+
−ui, j+1 + ui, j−1

2d
⎛
⎝⎜

⎞
⎠⎟
= − f

ui+1, j − ui−1, j
2d

+
υi, j+1 −υi, j−1

2d
⎛
⎝⎜

⎞
⎠⎟
! (M.11)

The vorticity equation (2):

Using (M.7) and (M.5) in (M.11):

! ! ∂
∂t

ω z( )i, j = − fDi, j ! (M.12)

Vorticity equation from (M.12):

! ! ∂
∂t

ω z( )i, j = − fDi, j ! (1)

Divergence equation from (M.8):

! ! ∂
∂t
Di, j = −

Pi+2, j + Pi−2, j + Pi, j+2 + Pi, j−2 − 4Pi, j
4d 2

+ f ω z( )i, j ! (2)

If we use (1) in (2), we obtain

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
Di, j = − ∂

∂t
Pi+2, j + Pi−2, j + Pi, j+2 + Pi, j−2 − 4Pi, j

4d 2
⎛
⎝⎜

⎞
⎠⎟
! (2´)

! !

Vertical momentum equation:

Celal Konor! Supplementary Material                                              Friday, August 25, 2017

A-grid  page 3



! !
∂wi, j

∂t
= − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥Pi, j + Bi, j ! (4)

Thermodynamic equation:

! !
∂Bi, j
∂t

= −N 2wi, j ! (5)

Mass continuity equation:

! ! Di, j +
∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥wi, j = 0 ! (6)

From (4)–(6):

! ! ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
Di, j −

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (7)

Using (2´) in (7), we obtain the following two equations:

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
Di, j = − ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟

Di+2, j + Di−2, j + Di, j+2 + Di, j−2 − 4Di, j

4d 2
⎛
⎝⎜

⎞
⎠⎟
! (7´)

and

∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = − ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
∂
∂t

Pi+2, j + Pi−2, j + Pi, j+2 + Pi, j−2 − 4Pi, j
4d 2

⎛
⎝⎜

⎞
⎠⎟
! (7´´)

This shows that there are four independent and noninteracting solutions for the A-grid. Each 
solution is a Z-grid solution over two grid spacings. In Figure, four independent solutions on Z-
grids are indicated by different colors.  

Define:
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φi, j z,t( ) ≡ Re Φ̂e!i kdi+ℓdj+mz−νt( ){ }      and     

 
φi+1 2, j+1 2 z,t( ) ≡ Re Φ̂e!i kd i+1 2( )+ℓd j+1 2( )+mz−νt⎡⎣ ⎤⎦{ } ! (8)

Using (8) in (1):

! ! −iνω̂ z = − fD̂ ! (9)

Using (8) in (2):

! !
 
−
!
iν D̂ = fω̂ z −

e!i 2kd + e− !i 2kd + e!i 2ℓd + e− !i 2ℓd − 4
4d 2

⎛
⎝⎜

⎞
⎠⎟
P̂ ! (10)

Using (8) in (7):

! ! −ν 2 + N 2( ) D̂ − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iνPi, j = 0 ! (11)

In (10):

 

e!i 2kd + e− !i 2kd + e!i 2ℓd + e− !i 2ℓd − 4
4d 2

=
2cos 2kd( ) + 2cos 2ℓd( )− 4

4d 2
=

−sin2 kd( )
kd( )2

k2 + −sin2 ℓd( )
ℓd( )2

ℓ2
⎛

⎝
⎜

⎞

⎠
⎟ ! (13)

Rewrite (13):

! !
 

e!i 2kd + e− !i 2kd + e!i 2ℓd + e− !i 2ℓd − 4
4d 2

= − !ξ 2k2 − !η2ℓ2 ! (14a)

where

! !
 
!ξ ≡
sin kd( )
kd

and !η ≡
sin ℓd( )
ℓd

! (14b)

Using (12) and (14a) in (9)–(11):

! ! −iνω̂ z = − fD̂ ! (20)

! !
 
−iν D̂ = !ξ 2k2 + !η2ℓ2( ) P̂ + fω̂ z ! (21)
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! ! µ −ν 2 + N 2( ) D̂ + ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iν P̂ = 0 ! (22)

From (20) and (21):

! !
 
ν 2 − f 2( ) D̂ = !ξ 2k2 + !η2ℓ2( )iν P̂ ! (23)

From (22) and (23):

! !

 

ν 2 =
N 2 !ξ 2k2 + !η2ℓ2( ) + f 2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

!ξ 2k2 + !η2ℓ2( ) + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

! (24)

2. Rossby modes

Baroclinic modes:

Adding the beta effect to the vorticity equation (1):

! !
∂ ω z( )i , j

∂t
= − f0Di, j −

β
f0

Pi+1, j − Pi−1, j
2d

! (30)

Dropping ∂D ∂t  in (2): 

! ! 0 = −
Pi+2, j + Pi−2, j + Pi, j+2 + Pi, j−2 − 4Pi, j

4d 2
+ f ω z( )i, j ! (31)

Dropping ∂2D ∂t 2  in (7):

! ! N 2Di, j −
∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (32)

From (30)–(32):
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! !
 
−
!
iνω̂ z = − f0D̂ − β

f0
e!ikd − e− !ikd

2d
P̂ ! (40)

! !
 
0 = !ξ 2k2 + !η2ℓ2( ) P̂ + f0ω̂ z ! (41)

! !
 

N 2D̂ − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ !
iν P̂ = 0 ! (42)

Rewrite (40):

! !
 
−
!
iνω̂ z = − f0D̂ −

!
i β
f0

2sin kd( )
2d

P̂ ! (43)

Rewrite (43):

! !
 
−
!
iνω̂ z = − f0D̂ −

!
i β
f0
!ξkP̂ ! (44)

where 
 
!ξ ≡
sin kd( )
kd

 is given by (14b).

From (41), (42) and (44):

! !
 

νN 2 !ξ 2k2 + !η2ℓ2( ) P̂ = − f0
2 m2 + 1

2ρ0
∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ν P̂ − N 2β !ξkP̂ ! (46)

Using  1
ρ0

∂ρ0
∂z

= − 1
H

 in (46) and for nontrivial solutions ( P̂ ≠ 0 ):

! !

 

ν = −β !ξk
!ξ 2k2 + !η2ℓ2( ) + f0

2

N 2 m2 + 1
4H

⎛
⎝⎜

⎞
⎠⎟
! (47)

Barotropic modes:
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Assuming D = 0  in (30)

! !
∂ ω z( )i , j

∂t
= − β

f0

Pi+1, j − Pi−1, j
2d

! (50)

Writing (31) again:

! ! 0 = −
Pi+2, j + Pi−2, j + Pi, j+2 + Pi, j−2 − 4Pi, j

4d 2
+ f ω z( )i, j ! (51)

Assuming D = 0  in (32)

! ! − ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (52)

(P is vertically constant).

From (50) and (51):

! !
 
0 =ν !ξ 2k2 + !η2ℓ2( ) P̂ + β !ξkP̂ ! (53)

From (53) and for nontrivial solutions ( P̂ ≠ 0 ):

! !
 
ν = −β !ξk
!ξ 2k2 + !η2ℓ2

! (54)
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E-grid

For  (i,j) points (black grid points in Figure):

1. Inertia-gravity modes

Horizontal momentum equation:

∂ui, j+1 2
∂t

= −
Pi+1 2, j+1 2 − Pi−1 2, j+1 2

d
+ fυi, j+1 2 ! ! (M.1.a)

∂ui+1 2, j
∂t

= −
Pi+1, j − Pi, j

d
+ fυi+1 2, j ! ! (M.1.b)

∂υi, j+1 2

∂t
= −

Pi, j+1 − Pi, j
d

− fui, j+1 2 ! ! (M.2.a)

E grid
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∂υi+1 2, j

∂t
= −

Pi+1 2, j+1 2 − Pi+1 2, j−1 2
d

− fui+1 2, j ! ! (M.2.b)

To derive divergence equation for corner points ( i, j ):

∂
∂t

ui, j+1 2 + ui+1 2, j
2

⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1 2, j+1 2 − Pi−1 2, j+1 2
2d

−
Pi+1, j − Pi, j
2d

+ f
υi, j+1 2 +υi+1 2, j

2
⎛
⎝⎜

⎞
⎠⎟
! (M.4.a)

∂
∂t

υi, j+1 2 +υi+1 2, j

2
⎛
⎝⎜

⎞
⎠⎟
= −

Pi, j+1 − Pi, j
2d

−
Pi+1 2, j+1 2 − Pi+1 2, j−1 2

2d
− f

ui, j+1 2 + ui+1 2, j
2

⎛
⎝⎜

⎞
⎠⎟
! (M.4.b)

∂
∂t

ui−1 2, j + ui, j+1 2
2

⎛
⎝⎜

⎞
⎠⎟
= −

Pi, j − Pi−1, j
2d

−
Pi+1 2, j+1 2 − Pi−1 2, j+1 2

2d
+ f

υi−1 2, j +υi, j+1 2

2
⎛
⎝⎜

⎞
⎠⎟
! (M.5.a)

∂
∂t

υi−1 2, j +υi, j+1 2

2
⎛
⎝⎜

⎞
⎠⎟
= −

Pi−1 2, j+1 2 − Pi−1 2, j−1 2
2d

−
Pi, j+1 − Pi, j
2d

− f
ui−1 2, j + ui, j+1 2

2
⎛
⎝⎜

⎞
⎠⎟
! (M.5.b)

∂
∂t

ui, j−1 2 + ui−1 2, j
2

⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1 2, j−1 2 − Pi−1 2, j−1 2
2d

−
Pi, j − Pi−1, j
2d

+ f
υi, j−1 2 +υi−1 2, j

2
⎛
⎝⎜

⎞
⎠⎟
! (M.6.a)

∂
∂t

υi, j−1 2 +υi−1 2, j

2
⎛
⎝⎜

⎞
⎠⎟
= −

Pi, j − Pi, j−1
2d

−
Pi−1 2, j+1 2 − Pi−1 2, j−1 2

2d
− f

ui, j−1 2 + ui−1 2, j
2

⎛
⎝⎜

⎞
⎠⎟
! (M.6.b)

∂
∂t

ui+1 2, j + ui, j−1 2
2

⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1, j − Pi, j
2d

−
Pi+1 2, j−1 2 − Pi−1 2, j−1 2

2d
+ f

υi+1 2, j +υi, j−1 2

2
⎛
⎝⎜

⎞
⎠⎟
! (M.7.a)

∂
∂t

υi+1 2, j +υi, j−1 2

2
⎛
⎝⎜

⎞
⎠⎟
= −

Pi+1 2, j+1 2 − Pi+1 2, j−1 2
2d

−
Pi, j − Pi, j−1
2d

− f
ui+1 2, j + ui, j−1 2

2
⎛
⎝⎜

⎞
⎠⎟
! (M.7.b)

Define divergence at ( i, j ), [walls of the cell ( i, j )  is marked by the dashed lines, the cell area 

is d 2 2 , cell wall length is d 2 ]:

!
Di, j =α

d
2

ui, j+1 2 + ui+1 2, j
2d 2 2

+
υi, j+1 2 +υi+1 2, j

2d 2 2
⎛
⎝⎜

⎞
⎠⎟
+α d

2
−
ui−1 2, j + ui, j+1 2

2d 2 2
+
υi−1 2, j +υi, j+1 2

2d 2 2
⎛
⎝⎜

⎞
⎠⎟

+α d
2

−
ui, j−1 2 + ui−1 2, j

2d 2 2
−
υi, j−1 2 +υi−1 2, j

2d 2 2
⎛
⎝⎜

⎞
⎠⎟
+α d

2
ui+1 2, j + ui, j−1 2

2d 2 2
−
υi+1 2, j +υi, j−1 2

2d 2 2
⎛
⎝⎜

⎞
⎠⎟

! (M.8)
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where 

! ! α ≡ cos 450( ) = sin 450( ) = 2
2
! (M.9)

[The normal component of velocity to cell walls (dashed lines) uses alpha]

Simplifying (M.8):

! ! Di, j =
1
d
ui+1 2, j +υi, j+1 2 − ui−1 2, j −υi, j−1 2( ) ! (M.10)

Divergence equation (1):

Using ∂ ∂t  of (M.10) then using (M.1.a), (M.1.b), (M.2.a) and (M.2.b):

! ∂
∂t
Di, j = − 1

d 2
Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( ) + f 1

d
υi+1 2, j − ui, j+1 2 −υi−1 2, j + ui, j−1 2( ) ! (M.6)

Define:

! ! ω z( )i, j ≡
1
d

υi+1 2, j − ui, j+1 2 −υi−1 2, j + ui, j−1 2( ) ! (M.7)

Divergence equation (2):

Consider (M.6) and (M.7):

! ! ∂
∂t
Di, j = − 1

d 2
Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( ) + f ω z( )i, j ! (M.8)

To derive vorticity equation for center point ( i, j ) . take ∂ ∂t  (M.7) and use (M.1.a)–(M.2.b):
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∂
∂t

ω z( )i, j ≡
1
d

−
Pi+1 2, j+1 2 − Pi+1 2, j−1 2

d
+
Pi+1 2, j+1 2 − Pi−1 2, j+1 2

d
+
Pi−1 2, j+1 2 − Pi−1 2, j−1 2

d
−
Pi+1 2, j−1 2 − Pi−1 2, j−1 2

d

⎛

⎝
⎜

⎞

⎠
⎟

− f
d
ui+1 2, j +υi, j+1 2 − ui−1 2, j −υi, j−1 2( )

! ! ! (M.9)

The vorticity equation:

Using (M.10) in (M.9):

! ! ∂
∂t

ω z( )i, j = − fDi, j ! (M.12)

Vorticity equation from (M.12):

! ! ∂
∂t

ω z( )i, j = − fDi, j ! (1)

Divergence equation from (M.8):

! ! ∂
∂t
Di, j = − 1

d 2
Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( ) + f ω z( )i, j ! (2)

From (1) and (2), we obtain

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
Di, j = − ∂

∂t
1
d 2

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( )⎡
⎣⎢

⎤
⎦⎥
! (2´)

! !

Vertical momentum equation:

! !
∂wi, j

∂t
= − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥Pi, j + Bi, j ! (4)

Thermodynamic equation:
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! !
∂Bi, j
∂t

= −N 2wi, j ! (5)

Mass continuity equation:

! ! Di, j +
∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥wi, j = 0 ! (6)

From (4)–(6):

! ! ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
Di, j −

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (7)

From (2´) and (7), we can write the following two equations:

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
Di, j = − ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
1
d 2

Di+1, j + Di−1, j + Di, j+1 + Di, j−1 − 4Di, j( )⎡
⎣⎢

⎤
⎦⎥
! (7´)

and

∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = − ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
∂
∂t

1
d 2

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( )⎡
⎣⎢

⎤
⎦⎥
! (7´´)

Horizontal differencing does not use information from half-integer grid points. The solution is 
independent from the solution on the half-integer grid points.

Define:

 
φi, j z,t( ) ≡ Re Φ̂e!i kdi+ℓdj+mz−νt( ){ }      and     

 
φi+1 2, j+1 2 z,t( ) ≡ Re Φ̂e!i kd i+1 2( )+ℓd j+1 2( )+mz−νt⎡⎣ ⎤⎦{ } ! (8)

Using (8) in (1):

! ! −iνω̂ z = − fD̂ ! (9)
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Using (8) in (2):

! !
 
−
!
iν D̂ = fω̂ z −

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

⎛
⎝⎜

⎞
⎠⎟
P̂ ! (10)

Using (8) in (7):

! ! −ν 2 + N 2( ) D̂ − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iνPi, j = 0 ! (11)

In (10):

! !

 

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

=
2cos kd( ) + 2cos ℓd( )− 4

d 2

=
−sin2 1

2 kd( )
1
2 kd( )2

k2 + −sin2 1
2 ℓd( )

1
2 ℓd( )2

ℓ2
⎛

⎝
⎜

⎞

⎠
⎟

! (13)

Rewrite (13):

! !
 

e!ikd + e− !ikd + e!iℓd + e− !iℓd − 4
d 2

= −ξ 2k2 −η2ℓ2 ! (14a)

where

! !
 
ξ ≡

sin 1
2 kd( )

1
2 kd

and η ≡
sin 1

2 ℓd( )
1
2 ℓd

! (14b)

Using (12) and (14a) in (9)–(11):

! ! −iνω̂ z = − fD̂ ! (20)

! !
 
−iν D̂ = ξ 2k2 +η2ℓ2( ) P̂ + fω̂ z ! (21)

! ! −ν 2 + N 2( ) D̂ + ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iν P̂ = 0 ! (22)
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From (20) and (21):

! !
 
ν 2 − f 2( ) D̂ = ξ 2k2 +η2ℓ2( )iν P̂ ! (23)

From (22) and (23):

! !

 

ν 2 =
N 2 ξ 2k2 +η2ℓ2( ) + f 2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

ξ 2k2 +η2ℓ2( ) + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

! (24)

2. Rossby modes

Baroclinic modes:

Adding the beta effect to the vorticity equation (1):

! !
∂ ω z( )i , j

∂t
= − f0Di, j −

β
f0

Pi+1, j − Pi−1, j
2d

! (30)

Dropping ∂D ∂t  in (2): 

! ! 0 = − 1
d 2

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( ) + f ω z( )i, j ! (31)

Dropping ∂2D ∂t 2  in (7):

! ! N 2Di, j −
∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (32)

From (30)–(32):

! !
 
−
!
iνω̂ z = − f0D̂ − β

f0
e!ikd − e− !ikd

2d
P̂ ! (40)

Celal Konor! Supplementary Material                                              Sunday, August 27, 2017

E-grid  page 7



! !
 
0 = ξ 2k2 +η2ℓ2( ) P̂ + f0ω̂ z ! (41)

! !
 

N 2D̂ − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ !
iν P̂ = 0 ! (42)

Rewrite (40):

! !
 
−
!
iνω̂ z = − f0D̂ −

!
i β
f0

2sin kd( )
2d

P̂ ! (43)

Rewrite (43):
! !

 
−
!
iνω̂ z = − f0D̂ −

!
i β
f0
!ξkP̂ ! (44)

where

! !
 
!ξ ≡
sin kd( )
kd

! (45)

From (41), (42) and (44):

! !
 

νN 2 ξ 2k2 +η2ℓ2( ) P̂ = − f0
2 m2 + 1

2ρ0
∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ν P̂ − N 2β "ξkP̂ ! (46)

Using  1
ρ0

∂ρ0
∂z

= − 1
H

 in (46) and for nontrivial solutions ( P̂ ≠ 0 ):

! !

 

ν = −β !ξk

ξ 2k2 +η2ℓ2( ) + f0
2

N 2 m2 + 1
4H

⎛
⎝⎜

⎞
⎠⎟
! (47)

Barotropic modes:

Assuming D = 0  in (30)

! !
∂ ω z( )i , j

∂t
= − β

f0

Pi+1, j − Pi−1, j
2d

! (50)
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Writing (31) again:

! ! 0 = − 1
d 2

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( ) + f ω z( )i, j ! (51)

Assuming D = 0  in (32)

! ! − ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (52)

(P is vertically constant).

From (50) and (51):

! !
 
0 =ν ξ 2k2 +η2ℓ2( ) P̂ + β "ξkP̂ ! (53)

From (53) and for nontrivial solutions ( P̂ ≠ 0 ):

! !
 
ν = −β !ξk

ξ 2k2 +η2ℓ2
! (54)

For  (i+1/2,j+1/2) points (red grid points in Figure):

! Following derivations parallel to (7´) and (7´´), we obtain

! !

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
Di+1 2, j+1 2 =

− ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
1
d 2

Di+3 2, j+1 2 + Di−3 2, j+1 2 + Di+1 2, j+3 2 + Di+1 2, j−3 2 − 4Di+1 2, j+1 2( )⎡
⎣⎢

⎤
⎦⎥

! (54´)

and
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! !

∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi+1 2, j+1 2 =

− ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
∂
∂t

1
d 2

Pi+3 2, j+1 2 + Pi−3 2, j+1 2 + Pi+1 2, j+3 2 + Pi+1 2, j−3 2 − 4Pi+1 2, j+1 2( )⎡
⎣⎢

⎤
⎦⎥

! (54´´)

Horizontal differencing does not use information from the integer grid points. The solution is 
independent from the solution on the integer grid points.

1. Inertia-gravity modes

! !

 

ν 2 =
N 2 ξ 2k2 +η2ℓ2( ) + f 2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

ξ 2k2 +η2ℓ2( ) + m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

! (60)

2. Rossby modes

Baroclinic modes:

! !

 

ν = −β !ξk

ξ 2k2 +η2ℓ2( ) + f0
2

N 2 m2 + 1
4H

⎛
⎝⎜

⎞
⎠⎟
! (61)

Barotropic modes:

! !
 
ν = −β !ξk

ξ 2k2 +η2ℓ2
! (62)
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B-grid

1. Inertia-gravity modes

Horizontal momentum equation:

∂ui+1 2, j+1 2
∂t

= −
1
2 Pi+1, j+1 + Pi+1, j( )− 1

2 Pi, j+1 + Pi, j( )
d

+ fυi+1 2, j+1 2 ! (M.1)

∂υi+1 2, j+1 2

∂t
= −

1
2 Pi+1, j+1 + Pi, j+1( )− 1

2 Pi+1, j + Pi, j( )
d

− fui+1 2, j+1 2 ! (M.2)

To derive divergence equation for center points ( i, j ):

Figure. B grid
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∂
∂t

ui+1 2, j+1 2 + ui+1 2, j−1 2
2d

−
ui−1 2, j+1 2 + ui−1 2, j−1 2

2d
⎛
⎝⎜

⎞
⎠⎟
=

−
1
2 Pi+1, j+1 + Pi+1, j( )− 1

2 Pi, j+1 + Pi, j( )
2d

−
1
2 Pi+1, j + Pi+1, j−1( )− 1

2 Pi, j + Pi, j−1( )
2d

+
1
2 Pi, j+1 + Pi, j( )− 1

2 Pi−1, j+1 + Pi−1, j( )
2d

+
1
2 Pi, j + Pi, j−1( )− 1

2 Pi−1, j + Pi−1, j−1( )
2d

+ f
υi+1 2, j+1 2 +υi+1 2, j−1 2

2d
−
υi−1 2, j+1 2 +υi−1 2, j−1 2

2d
⎛
⎝⎜

⎞
⎠⎟

! (M.4.a)

∂
∂t

υi+1 2, j+1 2 +υi−1 2, j+1 2

2d
−
υi+1 2, j−1 2 +υi−1 2, j−1 2

2d
⎛
⎝⎜

⎞
⎠⎟
=

−
1
2 Pi+1, j+1 + Pi, j+1( )− 1

2 Pi+1, j + Pi, j( )
2d

−
1
2 Pi, j+1 + Pi−1, j+1( )− 1

2 Pi, j + Pi−1, j( )
2d

+
1
2 Pi+1, j + Pi, j( )− 1

2 Pi+1, j−1 + Pi, j−1( )
2d

+
1
2 Pi, j + Pi−1, j( )− 1

2 Pi, j−1 + Pi−1, j−1( )
2d

− f
ui+1 2, j+1 2 + ui−1 2, j+1 2

2d
−
ui+1 2, j−1 2 + ui−1 2, j−1 2

2d
⎛
⎝⎜

⎞
⎠⎟

! (M.4.b)

Define:
!
!

Di+1 2, j+1 2 ≡
1
d

ui+1 2, j+1 2 + ui+1 2, j−1 2
2

−
ui−1 2, j+1 2 + ui−1 2, j−1 2

2
+
υi+1 2, j+1 2 +υi−1 2, j+1 2

2
−
υi+1 2, j−1 2 +υi−1 2, j−1 2

2
⎛
⎝⎜

⎞
⎠⎟

! ! ! (M.5)

Divergence equation (1):

!
∂
∂t
Di, j = −

Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1 + Pi−1, j−1 − 4Pi, j
2d 2

+ f
υi+1 2, j+1 2 +υi+1 2, j−1 2

2d
−
ui+1 2, j+1 2 + ui−1 2, j+1 2

2d
−
υi−1 2, j+1 2 +υi−1 2, j−1 2

2d
+
ui+1 2, j−1 2 + ui−1 2, j−1 2

2d
⎛
⎝⎜

⎞
⎠⎟

!(M.6)

Define:
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ω z( )i, j ≡
υi+1 2, j+1 2 +υi+1 2, j−1 2

2d
−
ui+1 2, j+1 2 + ui−1 2, j+1 2

2d
−
υi−1 2, j+1 2 +υi−1 2, j−1 2

2d
+
ui+1 2, j−1 2 + ui−1 2, j−1 2

2d
⎛
⎝⎜

⎞
⎠⎟
! (M.7)

Divergence equation (2):

Consider (M.6) and (M.7):

! ! ∂
∂t
Di, j = −

Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1 + Pi−1, j−1 − 4Pi, j
2d 2

+ f ω z( )i, j ! (M.8)

To derive vorticity equation for center point ( i, j ):

∂
∂t

υi+1 2, j+1 2 +υi+1 2, j−1 2

2
−
υi−1 2, j+1 2 +υi−1 2, j−1 2

2
⎛
⎝⎜

⎞
⎠⎟
= − 1

4d
Pi+1, j+1 − Pi+1, j−1 − Pi−1, j+1 + Pi−1, j−1( )

− f
ui+1 2, j+1 2 + ui+1 2, j−1 2

2
−
ui−1 2, j+1 2 + ui−1 2, j−1 2

2
⎛
⎝⎜

⎞
⎠⎟

! (M.9)

∂
∂t

−
ui+1 2, j+1 2 + ui−1 2, j+1 2

2d
+
ui+1 2, j+1 2 + ui−1 2, j−1 2

2d
⎛
⎝⎜

⎞
⎠⎟
= 1
4d

Pi+1, j+1 − Pi−1, j+1 − Pi+1, j−1 + Pi−1, j−1( )

− f
υi+1 2, j+1 2 +υi−1 2, j+1 2

2
−
υi+1 2, j−1 2 +υi−1 2, j−1 2

2
⎛
⎝⎜

⎞
⎠⎟

! (M.10)

The vorticity equation (1):

∂
∂t

υi+1 2, j+1 2 +υi+1 2, j−1 2

2d
−
υi−1 2, j+1 2 +υi−1 2, j−1 2

2d
−
ui+1 2, j+1 2 + ui−1 2, j+1 2

2d
+
ui+1 2, j+1 2 + ui−1 2, j−1 2

2d
⎛
⎝⎜

⎞
⎠⎟
=

− f
ui+1 2, j+1 2 + ui+1 2, j−1 2

2d
−
ui−1 2, j+1 2 + ui−1 2, j−1 2

2d
+
υi+1 2, j+1 2 +υi−1 2, j+1 2

2d
−
υi+1 2, j−1 2 +υi−1 2, j−1 2

2d
⎛
⎝⎜

⎞
⎠⎟

!(M.11)

The vorticity equation (2):

Using (M.7) and (M.5) in (M.11):

! ! ∂
∂t

ω z( )i, j = − f 1
4
Di+1 2, j+1 2 + Di−1 2, j+1 2 + Di+1 2, j−1 2 + Di−1 2, j−1 2( ) ! (M.12)
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Vorticity equation from (M.12):

! !
∂ ω z( )i , j

∂t
= − fDi, j ! (1)

Divergence equation from (M.8):

! ! ∂
∂t
Di, j = f ω z( )i, j −

Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1 + Pi−1, j−1 − 4Pi, j
2d 2

! (2)

Using (1) in (2), we obtain

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
Di, j = − ∂

∂t
Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1 + Pi−1, j−1 − 4Pi, j

2d 2
! (2´)

! !

Vertical momentum equation:

! !
∂wi, j

∂t
= − ∂

∂z
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥Pi, j + Bi, j ! (4)

Thermodynamic equation:

! !
∂Bi, j
∂t

= −N 2wi, j ! (5)

Mass continuity equation:

! ! Di, j +
∂
∂z

+ 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥wi, j = 0 ! (6)
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From (4)–(6):

! ! ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
Di, j −

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (7)

Using (2´) in (7) we obtain the following two equations:

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
Di, j = − ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
Di+1, j+1 + Di−1, j+1 + Di+1, j−1 + Di−1, j−1 − 4Di, j

2d 2
! (7´)

and

∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = − ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟
∂
∂t
Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1 + Pi−1, j−1 − 4Pi, j

2d 2
! (7´´)

This shows that there are two independent and noninteracting solutions for the B-grid.  In 
Figure, two independent solutions are indicated by different colors.

Define:

 
φi, j z,t( ) ≡ Re Φ̂e!i kdi+ℓdj+mz−νt( ){ }      and     

 
φi+1 2, j+1 2 z,t( ) ≡ Re Φ̂e!i kd i+1 2( )+ℓd j+1 2( )+mz−νt⎡⎣ ⎤⎦{ } ! (8)

Using (8) in (1):

! ! −iνω̂ z = − fD̂ ! (9)

Using (8) in (2):

! !
 
−
!
iν D̂ = fω̂ z −

e!ikde!iℓd + e!ikde− !iℓd + e!iℓde− !ikd + e− !iℓde− !ikd − 4
2d 2

⎛
⎝⎜

⎞
⎠⎟
P̂ ! (10)

Using (8) in (7):
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! ! −ν 2 + N 2( ) D̂ − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iνPi, j = 0 ! (11)

In (10):

 

e!ikd + e− !ikd( ) e!iℓd + e− !iℓd( )− 4
2d 2

=
4cos kd( )cos ℓd( )− 4

2d 2
=
4 1− 2sin2 1

2 kd( )⎡⎣ ⎤⎦ 1− 2sin
2 1

2 ℓd( )⎡⎣ ⎤⎦ − 4
2d 2

= −
sin2 1

2 ℓd( )
1
2 ℓd( )2

ℓ2 −
sin2 1

2 kd( )
1
2 kd( )2

k2 + 1
2
d 2 sin

2 1
2 kd( )

1
2 kd( )2

k2 sin
2 1

2 ℓd( )
1
2 ℓd( )2

ℓ2
! (13)

Rewrite (13):

! !
 

e!ikd + e− !ikd( ) e!iℓd + e− !iℓd( )− 4
2d 2

= −ξ 2k2 −η2ℓ2 + 1
2
d 2ξ 2k2η2ℓ2 ! (14a)

where

! !
 
ξ ≡

sin 1
2 kd( )

1
2 kd

and η ≡
sin 1

2 ℓd( )
1
2 ℓd

! (14b)

Using (14a) in (10) and repeating (9) and (11):

! ! −iνω̂ z = − fD̂ ! (20)

! !
 
−iν D̂ = ξ 2k2 +η2ℓ2 − 1

2
d 2ξ 2k2η2ℓ2⎛

⎝⎜
⎞
⎠⎟ P̂ + fω̂ z ! (21)

! ! −ν 2 + N 2( ) D̂ + ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
iν P̂ = 0 ! (22)

From (20) and (21):

! !
 
ν 2 − f 2( ) D̂ = ξ 2k2 +η2ℓ2 − 1

2
d 2ξ 2k2η2ℓ2⎛

⎝⎜
⎞
⎠⎟ iν P̂ ! (23)
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From (22) and (23):

! !

 

ν 2 =
N 2 ξ 2k2 +η2ℓ2 − 1

2
d 2ξ 2k2η2ℓ2⎛

⎝⎜
⎞
⎠⎟ + f 2 m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

ξ 2k2 +η2ℓ2 − 1
2
d 2ξ 2k2η2ℓ2⎛

⎝⎜
⎞
⎠⎟ + m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟

! (24)

2. Rossby modes

Baroclinic modes:

Adding the beta effect to the vorticity equation (1):

! !
∂ ω z( )i , j

∂t
= − f0Di, j −

β
f0

Pi+1, j − Pi−1, j
2d

! (30)

Dropping ∂D ∂t  in (2): 

! ! 0 = f0 ω z( )i, j −
Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1 + Pi−1, j−1 − 4Pi, j

2d 2
! (31)

Dropping ∂2D ∂t 2  in (7):

! ! N 2Di, j −
∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (32)

From (30)–(32):

! !
 
−
!
iνω̂ z = −µ f0D̂ − β

f0
e!ikd − e− !ikd

2d
P̂ ! (40)

! !
 
0 = ξ 2k2 +η2ℓ2 − 1

2
d 2ξ 2k2η2ℓ2⎛

⎝⎜
⎞
⎠⎟ P̂ + f0ω̂ z ! (41)
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! !
 

µD̂N 2 − m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥ !
iν P̂ = 0 ! (42)

Rewrite (40):

! !
 
−
!
iνω̂ z = −µ f0D̂ −

!
i β
f0

2sin kd( )
2d

P̂ ! (43)

Rewrite (43):

! !
 
−
!
iνω̂ z = −µ f0D̂ −

!
i β
f0
!ξkP̂ ! (44)

where

! !
 
!ξ ≡
sin kd( )
kd

! (45)

From (41), (42) and (44):

! !
 

νN 2 ξ 2k2 +η2ℓ2 − 1
2
d 2ξ 2k2η2ℓ2⎛

⎝⎜
⎞
⎠⎟ P̂ = − f0

2 m2 + 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ν P̂ − N 2β "ξkP̂ ! (46)

Using  1
ρ0

∂ρ0
∂z

= − 1
H

 in (46) and for nontrivial solutions ( P̂ ≠ 0 ):

! !

 

ν = −β !ξk

ξ 2k2 +η2ℓ2 − 1
2
d 2ξ 2k2η2ℓ2⎛

⎝⎜
⎞
⎠⎟ +

f0
2

N 2 m2 + 1
4H

⎛
⎝⎜

⎞
⎠⎟
! (47)

Barotropic modes:

Assuming D = 0  in (30)

! !
∂ ω z( )i , j

∂t
= − β

f0

Pi+1, j − Pi−1, j
2d

! (50)

Writing (31) again:
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! ! 0 = f0 ω z( )i, j −
Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1 + Pi−1, j−1 − 4Pi, j

2d 2
! (51)

Assuming D = 0  in (32)

! ! − ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂
∂t
Pi, j = 0 ! (52)

(P is vertically constant).

From (50) and (51):

! !
 
0 =ν ξ 2k2 +η2ℓ2 − 1

2
d 2ξ 2k2η2ℓ2⎛

⎝⎜
⎞
⎠⎟ P̂ + β "ξkP̂ ! (53)

From (53) and for nontrivial solutions ( P̂ ≠ 0 ):

! !

 

ν = −β !ξk

ξ 2k2 +η2ℓ2 − 1
2
d 2ξ 2k2η2ℓ2

! (54)
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Numerical solutions and computational modes

 In this section, we first  discuss the construction of linear anelastic numerical models based on the 

horizontal grids, and then present results from the analyses of the simulations of the inertia-gravity 

modes on a midlatitude f -plane with these models. Our purpose is to confirm the results of the normal 

mode analyses of the discrete equations, and to investigate the aspects of the horizontal grids, which are 

not completely disclosed by the normal mode analysis. For better understanding, we categorize the grids 

into two groups based on the source of the computational modes with them. The first group is comprised 

of the A-, B-, E-grids, in which the cause of the computational modes is the existence of multiple 

solutions in the discrete Laplacian operators. The second group  includes C-, D-, CD-grids, in which the 

computational mode is caused by averagings of the variables to each other’s grid points. The Z-grid does 

not fit to any of the two groups because it does not have a computational mode as far as the inertia-

gravity modes are concerned. For convenience, we include the Z-grid with the discussion of the A, B 

and E grids.

5.a. Equations of the Z-, A-, B- and E-grid Models

 We write the horizontally  discrete version equations (2.2)–(2.6) and (2.8) on the Z-, A-, B- and 

E-grids as
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Equations on Z-, A- and B-grid:

∂ ω z( )i, j
∂t

= − fDi, j                                          (5.1)

 

∂Di, j

∂t
= f ω z( )i, j − !∇H

2 P( )
i, j

                           (5.2)       

 

∂ !Bi, j
∂t

= N 2Di, j                                                   (5.3)

 
!Bi, j ≡

∂
∂z

− 1
2H

⎛
⎝⎜

⎞
⎠⎟ Bi, j                                                (5.4)

 
!∇H
2 P( )

i, j
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi, j = f ω z( )i, j + !Bi, j     (5.5)

Laplacian operators:

Z-grid:   
 
!∇H
2 P( )

i, j
≡ 1
d 2

Pi+1, j + Pi−1, j + Pi, j+1(
                                                +Pi, j−1 − 4Pi, j )      (5.6a)

A-grid:   
 
!∇H
2 P( )

i, j
≡ 1
4d 2

Pi+2, j + Pi−2, j + Pi, j+2(  

                                            +Pi, j−2 − 4Pi, j )    (5.6b)                            

B-grid:   
 
!∇H
2 P( )

i, j
≡ 1
2d 2

Pi+1, j+1 + Pi−1, j+1 + Pi+1, j−1(    

                                                +Pi−1, j−1 − 4Pi, j )    (5.6c)                                                  

Equations for integer points on E-grid:

∂ ω z( )i, j
∂t

= − fDi, j                                        (5.7)

 

∂Di, j

∂t
= f ω z( )i, j − !∇H

2 P( )
i, j

                         (5.8)       

 

∂ !Bi, j
∂t

= N 2Di, j                                                 (5.9)

 
!∇H
2 P( )

i, j
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi, j = f ω z( )i, j + !Bi, j   (5.10)

 
!∇H
2 P( )

i, j
≡ 1
d 2

Pi+1, j + Pi−1, j + Pi, j+1 +(
                                                Pi, j−1 − 4Pi, j )    (5.11)                                                                 

Equations for half-integer points on E-grid:

∂ ω z( )i+1 2, j+1 2
∂t

= − fDi+1 2, j+1 2                                (5.12)

 

∂Di+1 2, j+1 2

∂t
= f ω z( )i+1 2, j+1 2 − !∇H

2 P( )
i+1 2, j+1 2

      ( 5.13)                                

 

∂ !Bi+1 2, j+1 2
∂t

= N 2Di+1 2, j+1 2                                    (5.14)                               

 
!∇H
2 P( )

i+1 2, j+1 2
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi+1 2, j+1 2 =    

                               
 
f ω z( )i+1 2, j+1 2 + !Bi+1 2, j+1 2      (5.15)

 
!∇H
2 P( )

i+1 2, j+1 2
≡ 1
d 2

Pi+3 2, j+1 2 + Pi−1 2, j+1 2 +(    

                    Pi+1 2, j+3 2 + Pi+1 2, j−1 2 − 4Pi+1 2, j+1 2 )    (5.16)                         

The prognostic variables of the systems are ω z , D  and  !B . The diagnostic variable P  is obtained by 

solving an elliptic equation. In these models, the vertical structure of the numerical solutions is 

continuous that is prescribed by the vertical wavenumber m = πn zT .
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 The five-point stencils used in the horizontal finite-differencing of the discrete Laplacian 

operator in the A, B and Z grids given by  (5.6c), (5.6b) and (5.6c) respectively, differ from each other. 

This difference greatly  impacts the numerical solutions. In the Z-grid, the Laplacian stencil uses 

information from the neighboring grid points through the cell walls, which leaves no gap in connectivity. 

The stencils for the neighboring grid points overlaps to participate in the same solution. This is partially 

the reason why there is no computational mode in the inertia-gravity wave solutions with the Z-grid.   

 The five-point stencils of the discrete Laplacian operator of the A-grid given by (5.6b) use 

information from the points that are two-grid distance away, which leave gaps in connectivity. As a 

result, two separate grid networks are created as shown in Fig. 5.1.a through red or blue colored grid 

points and dashed lines. No information is exchanged between these networks, and therefore two 

separate solutions coexist in the A-grid solutions. This is the cause of the computational mode in the A-

grid solutions.    

 The inspection of the five-point stencil on the B-grid shown in Fig.5.1.b indicates that  the 

Laplacian operator uses information from the neighboring points through the corners. The red and blue 

networks of grid points show the existence of two independent solutions similar to the case with the A-

grid, which is the cause of the computational mode in the B-grid solutions. 

 Now we inspect the stencil on the E-grid. The discrete equations on the E-grid given by (5.7)–

(5.16) immediately indicate the existence of two separate solutions, one for the cell centers and the other 

for the cell corners, which are indicated by red and blue grid points and dashed lines in Fig. 5.1.c. As in 

the A and B grids, the computational mode in the E-grid is also a consequence of the existence of two 

independent solutions.   
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 Based on the discussion above, we identify  some perturbation patters that cannot be recognized 

by the dynamics discretized on the A, B and E grids. Regardless of they are given at the beginning or 

created later, these perturbation patters remain unchanged in the solutions throughout the integration. 

Thus, they are called the computational modes. The patterns (1)–(4) shown in Fig.5.2, in which the red 

and blue denote positive and negative perturbations, respectively, are the computational modes of the A-

grid because these patterns of perturbation generate no response from the discrete Laplacian shown in 

Fig. 5.1.a. The pattern (3) in Fig.5.2 is a computational mode for the B-grid. Since Pattern (3) is 

included in Pattern (4), the cells with circular markings in the pattern (4) are also computational modes 

Fig. 5.1. 

Fig. 5.2.
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for the B-grid. This network of points marked with circles may generate their own solution independent 

of the solution in the unmarked grid points. The pattern (5) that is a 45-deg rotated version of the Pattern 

(3) is the computational mode for the E-grid. Recall that the Pattern (3) is a computational mode of the 

B-grid. Also, the network of cells marked by a circle in the Pattern (6) is a computational mode of the E-

grid.      

5.c. Equations of the C-, D- and CD-grid Models

 

 We write the horizontally discrete version equations (2.2)–(2.6) and (2.8) on the C- and D-grids 

as

Equations on C-grid:

∂ ω z( )i+1 2, j+1 2
∂t

= − fDi+1 2, j+1 2                         (5.17)

 

∂Di, j

∂t
= f ω z( )i, j − !∇H

2 P( )
i, j

                          (5.18)        

 

∂ !Bi, j
∂t

= N 2Di, j                                                 (5.19)

 
!∇H
2 P( )

i, j
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi, j = f ω z( )i, j + !Bi, j   (5.20)

where 
 
!∇H
2 P( )

i, j
 given by (5.11).

Di+1 2, j+1 2 ≡
1
4
Di, j + Di+1, j + Di, j+1 + Di+1, j+1( )     (5.21)

ω z( )i, j ≡
1
4

ω z( )i−1 2, j−1 2 + ω z( )i+1 2, j−1 2 +⎡
⎣    

                         ω z( )i−1 2, j+1 2 + ω z( )i+1 2, j+1 2 ⎤⎦    (5.22)                                                                                                                   

                                                                                 

Equations on D-grid:

∂ ω z( )i, j
∂t

= − fDi, j                                           (5.23)

 

∂Di+1 2, j+1 2

∂t
= f ω z( )i+1 2, j+1 2 − !∇H

2 P( )
i+1 2, j+1 2

     (5.24)                              

 

∂ !Bi, j
∂t

= N 2Di, j                                                    (5.25)

 
!∇H
2 P( )

i+1 2, j+1 2
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi+1 2, j+1 2 =     

                              
 
f ω z( )i+1 2, j+1 2 + !Bi+1 2, j+1 2      (5.26)

where 
 
!∇H
2 P( )

i+1 2, j+1 2
 given by (5.16).

Di, j ≡
1
4
Di−1 2, j−1 2 + Di+1 2, j−1 2 +(          

                                   Di−1 2, j+1 2 + Di−1 2, j−1 2 )     (5.27)

 ω z( )i+1 2, j+1 2 ≡
1
4

ω z( )i, j + ω z( )i+1, j +⎡
⎣  

                                    ω z( )i, j+1 + ω z( )i+1, j+1⎤⎦      (5.28)
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 The five-point stencil used by the discrete Laplacian of the C-grid equations is identical to that 

used in the Z-grid, and therefore it does not cause the problems seen with the A and B grids. The C-grid 

does neither have the problem seen in the E-grid because there is only one Laplacian in the C-grid. 

However, the C-grid involves in two averagings used in two equations, one is the averaging of D  from 

centers to the ω z -points at cell corners in the vorticity  equation (5.17), and the other the averaging of 

ω z  from corners to the D -points at cell centers in the divergence equation (5.18). The four-point 

stencils used in the averagings are indicated by the red and blue grid points and arrows in Fig. 5.3.a. 

 Let us consider the perturbation patterns (1), (2) and (3) for the buoyancy  !B  (or divergence D ) 

on the C-grid. The existence of such a perturbation given at the cell centers cannot be recognized 

because of four-point averaging at the cell corners where the vorticity is predicted. These patterns are 

treated as pure gravity modes, but not as the inertia-gravity modes. Therefore, they are the 

computational modes of the C-grid. 

 The D-grid requires four separate four-point averagings used in four equations. The two of these 

averagings are the averaging of D  from corners to the ω z - and B -points at cell centers and the third 

one is that the averaging of  ω z  from the centers to the  D -points at the corners. The fourth one is that 

the buoyancy is averaged to the corners to be used on the right hand side of the elliptic equation. In 

comparison to the C-grid, the D-grid requires two additional averagings in the continuity or 

thermodynamic equation and in the elliptic equation that determines the pressure P . This results in a 

computational mode that is non-moving or non-oscillating type for the patterns (1), (2) and (3).
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 Now we write the temporally and horizontally discrete version equations (2.2)–(2.6) and (2.8) on 

the CD-grids as

Fig. 5.3. 
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Predictor step (*) on the C-grid:

ω z( )i+1 2, j+1 2
∗( ) = ω z( )i+1 2, j+1 2

n( )
− 1
2 τ fDi+1 2, j+1 2

n( )      (5.29)  

 
Di, j

∗( ) = Di, j
n( ) + 1

2 τ f ω z( )i, j
*( )
− !∇HP( )

i, j

⎡
⎣⎢

⎤
⎦⎥
           (5.30)                           

 
!Bi, j

∗( ) = !Bi, j
n( ) + 1

2 τN
2Di, j

n( )                                     (5.31)

 
!∇H
2 P( )

i, j
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi, j = f ω z( )i, j

*( )
+ !Bi, j

*( )   (5.32)                      

where 
 
!∇H
2 P( )

i, j
 is given by (5.11).

ω z( )i, j
*( )
≡ 1
4

ω z( )i−1 2, j−1 2 + ω z( )i+1 2, j−1 2 +⎡
⎣

                       ω z( )i−1 2, j+1 2 + ω z( )i+1 2, j+1 2 ⎤⎦
∗( )

  (5.33)

Di, j
n( ) ≡ 1

4
Di−1 2, j−1 2 + Di+1 2, j−1 2 +(

                                      Di−1 2, j+1 2 + Di−1 2, j−1 2 ) n( )
   (5.34)

 

Corrector step (n+1) on the D-grid:

ω z( )i, j
n+1( ) = ω z( )i, j

n( ) −τ fDi, j
∗( )                                (5.35)

 
Di+1 2, j+1 2

n+1( ) = Di+1 2, j+1 2
n( ) +τ f ω z( ) n+1( )

− !∇HP( )⎡
⎣⎢

⎤
⎦⎥i+1 2, j+1 2

                                                                                                                                     

                                                                                           (5.36)

 
!Bi, j
n+1( ) = !Bi, j

n( ) +τN 2Di, j
n+1( )                                       (5.37)                                   

where Di, j
n+1( )  is given by (5.43), but for n +1( ) .

 
!∇H
2 P( )

i+1 2, j+1 2
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi+1 2, j+1 2 =     

                                 
 
f ω z( )i+1 2, j+1 2

n+1( )
+ !Bi+1 2, j+1 2

n+1( )     (5.38)

where 
 
!∇H
2 P( )

i+1 2, j+1 2
 is given by (5.16).

ω z( )i+1 2, j+1 2
n+1( )

≡ 1
4

ω z( )i, j + ω z( )i+1, j +⎡
⎣

                                       ω z( )i, j+1 + ω z( )i+1, j+1⎤⎦
n+1( )

     (5.39)

 
!Bi+1 2, j+1 2
n+1( ) ≡ 1

4
!Bi, j + !Bi+1, j + !Bi, j+1 + !Bi+1, j+1( ) n+1( )

      (5.40)

On the CD-grid, the principal prognostic variables that are denoted by (n ) and (n +1 ) reside at the D-

grid, i.e. ω z  and  !B  are placed at the cell centers and D  is placed at the cell corners. The variables  ω z  

and D  are averaged to their points on the C-grid at  the beginning of the predictor step to predict their 

provisional values denoted by (∗ ). At the correction step  on the D-grid, the provisional value of D ∗( )  is 

directly  used in the prediction of ω z  for the time level (n +1 ), and all other variables are predicted 

following a backward scheme, i.e. the latest predicted values on at (n +1 ) are used in subsequent 

predictions of other variables.

 The patterns of computational modes on the CD-grid are similar to those on the D-grid. Thus, the 

computational modes on the D-grid are non-moving or non-oscillating type for the patterns (1), (2) and 

(3).   
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5.d. Numerical integrations

 We have integrated the equations of the models based on the different grids described above to 

validate the normal mode solutions discussed in Section 3 and to illustrate the behavior of computational 

modes associated with the different grids. For the time discretization of the A-, B-, C- and E-grid 

models, we have tested different schemes, and have found that the time-integration schemes primarily 

affect the stability of the solutions, but not the simulated frequency. Among the tested time-integration 

schemes, a simple forward time-integration scheme that produced neutral solutions with short time steps 

has been selected.

 We first present results from the standing oscillation simulations to validate the frequencies  

obtained through the normal mode analyses, and also to examine the sensitivity  of these simulations to 

the horizontal grid spacing. The standing oscillations appear stationary  because they are produced by the 

inertial-gravity waves that propagate with the same rate of speed to all directions on the horizontal 

plane. In these simulations, the vertical structure is continuous, and the vertical integer wavenumber n  

is prescribed. The simulations start from the initial buoyancy fields shown in Fig. 5.4, for which we have 

selected the horizontal wave lengths of L = 4 km , L = 20 km , L = 50 km  and L = 200 km  in both x- and 

y-directions. These wave lengths correspond to the smallest resolvable horizontal scales used in the 

frequency plots of the inertia-gravity  modes presented in Section 3.  The vertical integer wavenumbers 

used in the simulations are n=320, 640 and 1280 for L=4 km; n=160, 320 and 640 for L=20 km; n=80, 

160, 320, 640 for L=50 km; and n=80, 160 and 320 for L=200 km. The  sensitivity  of the numerical 

solutions to the grid spacing is examined for the three selections: d=L/80, d=L/4 and d=L/2. The 

appearance of the initial buoyancy  !B  field for these three horizontal resolutions is shown in Fig. 5.4. 

For the highest horizontal resolution (d=L/80) shown in Fig. 5.4.a, the initial waves are well resolved. 

For the grid spacing d=L/4, the initial field that consists of ones, zeros and negative ones appears like 

alternating upside and inverted “pyramids” due to the poor resolution in the plot shown in Fig. 5.4.b.  
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The grid points marked by plus signs ( + ) are at the positive and negative extremes, the wall centers and 

the corners of the (upside and inverted) pyramids for this case.  For the grid spacing d=L/2, which is the 

shortest horizontal grid distance to resolve this wave, the initial perturbation also looks like upside and 

inverted pyramids, but the grid points are only at the extremes of the (upside and inverted) pyramids in 

this case (Fig. 5.4.c).

 The numerical frequencies of the standing oscillations for the high horizontal resolution case 

(d=L/80) simulated by  A-, B- and E-grid models are tabulated in Table 1a. For comparison purposes, we 

add to the table the true frequency obtained from (2.11) and the numerical frequency obtained by the Z-

grid model. Since the simulated is the standing wave, no oscillation is expected at the grid points that 

have zero perturbation initially. So that, the tabulated results represent the oscillation frequency at the 

points with non-zero initial perturbation. The numerical oscillation frequencies simulated by the Z-, A-, 

B-, E-grid models are very close to the true frequencies, which is expected due to the use of high 

horizontal resolutions in the simulations. All variables oscillate with the same frequency. However, there 

are still two separate solutions in the A-, B-, E-grid simulations as discusses above. In this case, these 

two solutions yield the same frequency values because the wavy structure of the initial perturbation is 

uniform.

Fig. 5.4.
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 Table 1b is the follow-up for Table 1a, which shows the numerical frequencies for the C, CD and 

D grids. The numerical frequencies simulated by  the C-, CD-, D-grid models are also very close to the 

Table 1a.
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true frequencies as expected due to the use of high horizontal resolutions in the simulations. All 

variables oscillate with the same frequency, and there is only one solution in the solutions with these 

grids. It is a noticeable fact  that the numerical frequencies obtained by the CD-grid is identical to ones 

obtained by the D-grid.

 We have repeated the same simulation by using lower horizontal resolutions down to (d>L/4), 

and found no unexpected differences between the high and lower resolution simulations with the 

exception that the accuracy of the numerically calculated frequency degrades with lowering resolution.    

For the horizontal resolution (d=L/4), which is the half of the shortest spacing to resolve the initial 

perturbation, the effect of non-moving and non-oscillating computational modes with the A, B and E 

grids can be identified easier than the high resolution cases. Table 2a tabulates the true frequency  and 

numerical frequencies obtained by the Z-, A-, B- and E-grids for the horizontal resolution (d=L/4). All 

variables at all the grid points oscillate with the same frequency in the Z-grid simulation. Obviously, the 

Table 1b.
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grid points that have zero perturbation do not show oscillation because of the standing wave simulation. 

If the horizontal distribution of the initial perturbation is modified, all the grid points physically  respond 

to the change. The numerically  obtained frequency  by the Z-grid is generally  smaller than the true 

frequency, but it is close. In the table, the non-moving and non-oscillating solutions that corresponds to 

the computational mode is indicated with red numbers. In A-, B- and E-grids, all grid points at the 

corners of the “pyramids” in Fig. 5.4b that have zero perturbation initially produce no oscillation even 

with the case that the perturbation values in the other grid points are modified. The solutions at the other 

points for short horizontal scale perturbations yield much smaller frequencies than the Z-grid frequency.          

   The numerical frequencies obtained by  the C-, CD- and D-grid models for the same horizontal 

resolution are tabulated in Table 2b. The table shows that all variables of the modes are oscillating with 

the same frequency, but some of the modes are oscillating with lower frequency than that  of the inertial 

frequency (blue numbers), which indicates that these modes cannot recognize the rotation properly due 

to the averaging of the divergence and vorticity to each other’s grid points. The modes with the short 

horizontal scales simulated with the C-grid have frequencies similar to those obtained by the Z-grid. The 

CD- and D-grid produce almost identical frequencies, which are much lower than those produces by the 

Z- and C-grids.

 Finally we tabulate results obtained by using the shortest possible horizontal grid spacing (d=L/

2) to resolve the initial perturbation shown Fig. 5.4c in Table 3. This is the horizontal resolution that the 

errors due to finite-differencing is the highest, and the computational modes impact the solutions the 

most. It is evident from the non-oscillating solutions (indicated by red zeros in Table 3) that the A-, B- 

and E-grid simulations cannot recognize the initial buoyancy perturbations because the two separate 

networks with these grids recognize the initial perturbation as horizontally uniform fields. However, if 

the initial perturbation is given to the vorticity instead of the buoyancy, the solutions are oscillatory with 

the frequency of inertial oscillation (indicated by the green numbers in Table 3), which is the solution 

that the normal mode analysis produces for the SRHS. The D- and CD-grid solutions do not yield 

oscillation either, but the reason for this is different from the A-, B- and E-grid cases. Averaging of the 

initial buoyancy perturbation to the divergence points completely wipes out  the wave in the D- and CD-

grids. Thus, the initial perturbation pattern is the computational mode, which is identical to the Pattern 

(3) in Fig 5.2. Non-oscillating solutions are also obtained by  starting from the vorticity  perturbations as 
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indicated by  green zeros in Table 3. In the C-grid solution, the buoyancy and divergence recognizes the 

initial perturbation and they  produce oscillations although the vorticity is decoupled from the others and 

it does not oscillate. This is due to the averaging of the divergence to the vorticity points, which wipes 

out the initial perturbation at the vorticity points. For the short horizontal scales, the frequencies of the 

buoyancy  and divergence in the C-grid solutions is very close to those in the Z-grid solutions. For the 

long horizontal and short vertical scales, the frequency of buoyancy and divergence in the C-grid 

solutions is considerably  smaller than that in the Z-grid solutions and rotational frequency (indicated by 

blue numbers in Table 3). If the initial perturbation is given to the vorticity instead of the buoyancy in 

the C, CD and D grid simulations, the solutions are non-oscillatory for all variables (indicated by the 

green numbers in Table 3). The Z-grid solution produces numerical frequencies that are very close to the 

true frequencies although the initial perturbation is poorly resolved. 
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Table 2a.
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Table 2b.
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 We have also made simulations to demonstrate the behavior of the computational modes during 

the propagation of inertia-gravity modes with the seven grids we are discussing in this paper. These 

simulations start from a gaussian buoyancy perturbation with a positive amplitude placed in the middle 

of the horizontal domain with rapidly decaying amplitude away from the center. To superimpose a grid-

scale noise on the initial condition, the perturbation at every  other grid point is set to zero. The 

horizontal domain is 280 by 280 grid points, the horizontal grid spacing is d=50 m (for E-grid d=70.71 

m). The radius of the perturbation that  is the distance between the peak of the perturbation to the 

distance where the perturbation becomes zero is 950 m. In the vertical, the perturbation is continuous 

with the vertical integer wavenumber of n=320. The buoyancy field after 100 mins of integration in the 

Table 3.
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124-by-124 wide corner-end portion of the horizontal domain is shown in Fig. 5.5. For reference 

purposes, we show Z-grid result obtained without the superimposed grid-scale noise on the initial 

perturbation. No major difference can be seen between the Z-grid solutions started with the 

computational mode and without it in the portion of the domain shown in Fig 5.5.  In the solution with 

the grid-scale noise, there is, however, a remnant of the initial noise taking a form of grid-scale standing 

inertia-gravity  oscillation at and near the center of the domain where the peak of the initial perturbation 

is placed. This is not visible in Fig. 5.5 because it is out of the plot domain. The noise gradually subsides 

in time as the bulk of the initial perturbation propagate outward and vacate the center of the domain. The 

C-grid simulation result is very  close to the Z-grid result with the initial noise. It is evident that the 

existence of initial noise does not leave a permanent effect on the solutions with the Z- and C-grids. The 

CD- and D-grid simulation results resemble the C-grid result with an exception that the noise is apparent  

near the center of the domain in both simulations (see Fig. 5.5). Since the noise triggers the 

computational mode, it tends to stay for a long time in the CD- and D-grid simulations. By prescribing 

the initial perturbation at every other grid point to zero, one of the two independent solutions in the A-, 

B- and E-grid simulations is set to zero. The other solution in these grids recognizes the initial gaussian 

perturbation and yields a propagating wave as shown in the last three figures of the lower panel of Fig. 

5.5 similar to those with the Z-, C-, CD- and D-grids. 

 In summary, the Z grid is the only grid, which generates unique solutions in the three numerical 

simulations discussed in this section. Also, the simulated frequencies with the Z grid are remarkably 

accurate in the sense that they are very  close to the true frequencies. The numerical simulations with the 

C grid are overall very close to those with the Z grid. However, the C grid generates multiple solutions 

with all horizontal grid resolutions for the modes with the SRHS. The D and CD grid results are 

virtually  identical to each other. The modes with the SRHS regardless of the variable are completely 

unrecognized by the D and CD grid. The A, B and E grids have multiple solutions for all resolutions, 

and, they produce mixed solutions depending on the variable for the SRHS.
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Fig. 5.5. 
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6. Summary and Conclusions

 We have discussed the horizontal and vertical discretization of the nonhydrostatic linearized 

anelastic equations on the A, B, C, CD, D, E, and Z horizontal grids and the L and CP vertical grids, 

with an emphasis on the middle-latitude inertia-gravity and Rossby waves. We have followed a two tier 

approach in our analyses. The impact of the discretization on the physical modes is demonstrated 

through comparisons of the normal mode analyses applied to the continuous and discrete equations. The 

source and behavior of computational modes in the horizontally  discrete systems are mostly investigated 

by the analyses of the numerical solutions obtained by the models based on these grids and, small part, 

by the normal mode analysis to the extent deemed possible.

 The Z grid yields the closest inertia-gravity wave dispersion to the true solutions among the 

seven horizontal grids we considered in this paper without any  computational modes. Although the 

frequency and group velocity  of inertia-gravity modes in the Z-grid solutions are lower than the true 

ones, the numerical frequency never goes below the inertial frequency and the group velocity never 

reverses. In the Z-grid solution of the quasi-geostrophic baroclinic and barotropic Rossby waves, there 

is, however, a non-oscillating computational mode appears. The shortest horizontal zonal scale cannot 

recognize the beta effect, which generates a non-oscillating computational mode.

 The C grid produces mixed dispersion results in the inertia-gravity solutions. For the cloud-

resolving applications with small horizontal grid spacing represented by  d = 2 km  in our analyses, the 

accuracy  of the physical modes are nearly identical to that of the physical modes with the Z-grid unless 

very high vertical resolutions are used. Of course, there is a computational mode that decouples the 

divergence and vorticity for the SRHS in the C-grid solution. The vorticity  and divergence are placed at 

different grid points on the C-grid. Thus, averagings of the vorticity  and divergence to each other’s grid 

points leads to the computational mode. The impact of this computational mode may not be severe in a 

linear system because this mode disperses like a pure gravity mode, which minimizes the potential 

problems. However, since the three-dimensional enstrophy cascades to the SRHS in the nonlinear cloud-

resolving models, the impact of the computational mode can be severe, and an explicit process may be 

needed to damp the enstrophy accumulated in the SRHS. For the mesoscale applications, i.e. horizontal 
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grid spacing represented by 10 km  and 25 km , the inertia-gravity  modes in the C-grid solution behave 

similar to that in the Z-grid solutions if the vertical wavenumbers are equal to n = 320  and n = 156  or 

smaller for 10 km  and 25 km  grid spacings, respectively. The wavenumbers n = 320  and n = 156  

correspond to δ z = 250m  and δ z = 512m  for the domain height of zT = 80 km , respectively. The 

inertia-gravity  modes in the C-grid solutions with a typical climate model horizontal grid spacing of 100 

km are simulated as accurate as the Z-grid solutions for the vertical wavenumbers n = 39  and below, 

which corresponds to δ z = 2051m  and higher. For the vertical wavenumbers higher than n = 39 , the 

reversal of group velocity takes place for the modes with rather wide range of horizontal scales causing 

stability problems.

 The performance of the C-grid in simulating middle-latitude Rossby waves is comparable to the 

Z-grid. In summary, the C-grid performs the best in the horizontally high resolutions models, and it 

yields as accurate physical solutions as the Z-grid. The computational mode impacts the solutions less 

for the high resolution applications than the low resolution ones.

 The inertia-gravity  and Rossby mode solutions with the D and CD grids are almost identical. On 

these grids, the divergence and the mass (buoyancy, pressure and vertical velocity) are placed in 

different grid points. The vorticity is placed at the same grid points with the mass. With this staggering, 

not only the vorticity and divergence are averaged to each other’s grid points, but also the divergence is 

averaged to mass (and vertical velocity) points and the pressure is averaged to divergence points. The 

result is the large errors in the dispersion of the inertia-gravity  modes of all vertical scales near the 

SRHS for all horizontal resolutions. At the SRHS, there are non-moving and non-oscillating 

computational modes of all variables. The group velocity reverses with a high rate of speed near the 

SRHS. The D and CD grids may require explicit diffusion in nonlinear models to clear the noise in short 

horizontal scales due to the computational mode and reversal of the group velocity. The D and CD grids 

along with the Z grid produce the best dispersion of the middle-latitude Rossby waves among all the 

horizontal grids.

 The dispersions of the inertia-gravity waves with the A, B and E grids are similar. All suffer from 

the existence of double physical solutions that are independent of each other as demonstrated by  the 
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numerical simulations. To avoid the separation between these two solutions, a horizontal mixing process 

is needed with these grids. The computational modes with the SRHS display  a complicated behavior. 

There are two possible solutions, one of which is non-oscillating computational mode, and the other is a 

different computational mode that oscillates with the inertial frequency. 
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DC-grid

Normal mode analysis for the DC-grid (Inertia-gravity modes):

Predictor step (*) on the D-grid:

ω̂ z
∗( ) = µω̂ z

n( ) − 1
2 τ fD̂

n( )                                (DC.1) 

D̂ ∗( ) = µD̂ n( ) + 1
2 τ L2P̂D + fω̂ z

n( )( )                       (DC.2)                            

 
ŵ ∗( ) = ŵ n( ) + 1

2 τ −µ
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂D + B̂

n( )⎡
⎣⎢

⎤
⎦⎥

   (DC.3)              

B̂ ∗( ) = B̂ n( ) − 1
2 τN

2ŵ n( )                                    (DC.4)

 
µD̂ ∗( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

∗( ) = 0                           (DC.5)               

Corrector step (n+1) on the C-grid:

ω̂ z
n+1( ) = ω̂ z

n( ) −τ f D̂ ∗( )                                     (DC.6)  

D̂ n+1( ) = D̂ n( ) +τ f ω̂ z
∗( ) + L2P̂C( )                       (DC.7)                                                                                                                

 
ŵ n+1( ) = ŵ n( ) +τ −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂C + B̂

∗( )⎡
⎣⎢

⎤
⎦⎥

          (DC.8)                                 

B̂ n+1( ) = B̂ n( ) −τN 2ŵ n+1( )                                      (DC.9)                                  

 
D̂ n+1( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n+1( ) = 0                           (DC.10) 

The DC-grid
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Scheme I:

We choose 

! !  P ≡ PD = PC .! (DC.11)

First we use (DC.2), (DC.11) and σ f ≡ 1− 1
2 τ

2 f 2  in (DC.6).

! ! ω̂ z
n+1( ) =σ fω̂ z

n( ) − µτ fD̂ n( ) − τ 2

2
fL2P̂ . ! (DC.12)

Then we use  (DC.1), (DC.11) and σ f ≡ 1− 1
2 τ

2 f 2  in (DC.7).

! ! D̂ n+1( ) =σ f D̂
n( ) + µτ fω̂ z

n( ) +τL2P̂ .! (DC.13)

We use  (DC.4), (DC.11) and σ N ≡ 1− 1
2 τ

2N 2  in (DC.8).

! !
 
ŵ n+1( ) =σ Nŵ

n( ) −τ
!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ +τ B̂ n( ) .! (DC.14)

From (DC.10),

! !
 
D̂ n( ) +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ

n( ) = 0 ! (DC.15)

By using 

! !  Φ̂ n+1( ) = e− !iντ Φ̂ n( ) ! (DC.16)

in (DC.12)–(DC.15) and (DC.9), we write

! !
 
e− !iντ −σ f( )ω̂ z = −µτ fD̂ − 1

2 τ
2 fL2P̂ ,! (DC.17)
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! !
 
e− !iντ −σ f( ) D̂ = τµ fω̂ z +τL

2P̂ ,! (DC.18)

! !
 
e− !iντ −σ N( )ŵ = −τ

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂ +τ B̂ ,! (DC.19)

! !
 
e− !iντ −σ N( ) B̂ = −τN 2e− !iντ ŵ ! (DC.20)

and

! !
 
D̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ ŵ = 0 .! (DC.21)

Eliminate ω̂ z  between (DC.17) and (DC.18).

! !
 
e− !iντ −σ f( )2 +τ 2µ2 f 2⎡

⎣
⎤
⎦ D̂ = τ e− !iντ −σ f − µ 1

2 τ
2 f 2( )L2P̂ ! (DC.22)

Eliminate ŵ  between (DC.19) and (DC.21).

! !
 
− e− !iντ −σ N( ) D̂ = τσ m

2 P̂ +τ
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ ,! (DC.23)

where  σ m
2 ≡ m2 +1 4H 2( ) .

Eliminate B̂  between (DC.20), (DC.21) and (DC.23).

! !
 
− e− !iντ −σ N( )2 +τ 2N 2e− !iντ⎡
⎣

⎤
⎦ D̂ = τ e− !iντ −σ N( )σ m

2 P̂ ! (DC.24)

Eliminate P̂  between (DC.22) and (DC.24). 

 

e− !iντ −σ N( ) e− !iντ −σ f( )2 + µ2τ 2 f 2⎡
⎣

⎤
⎦σ m

2 D̂

+ e− !iντ −σ f( )− µ 1
2 τ

2 f 2⎡⎣ ⎤⎦ e− !iντ −σ N( )2 +τ 2N 2e− !iντ⎡
⎣

⎤
⎦L

2D̂ = 0
! (DC.25a)

Eliminate D̂  between (DC.22) and (DC.24).
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!

 

e− !iντ −σ N( ) e− !iντ −σ f( )2 + µ2τ 2 f 2⎡
⎣

⎤
⎦σ m

2 P̂

+ e− !iντ −σ N( )2 +τ 2N 2e− !iντ⎡
⎣

⎤
⎦ e

−
!
iντ −σ f − µ 1

2 τ
2 f 2( )L2P̂ = 0

   ! (DC.25b)

Both (CD.25a) and (CD.25b) produce third-order equations for the frequency. Their solutions 
are more challenging than the solution of a second-order equation. We will obtain the 

frequency for this case through numerical simulations of inertia-gravity modes. 

Scheme II:

We eliminate P̂D  and ŵ  between (DC.2), (DC.3), (DC.5) and DC.10).

! !
 
µ L2 +σ m

2( ) D̂ ∗( ) = L2 + µ2σ m
2( ) D̂ n( ) + µ 1

2 τ fσ m
2ω̂ z

n( ) − 1
2 τ !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) .! (DC.26)

Now we eliminate ŵ  between (DC.4) and (DC.10).

! !
 !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

∗( ) =
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂

n( ) + 1
2 τN

2D̂ n( ) .! (DC.27)

The equations of the predictor step on the D-grid consist of (DC.1), (DC.26) and (DC.27).

We eliminate P̂C , ŵ n( )  and  ŵ n+1( )  between (DC.7), (DC.8) and (DC.10).

! !
 
L2 +σ m

2( ) D̂ n+1( ) − D̂ n( )( ) = τ fσ m
2 ω̂ z

∗( ) −τ
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ ∗( ) ! (DC.28)

Equations (DC.6), (DC.9) and (DC.28) are the equations of the correction step on the C-grid.

Now we use (DC.28) in (DC.6) to eliminate D̂ ∗( ) .

 
µ L2 +σ m

2( ) ω̂ z
n+1( ) −ω̂ z

n( )( ) + µ 1
2 τ

2 f 2σ m
2ω̂ z

n( ) = −τ f L2 + µ2σ m
2( ) D̂ n( ) + 1

2 τ
2 f
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( ) .  ! (DC.29)

By using (DC.1) and (DC.27) in (DC.28), we obtain
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!
 
L2 +σ m

2( ) D̂ n+1( ) − D̂ n( )( ) + 1
2 τ

2 f 2σ m
2 + N 2L2( ) D̂ n( ) = µτ fσ m

2 ω̂ z
n( ) −τ

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂ n( )  .       !(DC.30)

Now we use (DC.10) in (DC.9).

! !
 !
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ n+1( ) − B̂ n( )( ) = τN 2D̂ n+1( ) ! (DC.31)

By using (DC.16) in (DC.29)–(DC.31), we write

! !
 
µ L2 +σ m

2( ) e!iντ −1( ) + µ 1
2 τ

2 f 2σ m
2⎡⎣ ⎤⎦ω̂ z = −τ f L2 + µ2σ m

2( ) D̂ + 1
2 τ

2 fL2
!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ ! (DC.32)

! !
 
L2 +σ m

2( ) e!iντ −1( ) + 1
2 τ

2 N 2L2 + f 2σ m
2( )⎡⎣ ⎤⎦ D̂ = µτ fσ m

2 ω̂ z −τL
2

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ ! (DC.33)

! !
 
e!iντ −1( )

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ = τN 2e!iντ D̂ ! (DC.34)

By eliminating ω̂ z  between (DC.32) and (DC.33), we write 

 

L2 +σ m
2( ) e!iντ −1( ) + 1

2 τ
2 f 2σ m

2⎡⎣ ⎤⎦ L2 +σ m
2( ) e!iντ −1( ) + 1

2 τ
2 N 2L2 + f 2σ m

2( )⎡⎣ ⎤⎦ +τ
2 f 2σ m

2 L2 + µ2σ m
2( ){ } D̂ =

−τ L2 +σ m
2( ) e!iντ −1( )

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ L

2B̂

! ! ! (DC.35)

By eliminating B̂  between (DC.34) and (DC.35), we write

 

L2 +σ m
2( ) e!iντ −1( ) + 1

2 τ
2 f 2σ m

2⎡⎣ ⎤⎦ L2 +σ m
2( ) e!iντ −1( ) + 1

2 τ
2 N 2L2 + f 2σ m

2( )⎡⎣ ⎤⎦ +τ
2 f 2σ m

2 L2 + µ2σ m
2( ){ } D̂ =

−τ 2 L2 +σ m
2( )N 2L2e!iντ D̂

! ! ! (DC.38)
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After some manipulations, we rewrite (DC.38) as

 

L2 +σ m
2( )2 e− !iντ −1( )2

+ 1
2 τ

2 N 2L2 + f 2σ m
2( ) + 1

2 τ
2 f 2σ m

2⎡⎣ ⎤⎦ L
2 +σ m

2( ) e− !iντ −1( ) +τ 2L2 L2 +σ m
2( )N 2e− !iντ

+ 1
4 τ

4 f 2σ m
2 N 2L2 + f 2σ m

2( ) +τ 2 f 2σ m
2 L2 + µ2σ m

2( ) = 0
! (DC.39)

and then

 

e−2 !iντ − 2 − 1
2 τ

2 N 2L2 + f 2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟
− 1
2 τ

2 f 2σ m
2 + 2L2N 2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥e− !iντ

+ 1+ τ 2 f 2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟

L2 + µ2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟
− 1
2 τ

2 N 2L2 + f 2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟
−

1
2 τ

2 f 2σ m
2

L2 +σ m
2 +

1
4 τ

4 f 2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟

N 2L2 + f 2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = 0

! ! ! (DC.40)

Real and imaginary parts of this equation produce

e2νiτ cos 2ν rτ( )− eνiτ 2 −
1
2 τ

2 f 2σ m
2 +τ 2L2N 2

L2 +σ m
2 − 1

2 τ
2 N 2L2 + f 2σ m

2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥cos ν rτ( ) +

+ 1+ τ 2 f 2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟

L2 + µ2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟
− 1
2 τ

2 N 2L2 + f 2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟
−

1
2 τ

2 f 2σ m
2

L2 +σ m
2 +

1
4 τ

4 f 2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟

N 2L2 + f 2σ m
2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = 0

! ! ! (DC.41a)

and

! ! eνiτ =
sin ν rτ( )
sin 2ν rτ( ) 2 −

1
2 τ

2 f 2σ m
2 +τ 2L2N 2

L2 +σ m
2 − 1

2 τ
2 N 2L2 + f 2σ m

2

L2 +σ m
2

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ .! (DC.41b)
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! !

The solution of (DC.41a) and (DC.41b) is shown in the figure.
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Frequency of inertia-gravity modes on the DC-grid using scheme II.
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Numerical model results (Inertia-gravity modes):

! A numerical model inspired by the scheme II discussed above is constructed on the DC-
grid.   

The equations of the system are given by
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Predictor step (*) on the D-grid:

 ω z( )i, j
∗( ) = ω z( )i, j

n( ) − τ
2
fDi, j

n( )                         (DC.50) 

 

Di+1 2, j+1 2
∗( ) = Di+1 2, j+1 2

n( )

+ τ
2

f ω z( )i+1 2, j+1 2
n( ) − !∇H

2 PD( )
i+1 2, j+1 2

⎡
⎣⎢

⎤
⎦⎥

  (DC.51)                           

 
!Bi, j

∗( ) = !Bi, j
n( ) + 1

2 τN
2Di, j

n( )                                 (DC.52)

 

!∇H
2 PD( )

i+1 2, j+1 2
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ PD( )i+1 2, j+1 2 =

f ω z( )i+1 2, j+1 2
n( ) + !Bi+1 2, j+1 2

*( )
  

                                                                    (DC.53)                        

where ω z( )i, j
n( )

 ,  Di+1 2, j+1 2
n( )  and 

 
!∇H
2 P( )

i+1 2, j+1 2
  are

ω z( )i, j
n( ) ≡ 1

4
ω z( )i−1 2, j−1 2 + ω z( )i+1 2, j−1 2 +⎡

⎣

                                 ω z( )i−1 2, j+1 2 + ω z( )i+1 2, j+1 2 ⎤⎦
n( )

Di+1 2, j+1 2
n( ) ≡ 1

4
Di+1, j+1 + Di+1, j + Di, j+1 + Di, j( ) n( )

 
!∇H
2 P( )

i+1 2, j+1 2
≡ 1
d 2

Pi+3 2, j+1 2 +( Pi−1 2, j+1 2 +

                             Pi+1 2, j+3 2 + Pi+1 2, j−1 2 − 4Pi+1 2, j+1 2 )
 

Corrector step (n+1) on the C-grid:

ω z( )i+1 2, j+1 2
n+1( ) = ω z( )i+1 2, j+1 2

n( ) −τ fDi+1 2, j+1 2
∗( )         (DC.54)  

 
Di, j

n+1( ) = Di, j
n( ) +τ f ω z( )i, j

∗( ) − !∇H
2 PC( )

i, j
⎡
⎣⎢

⎤
⎦⎥           (DC.55)                                                                                                                

 
!Bi, j
n+1( ) = !Bi, j

n( ) +τN 2Di, j
n+1( )                                    (DC.56)                                   

 

!∇H
2 PC( )

i, j
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ PC( )i, j =

f ω z( )i, j
∗( ) + !Bi, j

n+1( )
         (DC.57) 

where 

 
!∇H
2 P( )

i, j
≡ 1
d 2

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( )

We made the same simulations described in “Numerical integrations” section with the DC-grid 
model, which uses Eqs. (DC-50)–(DC.57). We tabulate the results below. 
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Table DC.1b. Same as Table 1b in page (Numerical integrations page 12), except that DC-grid 
results are added to this table.
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Table DC.2b. Same as Table 2b in page (Numerical integrations page 16), except that DC-grid 
results are added to this table. 
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! The DC-grid frequencies are virtually identical to the C-grid frequencies in these three 
tables. One exception is that, with the smallest resolvable horizontal grid distance, the vorticity 
is coupled to the divergence and buoyancy perturbation with the DC-grid (Table DC.3 far right 
column) unlike the C-grid, on which the vorticity is not. When the perturbation is given to the 
vorticity, the divergence and buoyancy cannot recognize vorticity perturbation on both the DC- 
and C-grids.  

Table DC.3. Same as Table 3 in page (Numerical integrations page 17), except that DC-grid 
results are added to this table.
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Normal mode analysis for the DC-grid (Rossby modes):

Predictor step (*) on the D-grid:

 
 
ω̂ z

∗( ) = µω̂ z
n( ) − τ

2
f0D̂D − !

i τ
2
β
f0
!ξkP̂D           (DC.60)                

0 = µL2P̂D + fω̂ z
n( )                                      (DC.61)                           

 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂D + B̂

n( )                           (DC.62)              

B̂ ∗( ) = B̂ n( ) − 1
2 τN

2ŵD                                    (DC.63)

 
µD̂D + !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ ŵD = 0                           (DC.64)               

Corrector step (n+1) on the C-grid:

 
ω̂ z

n+1( ) = ω̂ z
n( ) − µτ f0 D̂C − !

iµτ β
f0
!ξkP̂C              (DC.65)                                     

0 = f0ω̂ z
∗( ) + L2P̂C                                          (DC.66)                                                                                                                

 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂C + B̂

∗( )                                (DC.67)                                 

B̂ n+1( ) = B̂ n( ) −τN 2ŵC                                        (DC.68)                                  

 
D̂C + !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ ŵC = 0                                   (DC.69) 

Modified system:

! Since the divergence and vertical velocity  are diagnostic variables in the quasi-
geostrophic (with quasi-static approximation), the system contains more equations than 
needed. To find a unique solution, we ignore the equations (DC.60)–(DC.64) at the predictor 
step. (See pages 51–53 of CD-grid section.) Then the equations (DC.65)–(DC.69) are modified 
as follows: 

! !
 
ω̂ z

n+1( ) = ω̂ z
n( ) − µτ f0 D̂C − !

iµτ β
f0
!ξkP̂C ! (DC.70)

! ! 0 = f0ω̂ z
n+1( ) + L2P̂C ! (DC.71)

! !
 
0 = −

!
im + 1

2H
⎛
⎝⎜

⎞
⎠⎟ P̂C + B̂

n+1( ) ! (DC.72)

! ! B̂ n+1( ) = B̂ n( ) −τN 2ŵC ! (DC.73)
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! !
 
D̂C + !

im − 1
2H

⎛
⎝⎜

⎞
⎠⎟ ŵC = 0 ! (DC.74)

Then, by  eliminating ŵ  between (DC.73) and (DC.74) and using (DC.17) in all equations, we 
write

! !
 
e− !iντ −1( )ω̂ z = −µτ f0 D̂ −

!
iµτ β

f0
!ξkP̂ ! (DC.75)

! !  µ f0e
−
!
iντω̂ z = −L2P̂ ! (DC.76)

! !
 
e− !iντ −1( )

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ B̂ = τN 2D̂ ! (DC.77)

! !
 
0 = m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ P̂ +

!
im − 1

2H
⎛
⎝⎜

⎞
⎠⎟ e

−
!
iντ B̂ ! (DC.78)

Then we obtain

!
 
N 2 e− !iντ −1( )L2 −

!
iµ2τβ !ξke− !iντ⎡⎣ ⎤⎦ P̂ = −µ2 f0

2 e− !iντ −1( ) m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ P̂ .! (DC.79)

Equation (DC.79) is identical to Eq. (RS1C.2.13, page 54 of CD-grid) except the factor µ2 . 
Therefore, we can follow the same procedure described in pages 51–58 of CD-grid to obtain 
the dispersion equation for the DC-grid by

! !

 

sin ν rτ( )
cos ν rτ( ) =

−τµ2β !ξk

L2 + µ2 f0
2

N 2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟
! (DC.80)

and

! !

 

eνiτ =
L2 + µ2 f0

2

N 2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

L2 + µ2 f0
2

N 2 m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
cos ν rτ( )−τµ2β !ξk sin ν rτ( )

! (DC.81)
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Dispersion of Rossby modes on the DC-grid.
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Anelastic, Quasi-hydrostatic and Lamb wave (or shallow-water) solutions: Nonhydrostatic effects

! We write the linearized fully compressible equations as

! ! ∂u
∂t

= − ∂
∂x

p
ρ0

⎛
⎝⎜

⎞
⎠⎟
+ fυ ,  ∂υ

∂t
= − ∂

∂y
p
ρ0

⎛
⎝⎜

⎞
⎠⎟
− fu  and ∂w

∂t
= − 1

ρ0
∂p
∂z

− g ρ
ρ0

⎛
⎝⎜

⎞
⎠⎟
! (QH.1)

! ! ∂
∂t

g θ
θ0

⎛
⎝⎜

⎞
⎠⎟
= −N 2w   where  N 2 ≡ gκ

H
! (QH.2)

! ! ∂ρ
∂t

= −ρ0
∂u
∂x

− ρ0
∂υ
∂y

−
∂ ρ0w( )
∂z

! (QH.3)

! ! 1
cS
2
p
ρ0

= ρ
ρ0

+ θ
θ0

 where cS2 ≡ γ gH and γ ≡ 1
1−κ

! (QH.4)

The vorticity-divergence form of these equations are

! ! ∂ω z

∂t
= − fD ! (QH.5)

! ! ∂D
∂t

= − ∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟

p
ρ0

⎛
⎝⎜

⎞
⎠⎟
+ fω z ! (QH.6)

! !∂w
∂t

= − ∂
∂z

p
ρ0

⎛
⎝⎜

⎞
⎠⎟
+ κ
H

p
ρ0

⎛
⎝⎜

⎞
⎠⎟
+ B    where we used  1

ρ0
∂ρ0
∂z

= − 1
H

 and B ≡ g θ
θ0
! (QH.7)
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! ! ∂B
∂t

= −N 2w   [ or ∂
∂t

θ
θ0

⎛
⎝⎜

⎞
⎠⎟
= − κ

H
w  ]! (QH.8)

Using (QH.4)and 1
ρ0

∂ρ0
∂z

= − 1
H

 in (QH.3), we rewrite the continuity equation as

! ! 1
γ gH

∂
∂t

p
ρ0

⎛
⎝⎜

⎞
⎠⎟
= − ∂u

∂x
+ ∂υ
∂y

+ ∂
∂z

+ κ
H

⎛
⎝⎜

⎞
⎠⎟ w

⎡
⎣⎢

⎤
⎦⎥
+ 1
H
w ! (QH.9)

We rewrite (QH.5)–(QH.9) as

! ! ∂
∂t

ρ0
1 2ω z( ) = − f ρ0

1 2D( ) ! (QH.10)

! ! ∂
∂t

ρ0
1 2D( ) = − ∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
ρ0

−1 2p( ) + f ρ0
1 2ω z( ) ! (QH.11)

! !
∂ ρ0

1 2w( )
∂t

= − ∂
∂z

+ 1
2H

⎛
⎝⎜

⎞
⎠⎟ ρ0

−1 2p( ) + κ
H

ρ0
−1 2p( ) + ρ0

1 2B( ) ! (QH.12)

! ! ∂
∂t

ρ0
1 2B( ) = −N 2 ρ0

1 2w( ) ! (QH.13)

! ! 1
γ gH

∂
∂t

ρ0
−1 2p( ) = − ρ0

1 2D( )− ∂
∂z

− 1
2H

⎛
⎝⎜

⎞
⎠⎟ ρ0

1 2w( )− κ
H

ρ0
1 2w( ) ! (QH.14)
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In these equations we used  ∂ρ0
1 2

∂z
= 1
2

1
ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟
ρ0
1 2 .

! By changing the variables, we rewrite (QH.10)–(QH.14) as

! ! ∂ω z

∂t
= − fD ! (QH.15)

! ! ∂D
∂t

= − ∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
P + fω z ! (QH.16)

! ! ∂w
∂t

= − ∂
∂z

+ 1
2H

⎛
⎝⎜

⎞
⎠⎟ P + κ

H
P + B ! (QH.17)

! ! ∂B
∂t

= −N 2w ! (QH.18)

! ! 1
γ gH

∂P
∂t

= −D − ∂
∂z

− 1
2H

⎛
⎝⎜

⎞
⎠⎟ w − κ

H
w ! (QH.19)

These equations produce the dispersion equation for the fully compressible system as

! !

 

ν 4 − N 2 + f 2( ) + γ gH m2 + 1
H 2

1
2
−κ⎛

⎝⎜
⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥ + γ gH k2 + ℓ2( )⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
ν 2

+ N 2 f 2 + γ gHN 2 k2 + ℓ2( )+ f 2γ gH m2 + 1
H 2

1
2
−κ⎛

⎝⎜
⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥ = 0

! (QH.20)

! The quasi-hydrostatic equations are (QH.15), (QH.16), (QH.18), (QH.19) and 

! ! 0 = − ∂
∂z

+ 1
2H

⎛
⎝⎜

⎞
⎠⎟ P + κ

H
P + B ,! (QH.21)
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which is obtained by neglecting the time derivative of vertical velocity in (QH.17). The 
dispersion equation for the quasi-hydrostatic system is  

 ! !

 

νqh_ true
2 = f 2 + γ gHN 2

N 2 + γ gH m2 + 1
2H

− κ
H

⎛
⎝⎜

⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥

k2 + ℓ2( ) ! (QH.22)

! By assuming B = 0  (and w = 0 ) in (QH.15), (QH.16), (QH.18) and (QH.19), we obtain 

the dispersion relation for the Lamb wave as

! !
 
ν 2 = f 2 + gH ∗ k2 + ℓ2( ) ! (QH.23)

where H ∗ ≡ γ H . Eq. (QH.23) is identical to the dispersion of the gravity  waves with the 

shallow-water equations for a depth of fluid H ∗ . By using  λ ≡ gH ∗ f , (QH.23) can be written 

as

! !
 
ν sw_ true
2 = f 2 + f 2λ 2 k2 + ℓ2( ) ! (QH.24)

! Fig. QH1 shows the true frequencies for the anelastic, quasi-hydrostatic inertia-gravity 
modes and the Lamb  wave. The frequencies for the anelastic and quasi-hydrostatic modes are 
given by 

! !

 

νan_ true
2 =

N 2 k2 + ℓ2( ) + f 2 m2 + 1
2H

⎛
⎝⎜

⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥

k2 + ℓ2( ) + m2 + 1
2H

⎛
⎝⎜

⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥

 (Anelastic)! (QH.25) 

and (QH.22), respectively. The frequency for the Lamb wave is given by (QH.23).    
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Fig. QH1. Frequencies of the quasi-hydrostatic and anelastic inertia-gravity 
modes and Lamb wave. Thin black dashed lines indicate the SRHS for the 
d=2 km, 10 km, 25 km and 100 km horizontal grid spacings.
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! We define a nonhydrostaticness index as

! !
 
Nh ≡

νqh_ true

νan_ true

−1 ! (QH.26)

Fig. QH2 shows the nonhydrostaticness index for the inertia-gravity  modes as a function of the 
composite horizontal wavenumber and vertical integer wavenumber. The vertically  deep 

modes are generally more nonhydrostatic compared to the shallow modes, and the 
nonhydrostaticness increases with increasing horizontal wavenumber.  

Fig. QH2.
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! Why nonhydrostaticness shows a pattern shown in Fig. QH2 can also be seen in Fig. 
QH1. The frequency of the anelastic inertia-gravity  modes is bounded by the Brunt-Vaisala 
frequency at the upper end. The frequency of the quasi-hydrostatic inertia-gravity modes, 
however, is not bounded. What is seen in Fig. QH2 is a reflection of the impact of the upper 
bound brought by  the nonhydrostatic effects in the anelastic modes. The nonhydrostatic effects 
slow down the inertia-gravity waves with short horizontal and long vertical scales, and the 
group velocity of these modes is nearly zero. This has a substantial effect on the reduction of 
discretization errors due to finite-difference approximation in the anelastic system compared to 
the quasi-hydrostatic system, which we will examine next. The discretization errors due to 
variable averaging are not effected.   !

! For the C and Z grids, Eqs. (QH.22), (QH.23) and (QH.25) can be written as

C-grid:

! !

 

νqh_C−grid
2 = µ2 f 2 + γ gHN 2

N 2 + γ gH m2 + 1
2H

− κ
H

⎛
⎝⎜

⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥

ξ 2k2 +η2ℓ2( )  ! (QH.27)

and

! !
 
ν sw_C−grid
2 = µ2 f 2 + gH ∗ ξ 2k2 +η2ℓ2( )   [and 

 
ν sw_C−grid
2 = µ2 f 2 + f 2λ 2 ξ 2k2 +η2ℓ2( ) ]! (QH.28)

and

! !

 

νan_C−grid
2 =

N 2 ξ 2k2 +η2ℓ2( ) + µ2 f 2 m2 + 1
2H

⎛
⎝⎜

⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥

ξ 2k2 +η2ℓ2( ) + m2 + 1
2H

⎛
⎝⎜

⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥

  (anelastic)! (QH.28´)

Celal Konor                                                          Supplementary Material                                            Monday, July 31, 2017

AN, QH, Lamb wave and shallow-water solutions: Nonhydrostatic effects,   page 7



where the definitions of µ , ξ  and η  are given in Section that discusses the C-grid.

Z-grid:

! !

 

νqh_Z−grid
2 = f 2 + γ gHN 2

N 2 + γ gH m2 + 1
2H

− κ
H

⎛
⎝⎜

⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥

ξ 2k2 +η2ℓ2( ) ! (QH.29)

and

! !
 
νqh_Z−grid
2 = f 2 + γ gH ξ 2k2 +η2ℓ2( )   [and 

 
νqh_Z−grid
2 = f 2 + f 2λ 2 ξ 2k2 +η2ℓ2( ) ]! (QH.31)

! !

 

νan_Z−grid
2 =

N 2 ξ 2k2 +η2ℓ2( ) + f 2 m2 + 1
2H

⎛
⎝⎜

⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥

ξ 2k2 +η2ℓ2( ) + m2 + 1
2H

⎛
⎝⎜

⎞
⎠⎟
2⎡

⎣
⎢

⎤

⎦
⎥

  (anelastic)! (QH.31´)

Anelastic vs. quasi-hydrostatic and shallow-water analyses

! Now we examine the differences between the use of the anelastic, quasi-hydrostatic 
and shallow-water equations to assess the discretization errors with the Z and C grids. We 
define an error in the form of the ratio of discrete to true frequencies (hereafter discretization 
ratio-error) as
  !

! ! ran_Z−grid ≡
νan_Z−grid

νan_ true

 ! ( QH.32)

Similarly we define rqh_Z−grid  and rsw_Z−grid , and also the ones corresponding to the C-grid. We 

also define the difference between these errors that are obtained by the anelastic and quasi-
hydrostatic systems as  
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! ! δ an−qh_Z−grid ≡ ran_Z−grid − rqh_Z−grid ! (QH.33)

Additionally, we define δ an−qh_C−grid ≡ ran_C−grid − rqh_C−grid . 

! The errors due to finite-difference approximations in discrete dispersion equations (QH.

27)–(QH.31´) are represented by the factors ξ  and η , which modify  the horizontal 

wavenumbers. Since they are always equal to or smaller than the unity, being close to the 
unity for small horizontal wavenumbers and being the smallest at the SRHS, the modified 
wavenumbers with discretization are effectively  smaller than the continuous case. Then the 
discrete frequency is equal to the true frequency corresponding to a smaller horizontal 
wavenumber. For Z and C  grids, this is approximately 10% reduction of wavenumber. 
Naturally, if the frequency  is not changing with the horizontal wavenumber, as with the 
anelastic case in the high horizontal wavenumber range, the discretization errors remain very 

small. The magnitude of finite-difference errors should depend on the magnitude of ∂ν ∂k∗ , 

which is also known as the horizontal group velocity.     

! We present tables of the discretization ratio-errors at the SHRS for the anelastic (Table 
QH.1), quasi-hydrostatic  (Table QH.2) and shallow-water (Table QH.3) systems. The SHRS is 

selected because the discretization errors are expected to be the largest. Our motivation is to 
identify the differences, if any, between the use of the anelastic equations and the quasi-

hydrostatic and shallow-water equations in the assessment of discretization errors. 

Findings:

1) The Z grid with the anelastic system produces overall the least errors among the three 
systems (Tables QH1, QH2 and QH3).

2) The errors of the Z-grid increases with the increasing vertical wavenumbers (of degreasing 

fluid depth in the shallow-water system) for d=2km and d=10km. The errors for the d=25km 
and d=100km and for very high vertical wavenumbers (say n=1280) are very  small again 

because the Z-grid cannot generate frequencies less than the rotational frequency (see Eqs. 
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QH.29 QH. 31 QH. 31´ where the Coriolis term is not averaged). There is no room between the 
true and Z-grid frequencies at d=25km and d=100km (see Fig. QH1).

3)  At the high horizontal wavenumber end, the errors of the Z-grid decreases in the anelastic 
case, particularly for the deep modes, because the anelastic frequency levels at the Brunt-
Vaisala frequency which decreases finite-difference approximation errors.

  
4) The C-grid produces the least errors with the anelastic system. The C-grid produces both 
averaging and finite-difference errors. Again these errors are smaller with the nonhydrostatic 
anelastic system than the quasi-hydrostatic system. 

5) If we use the quasi-hydrostatic and the shallow-water equations to assess the discretization 
errors with the Z and C grids for the deep  modes (or deep fluid depths), we can find higher 
discretization errors (approximately 10%) than the anelastic system. The numbers (δ an−qh ) 

within the parentheses in Table QH.2 indicates the difference. The difference between the 
results for the anelastic and quasi-hydrostatic (and shallow-water) systems seems to be 
related to the nonhydrostaticness (index increases with increasing nonhydrostaticness).

      !
  

! !

! !  
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Table QH.1. Tabulation of the frequency errors in a form of the ratio of the discrete to true 
solutions with the Z and C  grids ( ran_Z−grid  and  ran_C−grid ) for the four SRHS’ (d=2km, 10km, 
25km and 100km), and the four vertical integer wavenumbers. Blue numbers corresponds to 
the errors of the discrete frequencies that are lower than the rotational frequency ( f  ). Red 
numbers are the group velocity.  

Celal Konor                                                          Supplementary Material                                            Monday, July 31, 2017

AN, QH, Lamb wave and shallow-water solutions: Nonhydrostatic effects,   page 11



Table QH.2. Tabulation of the frequency errors in a form of the ratio of the discrete to true 
solutions with the Z and C  grids ( rqh_Z−grid  and  rqh_C−grid ) for the four SRHS’ (d=2km, 10km, 
25km and 100km), and the four vertical integer wavenumbers. Blue numbers corresponds to 
the errors of the discrete frequencies that are lower than the rotational frequency ( f  ). 
Numbers within the parentheses are the difference of errors between the anelastic (tabulated 
in Table QH.1) and quasi-hydrostatic systems.
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Table QH.3. Tabulation of the frequency errors in a form of the ratio of the discrete to true 
solutions with the Z and C  grids ( rsw_Z−grid  and  rsw_C−grid ) for the four SRHS’ (d=2km, 10km, 
25km and 100km), and for three fluid depths. Blue numbers corresponds to the errors of the 
discrete frequencies that are lower than the rotational frequency ( f  ). Numbers within the 
parentheses are the corresponding Rossby radius of deformation divided by the grid spacing.
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Baroclinic Rossby Modes with the Fully Compressible, Quasi-hydrostatic and Anelastic 
Systems

 
1- Basic linearized equations for a midlatitudeβ -plane

! ! ∂
∂t

∂u
∂x

= − ∂2

∂x2
p
ρ0

⎛
⎝⎜

⎞
⎠⎟
+ f0 + β y − y0( )⎡⎣ ⎤⎦

∂υ
∂x

! (BB.1)

! ! ∂
∂t

∂u
∂y

= − ∂2

∂x∂y
p
ρ0

⎛
⎝⎜

⎞
⎠⎟
+ f0 + β y − y0( )⎡⎣ ⎤⎦

∂υ
∂y

+ βυ ! (BB.2)

! ! ∂
∂t

∂υ
∂x

= − ∂2

∂y∂x
p
ρ0

⎛
⎝⎜

⎞
⎠⎟
− f0 + β y − y0( )⎡⎣ ⎤⎦

∂u
∂x

! (BB.3)

! ! ∂
∂t

∂υ
∂y

= − ∂2

∂y2
p
ρ0

⎛
⎝⎜

⎞
⎠⎟
− f0 + β y − y0( )⎡⎣ ⎤⎦

∂u
∂y

− βu ! (BB.4)

With the assumption  f0 ≫ β y − y0( ) , We write vorticity and divergence equations as

! ! ∂
∂t

− ∂u
∂y

+ ∂υ
∂x

⎛
⎝⎜

⎞
⎠⎟
= − f0

∂u
∂x

+ ∂υ
∂y

⎛
⎝⎜

⎞
⎠⎟
− βυ ! (BB.5)

! ! ∂
∂t

∂u
∂x

+ ∂υ
∂y

⎛
⎝⎜

⎞
⎠⎟
= − ∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟

p
ρ0

⎛
⎝⎜

⎞
⎠⎟
+ f0 − ∂u

∂y
+ ∂υ
∂x

⎛
⎝⎜

⎞
⎠⎟
− βu ! (BB.6)

The vertical momentum, thermodynamic and continuity equations are given by

! ! ∂w
∂t

= − ∂
∂z

p
ρ0

⎛
⎝⎜

⎞
⎠⎟
+ κ
H

p
ρ0

⎛
⎝⎜

⎞
⎠⎟
+ g θ

θ0

⎛
⎝⎜

⎞
⎠⎟
! (BB.7)

! ! ∂
∂t

g θ
θ0

⎛
⎝⎜

⎞
⎠⎟
= −N 2w ! (BB.8)

! ! 1
γ gH

∂
∂t

p
ρ0

⎛
⎝⎜

⎞
⎠⎟
= − ∂u

∂x
+ ∂υ
∂y

+ ∂
∂z

+ κ
H

⎛
⎝⎜

⎞
⎠⎟ w

⎡
⎣⎢

⎤
⎦⎥
+ 1
H
w ! (BB.9)
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We make following definitions and variable transformations:

P ≡ ρ0
−1 2p , B ≡ ρ0

1 2g θ
θ0

⎛
⎝⎜

⎞
⎠⎟

, ρ01 2u⇒ u , ρ01 2υ ⇒υ , and ρ01 2w⇒ w .

Then, Eqs. (BB.5)–(BB.9) can be written as

! ! ∂
∂t

− ∂u
∂y

+ ∂υ
∂x

⎛
⎝⎜

⎞
⎠⎟
= − f0

∂u
∂x

+ ∂υ
∂y

⎛
⎝⎜

⎞
⎠⎟
− βυ ! (BB.10)

! ! ∂
∂t

∂u
∂x

+ ∂υ
∂y

⎛
⎝⎜

⎞
⎠⎟
= − ∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
P + f0 − ∂u

∂y
+ ∂υ
∂x

⎛
⎝⎜

⎞
⎠⎟
− βu ! (BB.11)

! ! ∂w
∂t

= − ∂
∂z

+ 1
H

1
2
−κ⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
P + B ! (BB.12)

! ! ∂B
∂t

= −N 2w ! (BB.13)

! ! 1
γ gH

∂P
∂t

= − ∂u
∂x

+ ∂υ
∂y

⎛
⎝⎜

⎞
⎠⎟
− ∂

∂z
− 1
H

1
2
−κ⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
w ! (BB.14)

Using  Φ ≡ Φ̂e!i kx+ℓy+mz−νt( )  

! !  −ℓνû + kνυ̂ = −
"
if0 kû + ℓυ̂( )− βυ̂ ! (BB.15)

! !
 
kνû + ℓνυ̂ = k2 + ℓ2( ) P̂ +

"
if0 −ℓû + kυ̂( )− βû ! (BB.16)

! !
 
−
!
iνŵ = −

!
im + 1

H
1
2
−κ⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
P̂ + B̂ ! (BB.17)

! !  −!
iν B̂ = −N 2ŵ ! (BB.18)

! !
 
−
!
iν 1
γ gH

P̂ = −
!
ikû +

!
iℓυ̂( )−

!
im − 1

H
1
2
−κ⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
ŵ ! (BB.19)
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To find a real frequency, we ignore βû  and assume  ℓ = 0 . 
 
! !  !

if0kû + kν + β( )υ̂ = 0 ! (BB.20)

! !  kνû − !
if0kυ̂ = k2P̂ ! (BB.21)

! !
 
ν 2 − N 2( )ŵ = −

!
iν
!
im + 1

H
1
2
−κ⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
P̂ ! (BB.22)

! !
 
−
!
iν 1
γ gH

P̂ = −
!
ikû −

!
im − 1

H
1
2
−κ⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
ŵ ! (BB.23)

The dispersion relation for the fully compressible system:

! Form (BB.20)–(BB.23), we obtain

kν 5 + βν 4 − k N 2 + f0
2 + γ gHk2 + γ gH m2 +σ m

2( )⎡⎣ ⎤⎦ν
3 − β γ gHk2 + N 2 + γ gH m2 +σ m

2( )⎡⎣ ⎤⎦ν
2

+ k γ gHk2N 2 + N 2 f0
2 + γ gH m2 +σ m

2( ) f02⎡⎣ ⎤⎦ν + βγ gHk2N 2 = 0
! (BB.24)

where

! ! σ m
2 ≡ 1

H 2
1
2
−κ⎛

⎝⎜
⎞
⎠⎟
2

.! (BB.25)

! !
The dispersion relation for the quasi-hydrostatic (primitive) system:

! For the quasi-hydrostatic (primitive) system, (BB.22) is written as 

! !
 
−N 2ŵ = −

!
iν
!
im + 1

H
1
2
−κ⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
P̂ ! (BB.26)

Using (BB.20), (BB.21), (BB.23) and (BB.26), we obtain the dispersion relation for the quasi-
hydrostatic (primitive) system as

! !
−k N 2 + γ gH m2 +σ m

2( )⎡⎣ ⎤⎦ν
3 − β N 2 + γ gH m2 +σ m

2( )⎡⎣ ⎤⎦ν
2

+ k γ gHk2N 2 + N 2 f0
2 + γ gH m2 +σ m

2( ) f02⎡⎣ ⎤⎦ν + βγ gHk2N 2 = 0
! (BB.27)
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The dispersion relation for the anelastic system:

! We use Lipps-Hemler anelastic system, in which (BB.22) and (BB.23) are approximated 
as 

! !
 
ν 2 − N 2( )ŵ = −

!
iν
!
im + 1

H
1
2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
P̂ ! (BB.28)

and

! !
 
0 = −

!
ikû −

!
im − 1

H
1
2

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
ŵ ,! (BB.29)

respectively. From (BB.20), (BB.21), (BB.28) and (BB.29), we obtain the dispersion relation for 
the anelastic system as

!
 

−k γ gHk2 + γ gH m2 + !σ m
2( )⎡⎣ ⎤⎦ν

3 − β γ gHk2 + γ gH m2 + !σ m
2( )⎡⎣ ⎤⎦ν

2

+ k γ gHk2N 2 + γ gH m2 + !σ m
2( ) f02⎡⎣ ⎤⎦ν + βγ gHk2N 2 = 0

,! (BB.30)

where

! !
 
!σ m
2 ≡ 1

4H 2 .! (BB.31)

The dispersion relation for the quasi-geostrophic (quasi-static) system:

! For comparison, we write the dispersion for the quasi-geostrophic (quasi-static) we used 
in this study for only zonal modes as 

! !

 

ν = −βk

k2 + f0
2

N 2 !σ m
2

.! (BB.32)

! We found the roots (frequencies) of (BB.24), (BB.27), (BB.30) that are between −10−10  
and −10−3  ( −10−3 ≤ν ≤ −10−10 ) as a function of the horizontal wavenumber ( k ) for given vertical 
wavenumber ( n ). These roots corresponds to the baroclinic Rossby modes. Also, we 
computed the frequencies for the baroclinic Rossby modes from (BB.32) for the quasi-
geostrophic system. Fig. BB.1 shows the frequencies of the baroclinic Rossby modes with the 
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fully compressible, quasi-hydrostatic (primitive), anelastic and quasi-geostrophic (quasi-static) 
system of equations. 

! The frequencies obtained with these systems are virtually identical to each other. This 
confirms that the baroclinic Rossby  modes are not significantly influenced from the 
nonhydrostatic effects, and therefore, the use of the quasi-geostrophic theory is highly 
justifiable.

Fig. BB.1. The frequencies of baroclinic Rossby modes with (a) the fully 
compressible, (b) quasi-hydrostatic (primitive), (c) anelastic, (d) quasi-geostrophic 
(quasi-static) system of equations. 
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Numerical Simulations with Noisy Forcing

 

 Physical processes can be source of noise in atmospheric models. To assess the performance of the 

Z, C, D and CD grids under such conditions, we made numerical integrations with the models discussed 

in the numerical integration section, which are modified by adding forcing terms  
 
∂ !B ∂t( ) forcing  to their 

buoyancy  prediction equations. The equations of the Z-, C-, D- and CD-grid models with the forcing 

terms are given by

Equations on Z grid:

∂ ω z( )i, j
∂t

= − fDi, j                                                                    (RF.1)

 

∂Di, j

∂t
= f ω z( )i, j − !∇H

2 P( )
i, j

                                                     (RF.2)       

 

∂ !Bi, j
∂t

= N 2Di, j + ∂ !B ∂t( ) forcing⎡
⎣

⎤
⎦i, j

                                                (RF.3)

 
!∇H
2 P( )

i, j
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi, j = f ω z( )i, j + !Bi, j  ,                               (RF.4)

where 

 
!∇H
2 P( )

i, j
≡ 1
d 2

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( )
  and

 
!Bi, j ≡

∂
∂z

− 1
2H

⎛
⎝⎜

⎞
⎠⎟ Bi, j ,                                                                                                                   
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Equations on C grid:

∂ ω z( )i+ 12, j+ 12
∂t

= − fDi+ 12, j+
1
2
                              (RF.5)

 

∂Di, j

∂t
= f ω z( )i, j − !∇H

2 P( )
i, j

                          (RF.6)       

 

∂ !Bi, j
∂t

= N 2Di, j + ∂ !B ∂t( ) forcing⎡
⎣

⎤
⎦i, j

                  (RF.7)

 
!∇H
2 P( )

i, j
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi, j = f ω z( )i, j + !Bi, j   (RF.8)

where 

 
!∇H
2 P( )

i, j
≡ 1
d 2

Pi+1, j + Pi−1, j + Pi, j+1 + Pi, j−1 − 4Pi, j( ),

 
!Bi, j ≡

∂
∂z

− 1
2H

⎛
⎝⎜

⎞
⎠⎟ Bi, j ,

Di+ 12, j+
1
2
≡ 1
4
Di, j + Di+1, j + Di, j+1 + Di+1, j+1( )

and

ω z( )i, j ≡
1
4

ω z( )i− 12, j− 12 + ω z( )i+ 12, j− 12 +⎡
⎣⎢    

                                         ω z( )i− 12, j+ 12 + ω z( )i+ 12, j+ 12 ⎤⎦⎥ .                                                                                                                   

Equations on D grid:

∂ ω z( )i, j
∂t

= − fDi, j                                          (RF.9)

 

∂Di+ 12, j+
1
2

∂t
= f ω z( )i+ 12, j+ 12 − !∇H

2 P( )
i+ 12, j+

1
2

             (RF.10)                               

 

∂ !Bi, j
∂t

= N 2Di, j + ∂ !B ∂t( ) forcing⎡
⎣

⎤
⎦i, j

                    (RF.11)

 
!∇H
2 P( )

i+ 12, j+
1
2

− m2 + 1
4H 2

⎛
⎝⎜

⎞
⎠⎟ Pi+ 12, j+ 12 =     

                                     
 
f ω z( )i+ 12, j+ 12 + !Bi+ 12, j+ 12    (RF.12)

where 

 
!∇H
2 P( )

i+ 12, j+
1
2

≡ 1
d 2

Pi+ 32, j+ 12 + Pi− 12, j+ 12 +(
                          Pi+ 12, j+ 32 + Pi+ 12, j− 12 − 4Pi+ 12, j+ 12 ) ,

Di, j ≡
1
4
Di− 12, j−

1
2
+ Di+ 12, j−

1
2
+ Di− 12, j+

1
2
+ Di− 12, j−

1
2

( )  

and

ω z( )i+ 12, j+ 12 ≡
1
4

ω z( )i, j + ω z( )i+1, j +⎡
⎣  

                                                ω z( )i, j+1 + ω z( )i+1, j+1⎤⎦ .
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Predictor step (*) on the C-grid:

ω z( )i+1 2, j+1 2
∗( ) = ω z( )i+1 2, j+1 2

n( )
− 1
2 τ fDi+1 2, j+1 2

n( )    (RF.13) 

 
Di, j

∗( ) = Di, j
n( ) + 1

2 τ f ω z( )i, j
*( )
− !∇H

2 P( )
i, j

⎡
⎣⎢

⎤
⎦⎥
         (RF.14)                          

 
!Bi, j

∗( ) = !Bi, j
n( ) + 1

2 τN
2Di, j

n( )                                   (RF.15)

 
!∇H
2 P( )

i, j
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi, j = f ω z( )i, j

*( )
+ !Bi, j

*( )   

                                                                     (RF.16)                      
where 

 
!∇H
2 P( )

i, j
 is given by (RF.16).

ω z( )i, j
*( )
≡ 1
4

ω z( )i−1 2, j−1 2 + ω z( )i+1 2, j−1 2 +⎡
⎣

                                 ω z( )i−1 2, j+1 2 + ω z( )i+1 2, j+1 2 ⎤⎦
∗( )

Di, j
n( ) ≡ 1

4
Di−1 2, j−1 2 + Di+1 2, j−1 2 +(

                                                  Di−1 2, j+1 2 + Di−1 2, j−1 2 ) n( )

 

Corrector step (n+1) on the D-grid:

ω z( )i, j
n+1( ) = ω z( )i, j

n( ) −τ fDi, j
∗( )                             (RF.17)

 
Di+1 2, j+1 2

n+1( ) = Di+1 2, j+1 2
n( ) +τ f ω z( ) n+1( )

− !∇H
2 P( )⎡

⎣⎢
⎤
⎦⎥i+1 2, j+1 2

                                                                                                                                     

                                                                                        (RF.18)

 
!Bi, j
n+1( ) = !Bi, j

n( ) +τN 2Di, j
n+1( ) +τ ∂ !B ∂t( ) forcing⎡

⎣
⎤
⎦i, j

  (RF.19)                                   

 
!∇H
2 P( )

i+1 2, j+1 2
− m2 + 1

4H 2
⎛
⎝⎜

⎞
⎠⎟ Pi+1 2, j+1 2 =     

                              
 
f ω z( )i+1 2, j+1 2

n+1( )
+ !Bi+1 2, j+1 2

n+1( )    (RF.20)

where 
 
!∇H
2 P( )

i+1 2, j+1 2
 is given by (RF.20), and

ω z( )i+1 2, j+1 2
n+1( )

≡ 1
4

ω z( )i, j + ω z( )i+1, j +⎡
⎣

                                                       ω z( )i, j+1 + ω z( )i+1, j+1⎤⎦
n+1( )

 
!Bi+1 2, j+1 2
n+1( ) ≡ 1

4
!Bi, j + !Bi+1, j + !Bi, j+1 + !Bi+1, j+1( ) n+1( )

A randomly produced buoyancy forcing pattern shown in Fig. BF1, which remains unchanged during 

integrations, is used to introduce noise to the buoyancy. We prescribe 
 
∂ !B ∂t( ) forcing = ∓1 s−3  in these 

simulations. Note that the domain averaged 
 
∂ !B ∂t( ) forcing  is virtually  zero. The horizontal grid spacing 

and the vertical wavenumber are 50 m and n=320, respectively. The simulations start from the 

unperturbed initial prognostic variables. Fig. RF2 shows the buoyancy  for the 24, 96 and 168 secs of the 

integration from the Z-grid and D-grid models. In the D-grid simulation, the noise in the buoyancy 

expands and the amplitude of the noise steadily increases with time. The time evolution of the maximum 

and minimum of buoyancy  perturbation over the entire horizontal domain from the Z-, C-, D- and CD-
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grid models is shown in Fig. BF3. In the Z- and C-grid simulations, the amplitude of buoyancy 

perturbation does not increase, which implies that the divergence (or vertical velocity) responds 

efficiently to counter the forcing. The D- and CD-grid simulations, the divergence response is not 

efficient enough to prevent the increase of the amplitude of buoyancy perturbation.          

Fig. RF1.
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Fig. RF2.
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Fig. RF3.
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Horizontal momentum modes with the A, E and B grids  

Continuous solution:

! In this section, we derive the continuous and discrete dispersion equations using the 
momentum equations instead of the vorticity and divergence equations. So far we examined 
the modes that are governed by the vorticity and divergence dynamics. Now we examine the 
modes that are governed by the momentum dynamics. Our main purpose is to answer the 
question that whether of not the prediction of horizontal momentum allow additional 
dynamically  inert modes that are on top of those obtained using the vorticity and divergence 
dynamics.  

! From (1.18)–(1.22) we write

! ! ∂u
∂t

= − ∂P
∂x

+ fυ ,! (Mom.1)

! ! ∂υ
∂t

= − ∂P
∂x

− fu ,! (Mom.2)

! ! ∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

∂P
∂t

= ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟

∂u
∂x

+ ∂υ
∂y

⎛
⎝⎜

⎞
⎠⎟

.! (Mom.3)

By replacing P  by gh , and − ∂2

∂t 2
+ N 2⎛

⎝⎜
⎞
⎠⎟

∂2

∂z2
− 1
2ρ0

∂ρ0
∂z

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 by  gH , we obtain a system of 

equations that resembles to the shallow-water system. Then we can write

! ! ∂u
∂t

= −g ∂h
∂x

+ fυ ,! (Mom.4)

! ! ∂υ
∂t

= −g ∂h
∂x

− fu ,! (Mom.5)

! ! ∂h
∂t

= −H ∂u
∂x

+ ∂υ
∂y

⎛
⎝⎜

⎞
⎠⎟

.! (Mom.6)

From these equations we obtain
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! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
∂u
∂t

= gH ∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
∂u
∂t

   [ and ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
∂υ
∂t

= gH ∂2

∂x2
+ ∂2

∂y2
⎛
⎝⎜

⎞
⎠⎟
∂υ
∂t

 ].! (Mom.7)

Eq. (Mom.7) produces

! !
 
ν ν 2 − f 2 − gH k2 + ℓ2( )⎡⎣ ⎤⎦ = 0 .! (Mom.8)

Eq. (Mom.8) yields ν = 0  solution because the amplitude of either u or v  can be zero while an 
inertia-gravity wave propagate. The divergence produces 

 
ν 2 − f 2 − gH k2 + ℓ2( ) = 0 .

A-grid:

! The discretization of (Mom.4)–(Mom.6)! on the A-grid yields

! !
∂ui, j
∂t

= −g
hi+1, j − hi−1, j

2d
+ fυi, j ,! (Mom.A.1)

! !
∂υi, j

∂t
= −g

hi, j+1 − hi, j−1
2d

− fui, j ,! (Mom.A.2)

! !
∂hi, j
∂t

= −H
ui+1, j − ui−1, j

2d
− H

υi, j+1 −υi, j−1

2d
.! (Mom.A.3)

Then using

! !
∂2ui, j
∂t 2

= −g ∂
∂t
hi+1, j − hi−1, j

2d
+ f

∂υi, j

∂t
,! (Mom.A.4)

! ! ∂
∂t

hi+1, j − hi−1, j
2d

⎛
⎝⎜

⎞
⎠⎟
= −H

ui+2, j − 2ui, j + ui−2, j
4d 2

− H
υi+1, j+1 −υi−1, j+1( )− υi+1, j−1 −υi−1, j−1( )

4d 2
,! (Mom.A.5)
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!

∂
∂t

υi+1, j+1 −υi−1, j+1( )− υi+1, j−1 −υi−1, j−1( )
4d 2

=

− g
hi+1, j+2 − hi+1, j − hi−1, j+2 + hi−1, j

8d 3
−
hi+1, j − hi+1, j−2 − hi−1, j + hi−1, j−2

8d 3
⎛
⎝⎜

⎞
⎠⎟

− f
ui+1, j+1 − ui−1, j+1( )− ui+1, j−1 − ui−1, j−1( )

4d 2

,! (Mom.A.6)

and (Mom.A.2), we obtain

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
∂ui, j
∂t

= gH ∂
∂t

ui+2, j + ui−2, j + ui, j+2 + ui, j−2 − 4ui, j
4d 2

⎛
⎝⎜

⎞
⎠⎟
! (Mom.A.7)

Similarly

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
∂υi, j

∂t
= gH ∂

∂t
υi+2, j +υi−2, j +υi, j+2 +υi, j−2 − 4υi, j

4d 2
⎛
⎝⎜

⎞
⎠⎟

.! (Mom.A.8)

From (Mom.A.7) and (Mom.A.8), the dispersion equation for u and v is

! !
! !

 
ν ν 2 − f 2 − gH !ξ 2k2 + !η2ℓ2( )⎡
⎣

⎤
⎦ = 0 .! (Mom.A.9)

The definitions of  
!ξ  and  !η  are given by (14b) in A-grid section. For d→ 0 , Eq. (Mom.A.9) is 

identical to the continuous dispersion equation given by (Mom.8). From (7´) in A-grid section, 
we can write

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
Di, j = gH

Di+2, j + Di−2, j + Di, j+2 + Di, j−2 − 4Di, j

4d 2
⎛
⎝⎜

⎞
⎠⎟

 ! (Mom.A.10)

for the divergence. The momentum and divergence have the same dispersion equations 
except the the momentum has an unmoving mode (ν = 0 ). The prediction of momentum on the 
A-grid does not allow any dynamically inert modes on top of the divergence modes.

E-grid:

! The discretization of (Mom.4)–(Mom.6)! on the E-grid yields
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For integer mass points:

! !
∂ui+1 2, j
∂t

= −g
hi+1, j − hi, j

d
+ fυi+1 2, j ! (Mom.E.1)

! !
∂υi+1 2, j

∂t
= −g

hi+1 2, j+1 2 − hi+1 2, j−1 2
d

− fui+1 2, j ! (Mom.E.2)

! !
∂hi, j
∂t

= −H
ui+1 2, j − ui−1 2, j

d
− H

υi, j+1 2 −υi, j−1 2

d
! (Mom.E.3)

For half-integer mass points:

! !
∂ui, j+1 2
∂t

= −g
hi+1 2, j+1 2 − hi−1 2, j+1 2

d
+ fυi, j+1 2 ! (Mom.E.4)

! !
∂υi, j+1 2

∂t
= −g

hi, j+1 − hi, j
d

− fui, j+1 2 ! (Mom.E.5)

! !
∂hi+1 2, j+1 2

∂t
= −H

ui+1, j+1 2 − ui, j+1 2
d

− H
υi+1 2, j+1 −υi+1 2, j

d
! (Mom.E.6)

Using (Mom.A.1) and (Mom.A.3), we derive

!
∂2ui+1 2, j
∂t 2

= gH
ui+3 2, j − 2ui+1 2, j − ui−1 2, j

d 2
+ gH

υi+1, j+1 2 −υi, j+1 2( )− υi+1, j−1 2 −υi, j−1 2( )
d 2

+ f
∂υi+1 2, j

∂t
! ! ! (Mom.E.7)

From (Mom.A.5), we write
 
∂
∂t

υi+1, j+1 2 −υi, j+1 2( )− υi+1, j−1 2 −υi, j−1 2( )
d 2

=

− g
hi+1, j+1 − 2hi+1, j + hi+1, j−1( )− hi, j+1 − 2hi, j + hi, j−1( )

d 3
− f

ui+1, j+1 2 − ui, j+1 2( )− ui+1, j−1 2 − ui, j−1 2( )
d 2

! (Mom.E.8)

From (Mom.A.5), we write
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∂
∂t

hi+1 2, j+1 2 − hi+1 2, j−1 2
d

⎛
⎝⎜

⎞
⎠⎟
=

− H
ui+1, j+1 2 − ui, j+1 2

d 2
+ H

ui+1, j−1 2 − ui, j−1 2
d 2

− H
υi+1 2, j+1 −υi+1 2, j

d 2
+ H

υi+1 2, j −υi+1 2, j−1

d 2

! (Mom.E.9)

Using (Mom.A.2), (Mom.A.7), (Mom.A.8), and (Mom.A.9), we derive the wave equation

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
∂
∂t
ui+1 2, j = gH

∂
∂t

ui+3 2, j + ui+1 2, j+1 + ui+1 2, j−1 + ui−1 2, j − 4ui+1 2, j
d 2

⎛
⎝⎜

⎞
⎠⎟

.! (Mom.E.10)

Similarly

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
∂
∂t
ui, j+1 2 = gH

∂
∂t

ui+1, j+1 2 + ui−1, j+1 2 + ui, j+3 2 + ui, j−1 2 − 4ui, j+1 2
d 2

⎛
⎝⎜

⎞
⎠⎟

,! (Mom.E.11)

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
∂υi+1 2, j

∂t
= gH ∂

∂t
υi+1 2, j+1 +υi+1 2, j−1 +υi+3 2, j +υi−1 2, j − 4υi+1 2, j

d 2
⎛
⎝⎜

⎞
⎠⎟

,! (Mom.E.12)

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
∂υi, j+1 2

∂t
= gH ∂

∂t
υi+1, j+1 2 +υi−1, j+1 2 +υi, j+3 2 +υi−1 2, j−1 2 − 4υi, j+1 2

d 2
⎛
⎝⎜

⎞
⎠⎟

.! (Mom.E.13)

These equations yield the following dispersion equation 

! !
 
ν ν 2 − f 2 − gH ξ 2k2 +η2ℓ2( )⎡⎣ ⎤⎦ = 0           kmax = ℓmax = 2π d ! (Mom.E.14)

For d→ 0 , Eq. (Mom.A.14) is identical to the continuous dispersion equation given by (Mom.
8). The momentum and divergence have the same dispersion equations except the 
momentum has an unmoving mode (ν = 0 ). The prediction of momentum on the E-grid does 
not allow any additional dynamically inert modes on top of the divergence modes.

B-grid:

! The discretization of (Mom.4)–(Mom.6)! on the B-grid yields

!

! !
∂ui, j
∂t

= −g
hi+1 2, j+1 2 + hi+1 2, j−1 2 − hi−1 2, j+1 2 − hi−1 2, j−1 2

2d
+ fυi, j ! (Mom.B.1)
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! !
∂υi, j

∂t
= −g

hi+1 2, j+1 2 + hi−1 2, j+1 2 − hi+1 2, j−1 2 − hi−1 2, j−1 2
2d

− fui, j ! (Mom.B.2)

! !
∂hi+1 2, j+1 2

∂t
= −H

ui+1, j+1 + ui+1, j − ui, j+1 − ui, j
2d

− H
υi+1, j+1 +υi, j+1 −υi+1, j −υi, j

2d
! (Mom.B.3)

From these equations, we derive

∂2ui, j
∂t 2

= gH
ui+1, j+1 + 2ui+1, j + ui+1, j−1( )− 2 ui, j+1 + 2ui, j + ui, j−1( ) + ui−1, j+1 + 2ui−1, j + ui−1, j−1( )

4d 2

+ gH
υi+1, j+1 −υi+1, j−1( )− υi−1, j+1 −υi−1, j−1( )

4d 2
+ f

∂υi, j

∂t

! (Mom.B.4)

and

∂
∂t

υi+1, j+1 −υi+1, j−1( )− υi−1, j+1 −υi−1, j−1( )
4d 2

= −g
hi+3 2, j+3 2 + hi+1 2, j+3 2 − hi+3 2, j+1 2 − hi+1 2, j+1 2

8d 3

+ g
hi+3 2, j−1 2 + hi+1 2, j−1 2 − hi+3 2, j−3 2 − hi+1 2, j−3 2

8d 3
+ g

hi−1 2, j+3 2 + hi−3 2, j+3 2 − hi−1 2, j+1 2 − hi−3 2, j+1 2
8d 3

− g
hi−1 2, j−1 2 + hi−3 2, j−1 2 − hi−1 2, j−3 2 − hi−3 2, j−3 2

8d 3
− f

ui+1, j+1 − ui+1, j−1 − ui−1, j+1 + ui−1, j−1
4d 2

⎛
⎝⎜

⎞
⎠⎟

.! (Mom.B.5)

Using (Mom.B.2) and (Mom.B.5) in (Mom.B.4) and after lengthly derivations, we obtain

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
∂ui, j
∂t

= gH ∂
∂t

ui+1, j+1 + ui+1, j−1 + ui−1, j+1 + ui−1, j−1 − 4ui, j
2d 2

⎛
⎝⎜

⎞
⎠⎟

.! (Mom.B.6)

Similarly,

! ! ∂2

∂t 2
+ f 2⎛

⎝⎜
⎞
⎠⎟
∂υi, j

∂t
= gH ∂

∂t
υi+1, j+1 +υi+1, j−1 +υi−1, j+1 +υi−1, j−1 − 4υi, j

2d 2
⎛
⎝⎜

⎞
⎠⎟

.! (Mom.B.7)

Then the dispersion equation is

! !
 
ν ν 2 − f 2 − gH ξ 2k2 +η2ℓ2 − 1

2
d 2ξ 2k2η2ℓ2⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
= 0 .! (Mom.B.8)
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For d→ 0 , Eq. (Mom.B.8) is identical to the continuous dispersion equation given by (Mom.8). 
The momentum and divergence have the same dispersion equations except the momentum 
has an unmoving mode (ν = 0 ). The prediction of momentum on the B-grid does not allow any 
additional dynamically inert modes on top of the divergence modes.
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